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Abstract

The dependence of the final fate of supermassive star (SMS) cores on their mass and angular momentum is studied
with simple modeling. SMS cores in the hydrogen-burning phase encounter the general-relativistic instability
during stellar evolution if the mass is larger than ∼3× 104Me. Spherical SMS cores in the helium-burning phase
encounter the general-relativistic instability prior to the onset of the electron–positron pair instability if the mass is
larger than ∼1× 104Me. For rapidly rotating SMS cores, these values for the threshold mass are enhanced by up to
a factor of ∼5, and thus, for SMSs with mass smaller than ∼104Me, the collapse is triggered by the pair instability,
irrespective of the rotation. After the onset of the general-relativistic instability, SMS cores in the hydrogen-
burning phase with reasonable metallicity are likely to collapse to a black hole irrespective of the degree of
rotation, whereas SMS cores in the helium-burning phase could explode via nuclear burning with no black hole
formation, as previous works demonstrate.

Unified Astronomy Thesaurus concepts: Massive stars (732); Supermassive black holes (1663); Gravitational
collapse (662)

1. Introduction

A supermassive star (SMS) is a possible progenitor for the
formation of a seed of a supermassive black hole (SMBH).
Recent star formation calculations with high mass-accretion rates
in spherical symmetry (T. Hosokawa et al. 2013; H. Umeda et al.
2016; L. Haemmerlé et al. 2018a) suggest that if a high mass-
accretion rate of 0.1Me yr−1 is preserved during the nuclear
burning phases of ∼2× 106 yr, a SMS with mass 105Me
could be formed. Subsequently, the SMS core may collapse to a
seed of a SMBH with mass 104Me. Because of their high
mass, the general-relativistic radial instability (I. Iben 1963;
S. Chandrasekhar 1964; Y. B. Zeldovich & I. D. Novikov 1971;
S. L. Shapiro & S. A. Teukolsky 1983; G. M. Fuller et al. 1986)
is often referred to as the mechanism of the collapse of SMS
cores. On the other hand, for massive stars with masses
104Me, pair instability is likely to be the mechanism for the
onset of gravitational collapse (see, e.g., Y. B. Zeldovich &
I. D. Novikov 1971; S. L. Shapiro & S. A. Teukolsky 1983;
D. Arnett 1996). However, to our knowledge, the threshold
mass, in particular for rotating SMS cores, is not yet well
understood. In the following, we pay particular attention to the
fate of rotating SMS cores with a variety of masses and chemical
compositions. We explore the SMS cores not only in the
hydrogen-burning phase but also in the helium-burning phase.

The mechanism that induces the collapse to a massive black
hole plays an important role for determining the subsequent
outcome. In our case, we consider the general-relativistic
instability. There, the unstable mode is the fundamental radial
mode with no nodes. In other words, the displacement vector of
the Lagrangian perturbation of the unstable mode is

approximately proportional to r, where r is the radial
coordinate (S. Chandrasekhar 1964). Thus, the collapse asso-
ciated with this instability proceeds in a coherent manner, i.e., all
the stellar matter starts collapsing simultaneously. On the other
hand, the pair instability occurs when the adiabatic index
decreases below 4/3 by depletion of the thermal pressure due to
the pair creation of electron–positron (e−e+) pairs (D. Arnett
1996). This initially happens only in the central region of stars.
The collapse therefore does not proceed as coherently as for the
general-relativistic instability; the central region collapses first,
and then the outer region follows due to pressure depletion.
After the collapse of a rotating SMS core, a rotating black

hole is expected to be formed (S. L. Shapiro & M. Shibata 2002;
M. Shibata 2003; H. Umeda et al. 2016). A disk/torus can then
be formed around the newly formed black hole (M. Shibata &
S. L. Shapiro 2002; Y. T. Liu et al. 2007; P. J. Montero et al.
2012; H. Uchida et al. 2017; L. Sun et al. 2017). This is because
the infalling material from the outer part of the SMS core has
sufficient specific angular momentum. Due to the coherent
nature of the collapse after encountering the general-relativistic
instability, a strong shock is generated at the surface of the disk/
torus formed around the black hole (Y. T. Liu et al. 2007;
H. Uchida et al. 2017; see also K.-J. Chen et al. 2014; C. Nagele
et al. 2020, 2022; C. Nagele & H. Umeda 2024, for other
explosion channels with a specific mass range of helium-burning
SMSs). This shock subsequently induces a mass ejection similar
to a supernova explosion with a high kinetic energy of
∼10−5

–10−4Mc2, where M is the mass of the SMS core and c
is the speed of light. By contrast, such a strong explosion from
the disk formation is not seen in the case of a pair-instability
collapse (see, e.g., H. Uchida et al. 2019, for a fully general-
relativistic simulation).
In recent years, the James Webb Space Telescope (JWST)

has observed a number of high-luminosity SMBH candidates
in the early Universe (e.g., A. D. Goulding et al. 2023;
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Y. Harikane et al. 2023; D. D. Kocevski et al. 2023; F. Pacucci
et al. 2023; Á. Bogdan et al. 2024; O. E. Kovacs et al. 2024;
M. Mezcua et al. 2024). It is usually believed that such highly
luminous objects shine as a result of rapid mass accretion onto
a SMBH. One alternative possibility, although it is unlikely to
apply to the majority of cases, is the explosion soon after the
onset of the collapse of a SMS core. As we mentioned above,
the explosion energy for a SMS core with M= 105Me can be
∼1055–1056 erg. The explosion is accompanied by significant
mass ejections. Since the diffusion timescale of photons is quite
long, the duration of the supernova-like phenomena can be
∼10 yr (T. Matsumoto et al. 2016, 2016; H. Uchida et al.
2017). This implies that at a high cosmological redshift of
z∼ 10, the observed duration can be up to ∼100 yr. H. Uchida
et al. (2017) also inferred that the peak luminosity for such an
explosion can be 1045 erg s−1 for the collapse of rapidly
rotating SMS cores, which is comparable to the recently
observed luminous SMBH candidates.

