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Outline of the talk

• Nuclear Density Functional Theory (DFT) and
its current status (brief)

• “Tensions” in current energy functionals (EDFs)

• Novel ideas

• The inverse Kohn-Sham problem

• Ab initio-based EDFs
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E =

Z
E [⇢] d3r

Energy density = 

E is a functional called EDF

E

Eground state = min⇢E[⇢]
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The exact functional has a minimum at the exact ground-
state density, where it assumes the exact E as a value.

• The theorem does not tell what the EDF looks like.
• Starting from current EDFs, the road for improvement is not

fully clear.

• Existence is guaranteed by the Hohenberg-Kohn theorem.
• It gives access, in principle, to all properties of the system.

• Alternative ways to proceed: highly welcome!



The Kohn-Sham scheme
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We assume that the density can be expressed in terms of single-particle
orbitals, and that the kinetic energy has the simple form:

T =
X

i

Z
d3r �⇤

i (~r)

✓
�~2r2
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2m

◆
�i(~r)
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We have said that the energy must be minimized, but we add a constraint
associated with the fact that we want orbitals that form an orthonormal set
(Lagrange multiplier):

E �
X
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The variation of this quantity, (𝛿/𝛿ϕ*)... = 0 produces a Schrödinger-like equation:
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“DFT is an exactification of
Hartree-Fock” (W. Kohn).
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⇢(r) = ⇢(r, r0)|r0=r

s(r) = s(r, r0)|r0=r

j(r) =
1

2i
(r�r0) ⇢(r, r0)

����
r0=r

⌧(r) = r ·r0⇢(r, r0)|r0=r

J(r) =
1

2i
(r�r0)⌦ s(r, r0)

����
r0=r

T(r) = r ·r0s(r, r0)|r0=r

Nuclei are spin-1/2 fermions and the EDFs can depend on number or
spin densities.
Generalised densities are obtained by the systematic use of derivative
operators.
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Skyrme EDFs (even-even nuclei)
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Local functionals depending on the various densities just introduced.

Proton/neutron labels are omitted for the sake of simplicity.
<latexit sha1_base64="jj04aaCFipCyh5YdbLdnwprAMW4="></latexit>

E =

Z
d3r

⇥
Ekin + ESkyrme + Epairing + ECoulomb

⇤

The quadratic form ensures the respect of the symmetries.
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C⇢⇢[⇢] = A+B⇢�
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ESkyrme = C⇢⇢[⇢]⇢2 + C⇢⌧⇢⌧ + CJ2 ~J 2 + C(r⇢)2
⇣
~r⇢

⌘2
+ C⇢~r· ~J⇢~r · ~J

Parameters are determined
by a fit to data (or pseudo-
data).



Status of nuclear DFT (very brief...)

• Error on masses of the order of 1 MeV.

• Predictions of drip lines and super heavy nuclei.

• Trends of charge radii and deformations fairly
well reproduced.

• Advanced (multi-reference) techniques based on
symmetry restoration.

• Giant resonances, charge-exchange states and
β-decay.

• Current interest in large amplitude motion,
reactions etc.
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• There is no clear path for improving EDFs.

• Extrapolation of current EDFs towards the
drip lines is a typical issue.

• Other kinds of “tensions” exist...
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application of modern optimization and statistical methods, together
with high-performance computing, has revolutionized nuclear DFT
during recent years.

In our study, we use quasi-local Skyrme functionals15 in the
particle–hole channel augmented by the density-dependent, zero-
range pairing term. The commonly used Skyrme EDFs reproduce total
binding energies with a root mean square error of the order of
1–4 MeV (refs 15, 16), and the agreement with the data can be signifi-
cantly improved by adding phenomenological correction terms17. The
Skyrme DFT approach has been successfully tested over the entire
chart of nuclides on a broad range of phenomena, and it usually per-
forms quite well when applied to energy differences (such as S2n), radii
and nuclear deformations. Other well-calibrated mass models include

the microscopic–macroscopic finite-range droplet model (FRDM)18,
the Brussels–Montreal Skyrme–HFB models based on the Hartree–
Fock–Bogoliubov (HFB) method17 and Gogny force models19,20.

Figure 2 illustrates the difficulties with theoretical extrapolations
towards drip lines. Shown are the S2n values for the isotopic chain of
even–even erbium isotopes predicted with different EDF, SLy421, SV-
min13, UNEDF015, UNEDF122, and with the FRDM18 and HFB-2117

models. In the region for which experimental data are available, all
models agree and well reproduce the data. However, the discrepancy
between various predictions steadily grows when moving away from
the region of known nuclei, because the dependence of the effective
force on the neutron-to-proton asymmetry (neutron excess) is poorly
determined. In the example considered, the neutron drip line is
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Figure 2 | Calculated and experimental two-neutron separation energies of
even–even erbium isotopes. Calculations performed in this work using SLy4,
SV-min, UNEDF0 and UNEDF1 functionals are compared to experiment2 and
FRDM18 and HFB-2117 models. The differences between model predictions are
small in the region where data exist (bracketed by vertical arrows) and grow

steadily when extrapolating towards the two-neutron drip line (S2n 5 0). The
bars on the SV-min results indicate statistical errors due to uncertainty in the
coupling constants of the functional. Detailed predictions around S2n 5 0 are
illustrated in the right inset. The left inset depicts the calculated and
experimental two-proton separation energies at N 5 76.
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Figure 1 | Nuclear even–even landscape as of 2012. Map of bound even–even
nuclei as a function of Z and N. There are 767 even–even isotopes known
experimentally,2,3 both stable (black squares) and radioactive (green squares).
Mean drip lines and their uncertainties (red) were obtained by averaging the
results of different models. The two-neutron drip line of SV-min (blue) is

shown together with the statistical uncertainties at Z 5 12, 68 and 120 (blue
error bars). The S2n 5 2 MeV line is also shown (brown) together with its
systematic uncertainty (orange). The inset shows the irregular behaviour of the
two-neutron drip line around Z 5 100.
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Higher-order derivative terms
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• The UNEDF collaboration claimed that the standard Skyrme EDF has
reached its limits [M. Kortelainen et al., Phys. Rev. C89, 054314
(2014)].

• Derivative operators up to fourth order have been introduced later on.

• There is no sign of a big improvement (yet one should mention the
elimination of instabilities, and perhaps other weaker improvements).

PHYSICAL REVIEW C 96, 044330 (2017)

Solution of Hartree-Fock-Bogoliubov equations and fitting procedure using the N2LO Skyrme
pseudopotential in spherical symmetry
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We present the development of the extended Skyrme N2LO pseudopotential in the case of spherical even-even
nuclei calculations. The energy density functional is first presented. Then we derive the mean-field equations
and discuss the numerical method used to solve the resulting fourth-order differential equation together with the
behavior of the solutions at the origin. Finally, a fitting procedure for such an N2LO interaction is discussed
and we provide a first parametrization. Typical ground-state observables are calculated and compared against
experimental data.

DOI: 10.1103/PhysRevC.96.044330

I. INTRODUCTION

The nuclear energy density functional (NEDF) theory
allows us to describe properties of nuclei from light to heavy
nuclei and from drip line to drip line [1]. Several functionals
have been developed in recent years, but the most widely
used [2,3] are those derived from the nonrelativistic zero-range
Skyrme interaction [4]. Because its first applications to atomic
nuclei [5], this interaction has proven to be very well suited
to describe nuclear observables at very reduced computational
cost [6].

A crucial aspect in building a functional is to determine
the values of its coupling constants. Despite its apparent
simplicity, this is a very delicate aspect: A badly determined
coupling constant can give rise to unphysical instabilities
[7–13] and thus to unphysical results. A possibility for
avoiding them is to find an adequate set of observables so
that all coupling constants are properly constrained during
the optimization procedure [14,15]. In Ref. [16], we have
presented an alternative solution to avoid unphysical insta-
bilities based on the linear response (LR) formalism in infinite
nuclear medium. This solution is particularly simple and very
efficient especially for some particular terms of the functional
that are odd under time reversal symmetry and give very
little contribution to masses of odd systems [8]. However,
avoiding unphysical instabilities is not the only requirement
to have an effecient functional: One also has to check how
it performs to describe nuclear observables. On this point,
the UNEDF collaboration [17] has recently studied much in
detail the properties of Skyrme functionals against a large set
of nuclear observables [18–20]. The main conclusion in their
last article [20] is that the standard Skyrme functional [2] has
reached its limits. If we want to improve the description of

*pbecker@ipnl.in2p3.fr
†davesne@ipnl.in2p3.fr
‡navarro@ific.uv.es
§alessandro.pastore@york.ac.uk

experimental data (as masses, radii, fission barriers, etc.) we
need to follow two paths: explore different functional forms
or develop functionals at the multireference level [21].