A word of caution may be appropriate here. Since SMSs
shine with nearly Eddington luminosity, mass accretion with
high angular velocity may be prevented by radiation pressure.
This limit on the rotation rate due to combined effects of
centrifugal force and radiation pressure is called the ΩΓ limit;
see H. Lee & S.-C. Yoon (2016) and L. Haemmerlé et al.
(2018b). SMSs may therefore only rotate slowly. However,
previous stellar evolution calculations were based essentially
on the assumption of spherical symmetry. Hence, nonspherical
effects on the stellar profile and radiation field are not
accurately taken into account. Indeed, a recent star formation
simulation (K. Kimura et al. 2023) shows that the radiation
field is nonspherical for rapidly rotating systems and the
radiation pressure on the equatorial direction is appreciably
weaker than that along the polar axis, allowing for the spin-up
of the massive star. Moreover, the ΩΓ limit might not be
important for the core region of SMSs, if the SMSs were
differentially rotating with a rapidly rotating core, close to the
Kepler limit. Indeed, this possibility is suggested by stellar
evolution simulations of SMSs (L. Haemmerlé et al. 2018b).
We therefore focus on studying SMS cores and explore not
only slowly rotating but also rapidly rotating ones. For
simplicity, we also assume that SMS cores are rigidly rotating.
This assumption is likely to be valid at least for the central
region, of which SMS cores are largely composed.

The paper is organized as follows. In Section 2, we review
the equation of state for SMSs. We pay particular attention to
the dependence of their mass on the equation of state and the
stellar composition. Section 3 presents a variety of SMS core
models in the hydrogen- and helium-burning phases. The
computation is performed in the framework of general relativity
because we are interested in the general-relativistic instability.
We determine the threshold mass for the onset of the general-
relativistic instability and clarify its dependence on the
rotational angular velocity. We also show that stable sequences
of SMS cores in the helium-burning phase are unlikely to
encounter pair instability unless the mass fraction of helium is
extremely low (10−6). In Section 4, we briefly analyze for
which case the explosion of SMSs can be driven by explosive
nuclear burning after the onset of the general-relativistic
instability. Section 5 is devoted to a summary. Throughout
this paper, c, G, ar, and kB denote the speed of light,
gravitational constant, radiation constant, and Boltzmann’s
constant, respectively.

2. Equations of State

In this paper, we suppose that SMS cores are composed of
hydrogen, helium, carbon, oxygen, electrons, and photons. We
also assume that they are in a nuclear burning phase of
hydrogen or helium. Here, helium burning implies the triple-
alpha reaction, the reaction between helium and carbon, and
between helium and oxygen (though we do not consider the
presence of the remnants of the helium–oxygen reaction for
simplicity). Then, the pressure, P, and internal energy density,
ò, can be written as (J. R. Bond et al. 1984)

( )= +P
a T

Y nk T
3

, 1r
T

4

B

( )= +a T Y nk T
3

2
, 2r T

4
B

where T is the temperature and n is the baryon number density.
YT is the total number of particles per baryon, defined by

( )º + + + +Y Y Y Y Y Y , 3T e p He C O

where YI= nI/n, with nI for I= {e, p, He, C, O} denoting the
number density of electron, hydrogen, helium, carbon, and
oxygen, respectively. For simplicity, we approximately set the
mass fraction of hydrogen, helium, carbon, and oxygen as
Xp= Yp, XHe= 4YHe, XC= 12YC, and XO= 16YO, respectively.
For primordial gas, Xp≈ 0.75, XHe≈ 0.25, and Ye≈ 0.875, and
thus YT≈ 1.69. During the stellar evolution by nuclear burning,
the value of YT monotonically decreases.
For SMSs in nuclear burning phases, in particular for their

core region, convection should be highly enhanced and a
convective equilibrium should be realized (J. R. Bond et al.
1984; H. Umeda et al. 2016). This implies that the SMS cores
are approximately isentropic, i.e., the entropy per baryon, s, is
constant. The chemical composition of the SMS core is
therefore approximately uniform, i.e., YT= const. The latest
SMS formation computations (T. Hosokawa et al. 2013;
L. Haemmerlé et al. 2018b) indicate that the outer layer is
actually not convective but radiative. However, these computa-
tions also show that most of the radiative area (approximately
within 90% of the stellar mass; see T. Hosokawa et al. 2013)
for SMSs just prior to the collapse is compact and has high
entropy, which only slowly increases outwards. Thus, the
assumption of constant specific entropy including such a region
would be accepted as a fair approximation. Although this
assumption is a significant simplification, it enables us to
determine equilibrium states for rotating SMS cores while
taking into account their structure accurately. We note that this
assumption is obviously incorrect in the late stage of stellar
evolution, in which the heavier elements are located in the
central region and thus s and YT are not uniform (e.g.,
C. Nagele et al. 2020). Moreover, shell burning can be the
major nuclear reaction (I. Appenzeller & Martin Harwit et al.
1990) in such a stage. Computation of nonspherical stellar
structure for nonuniform values of s and YT is one of the
challenging future issues.
Under the condition of s= const, the first law of thermo-

dynamics, d(ò/n)=− Pd(1/n), gives the relation between dT
and dn (i.e., between dP and dn) from Equations (1) and (2).
Then, the adiabatic constant can be written as

2
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(S. Chandrasekhar 1939; J. R. Bond et al. 1984)

( )( )
( )⎛
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s

where σ is the ratio of the radiation pressure to the gas pressure
defined by

( )s º = ga T

Y nk

s

Y k3 4
, 5r

T T

3

B B

and sγ here denotes the photon entropy per baryon. For SMS
cores with Γ− 4/3 0, σ and sγ/kB are much larger than
unity, and thus Γ can be approximated by Γ≈ 4/3+ 1/(6σ).
Throughout this paper, we will use this approximate relation.

Because the photon entropy is much larger than the gas
entropy and s is assumed to be constant, we may also assume
that sγ and σ are approximately constant. Hence, it is
reasonable to assume that the equation of state for the SMS
cores is well approximated by a polytropic form:

( )r= G = +GP K
n

, 1
1

, 6
p

where ρ is the rest-mass density (ρ=mBn, with mB the mean
baryon mass), and K and np are the adiabatic constant and
polytropic index, respectively.

Using Equations (1), (5), and (6), the polytropic constant
may be written as

( ) ( )( )
⎜ ⎟ ⎜ ⎟
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

s
s r= + s- -K

Y k

m a

3
1 . 7T B

B r

4 3 1 3
1 1 6

For σ? 1, K is considered to be constant throughout the SMS
core. From K, we can construct the quantity of mass dimension
as

( )º - -M K G c . 8u
n n2 3 2 3p p

For σ? 1, this quantity is written as

( )
( )
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where Mu,3 denotes Mu for np= 3 (Γ= 4/3) and is written as
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To derive Equation (9), we used Equation (5). Equation (10)
shows that the mass of a SMS core is approximately
proportional to ( )sYT

2. During the stellar evolution by nuclear
burning, YT decreases monotonically with the increase of the
average mass number of the elements in the SMS core.
Assuming that the mass of the SMS core is approximately
constant during the evolution, σ increases, i.e., Γ decreases,
with the stellar evolution. Therefore, SMS cores can become
more susceptible to the general-relativistic instability during
their evolution (see Section 3.4).

3. Equilibrium States of Supermassive Star Cores and
Stability

3.1. Basic Equations

Assuming that SMS cores are composed of an ideal fluid, we
write the stress-energy tensor as

( )r= +mn m n mnT hu u Pg , 11

where uμ is the four-velocity, h≡ c2+ ε+ P/ρ the specific
enthalpy, ε the specific internal energy (different from ò), and
gμν the spacetime metric. As already mentioned in Section 2,
we use the polytropic equation of state. Together with the first
law of thermodynamics, ε can then be written as

( )e
r

=
n P

. 12
p

As also mentioned in Section 2, we assume that SMS cores
are in convective equilibrium. Previous works (e.g.,
T. W. Baumgarte & S. L. Shapiro 1999a) have suggested that
a turbulent state is realized by the convection inside SMS cores,
generating an effective viscosity. Angular velocity and the
entropy per baryon would then be approximately uniform.
Thus, we pay attention only to rigidly rotating SMS cores and
set the angular velocity Ω≡ uj/u t to be constant. Under this
setup, the Euler equation is integrated to give the first integral,
and hence the procedure for the equilibrium solutions becomes
straightforward (E. M. Butterworth & J. R. Ipser 1976;
J. L. Friedman et al. 1986). By contrast, if the isentropic
condition is not satisfied or if a meridional circulation is
assumed to be present, we have to solve the Euler equation
directly.
For the spherically symmetric case with Ω= 0, we solve the

Tolman–Oppenheimer–Volkoff equations (J. R. Oppenheimer
& G. M. Volkoff 1939; R. C. Tolman 1939). For the rotating
case, we follow E. M. Butterworth & J. R. Ipser (1976) and
write the line element as

( )
( ) ( )

q j w
q

=- + -
+ +

n n

z n

-

-

ds e c dt B e r d cdt

e dr r d

sin

, 13

2 2 2 2 2 2 2 2 2

2 2 2 2 2

where ν, B, ω, and ζ are field functions of r and θ. The first
three obey elliptic-type equations in axial symmetry, and the
last one an ordinary differential equation. These equations are
solved using the method of M. Shibata & M. Sasaki (1998).
The rest mass M*, Komar mass (gravitational mass) M,

Komar angular momentum J, rotational kinetic energy Trot,
gravitational potential energy W, and internal energy U are
defined by

( ) ( )* òp r q= z n-M c u Be r drd2 cos , 14t 2 2 2

( ) ( ) ( )òp q= - + m
m z n- -M c T T Be r drd2 2 cos , 15t

t2 2 2 2

( ) ( )òp r q= j
z n- -J c hu u Be r drd2 cos , 16t1 2 2 2

( )= WT J
1

2
, 17rot

( ) ( )= - + >W M M T 0 , 18p rot

( )*= -U M M , 19p
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where Mp is the proper mass defined by

( ) ( ) ( )òp r e q= + z n- -M u c Be r drd2 1 cos . 20t
p

2 2 2 2

From these quantities, the dimensionless parameters asso-
ciated with rotation are defined as

≔ ≔ ( )b
T

W
q

cJ

GM
and . 21rot

2

In addition to these quantities, we often refer to the central
density, ρc, which is used to specify a rotating star for a given
set of β and M. We also consider the equatorial circumferential
radius, Re, by which a compactness parameter is defined by

≔ ( )GM

c R
. 22

2
e



Using the central pressure Pc, we also refer to a dimension-
less quantity,

≔ ( )
r

y
P

c
, 23c

c
2

for specifying the compactness of rotating SMS cores, which
has the same order of magnitude of GM/(c2Re). For np = 3
spherical polytropes in Newtonian gravity, the value of Pc/ρc is
equal to (GM/R)/1.1705, where R is the stellar radius.