Following the idea of Carlsson and collaborators [3,22], we
have decided to explore the first path and to study the impact
of additional gradient terms into the Skyrme pseudopotential
[23]. The gradient terms have been introduced in a systematic
way by considering all possible combinations allowed by the
symmetries of the problem up to 6th power. The resulting
pseudopotential was called N!LO which by definition incor-
porates gradients up to order 2!. Within this language, the
standard Skyrme interaction [24] is named N1LO. In Ref. [25],
we have shown the explicit connection between the Taylor
momentum expansion of any finite range interaction and the
actual form of the N!LO pseudopotential [3]. In that article,
we have also proven that such an expansion works fairly well
in infinite nuclear medium and that the main properties of
the equation of state (EoS) of a finite-range interaction can
be fairly reproduced by truncating the momentum expansion
to fourth order (N2LO). The result is coherent with previous
findings based on density matrix expansion (DME) [26]: The
role of fourth-order terms is important and it leads to a
remarkable improvement of the DME results when compared
to finite-range interactions. Higher order terms can thus be
neglected as a first step because their contribution becomes
systematically less important.

At present, the only existing parametrizations of the
extended Skyrme N2LO/N3LO pseudopotentials have been
obtained by considering only properties of infinite nuclear
medium [27,28], that is, without taking into account properties
of finite nuclei. To remedy this aspect, we present here
a new Skyrme Hartree-Fock-Bogoliubov (HFB) code that
incorporates higher order derivative terms appearing in N2LO.
It is worth remembering at this point that an alternative
code named HOSPHE [29] was already published. This code,
based on the harmonic-oscillator (HO) basis also considers
the most general functional form of the N3LO functional [22]
using spherical basis representation. However, following our
previous findings of Ref. [23], we have decided to express the

2469-9985/2017/96(4)/044330(17) 044330-1 ©2017 American Physical Society
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TABLE VII. Infinite matter properties at saturation for SN2LO1
and SLy5 [24]. See text for details.

SN2LO1 SLy5

ρ0 (fm−3) 0.162 0.1603
E/A(ρ0) (MeV) −15.948 −15.98
K∞ (MeV) 221.9 229.92
J (MeV) 31.95 32.03
L (MeV) 48.9 48.15
m∗/m 0.709 0.696

C. Infinite nuclear matter

In our fitting protocol, we include information of the infinite
nuclear medium. Following Ref. [24], we have used as a
constraint three points of the EoS in PNM dervied in Ref. [66].
We can now benchmark our results against other well-known
EoS as the one derived via Brueckner-Hartree-Fock (BHF)
[84]. In Fig. 9, we compare the EoS for symmetric matter
and neutron matter obtained with BHF and the SN2LO1
interaction. For completeness the results with SLy5 are also
given. The SN2LO1 follows quite closely the BHF results,
and in particular the EoS of PNM up to 3 times saturation
density. Beyond this point the EoS becomes slightly softer.
We remind the reader that SLy5 and SN2LO1 follow each
other quite closely in PNM at low density because they have
been constrained on the same points in this density region.

On the same figure, we also give the results for spin-
polarized symmetric matter and spin-polarized pure neutron
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FIG. 10. Correlation between the effective mass and the nuclear
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the power of the density-dependent term. The curves correspond
to different values of the power of the density dependence; dotted
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FIG. 11. Difference of binding energies obtained with SN2LO1
and SLy5 and experimental values extracted from Ref. [72].

matter and compare SLy5 and SN2LO1 results. Although
these two quantities have not been fitted explicitly, we observe
a qualitative similar behavior in the two functionals. For
completeness, in Table VII, we give the main features of the
EoS of SN2LO1, i.e., saturation density ρ0, incompressibility
K∞, symmetry energy J , and slope of symmetry energy L
(not fitted). The values we obtained are in agreement with the
existing constraints [85].

As already discussed in Ref. [24], there is a strong model
correlation for N1LO between the nuclear incompressibility
and the effective mass. In our case, the correlation between K∞
and m/m∗ is of course different because the new parameters
give us more freedom in adjusting these two values. It
can be calculated analytically in infinite matter with the
result,

K∞ = −9(α + 1)
E

A
(ρ0) + 3

5
h̄2

2m
k2
F

(
3 (3α − 1)

− 2 (3α − 2)
m

m∗

)
+ 3

140
C

Mρ
0 ρk4

F (3α + 10). (63)

In Fig. 10, we observe that to obtain a reasonable value
of the nuclear incompressibility, the allowed range for α
is α ∈ [1/6,1/3]. In a future work, we plan to remove the
density-dependent term and to replace it with a real three-

∆rp = rth - rexp [10−2 fm]
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FIG. 12. Proton radii difference of two interactions
(SN2LO1/SLy5) calculated with WHISKY with experimental
radii obtained in Ref. [73].
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We report a precise measurement of the parity-violating asymmetry APV in the elastic scattering
of longitudinally polarized electrons from 48Ca. We measure APV = 2668±106 (stat)±40 (syst) parts
per billion, leading to an extraction of the neutral weak form factor FW(q = 0.8733 fm�1) = 0.1304±
0.0052 (stat)±0.0020 (syst) and the charge minus the weak form factor Fch�FW = 0.0277±0.0055.
The resulting neutron skin thickness Rn �Rp = 0.121± 0.026 (exp)± 0.024 (model) fm is relatively
thin yet consistent with many model calculations. The combined CREX and PREX results will
have implications for future energy density functional calculations and on the density dependence
of the symmetry energy of nuclear matter.
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Parity-violating asymmetry measured in electron scattering is a probe
of the neutron distribution (in principle, a model-independent probe).

4

TABLE I. APV corrections and corresponding systematic un-
certainties, normalized to account for polarization and back-
ground fractions.

Correction Absolute [ppb] Relative [%]

Beam polarization 382 ± 13 14.3 ± 0.5
Beam trajectory & energy 68 ± 7 2.5 ± 0.3
Beam charge asymmetry 112 ± 1 4.2 ± 0.0
Isotopic purity 19 ± 3 0.7 ± 0.1
3.831 MeV (2+) inelastic �35 ± 19 �1.3 ± 0.7
4.507 MeV (3�) inelastic 0 ± 10 0 ± 0.4
5.370 MeV (3�) inelastic �2 ± 4 �0.1 ± 0.1
Transverse asymmetry 0 ± 13 0 ± 0.5
Detector non-linearity 0 ± 7 0 ± 0.3
Acceptance 0 ± 24 0 ± 0.9
Radiative corrections (QW ) 0 ± 10 0 ± 0.4

Total systematic uncertainty 40 ppb 1.5%
Statistical uncertainty 106 ppb 4.0%

40 ppb. To interpret our result, we first note that APV

is closely related to the weak form factor,

FW(q) =
1

QW

Z
d3r j0(qr)⇢W(r), (3)

and Fch(q) =
R
d3r j0(qr)⇢ch(r)/Z. Here ⇢W (r) and

⇢ch(r) are the weak and electromagnetic charge densi-
ties incorporating proton and neutron densities folded
with single nucleon electric and magnetic form factors
and spin orbit currents [41].

For any given model ⇢W (r), we calculate APV includ-
ing Coulomb distortions and integrate over the accep-
tance ✏(✓). After adjusting the radius parameter in the
⇢W (r) model [32] to reproduce the measured APV, we
evaluate FW(q) in Eq. 3 using this ⇢W (r) at the reference
momentum transfer q = 0.8733 fm�1. This procedure is
insensitive to the form of the model ⇢W and yields the
results in Table II.

TABLE II. CREX form factor results for 48Ca, with q and
Fch input values. The uncertainties are due to statistics and
experimental systematics, respectively.