We note that real SMSs are likely to have high matter-
accretion rates (T. Hosokawa et al. 2013; L. Haemmerlé et al.
2018b). Due to this accretion, a radiative envelope together
with an outer convective envelope is formed. The greater part
of the radiative envelope is compact and has high specific
entropy, which only gradually increases outwards (see, e.g.,
Figure 2 of T. Hosokawa et al. 2013). It can thus be
approximately treated as a part of the SMS core. However,
outside this compact radiative envelope, an outer radiative
envelope together with the outermost convective envelope are
further developed, for which the mass looks minor while the
radius is 10 times larger than the inner radiative region. Thus,
we should keep in mind that the radius Re here implies the
radius of the SMS core (the region composed of the inner
convective and compact radiative regions) for which  is of
order 10−3, and not that of the entire SMS. We note that the
outer radiative and convective envelopes do not contribute to
enhancing the compactness of the entire star, and hence these
envelopes are unlikely to significantly modify the stability of
the entire star to the general-relativistic instability (see
Section 3.3).

3.2. Nuclear Burning

To determine a realistic SMS core model, we employ the
condition that SMSs radiate at Eddington luminosity, which is
written as

( )⎜ ⎟
⎛
⎝

⎞
⎠

» ´ b
- -L Y

M

M
f1.248 10

10
erg s , 24eEdd

43 1
5

1

where fβ denotes a geometrical correction which is unity in
spherical symmetry and is smaller than unity for rotating
SMSs (T. W. Baumgarte & S. L. Shapiro 1999b). Specifically,
we assume thermal equilibrium and introduce the condition that
the energy generation rate by nuclear burning is equal to the
Eddington luminosity. In this paper, we consider the cold and
hot carbon–nitrogen–oxygen (CNO) cycles (P. J. Montero

et al. 2012), the triple-alpha reaction (I. Appenzeller & Martin
Harwit et al. 1990), and reactions between helium and carbon
and between helium and oxygen (I. Appenzeller & Martin
Harwit et al. 1990) as the nuclear reactions because these are
dominant channels. For these nuclear reactions, we employ the
specific energy generation rate (in units of erg s−1 g−1) as
follows:

(
) ( )

e r= ´

+ ´

- -

- - -

-
X X T e

T e

4.4 10

8.3 10 , 25
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9
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9
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9
2
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Here, Tk= T/(10kK), ρ is given in units of grams per cubic
centimeters, and XCNO is the mass fraction of CNO elements.
We ignore the screening factor and small correction factors in
this paper. Note that when the energy generation rate by the
CNO cycle is considered, we define

( ) ( )  e e e= min , . 30CNO CCNO HCNO

The minimum is taken because above T8≈ 3 only the hot
CNO cycle is efficient, even though the energy generation rate
eCCNO would be higher, and vice versa for low temperatures.
Note also that carbon and oxygen burning play an important
role only for high temperatures of T8 8, for which the SMSs
have already experienced pair instability (see Section 3.4).
The energy generation rate is calculated by

∬ ( ) ( ) p r e q= z n-E c u Be r drd2 cos , 31t 2 2 2

where     e e e e e= + + +a + +CNO 3 C He O He. A stellar model is
determined from the condition of  =E LEdd. Specifically, for a
given value of Γ, we search for a solution with a particular value
of the central density ρc (and hence central temperature Tc for the
given equation of state) which satisfies this equality. The desired
mass is obtained by varying Γ: As Equation (10) indicates, the
mass is determined approximately by σYT, and thus, for a given
composition, the desired mass is easily obtained by controlling
σ. For spherically symmetric and slowly rotating SMS cores
(β 0.004), we simply employ fβ= 1, while for SMS cores at
mass-shedding limit, we employ fβ= 2/3, approximately
following the result of T. W. Baumgarte & S. L. Shapiro
(1999b).

3.3. Analysis for Stability

The stability against the general-relativistic instability is
determined by the following fitting formula, derived in our

4
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previous paper (M. Shibata et al. 2016):

≔ ( )⎡
⎣

⎛
⎝

⎞
⎠

⎤
⎦

b bG - - - - - G - -F y y y
4

3

10

3
2 , 322

where β and y are defined in Equations (21) and (23),
respectively. For F< 0, SMS cores are unstable against the
radial oscillation of the fundamental mode, leading to stellar
collapse. In the previous paper, we showed that this criterion is
satisfied for a wide range of Γ of 4/3� Γ� 1.34, which is
valid for the SMS cores considered in this paper.

We note that for β= 0 and y= 1, the relation of F= 0 is
written as ( ) ( ) ( )s r r= »P c aT c1 6 3c c

2
c
4

c
2 . Because of

Equation (5), we have ( )s rµ T YTc
3

c , and thus along the
marginally stable curve of F= 0, r µ -T YTc c

7 2 1 2. Using
Equation (10), we also obtain a well-known relation for
marginally stable spherical SMS cores as r µ -Y MTc

3 7 2

(S. L. Shapiro & S. A. Teukolsky 1983; G. M. Fuller et al.
1986). For the rotating case with β∼ y, these relations are not
satisfied because, in this case, F= 0 approximately gives
1/(6σ)= Pc/(ρcc

2)− 2β/3. In Section 3.4, we show that the
correction by β is appreciable for β 10−3 in determining the
instability region.

At high temperatures of T 5× 108 K, the creation of e−e+

pairs softens the equation of state. We analyze the equation of
state for such high-temperature regions by handling a more
realistic equation of state (F. X. Timmes & D. Arnett 1999) in
which the effects of gas, radiation, and electron–positron pair
creation are taken into account, and identify a region in the
plane of the density and temperature for which the adiabatic
index becomes less than 4/3. If the central density and
temperature for a star are in this region, we consider that such a
star is unstable against the pair instability.