Quantity Value ± (stat) ± (sys)

q 0.8733 fm�1

FW(q)/Fch(q) 0.8248 ± 0.0328 ± 0.0124
Fch(q) 0.1581
FW(q) 0.1304 ± 0.0052 ± 0.0020

Fch(q)� FW(q) 0.0277 ± 0.0052 ± 0.0020

While the extracted value of FW depends on Fch

FW/Fch and Fch � FW are quite insensitive to Fch. In
order to determine Fch, we use a composite charge den-
sity for 48Ca starting with an accurate sum of Gaussians
density for 40Ca [42] and add a Fourier Bessel expansion

for the small di↵erence between the charge densities of
48Ca and 40Ca [33, 43], see [32]. This procedure yields a
48Ca charge radius of 3.481 fm, close to the experimental
value of 3.477 fm [44].
A main result of this paper is a measurement of the

di↵erence between charge and weak form factors,

Fch(q)� FW(q) = 0.0277± 0.0055 (exp). (4)

The uncertainty is the quadrature sum of the experimen-
tal statistical and systematic uncertainties, referred to
henceforth as the experimental error (exp), dominated
by counting statistics. We emphasize that the Eq. 4 re-
sult is model-independent and quite insensitive to the
assumed shape for the weak density ⇢W (r).

FIG. 2. Di↵erence between the charge and weak form fac-
tors of 48Ca (CREX) versus that of 208Pb (PREX-2) at their
respective momentum transfers. The blue (red) data point
shows the PREX-2 (CREX) measurements. The ellipses are
joint PREX-2 and CREX 67% and 90% probability contours.
The gray circles (magenta diamonds) are a range of relativistic
(non-relativistic) density functionals. For clarity only some of
these functionals are labeled. The complete list is in ref. [32].

Figure 2 displays Eq. 4 for 48Ca along with the
PREX-2 result Fch � FW = 0.041 ± 0.013 for 208Pb at
a smaller momentum transfer of 0.3977 fm�1 [5]. The
figure also shows a series of relativistic energy functional
models with density-dependent symmetry energy slope
parameter L [45, 46] that varies over a large range from
small negative values at the lower left to large positive
values at the upper right. Additionally, a diverse col-
lection of non-relativistic density functional models are
shown [32]. The models that best reproduce both the
CREX and PREX-2 results tend to predict Fch � FW

slightly below the PREX-2 result for 208Pb and slightly
above the CREX result for 48Ca.
Figure 3 shows the momentum transfer dependence of

Fch �FW as predicted by a few non-relativistic and rela-
tivistic density functional models. It is evident that some

Fig. 2 from 
arXiv:2205:11593v1 [nucl-exp]

Results from nonrelativistic EDFs
(magenta) and relativistic EDFs
(grey) are displayed



New avenues

• Bayesian inference, machine learning...

• Reverse engineering: deduce EDFs from
reliable energies/densities (i.e. the inverse
KS problem).

• Building the EDFs from ab initio.

Università degli Studi 
and INFN, MIlano

MCD2022, Kyoto, 8 June 11



• The inverse Kohn-Sham problem
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G. Accorto et al., Phys. Rev. C101, 024315 (2020).
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General formulation
Y. Wang and R.G. Parr, Phys. Rev. A47,
R1591 (1993).

R. Van Leeuwen and E.J. Baerends,
Phys. Rev. A49, 2421 (1994).

D.S. Jensen and A. Wassermann, Int. J.
Quant. Chem. 118, e25425 (2018).

B. Kanungo, P.M. Zimmermann, V. Gavini,
Nature Communications 10, 4497 (2019).

Some attempts have been made in
the case of electronic systems, but
not yet for atomic nuclei.

Input: target density ⇢̃(~r)
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⇢ ! v[⇢] ! F [⇢]

Direct problem

Inverse problem



The constrained variational (CV) method
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In the Kohn-Sham spirit, the
system at hand is assumed to be
equivalent to a non-interacting
system with the same density
⟹ min. of the kinetic energy T

The method is general/unbiased.

It relies on the IPOPT library
�J = 0
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J = Ts [{�i}] +
Z

d3r U(~r)⇢(~r) �
NorbX

i=1

iX

j=1

✏ij

Z
d3r �⇤

i (~r)�j(~r).
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Constraints for: reproduction of target density
plus orthonormality of the orbitals



Reproduction of the target densities
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The target densities
are reproduced with a
quite high accuracy.

This paves the way for
the introduction of
densities either from
experiment or ab
initio approaches.



Results for the effective potential
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SkX has an effective mass
close to 1 (within ≈ 5%)

Still, “errors” are also
associated with the fact that
the problem is not well
defined according to
Hadamard’s definition.

Coulomb tail is fairly well
extracted!



Effective potential from experimental densities
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Critical point:
Experimental densities are
written in terms of a sum of
Gaussians.

For radii larger than the radius
of the last Gaussian, the IKS
sees the tail of the density as
caused by a HO potential.

Nevertheless, the two methods
give consistent results.



How to deduce the EDF?
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Some kind of functional
integration is called for.
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f(x)

A line integration formula has
been proposed by Van Leeuwen and
Baerends [PRA 51, 170 (1995)]
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In the works by A. Gaiduk et al., possible choices are discussed [cf. e.g. J.
Chem. Theory Comput. 5, 699 (2009)].

t - scaling
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⇢t(~r) = t3⇢(t~r)
This looks familiar to nuclear physicists
as the scaling model for the GMR.

In principle, it can be generalised to
other shapes.

We have applied the line-
integration formula for the first
time in the nuclear case.

We have shown that we can
indeed reconstruct the EDF.

Simple Skyrme (t0-t3) EDF.
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v = v[⇢] + vext
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vext = µr2

When we invert the relation between densities and
potentials we obtain:

The relevant information is

We must use a density path in which the external
potential is known along with the density
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FIG. 1. The potential derived from ρµ by the IKS procedure
(vKS), the CHF potential vCHF and v = vKS,µ − µr2 are compared for
µ = −0.2 MeV fm−2.

A family of scaled densities are generated by means of
constrained Hartree-Fock (CHF) calculations [46,52]. CHF
involves adding an external one-body perturbation to the
system and solving the resulting KS equations that now
include the external potential. As a perturbation, a har-
monic external potential vext,µ(r) = µr2, with µ in the range
[−0.25,0.25] MeV fm−2 is employed. The physical meaning
is that of driving a scaling of the radius (and of the whole
nuclear density) with respect to the unperturbed case. This
approach has its original motivation in the study of monopole
deformations [45]. The true ground state of the system is given
by µ = 0 and is an absolute minimum of the energy T + F .

We remind readers that the potential obtained from Eq. (11)
is well defined, since we are employing densities that es-
sentially stem from the solution of a KS problem. The KS
potential is then, by definition, the functional derivative of the
EDF, and the path independence of the integral is guaranteed.

The D2P inversion is performed by means of the CV
method described in Sec. IV, which provides both the effec-
tive KS potential vKS and the kinetic energy associated to the
neutron density.

B. Potentials

To exemplify the subtle point concerning the difference
between vKS and v[ρ] (Sec. III), in Figs. 1 and 2 the
CHF potential for either µ = −0.2 or µ = 0.2 MeV fm−2

is compared to the IKS potential (KS). The two functions
are clearly different, while the third curve v[ρµ] = vKS,µ −
vext,µ = vKS,µ − µr2, defined by subtracting the harmonic
term from the IKS potential, matches rather well the CHF
potential. This proves the accuracy of the CV method.

From now on, only the self-consistent part of the potential,
v[ρµ], shall be displayed. In Fig. 3, three densities (top) and
the corresponding potentials (bottom), determined by means
of the CV inversion, are compared for three different values
of µ. A positive value µ > 0 acts as a confining potential

FIG. 2. Same as Fig. 1, but for µ = 0.2 MeV fm−2.

and as a consequence leads to a more compact density profile
than in the unperturbed case. Conversely, a repulsive external
potential (µ < 0) leads to systems which are more spread out.
Consequently, in the latter case the density peak in the interior
of the nucleus is less pronounced.