3.4. Results

3.4.1. Hydrogen-burning Case

Figure 1 displays equilibrium sequences of SMS cores with
fixed values of the mass in the plane of the central density ρc
and central temperature Tc for the hydrogen-burning phase.
Here, the sequence does not strictly imply the evolution

sequence because we do not take into account possibly
important effects such as mass loss and shell burning. We
assume for the mass fraction of CNO elements that
XC= XCNO= 5× 10−9 (see J. R. Bond et al. 1984). In this
plot, we simply assume that XHe= 1− Xp− XCNO (i.e., no
further production of CNO elements). Thus, for the models
with Tc 2.7× 108 K, for which the helium burning is
activated (see C. Nagele et al. 2020), the results are not very
reliable. We also note that for low values of Xp, shell burning is
likely to set in and the results here would not be very accurate.
The left and right panels of Figure 1 show the results for the

spherical case and for the mass-shedding limit case
(β≈ 0.009), respectively. The solid curve denotes the threshold
of the general-relativistic instability (F= 0). For the higher-
temperature side above this curve, the SMS cores are unstable
against gravitational collapse. The open and filled symbols
along each sequence that crosses the stability curve denote
stable and unstable stars, respectively. Each sequence is plotted
for a given mass with M= 104–105Me for the spherical case
and 1× 105–5× 105Me for the mass-shedding case.
The left panel of Figure 2 shows the threshold mass for the

general-relativistic instability as a function of the hydrogen
mass fraction. The right panel shows the compactness  of the
SMS cores at the threshold mass as a function of the hydrogen
mass fraction.
Figures 1 and 2 show that for M 3× 104Me, the spherical

SMS cores before the onset of helium burning at Tc∼ 3× 108

K are always stable against the general-relativistic instability.
On the other hand, for higher masses of 3× 104MeM
1.3× 105Me, the SMS cores should encounter the instability
during their stellar evolution: The threshold mass decreases
with the decrease of the hydrogen mass fraction. The reason for
this is that the hydrogen burning reduces the value of YT, and as
a result the value of σ is increased (Γ− 4/3 is decreased) for a
given value of the stellar mass (see Equation (10) for the
dependence of the stellar mass on YT and σ).
For the rapidly rotating case at the mass-shedding limit, the

threshold mass for the general-relativistic instability is
significantly enhanced (see the left panel of Figure 2). For
this case, the SMS cores with M 2× 105Me are stable
against the general-relativistic instability during the hydrogen-

Figure 1. Equilibrium sequences of SMS cores in the hydrogen-burning phase composed of hydrogen, helium, electrons, photons, and a small fraction of CNO
elements with fixed values of the gravitational mass in the plane of the central rest-mass density, ρc, and temperature, Tc. The left and right panels show the spherical
and mass-shedding limit cases, respectively. The mass fraction of CNO elements is assumed to be 5 × 10−9 for these plots. The sequences are constructed with a
varying mass fraction of hydrogen as Xp = 0.75 × 10−0.2i with i = 0, 1, 2, K . The open and filled symbols along each sequence that crosses the solid curve denote
stable and unstable SMS cores, respectively; the solid curve shows the threshold of the general-relativistic instability (F = 0), above which temperature the SMS cores
are unstable.
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burning phase. SMS cores with 2× 105M 6× 105Me
become unstable during the hydrogen-burning phase, and the
threshold mass decreases with the depletion of hydrogen. In
other words, the curve of the marginally stable SMS cores in
the ρc–Tc plane is shifted to the low-density side for a given
value of Tc (compare both panels of Figure 1, noting that the
horizontal ranges are different).

The right panel of Figure 2 shows the compactness,  , for
given values of β and XCNO. We find that  lies in a narrow
range irrespective of Xp. For the spherical case with
XCNO= 5× 10−9, it is between 1.1× 10−3 and 1.5× 10−3.
For the mass-shedding limit (β≈ 0.009) with XCNO= 5× 10−9,
it is between 2.0× 10−3 and 2.3× 10−3. By contrast, its
dependence on the rotational degree β is larger. Changing β
significantly affects the compactness, and for the rotating case
the compactness is larger. The reason for this is that in the
presence of rotation, the self-gravity of the star has to be stronger
than that in the nonrotating case to reach a marginally stable state
against the general-relativistic instability.

It is also noted that the axial ratio of the polar axis to the
equatorial axis is ≈2/3 for the mass-shedding limit. Thus, the
morphology is quite nonspherical, and indeed the photon flux
evaluated from the spatial derivative of T4 is appreciably
smaller for the equatorial direction than for the polar direction
(see T. W. Baumgarte & S. L. Shapiro 1999b). This implies
that the radiation pressure effect on the equatorial plane is
much less important than along the polar axis (see, e.g.,
K. Kimura et al. 2023 for a related study). All these facts
indicate that it is important to accurately take into account the
nonspherical shape when one studies the evolution of rapidly
rotating SMSs.

For marginally stable SMS cores in rigid rotation, β and q
are in the ranges of 0� β 0.009 and 0� q 0.85. Therefore,
a black hole with a not particularly high spin is likely to be an
outcome after the collapse, as we found in our previous
paper (H. Uchida et al. 2017), if the stellar explosion does not
occur during the collapse (C. Nagele et al. 2020).

The relation between ρc and Tc for SMS cores marginally
stable to the general-relativistic instability depends on the CNO
mass fraction. The top-left panel of Figure 3 shows the curves
in the ρc–Tc plane for marginally stable spherical SMS cores
with XCNO= 5× 10−k with k ä {5, 6, 7, 8, 9}. For the larger
values of XCNO, the central density and temperature are smaller
for a given value of Xp. The middle-left panel of Figure 3 also

shows that the decrease in the central density is more
remarkable than in the central temperature. It is worth noting
that the central temperature depends only weakly on the degree
of rotation for given values of XCNO, while the central density
becomes lower in the presence of rotation.
The threshold mass for a given value of Xp is larger for larger

values of XCNO (see the left panel of Figure 2 and the top-right
and middle-right panels of Figure 3). In the presence of high
mass fractions of CNO elements, the threshold mass for the
onset of the general-relativistic instability is appreciably
enhanced. This is because the fraction of the radiation pressure
is enhanced; the value of σ is increased (see Equation (5)). As a
result, the value of Γ approaches 4/3. This enhancement is
further increased in the presence of rotation because Γ for the
marginally stable SMS core with rotation is closer to 4/3 than
for the spherical SMS cores. For example, for XCNO= 5×
10−3, the threshold mass for β≈ 0.009 is about 9 times higher
than that for the spherical case.
The bottom two panels of Figure 3 show the same plot as the

right panel of Figure 1 but for XCNO= 5× 10−7 (left) and
5× 10−3 (right), where all the SMS cores have β≈ 0.009. It is
clearly seen that the stability threshold curve shifts to lower
density and lower temperature with the increase of XCNO (note
again that the decrease in the density is more remarkable). This
is also the case for the spherical case. Thus, for larger values of
XCNO, the unstable SMS cores have a longer dynamical
timescale ( rµ -

c
1 2) and the collapse starts at lower temperature.

This point is important for our discussion in Section 4 about
possible explosion scenarios after the onset of collapse due to
the general-relativistic instability.

3.4.2. Helium-burning Case

Figure 4 shows equilibrium sequences of SMS cores in the
helium-burning phase composed of helium, carbon, oxygen,
electrons, and photons. Each sequence has a fixed value of the
gravitational mass and β is chosen as ä{0, 2.05, 4.05,
9.0}× 10−3. The sequences are constructed while varying the
mass fraction of helium as XHe= 10−0.2i with i= 0, 1, 2,K . For
simplicity, we assume that the mass fraction of carbon and
oxygen is identical for each sequence. Computations were also
performed while changing the ratio of this fraction as 2:1, 1:3,
and 1:5. Since the value of YT is modified, the results change
slightly. However, we do not observe a significant difference

Figure 2. Left: threshold mass Mth of SMS cores in the hydrogen-burning phase against the general-relativistic instability as a function of the hydrogen mass fraction
Xp. We show the cases with β ≈ 0.009, 0 and for XCNO = 5 × 10−9, 5 × 10−7, and 5 × 10−5. Right: the same as the left panel but for the compactness of the SMS
cores at M = Mth as a function of Xp.

6

The Astrophysical Journal, 978:58 (11pp), 2025 January 01 Shibata et al.



among these cases. The solid curves show the stability threshold
F= 0, above which temperature the SMS cores are unstable to
the general-relativistic instability. The open and filled symbols
along each sequence that crosses the curve of F= 0 again denote
stable and unstable SMS cores, respectively. The upper curve
with symbols shows the threshold for the pair instability, above
which temperature the SMSs become unstable due to e−e+ pair
production.

Figure 5 also plots the threshold mass for the general-
relativistic instability as a function of the helium mass fraction

and the compactness of the SMS cores at the threshold mass as
a function of the helium mass fraction. As in the hydrogen-
burning phase, the threshold mass for the general-relativistic
instability decreases as a result of helium depletion. For
example, for spherical SMS cores with 1× 104MeM 3×
104Me, the core is likely to become unstable against the
general-relativistic instability during the stellar evolution. Only
for the relatively low-mass SMS cores with M 104Me would
the collapse to a black hole be triggered by the pair instability
(see D. Nandal et al. 2024, for a related topic).

Figure 3. Top left: the relation between ρc and Tc for spherical SMS cores which are marginally stable to the general-relativistic instability. For the lowest central
density and temperature, Xp = 0.75, and for their higher values, Xp is smaller. Top right: the mass as a function of Xp for SMS cores marginally stable to the general-
relativistic instability for different values of XCNO. Middle left and right: central density in units of grams per cubic centimeter and temperature in units of 108 K as
functions of XCNO (left) and threshold mass as a function of XCNO (right) for spherical SMS cores (curves) and rotating SMS cores with β ≈ 0.009 (symbols) in
hydrogen-burning phases with Xp = 0.75 and different values of XCNO. For the mass of the rotating SMS cores, we plot M/(5 × 105Me) to clarify the high
enhancement factor of the threshold mass by the rotation. Bottom left and right: the same as the right panel of Figure 1 but for XCNO = 5 × 10−7 and 5 × 10−3,
respectively. The solid and dotted curves show the threshold of the general-relativistic instability for given values of XCNO and XCNO = 5 × 10−9, respectively.
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Again, the threshold mass increases significantly in the
presence of rotation. For the mass-shedding limit case, it is
about 5 times higher than for the spherical case, irrespective of
XHe. For the most rapidly rotating case, the SMS cores with
M 6× 104Me become unstable to the general-relativistic
instability before the onset of the pair instability. Thus, for
rapidly rotating SMS cores, the collapse to a black hole is likely
to be triggered by the pair instability even when the mass is as
relatively high as M 6× 104Me.

The compactness of the marginally stable helium-burning
SMS cores is in a range similar to that of the hydrogen-burning
ones with XCNO= 5× 10−9; for the spherical case, it is
between 1.3× 10−3 and 1.6× 10−3. For larger values of β,
the compactness increases. The resulting values are similar to
those for hydrogen-burning SMS cores.