C. Line integration

We can now move on to the study of the P2E and the
line integration formula. A preliminary test is presented in
Fig. 4. There, the function Iµ(R) (12) is plotted as a function
of the radius R in the cases µ = −0.2, 0, 0.2 MeV fm−2. Our
concern here is that of verifying the asymptotic convergence
of Iµ to a constant for large R. Indeed, the convergence is quite
fast and a stable result is reached already for R = 4 fm. We

FIG. 3. 16O neutron densities (top) and corresponding self-
consistent potentials (bottom) for three values of the perturbation
strength µ (in MeV fm−2).
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We can accurately produce the
potential v and distinguish it from
the external potential.
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FIG. 1. The potential derived from ρµ by the IKS procedure
(vKS), the CHF potential vCHF and v = vKS,µ − µr2 are compared for
µ = −0.2 MeV fm−2.

A family of scaled densities are generated by means of
constrained Hartree-Fock (CHF) calculations [46,52]. CHF
involves adding an external one-body perturbation to the
system and solving the resulting KS equations that now
include the external potential. As a perturbation, a har-
monic external potential vext,µ(r) = µr2, with µ in the range
[−0.25,0.25] MeV fm−2 is employed. The physical meaning
is that of driving a scaling of the radius (and of the whole
nuclear density) with respect to the unperturbed case. This
approach has its original motivation in the study of monopole
deformations [45]. The true ground state of the system is given
by µ = 0 and is an absolute minimum of the energy T + F .

We remind readers that the potential obtained from Eq. (11)
is well defined, since we are employing densities that es-
sentially stem from the solution of a KS problem. The KS
potential is then, by definition, the functional derivative of the
EDF, and the path independence of the integral is guaranteed.

The D2P inversion is performed by means of the CV
method described in Sec. IV, which provides both the effec-
tive KS potential vKS and the kinetic energy associated to the
neutron density.

B. Potentials

To exemplify the subtle point concerning the difference
between vKS and v[ρ] (Sec. III), in Figs. 1 and 2 the
CHF potential for either µ = −0.2 or µ = 0.2 MeV fm−2

is compared to the IKS potential (KS). The two functions
are clearly different, while the third curve v[ρµ] = vKS,µ −
vext,µ = vKS,µ − µr2, defined by subtracting the harmonic
term from the IKS potential, matches rather well the CHF
potential. This proves the accuracy of the CV method.

From now on, only the self-consistent part of the potential,
v[ρµ], shall be displayed. In Fig. 3, three densities (top) and
the corresponding potentials (bottom), determined by means
of the CV inversion, are compared for three different values
of µ. A positive value µ > 0 acts as a confining potential

FIG. 2. Same as Fig. 1, but for µ = 0.2 MeV fm−2.

and as a consequence leads to a more compact density profile
than in the unperturbed case. Conversely, a repulsive external
potential (µ < 0) leads to systems which are more spread out.
Consequently, in the latter case the density peak in the interior
of the nucleus is less pronounced.

C. Line integration

We can now move on to the study of the P2E and the
line integration formula. A preliminary test is presented in
Fig. 4. There, the function Iµ(R) (12) is plotted as a function
of the radius R in the cases µ = −0.2, 0, 0.2 MeV fm−2. Our
concern here is that of verifying the asymptotic convergence
of Iµ to a constant for large R. Indeed, the convergence is quite
fast and a stable result is reached already for R = 4 fm. We

FIG. 3. 16O neutron densities (top) and corresponding self-
consistent potentials (bottom) for three values of the perturbation
strength µ (in MeV fm−2).
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The ”external” potential produces
a small, but still detectable, effect.
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FIG. 8. The total energy !F (µ) + !T (µ) reconstructed with
the two-step IKS method and associated with the value α = 0.32 is
compared to the values obtained with t0 − t3 EDFs characterized by
different values of α.

three curves for all values of µ. The deviations from the CHF
results are plotted in the bottom panel. It can be appreciated
that the discrepancies are quite small, being of the order of
10−2 MeV. In comparison, the neutron kinetic energy of the
unperturbed system amounts to Tµ=0 = 148.37 MeV (includ-
ing the center-of-mass correction). We observe, however, that
Eq. (15) guarantees an overall better accuracy. Therefore, it
will be used in the following to estimate !T .

We now compute the universal term F or, more precisely,
!F (µ) = F (µ) − F (µ = 0), by the line integration method
introduced in Sec. II according to Eq. (11). Figure 6 shows that
the reconstructed IKS curve is in excellent agreement with
the CHF values obtained with the original Skyrme EDF, with
discrepancies of about 10−3 MeV. This is rather encouraging,
since it implies that the line integration has been implemented
to a high numerical precision. At the same time, it is a strong
support to the reliability of the IKS machinery. This is con-
firmed by Fig. 7, where we display the total energy difference
!F (µ) + !T (µ), accurate up to a fraction of keV.

A question now arises: How much information have we ac-
tually gained about the original EDF, by solving the two-step
inverse IKS problem? We will limit ourselves to consider the
family of t0 − t3 Skyrme EDFs, obtained by varying the value
of the exponent α and by assuming that they are determined in
symmetric nuclear matter, as discussed above (cf. Table I). In
other words, we will not discuss how to determine the absolute
strengths (t0 and t3) of the different terms in the underling
F [ρ], but only if we can be sensitive to the exponent of the

density dependence. To this aim, we compare in Fig. 8 the
values obtained for !T + !F as a function of µ for a few
different values of α. The resolving power of the method will
depend on the range of µ taken into account in the calcula-
tion. Nonetheless, the figure already shows that, for a modest
change in µ, our benchmark value α = 0.32 can be rather
clearly distinguished from α = 0.16 and α = 1. This type of
information may become instrumental in building new EDFs
based on ab inito calculations.

VI. CONCLUSIONS AND PERSPECTIVES

A complete solution to the inverse Kohn-Sham problem
of density functional theory has been proposed. First, the
effective KS potential associated to a given ground-state den-
sity is determined. Second, a path of perturbed densities is
chosen, and the knowledge of the associated KS potentials is
exploited to compute the difference between the energies of
the perturbed and unperturbed states.

Benchmark calculations have been performed in a case
relevant for nuclear physics. In particular, we have shown that,
for a simple t0 − t3 Skyrme EDF, and perturbing the system
with an external harmonic potential, this method allows to
reconstruct the energies with good numerical accuracy.

These results open up a number of perspectives. First, one
should apply our method using ab initio calculations as an
input. The feasibility of these calculations when the nuclear
systems are perturbed by external potentials, and the assess-
ment of the associated theoretical uncertainties, are issues that
are mandatory to clarify.

In principle, accurate ab initio calculations of nuclear den-
sities perturbed by a variety of external potentials contain a lot
of useful information to improve existing EDFs. In practice,
one could apply the IKS methodology outlined in the present
work to produce a set of ab initio metadata on how energies
change under the action of perturbations with different space
dependence.

In our work, we have not fully tackled the problem of how
to determine the EDF from these metadata. First, we envisage
that it would be useful to also exploit the absolute values of
the ab initio energies. Then, two options open up: One could
propose an ansatz for the EDF and, upon implementing appro-
priate fitting algorithms, obtain a set of constraints on its terms
from those metadata. An alternative approach could be that
of exploiting machine learning techniques [53] to determine
EDF models that are consistent with the information made
available by the IKS (see, e.g., Ref. [22]).

In a later stage, further studies could be envisaged by
considering a set of different external potentials that are also
coupled to spin densities, isospin densities, or other types of
densities. This investigation could shed light on the terms
of the nuclear EDF that are not merely sensitive to the total
density.

[1] D. S. Jensen and A. Wasserman, Int. J. Quantum Chem. 118,
e25425 (2018).

[2] Y. Shi and A. Wasserman, J. Phys. Chem. Lett. 12, 5308 (2021).

[3] R. G. Parr and W. Yang, Density-Functional Theory of Atoms
and Molecules, International Series of Monographs on Chem-
istry (Oxford University Press, New York, 1994).
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What information do we get when we
reconstruct the energy?

In the case at hand, we have correctly
reproduced the EDF.

We are indeed sensitive to the exponent
𝛂.

Appropriate strategies must be devised if
we start from ab initio results.
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• The full inversion of the Kohn-Sham problem, from density to
Kohn-Sham potential and to the energy functional, has been
shown to be feasible and robust.

• Experimental densities parametrized as a sum of Gaussians are an
issue.