4. The Possibility of an Explosion after the Onset of
Collapse

Irrespective of the stellar composition and rotation, we find
that rigidly rotating SMS cores fulfill the relation for the
binding energy, ( ) ( )* - = -M M M 10 5 , at the threshold
against the general-relativistic instability (see Figure 6). The
value of (M*−M)/M becomes even smaller, down to
∼0.5× 10−5, for the SMS cores in the hydrogen-burning
phase with large values of XCNO. This is because Γ approaches

4/3 for this case. The finding here implies that the absolute
value of the binding energy of SMS cores defined by |M−M*|
is 2 orders of magnitude smaller than =GM R Mc2

e
2 . By

contrast, W/(Mc2) and U/(Mc2) are much larger than this, as
2× 10−3

–5× 10−3, with WU? Trot and ( ) ( )- =W U Mc2

( )-10 5 . For more rapidly rotating cases, the values of W/Mc2

and U/Mc2 are higher. The small binding energy and the
relation of W≈U reflect the nature of SMS cores for which Γ
is close to 4/3 (Y. B. Zeldovich & I. D. Novikov 1971). The
analysis here shows that, for a SMS to explode after the start of
its collapse due to the general-relativistic instability, an energy
injection at least of order 10−5Mc2 is necessary during the
collapse.
Based on these results, we consider the possibility that a

stellar explosion occurs after the onset of collapse due to the
general-relativistic instability. As shown in H. Uchida et al.
(2017), an energy injection of 10−5Mc2 is possible from a
massive disk that experiences a strong shock, and the explosion
of the outer layer of a SMS could be achieved. Another
possibility is energy injection from explosive nuclear burning.
Here, we consider this second possibility.
Just before the onset of collapse, the luminosity, and thus the

energy generation rate by the nuclear burning, is given by
Equation (24). The collapsing time until the formation of a
black hole is approximately estimated by the freefall timescale

Figure 4. Equilibrium sequences of SMS cores in the helium-burning phase composed of helium, carbon, oxygen, electrons, and photons, with fixed values of the
gravitational mass, in the plane of the central rest-mass density, ρc, and temperature, Tc. The different panels show the spherical case β = 0 (top left), the case
β ≈ 2.05 × 10−3 (top right), the case β ≈ 4.05 × 10−3 (bottom left), and the case at the mass-shedding limit β ≈ 9.0 × 10−3 (bottom right). The sequences are
constructed while varying the mass fraction of helium as XHe = 10−0.2i with i = 0, 1, 2, K . Specific values of XHe are shown along each plot at intervals of
XHe = 10−i. The lower solid curve shows the threshold of the general-relativistic instability (F = 0) above which temperature the SMS cores are unstable; the open and
filled symbols along each sequence that crosses this threshold solid curve denote stable and unstable SMS cores, respectively. The upper curve with symbols shows the
threshold for the pair instability, above which temperature the SMS cores become unstable due to e−e+ pair production.
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This implies that a significant enhancement of the nuclear
burning efficiency by at least a factor ∼107 is required for the

SMS core to explode during collapse. We here note that during
the late stage of the collapse, neutrino cooling is significantly
enhanced (P. J. Montero et al. 2012; H. Uchida et al. 2017).
Therefore, the required enhancement is even higher just prior to
the black hole formation.
The requirement may be stated in a different way: Since the

binding energy of the system is always ∼10−5Mc2, the required
input of specific energy is 10−5c2≈ 9× 1015 erg g−1. During
the collapse, such energy input (including the loss by neutrino
emission) is necessary for the star to explode. A more detailed
analysis will be presented in a future paper.
For SMS cores in the helium-burning phase, such an

enhancement is unlikely to be achieved until the onset of the
pair instability, because the nuclear burning rate is enhanced only
by ∼104 times when the temperature increases from ∼3× 108 K
to 6× 108 K. At higher temperature, the pair instability sets in,
and the density, which is approximately proportional to T3 in the
isentropic condition, increases at most by a factor of 10. Thus, for
these stars the explosion could be achieved only after the central
region enters into the pair-unstable region. Although for such
high temperature for which the pair creation of e−e+ appreciably
depletes the thermal energy, the O+He reaction (not the triple He
reaction nor the C+He reaction) is significantly enhanced (I. App-
enzeller & Martin Harwit et al. 1990), and an explosion may be
triggered as demonstrated in K.-J. Chen et al. (2014). It is
interesting to explore this possibility for an explosion in the
presence of an appreciable stellar rotation.
For SMS cores in the hydrogen-burning phase, the nuclear

energy generation rate by the CNO cycle is enhanced only until
the temperature reaches ∼3× 108 K. At this temperature, the
hot CNO cycle, for which the nuclear burning rate is
independent of the temperature, becomes dominant. For
XCNO= 5× 10−9, the central temperature at the onset of the
general-relativistic instability is ∼1.6× 108 K. The enhance-
ment of the nuclear energy generation rate to Tc∼ 3× 108 K is
therefore too low to lead to an explosion. In the presence of
sufficient CNO elements before the collapse, the central
temperature and density can be quite low, as shown in
Section 3.4. For such a case, the energy generation rate by the
CNO cycle is significantly enhanced by the increase of the
central temperature before Tc∼ 3× 108 K is reached, leading
to the stellar explosion (K. J. Fricke 1973; G. M. Fuller et al.
1986; C. Nagele & H. Umeda 2024). For rotating SMS cores,
the density at the onset of the general-relativistic instability is

Figure 5. Left: threshold mass Mth for SMS cores in the helium-burning phase against the general-relativistic instability as a function of the helium mass fraction XHe.
Right: the same as the left panel but for the compactness at M = Mth as a function of XHe.