• The method can be applied having at one’s disposal accurate
densities from more fundamental theories.

• The spherical symmetry assumption can be overcome.

• The open question is how to infer the gradients terms, the spin-orbit
terms etc.
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They aim at solving the nuclear many-body problem using a
realistic Hamiltonian and a many-body method that is in
principle exact (or whose uncertainty can be quantified).

H is a larger source of uncertainties than the MB method.

J. Simonis et al., Phys. Rev. C 96, 014303 (2017)
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Figure 3
(a–c) Ground-state energies of oxygen isotopes measured from 16O, including experimental values of the bound 16−24O (42). Energies
obtained from (a) phenomenological forces SDPF-M (43) and USDB (44), (b) a G matrix and including Fujita–Miyazawa 3N forces due
to ! excitations, and (c) low-momentum interactions V low k and including N2LO 3N forces, as well as 3N forces only due to !

excitations. The changes due to 3N forces based on ! excitations are highlighted by the shaded areas. The dashed lines in panels b and c
show sd-shell calculations based on second-order MBPT. (d ) Ground-state energies of oxygen isotopes relative to 16O based on
valence-space Hamiltonians, compared with the atomic mass evaluation (AME 2012) (45). The MBPT results are performed in an
extended sdf7/2 p3/2 valence space (37) based on low-momentum NN+3N forces, whereas the IM-SRG (39) and CCEI (40) results are
in the sd shell from an SRG-evolved NN+3N-full Hamiltonian. (e) Ground-state energies obtained in large many-body spaces:
MR-IM-SRG (27), IT-NCSM (27), SCGF (29), CC (40), all based on the SRG-evolved NN+3N-full Hamiltonian, and lattice EFT
(34), based on NN+3N forces at N2LO. Abbreviations: CC, coupled cluster; CCEI, CC effective interaction; EFT, effective field
theory; (MR-)IM-SRG, (multireference) in-medium similarity renormalization group; IT-NCSM, importance-truncation no-core
shell model; MBPT, many-body perturbation theory; SCGF, self-consistent Green’s functions. Modified from Reference 42.

www.annualreviews.org • Neutron-Rich Nuclei and Neutron-Rich Matter 463

A
nn

u.
 R

ev
. N

uc
l. 

Pa
rt.

 S
ci

. 2
01

5.
65

:4
57

-4
84

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.a

nn
ua

lre
vi

ew
s.o

rg
 A

cc
es

s p
ro

vi
de

d 
by

 U
ni

ve
rs

ity
 o

f S
ur

re
y 

on
 1

1/
18

/1
5.

 F
or

 p
er

so
na

l u
se

 o
nl

y.

16-28O



Università degli Studi 
and INFN, MIlano

MCD2022, Kyoto, 8 June 26

PHYSICAL REVIEW C 104, 024315 (2021)

Nuclear energy density functionals grounded in ab initio calculations
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We discuss the construction of a nuclear energy density functional (EDF) from ab initio computations and
advocate the need for a methodical approach that is free from ad hoc assumptions. The equations of state (EoSs)
of symmetric nuclear and pure neutron matter are computed using the chiral NNLOsat and the phenomenological
AV4′ + UIXc Hamiltonians as inputs to self-consistent Green’s function (SCGF) and auxiliary field diffusion
Monte Carlo (AFDMC) methods. We propose a convenient parametrization of the EoS as a function of the
Fermi momentum and fit it on the SCGF and AFDMC calculations. We apply the ab initio based EDF to carry
out an analysis of the binding energies and charge radii of different nuclei in the local density approximation.
The NNLOsat-based EDF produces encouraging results, whereas the AV4′ + UIXc-based one is farther from
experiment. Possible explanations of these different behaviors are suggested, and the importance of gradient and
spin-orbit terms is analyzed. Our paper paves the way for a practical and systematic way to merge ab initio
nuclear theory and density functional theory, while shedding light on some critical aspects of this procedure.

DOI: 10.1103/PhysRevC.104.024315

I. INTRODUCTION

The need to tackle the very complex nuclear many-body
problem has inspired dramatic advances in the so-called
ab initio methods in recent years [1–3]. These approaches
aim at solving the many-nucleon Schrödinger equation in
an exact or systematically improvable way by using a re-
alistic model for the nuclear interaction in the vacuum.
Examples of these approaches are the Green’s function
Monte Carlo (GFMC) and auxiliary field diffusion Monte
Carlo (AFDMC) [4–6], self-consistent Green’s function
(SCGF) [7–10], coupled-cluster [2,11,12], in-medium similar-
ity renormalization group [3,13], and many-body perturbation
theory methods [14,15]. Successful nuclear structure cal-
culations have been performed for low- and medium-mass
nuclei [1,3,4,16], as well as in infinite nuclear matter [9,17,18]
and neutron stars [19,20]. Although ab initio theory can now
approach masses of A ≈ 140 [21], its predictive power is
affected by the large computational cost and full-scale studies
of heavy nuclei are still out of reach.

In the heavy-mass region of the nuclear chart, the method
of choice is density functional theory (DFT). Originally intro-
duced in condensed matter, DFT is a hugely popular method
that finds application in several areas of physics, ranging from
quantum chemistry [22–25] to nuclear physics [26–31]. In the

*francesco.marino@unimi.it

latter case, it represents the only approach that allows one
to cover almost the whole nuclear chart [26,27,30], with the
partial exception of very light nuclei, and to study both ground
states (g.s.) and, in its time-dependent formulation, excited
states [29]. In principle, DFT provides an exact formulation
of the many-body problem based on the Hohenberg-Kohn
theorems [22,30,32], which state that all observables, starting
from the total energy, can be expressed in a unique way as a
functional of the one-body density (including spin densities
and other generalized densities [33]). However, these theo-
rems give no hints about the actual form of such functional,
which is dubbed as the energy density functional (EDF).
Hence, in practice, DFT turns out to be an approximate, albeit
very powerful, method. In particular, most relativistic [34]
and nonrelativistic [26–28] nuclear EDFs are designed in an
empirical manner. A reasonable ansatz for the functional form
is chosen and its actual parameters are fitted on experimen-
tal observables such as radii and masses of finite nuclei, or
pseudo-observables such as the saturation density of symmet-
ric nuclear matter [27,35]. The available EDFs are overall
successful [26,30], e.g., the experimental binding energies
are reproduced on average within 1–2 MeV and charge radii
within 0.01–0.02 fm. However, it is unclear how to further
improve the performance of traditional EDFs [36]. Despite
attempts to frame DFT as an effective field theory (EFT),
we still lack guiding principles for the systematic improve-
ment of nuclear EDFs [37]. Existing EDFs are affected by
uncontrolled extrapolation errors when applied to systems for

2469-9985/2021/104(2)/024315(14) 024315-1 ©2021 American Physical Society
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The Green’s function represents the
probability amplitude that a particle is found
in state 𝛼 at time t after having been
introduced in the system at time t’ in state 𝛽

It obeys the DYSON EQUATION:

The self-energy 𝛴 is approximated by a set
of diagrams. From the solution for g, one
calculates the observables.

388 W.H. Dickhoff, C. Barbieri / Progress in Particle and Nuclear Physics 52 (2004) 377–496
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Fig. 4. Various possible expansions of the irreducible self-energy in terms of higher order many-body Green’s
functions. In all cases the first two terms represent the mean-field contributions −Û and the Hartree–Fock self-
energy ΣHF. The dynamic part of the self-energy can be expressed in terms of the four-point vertex function
Γ 4-pt. Part (a) represents the relation given in Eq. (17), while part (b) corresponds to an alternative derivation
involving the time derivative of g with respect to t ′. If Γ 4-pt is approximated in such a way that the corresponding
two diagrams in (a) and (b) are equivalent, the Dyson equation will satisfy appropriate sum rules. Part (c) gives
the expansion in terms of the one-particle irreducible 2p1h/2h1p propagator R(ω), Eq. (19). Note that the full
four-time dependence of Γ 4-pt is needed in principle, while in the R(ω) formulation one can specialize to a
two-time quantity.

result shown diagammatically in part (b) of Fig. 4. Baym and Kadanoff have shown that an
approximation chosen for Γ 4-pt should be such that parts (a) and (b) in Fig. 4 generate the
same self-energy [28–30]. With this symmetry requirement it is assured that the solution
of the Dyson equation g(ω) satifies basic conservation laws, such as particle number, total
energy, total momentum, and total angular momentum.

2.3. Self-consistent approach

In Eqs. (17) and (19), the term−〈γ |Û |δ〉 removes the auxiliary potential Û included in
g(0)(ω) (or equivalently in Ĥ0, as discussed in Eqs. (35)–(37) below). This makes the
solution of the Dyson equation formally independent of the choice of Û . An implicit
dependence on Ĥ0 = T̂ + Û remains for the case of a standard perturbative expansion,
where the irreducible self-energy Σ $(ω) is expressed as a series of Feynman diagrams,
in terms of g(0)(ω) and the vertices of the residual interaction [2, 6]. However, this is

W.H. Dickhoff and C. Barbieri,
PPNP 52, 377 (2004)

V. Somà, Frontiers in Physics(2020)

172 3 Nuclear Structure Theory

Fig. 3.19 Calculated single-particle spectral function for the addition and removal of a neutron to
and form 56Ni. The diagonal part, Sαα(ω), is shown in coordinate space. Energies below the Fermi
level EF correspond to the one-hole spectral function Shαα(ω) which describes the distribution of
nucleons in energy and coordinate space. Energies aboveEF are for the one-particle spectral function
Sp
αα(ω). The color code shows the strength of the spectral function. Figure reprintedwith permission

from [42]. ©2021 by the American Physical Society

open shell nuclei; describing excited spectra, accessing deformed nuclei and describ-
ing pairing and superfluidity at finite temperatures. The recently-developed Gorkov
formalism allows to calculate spherical open-shell nuclei [43]. These challenges will
be crucial to the study of exotic nuclei at developing radioactive beam facilities.

3.11.7 Nuclear Lattice Effective Field Theory (NLEFT)
Simulation

One ambitious ab initio approach was proposed to combine the idea of Lattice QCD
simulation with ChEFT interactions[39].12 This approach is named “nuclear lattice
EFT (NLEFT) simulations” inwhich nucleons and pions are interacting on the lattice,
while Lattice QCD handles quarks and gluons with the QCD Lagrangian. In the
NLEFT approach, space-time is discretized in Euclidean time (imaginary time) on a
hypercubic volume L3

s × L t , with Ls(L t) being the length in the spatial (temporal)
direction. The minimal distance on the lattice, the so-called lattice spacing, is a(at )
in space (time). In most NLEFT simulations, the analysis makes use of a periodic
cubic lattice with a lattice spacing of a = !c/(100 MeV) = 1.97 fm and the size
Ls = (10 − 12)fm. In the time direction, a step size of cat = !c/(150 MeV) = 1.32
fm is taken and the propagation time Lt is varied to extrapolate to the limit Lt → ∞.
An unavoidable feature of the finite lattice spacing is the ultra-violet divergence
(UV) regulator so that the largest possiblemomentum is taken as pmax = !cπ/a=314

12 Details on Lattice QCD can be found in Chap. 10, while ChEFT is described in Sect. 2.7 of
Chap.2.

C. Barbieri, PRL 103, 202502 (2009)
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Computationally very demanding. Nuclear
matter and light nuclei.

J. Carlson et al., Rev. Mod. Phys. 87, 1067 (2015)
S. Gandolfi, D. Lonardoni, A. Lovato, and M. Piarulli,
Front. Phys. 8, 00117 (2020). D. Lonardoni et al., PRC 97, 044318 (2018)

AUXILIARY FIELD DIFFUSION MONTE CARLO … PHYSICAL REVIEW C 97, 044318 (2018)

TABLE VII. Ground-state energies and charge radii for A = 3,4 employing local chiral potentials at N2LO. The Eτ parametrization of the
3N force is used. Errors are statistical. GFMC results are from Refs. [23,27].

Nucleus Cutoff Potential AFDMC GFMC

AZ (J π ,T ) R0 (fm) E (MeV) rch (fm) E (MeV) rch (fm)

3H ( 1
2

+
, 1

2 ) 1.0 NN −7.54(4) 1.75(2) −7.55(1) 1.78(2)
3N Eτ −8.33(7) 1.72(2) −8.34(1) 1.72(3)

1.2 NN −7.76(3) 1.74(2) −7.74(1) 1.75(2)
3N Eτ −8.27(5) 1.73(2) −8.35(4) 1.72(4)

3He ( 1
2

+
, 1

2 ) 1.0 NN −6.89(5) 2.02(2) −6.78(1) 2.06(2)
3N Eτ −7.55(8) 1.96(2) −7.65(2) 1.97(2)

1.2 NN −7.12(3) 1.98(2) −7.01(1) 2.01(1)
3N Eτ −7.64(4) 1.95(5) −7.63(4) 1.97(1)

4He (0+,0) 1.0 NN −23.96(8) 1.72(2) −23.72(1) 1.73(1)
3N Eτ −27.64(13) 1.68(2) −28.30(1) 1.65(2)

1.2 NN −25.17(5) 1.69(1) −24.86(1) 1.69(1)
3N Eτ −28.37(8) 1.65(1) −28.30(1) 1.64(1)

radius rpt is calculated as

〈
r2
N

〉
= 1

N
〈#|

∑

i

PNi
|ri − Rcm|2|#〉, (67)

where Rcm is the coordinate of the center of mass of the system,
N is the number of protons or neutrons, and

PNi
= 1 ± τzi

2
(68)

is the projector operator onto protons or neutrons. The charge
radius is a mixed expectation value, and it requires the calcu-
lation of both VMC and DMC point-proton radii, according
to Eq. (52). Regardless of the employed optimization of the
variational wave function (free or constrained), the extrapola-
tion of the mixed estimate 〈r2

ch〉 is small, and the final results
for different optimizations typically agree within statistical
uncertainties.

The ground-state energies and charge radii for light systems
(A = 3,4) employing local chiral potential at N2LO are shown
in Table VII. Results with (Eτ parametrization) and without
the 3N force are shown for different choices of the cutoff R0.
For all the s1/2, systems we used the same parameters αi for the
propagation of the 3N force, determined in order to minimize
the perturbative correction of Eq. (46). The agreement with the
GFMC results of Ref. [23,28], where the 3N interactions are
fully included in the propagation, is within a few percent both
at the two- and three-body levels, providing a good benchmark
for the AFDMC propagation technique described in Sec. IV C.

In Fig. 5 we present the ground-state energies per nucleon
of nuclei with 3 ! A ! 16 for cutoffs R0 = 1.0 and R0 =
1.2 fm, respectively. Results at LO, NLO, and N2LO for both
Eτ and E1 parametrizations of the 3N force are shown.
Error bars are estimated by including both the Monte Carlo
uncertainties and the errors given by the truncation of the chiral
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FIG. 5. Ground-state energies per nucleon for 3 ! A ! 16 with local chiral potentials: (a) R0 = 1.0 fm cutoff (left panel), (b) R0 = 1.2 fm
cutoff (right panel). Results at different orders of the chiral expansion and for different 3N parametrizations are shown. Smaller error bars
(indistinguishable from the symbols up to A = 6) indicate the statistical Monte Carlo uncertainty, while larger error bars are the uncertainties
from the truncation of the chiral expansion. LO and N2LO Eτ results for 16O with R0 = 1.2 fm are outside the displayed energy region. Updated
from Ref. [33].
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ESkyrme = C⇢⇢[⇢]⇢2 + C⇢⌧⇢⌧ + CJ2 ~J 2 + C(r⇢)2
⇣
~r⇢

⌘2
+ C⇢~r· ~J⇢~r · ~J

We can start by sticking to the local ansatz.

The parameters are usually fit to experimental data, while we want to
constrain them on ab initio.

There have been only partial attempts along this line.

J. Phys. G 47, 085107 (2020);
Eur. Phys. J. A 56, 85 (2020);
Phys. Rev. C 103, 014325 (2021).
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Our strategy is more systematic and based on the Jacob’s ladder of
electronic DFT.
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• Follow a step-by-step approach
• Use ab initio simulations of model systems
as a constraintJ. Perdew, K. Schmidt, AIP Conf. 