Figure 6. Normalized binding energy, (M* − M)/M, of SMS cores at the onset
of the general-relativistic instability. The horizontal axis denotes Xp in the
hydrogen-burning phase with XCNO = 5 × 10−9 or XHe in the helium-burning
phase, respectively.
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even lower, i.e., the freefall timescale is longer, and hence they
are more subject to explosion. However, the required mass
fraction of the CNO elements is extremely high. Thus, for the
collapse of SMS cores in the hydrogen-burning phase with a
plausible metallicity, the final fate is likely to be a black hole.

Before closing this section, we note that the condition of
ΔE 10−5Mc2 for the explosion is a necessary, not sufficient,
condition. This can be found by analyzing the virial theorem.
For simplicity, we here consider the following virial theorem in
Newtonian gravity (e.g., Chapter 7 of S. L. Shapiro &
S. A. Teukolsky 1983) to semi-qualitatively understand the
additional condition for the explosion:

( )ò r = - + Pd x
d r

dt
T W

1

2
2 3 , 363

2 2

2 kin

where Tkin is the kinetic energy and Π is the volume integral of
the pressure. Note that the left-hand side is different from the
usual form because the rest mass does not conserve in this
problem. For a SMS core with an equation of state close to a
Γ= 4/3 polytrope, Π≈U/3. Using the relation of the binding
energy in Newtonian gravity, E= Tkin−W+U, we then have

( )ò r » +d x
d r

dt
T E

1

2
, 373

2 2

2 kin

or

( )ò r » - +d x r
d r

dt
T T E2 , 383

2

2 kin kin,r

where Tkin,r denotes the kinetic energy associated with the radial
motion. We note that E is negative with ∣ ∣ ( ) ( )= -E Mc 102 5
initially, but in the presence of an efficient nuclear burning it can
be positive, as we already mentioned and for the infall-motion-
dominant case, Tkin− 2Tkin,r≈− Tkin,r.

During the collapse dr2/dt is negative. Thus, for an
explosion to occur with dr2/dt> 0 (or dr/dt> 0), d2r2/dt2 (or
d2r/dt2> 0) has to become positive before the formation of a
black hole. Equation (38) indicates that this can be realized
when E becomes positive and E> Tkin,r. Since Tkin is always
positive, Equation (37) appears to show that Tkin may be also
important for the bounce. This can be the case when Trot is
dominant in Tkin,r. However, it should not significantly
decelerate the collapse because Tkin stems primarily from the
collapsing motion. Thus, for an explosion to occur, E has to be
positive and at least larger than Tkin,r. Furthermore, the
timescale defined by |(dr/dt)/(d2r/dt2)| has to become shorter
than the dynamical timescale to invert the collapse to the
explosion. As the discussion here shows, additional conditions
besides ΔE> 10−5Mc2 are necessary to lead to an explosion.

5. Summary

We studied the dependence of the final fate of SMS cores on
their mass and angular momentum. It is found that spherical
SMS cores in the hydrogen-burning phase encounter the
general-relativistic instability during the stellar evolution if the
mass is larger than ∼3× 104Me. For rapidly rotating SMS
cores, this threshold mass is enhanced by up to a factor of ∼5.
Spherical SMS cores in the helium-burning phase encounter the
general-relativistic instability prior to the onset of the e−e+ pair
instability if the mass is larger than ∼1× 104Me, and this
threshold mass is also enhanced by up to a factor of ∼5 in the
presence of rotation. Here, the factor depends on the mass

fraction of helium XHe. During the stellar evolution, the
threshold mass decreases because the value of YT monotoni-
cally decreases with the nuclear burning.
SMS cores that are stable to the general-relativistic instability

become eventually unstable against the pair instability. This
instability is likely to be encountered after the helium-burning
phase. It is worthy to note that for rapidly rotating cases, SMS
cores with high mass up to M∼ 6× 104Me are subject to the
pair instability.
It is found that after the onset of the general-relativistic

instability, SMS cores in the hydrogen-burning phase are likely
to collapse to a black hole. This is because the enhancement of
the nuclear burning efficiency is unlikely to be high enough to
halt or reverse the collapse. On the other hand, as previous
works have demonstrated, SMS cores in the helium-burning
phase may explode with no black hole formation (K.-J. Chen
et al. 2014; C. Nagele et al. 2020, 2022) if the O+He reaction
is significantly enhanced.
For the collapse of rotating SMSs to a black hole, a disk/torus

is likely to be formed around the black hole (M. Shibata &
S. L. Shapiro 2002; Y. T. Liu et al. 2007; P. J. Montero et al.
2012; H. Uchida et al. 2017). As demonstrated in Y. T. Liu et al.
(2007) and H. Uchida et al. (2017), shocks are generated and
propagate outwards at the surface of the disk/torus. H. Uchida
et al. (2017) shows that the kinetic energy of the shocks is quite
large as 10−5

–10−4Mc2, and hence collapsed SMSs could shine
as ultra-long supernovae. This scenario is possible irrespective of
the mass of the SMSs as long as they have a certain amount of
angular momentum and they are subject to the general-
relativistic instability during any stage of their stellar evolution.
On the other hand, K.-J. Chen et al. (2014) and C. Nagele et al.

(2020) show that SMSs with a particular mass can explode after
the onset of the general-relativistic instability. The explosion
energy in this case is also quite high, ∼1056 erg, and hence it can
also produce an ultra-long supernova. Previous studies have
investigated explosions only for spherical SMSs. Exploring the
fate of unstable rotating SMSs is an issue left for a future work.
Deriving light-curve models and spectra for ultra-long

supernovae is an important issue. In a separate paper, we will
present results based on our models of ultra-long supernovae
(C. Jockel et al. 2024, in preparation).
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