Proc. 577, 1 (2001).
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FIG. 1. Dots: SNM and PNM EoS computed with the NNLOsat

interaction and the SCGF method. Dashed: model EoS (2,3,4,5,6)
(see text).

saturate; in fact, AV4′ alone predicts no saturation before 0.50
fm−3 [97]. The smallest validation error (MSE = 0.06 MeV2)
is achieved by the (2,5,6) model, which is shown in Fig. 2
together with the ab initio EoS.

To sum up, parametrizing the nuclear EoS as a polynomial
of the Fermi momentum has proved an effective ansatz. Two
optimal models have been found, namely, (2,3,4,5,6) for the
NNLOsat EoS and (2,5,6) for the AV4′ + UIXc EoS. The
parameters of these models are reported in Table III.

B. Predictions of the LDA EDFs in finite nuclei

Two LDA EDFs are derived from the (2,3,4,5,6) and (2,5,6)
parametrizations of the NNLOsat- and the AV4′ + UIXc-based
EoS (Sec. IV A). These are then applied to closed-subshell
nuclei and compared to experimental values, taken from
Refs. [98,99], and to ab initio results. Full ab initio calcula-
tions are available for a set of nuclei up to 54Ca for NNLOsat

TABLE I. Energy per particle e computed with SCGF and the
NNLOsat interaction at several densities ρ in both SNM and PNM.

ρ (fm−3) e (MeV) SNM e (MeV) PNM

0.04 −7.94 5.22
0.08 −11.78 6.71
0.12 −13.98 8.51
0.16 −14.62 11.23
0.20 −13.68 14.99
0.22 −12.61 17.24
0.24 −11.12 19.71
0.26 −9.22 22.40
0.28 −6.91 25.29
0.32 −1.00 31.58

TABLE II. Energy per particle e and standard errors (in paren-
theses) computed with AFDMC and the AV4′ + UIXc interaction at
several densities ρ in both SNM and PNM.

ρ (fm−3) e (MeV) SNM e (MeV) PNM

0.04 −8.17 (1) 7.062 (5)
0.08 −13.60 (1) 11.075 (6)
0.12 −17.48 (1) 15.278 (8)
0.16 −20.74 (2) 20.20 (1)
0.20 −22.80 (1) 26.23 (1)
0.22 −23.42 (2) 29.66 (2)
0.24 −23.68 (3) 33.44 (3)
0.26 −23.58 (3) 37.47 (2)
0.28 −23.15 (3) 42.12 (3)
0.32 −21.10 (3) 52.26 (5)
0.36 −17.0 (1) 63.91 (6)
0.40 −12.21 (8) 77.51 (7)

and 90Zr for AV4′ + UIXc. Moreover, the NNLOsat densities
for 90Zr are available.

The discrepancy between theory and experiment for ener-
gies per nucleon (top) and charge radii (bottom) are shown in
Fig. 3 for NNLOsat and the (2,3,4,5,6) EDF, as well as the
GA-E and GA-r EDFs introduced later on (Sec. IV C). On
the one hand, we can appreciate that NNLOsat predictions are
very close to experiment. On the other hand, the LDA EDF, al-
though less precise, exhibits interesting trends, since it enables
one to reproduce heavier nuclei, especially from 90Zr on, in
a realistic way, with deviations smaller than 1 MeV/nucleon
and 0.05 fm for the energies and radii, respectively. This is
quite remarkable, as the LDA EDF incorporates only infor-
mation on uniform matter. Also, it is unsurprising that light
systems are less amenable to a local density treatment, since

FIG. 2. Dots: SNM and PNM EoS computed with the AV4′ +
UIXc interaction and the AFDMC method. The AFDMC statistical
error bars are shown. Dashed: model EoS (2,5,6) (see text).
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We start from the Equation of State (EoS) of nuclear matter.

SNM

Within LDA, the energy
functional is the same as
in uniform matter.

We apply it to finite
systems as if their local
density were uniform.
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� =
⇢n � ⇢p

⇢

We parametrise the potential part of the EoS.

1. is quadratic in 

2. is a polynomial in kF

3. The optimal set of powers is chosen by model selection.
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FIG. 1. Dots: SNM and PNM EoS computed with the NNLOsat

interaction and the SCGF method. Dashed: model EoS (2,3,4,5,6)
(see text).

saturate; in fact, AV4′ alone predicts no saturation before 0.50
fm−3 [97]. The smallest validation error (MSE = 0.06 MeV2)
is achieved by the (2,5,6) model, which is shown in Fig. 2
together with the ab initio EoS.

To sum up, parametrizing the nuclear EoS as a polynomial
of the Fermi momentum has proved an effective ansatz. Two
optimal models have been found, namely, (2,3,4,5,6) for the
NNLOsat EoS and (2,5,6) for the AV4′ + UIXc EoS. The
parameters of these models are reported in Table III.

B. Predictions of the LDA EDFs in finite nuclei

Two LDA EDFs are derived from the (2,3,4,5,6) and (2,5,6)
parametrizations of the NNLOsat- and the AV4′ + UIXc-based
EoS (Sec. IV A). These are then applied to closed-subshell
nuclei and compared to experimental values, taken from
Refs. [98,99], and to ab initio results. Full ab initio calcula-
tions are available for a set of nuclei up to 54Ca for NNLOsat

TABLE I. Energy per particle e computed with SCGF and the
NNLOsat interaction at several densities ρ in both SNM and PNM.

ρ (fm−3) e (MeV) SNM e (MeV) PNM

0.04 −7.94 5.22
0.08 −11.78 6.71
0.12 −13.98 8.51
0.16 −14.62 11.23
0.20 −13.68 14.99
0.22 −12.61 17.24
0.24 −11.12 19.71
0.26 −9.22 22.40
0.28 −6.91 25.29
0.32 −1.00 31.58

TABLE II. Energy per particle e and standard errors (in paren-
theses) computed with AFDMC and the AV4′ + UIXc interaction at
several densities ρ in both SNM and PNM.

ρ (fm−3) e (MeV) SNM e (MeV) PNM

0.04 −8.17 (1) 7.062 (5)
0.08 −13.60 (1) 11.075 (6)
0.12 −17.48 (1) 15.278 (8)
0.16 −20.74 (2) 20.20 (1)
0.20 −22.80 (1) 26.23 (1)
0.22 −23.42 (2) 29.66 (2)
0.24 −23.68 (3) 33.44 (3)
0.26 −23.58 (3) 37.47 (2)
0.28 −23.15 (3) 42.12 (3)
0.32 −21.10 (3) 52.26 (5)
0.36 −17.0 (1) 63.91 (6)
0.40 −12.21 (8) 77.51 (7)

and 90Zr for AV4′ + UIXc. Moreover, the NNLOsat densities
for 90Zr are available.

The discrepancy between theory and experiment for ener-
gies per nucleon (top) and charge radii (bottom) are shown in
Fig. 3 for NNLOsat and the (2,3,4,5,6) EDF, as well as the
GA-E and GA-r EDFs introduced later on (Sec. IV C). On
the one hand, we can appreciate that NNLOsat predictions are
very close to experiment. On the other hand, the LDA EDF, al-
though less precise, exhibits interesting trends, since it enables
one to reproduce heavier nuclei, especially from 90Zr on, in
a realistic way, with deviations smaller than 1 MeV/nucleon
and 0.05 fm for the energies and radii, respectively. This is
quite remarkable, as the LDA EDF incorporates only infor-
mation on uniform matter. Also, it is unsurprising that light
systems are less amenable to a local density treatment, since

FIG. 2. Dots: SNM and PNM EoS computed with the AV4′ +
UIXc interaction and the AFDMC method. The AFDMC statistical
error bars are shown. Dashed: model EoS (2,5,6) (see text).
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together with the ab initio EoS.
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NNLOsat EoS and (2,5,6) for the AV4′ + UIXc EoS. The
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theses) computed with AFDMC and the AV4′ + UIXc interaction at
several densities ρ in both SNM and PNM.
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0.04 −8.17 (1) 7.062 (5)
0.08 −13.60 (1) 11.075 (6)
0.12 −17.48 (1) 15.278 (8)
0.16 −20.74 (2) 20.20 (1)
0.20 −22.80 (1) 26.23 (1)
0.22 −23.42 (2) 29.66 (2)
0.24 −23.68 (3) 33.44 (3)
0.26 −23.58 (3) 37.47 (2)
0.28 −23.15 (3) 42.12 (3)
0.32 −21.10 (3) 52.26 (5)
0.36 −17.0 (1) 63.91 (6)
0.40 −12.21 (8) 77.51 (7)

and 90Zr for AV4′ + UIXc. Moreover, the NNLOsat densities
for 90Zr are available.

The discrepancy between theory and experiment for ener-
gies per nucleon (top) and charge radii (bottom) are shown in
Fig. 3 for NNLOsat and the (2,3,4,5,6) EDF, as well as the
GA-E and GA-r EDFs introduced later on (Sec. IV C). On
the one hand, we can appreciate that NNLOsat predictions are
very close to experiment. On the other hand, the LDA EDF, al-
though less precise, exhibits interesting trends, since it enables
one to reproduce heavier nuclei, especially from 90Zr on, in
a realistic way, with deviations smaller than 1 MeV/nucleon
and 0.05 fm for the energies and radii, respectively. This is
quite remarkable, as the LDA EDF incorporates only infor-
mation on uniform matter. Also, it is unsurprising that light
systems are less amenable to a local density treatment, since

FIG. 2. Dots: SNM and PNM EoS computed with the AV4′ +
UIXc interaction and the AFDMC method. The AFDMC statistical
error bars are shown. Dashed: model EoS (2,5,6) (see text).
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Nuclei are finite systems and the dependence of the EDF on ∇ᵨ, 𝜏 and
J is mandatory. These quantities vanish in uniform matter.

How can ab initio inform us about this dependence?

Uniform matter perturbed by a
(weak) periodic potential
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Add a weak external potential of the type:

In linear response:
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• We are developing a ladder of ab initio-constrained nuclear EDFs.

• The first rung of the ladder (LDA) has been already implemented.

• We have started from different Hamiltonians and many-body methods
(there is no unique ab initio approach so far).

• We are working to obtain gradient terms by exploiting the
response of uniform matter to a weak perturbation.

• Applications to ground-states and collective nuclear excitations (by
means of RPA) are underway.



Collaborators:

• C. Barbieri, P. Brandolini, F. Marino, X. Roca-Maza, E.Vigezzi (Univ. of 
Milano and INFN, Italy) 

• F. Pederiva (Univ. of Trento and INFN, Italy)

• A. Porro, A. Scalesi (CEA, Saclay, France)

• G. Accorto (Univ. Zagreb, Croatia)

• A. Liardi (Cambridge University, UK)

• A. Lovato (ANL, USA)

Università degli Studi 
and INFN, MIlano

MCD2022, Kyoto, 8 June 38



Backup slides

Università degli Studi 
and INFN, MIlano

MCD2022, Kyoto, 8 June 39



Spin-isospin terms, ISB terms

Università degli Studi 
and INFN, MIlano

MCD2022, Kyoto, 8 June 40

The SAMi functional has been introduced in Phys. Rev. C 86, 031306(R) (2012),
and provides a good description of Gamow-Teller resonances.

It needs, however, to be complemented by isospin symmetry breaking terms
(ISB)(1) to provide a realistic value for the Isobaric Analog resonance energy.

X. Roca-Maza, G.C., H. Sagawa, PRC 86, 031306(R) (2012).

are mentioned in Refs. [2–5]. Many authors have pointed
out a correlation between L and the neutron skin ΔRnp ≡
hr2ni1=2 − hr2pi1=2 of a heavy nucleus like 208Pb [11–14].
This can be understood also in an intuitive way. The larger
the change in symmetry energy as a function of the density,
the more convenient the system finds it to push the excess
neutrons to a lower density region, that is, toward the
surface. Precise and model-independent measurements of
the neutron skin are of paramount importance to pin down
the value of L [15,16]. Hence, the relevance of experiments
like PREX and possible steps forward in the same direction
[17–19].
The difficulties in determining the symmetry energy

behavior are associated with our still incomplete under-
standing of the strong interaction in the low-energy regime
that is important for nuclei. Then, finding a connection with
an observable that is not sensitive to the strong force
becomes an asset. The isobaric analog state (IAS) is one of
the well-established properties of nuclei that is measured
accurately, and it is only sensitive to the isospin symmetry
breaking (ISB) in the nuclear medium due to Coulomb
interaction and, to a lesser extent, the other effects that we
will discuss below. Then, here comes the focus of our work.
If there is an inconsistency between the properties of the
symmetry energy and our knowledge of the IAS and the
ISB forces, this is a serious issue. As discussed above,
the neutron skin is strongly correlated with the density
dependence of the symmetry energy. Therefore, we cannot
accept that the values of the neutron skin do not match our
understanding of the isospin symmetry, one of the basic
symmetries of nature, and of its breaking. In this Letter, a
solution is proposed.
Energy density functionals (EDFs) constitute, at present,

the only theoretical framework in which the neutron skins
and the IAS energies can be consistently calculated from a
microscopic perspective in medium-heavy nuclei [20].
Many different parameter sets exist for every class of
EDFs; basically, there are three classes of widely used
functionals, namely, Skyrme, Gogny, and relativistic mean-
field (RMF) functionals. We can focus our attention on
some recent accurate functionals and, in particular, on those
that have been used in recent years to correlate the
symmetry energy parameters with some observables.
Within the Skyrme functionals, SAMi [21] has been

shown to be especially accurate in the description of
charge-exchange resonances such as the Gamow-Teller
resonance. Starting from the prototype SAMi functional,
a systematically varied family has been generated by
keeping a similar quality of the original fit and varying
the values of J and L in Ref. [22]. In addition, a family
based also on the systematic variation of J and L with
respect to a RMF with density-dependent meson-nucleon
(DD-ME [23]) vertices was also introduced. These func-
tionals provide values of the neutron skin through the
Hartree-Fock (HF) or Hartree solution for the ground state,

and they provide self-consistently the IAS energy via the
charge-exchange random phase approximation (RPA)
[24,25]. The results for the IAS energy EIAS as a function
of ΔRnp are plotted in Fig. 1. For the sake of completeness,
the results associated with other Skyrme interactions are
also plotted in this figure.
The results displayed in Fig. 1 lie very close to a straight

line. This can be understood as follows. The main con-
tribution to EIAS can be evaluated from the Coulomb direct
contribution to the so-called displacement energy ΔEC;direct

d
(cf. Ref. [28]). The latter quantity can be approximately
calculated by assuming two uniform neutron and proton
distributions of radiusRn andRp, respectively, and approxi-
mating the electric charge density with the proton density.
This leads to EIAS ≈ ΔEC;direct

d ≈ ð6=5Þ½ðZe2Þ=ðr0A1=3Þ$×
½1− ð5=12Þð1=2Þ½N=ðN −ZÞ$½ðΔRnpÞ=ðr0A1=3Þ$$, where
r0 ¼ ð3=½4πρ0$Þ1=3, and, thus, 2r0 is the average distance
between two nucleons in symmetric nuclear matter
at saturation density. For the case of 208Pb, this formula
predicts EIAS ≈ 20.9 − 5.7ΔRnp (MeV). This result is in
qualitative agreement with the linear fit to the microscopic
calculations shown in Fig. 1, which gives EIAS ¼
19.19ð8Þ − 5.0ð2ÞΔRnp (MeV), with a large correlation
coefficient r ¼ −0.985. The experimental IAS energy
[29] is marked in the figure, and a simple extrapolation
of the straight line would imply ΔRnp ¼ 0.07ð2Þ fm. This
value is incompatible with many independent analyses
[2,5,30]. As a reference, recent experimental constraints
frompolarized proton elastic scattering [26], parity violating
elastic electron scattering [18], and electric dipole polar-
izability [27] are indicated in the bottom part of Fig. 1.
To solve this puzzle, we have reconsidered all possible

contributions to the IAS energy that have not been
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FIG. 1. Energy of the IAS as a function of ΔRnp. The arrows
indicate the experimental results from polarized proton elastic
scattering [26], parity violating elastic electron scattering [18],
and from the electric dipole polarizability [27]. See the text for a
discussion.

PHYSICAL REVIEW LETTERS 120, 202501 (2018)

202501-2

PRL 120, 202501 (2018).

Many EDFs do not have realistic
spin-isospin/ISB terms.

(1) Cf. T. Naito
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