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Unified description of nuclear structure and reactions 
employing the dispersive optical model (DOM)

•Motivation: essential for studying unstable nuclei and link to neutron stars


•Optical potentials 2022


•Removal probabilities puzzle(s)


•Green’s functions/propagator method


•vehicle for ab initio calculations —> matter & finite nuclei


•as a framework to link data at positive and negative energy (and to 
generate predictions for unstable nuclei as well as neutron skins)


-> dispersive optical model (DOM <- started by Claude Mahaux)


• DOM with non-local potentials 12C, 16-18O, 40,48Ca, 58,64Ni, 112,124Sn, 208Pb


• Revisit (e,e’p) data from NIKHEF 40Ca and 48Ca —> N-Z dependence 


• Neutron skin in 48Ca and 208Pb —> PREX II


• Conclusion and outlook


• Ground-state energy and EOS —> saturation properties

  DOM activities: Wim Dickhoff
Bob Charity

Lee Sobotka


Louk Lapikas (e,e’p)
Henk Blok (e,e’p)
Kazuyuki Ogata (p,2p)
Kazuki Yoshida (p,2p)
          Hossein Mahzoon (Ph.D.2015)

Mack Atkinson (Ph.D. 2019)
Natalya Calleya (Grad)
Cole Pruitt (Ph.D. 2019)


Bob Wiringa

Maria Piarulli

Arnau Rios

YKIS2022b workshop 
5/23/2022



Optical Potential

Optical potentials 2022

Reviews

Progress in Particle and Nuclear Physics 105 (2019) 252–299

Contents lists available at ScienceDirect

Progress in Particle and Nuclear Physics

journal homepage: www.elsevier.com/locate/ppnp

Review

Recent developments for the optical model of nuclei
W.H. Dickhoff a,⇤, R.J. Charity b

a Department of Physics, Washington University, St. Louis, MO 63130, USA
b Department of Chemistry, Washington University, St. Louis, MO 63130, USA

a r t i c l e i n f o

Article history:
Available online 14 November 2018

Keywords:
Optical potential
Nucleon self-energy
Nuclear reactions
Dispersive optical model
Ab initio optical model

a b s t r a c t

A brief overview of various approaches to the optical-model description of nuclei is
presented. A survey of some of the formal aspects is given which links the Feshbach
formulation for either the hole or particle Green’s function to the time-ordered quantity
of many-body theory. The link between the reducible self-energy and the elastic nucleon–
nucleus scattering amplitude is also presented using the development of Villars. A brief
summary of the essential elements of the multiple-scattering approach is also included.
Several ingredients contained in the time-ordered Green’s function are summarized for
the formal framework of the dispersive optical model (DOM). Empirical approaches to
the optical potential are reviewed with emphasis on the latest global parametrizations
for nucleons and composites. Various calculations that start from an underlying realistic
nucleon–nucleon interaction are discussed with emphasis on more recent work. The
efficacy of the DOM is illustrated in relating nuclear structure and nuclear reaction infor-
mation. Its use as an intermediate between experimental data and theoretical calculations
is advocated. Applications of the use of optical models are pointed out in the context of the
description of nuclear reactions other than elastic nucleon–nucleus scattering.

© 2018 Elsevier B.V. All rights reserved.
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Abstract
A review of recent developments of the dispersive optical model (DOM) is
presented. Starting from the original work of Mahaux and Sartor, several
necessary steps are developed and illustrated which increase the scope of the
DOM allowing its interpretation as generating an experimentally constrained
functional form of the nucleon self-energy. The method could therefore be
renamed as the dispersive self-energy method. The aforementioned steps
include the introduction of simultaneous fits of data for chains of isotopes or
isotones allowing a data-driven extrapolation for the prediction of scattering
cross sections and level properties in the direction of the respective drip lines.
In addition, the energy domain for data was enlarged to include results up to
200MeV where available. An important application of this work was imple-
mented by employing these DOM potentials to the analysis of the (d, p)
transfer reaction using the adiabatic distorted wave approximation. We review
these calculations which suggest that physically meaningful results are easier
to obtain by employing DOM ingredients as compared to the traditional
approach which relies on a phenomenologically-adjusted bound-state wave
function combined with a global (nondispersive) optical-model potential.
Application to the exotic 132Sn nucleus also shows great promise for the
extrapolation of DOM potentials towards the drip line with attendant relevance
for the physics of FRIB. We note that the DOM method combines structure
and reaction information on the same footing providing a unique approach to
the analysis of exotic nuclei. We illustrate the importance of abandoning the
custom of representing the non-local Hartree–Fock (HF) potential in the DOM
by an energy-dependent local potential as it impedes the proper normalization
of the solution of the Dyson equation. This important step allows for the
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a b s t r a c t

In this review article we discuss the present status of direct nuclear reactions and
the nuclear structure aspects one can study with them. We discuss the spectroscopic
information we can assess in experiments involving transfer reactions, heavy-ion-
induced knockout reactions and quasifree scattering with (p, 2p), (p, pn), and (e, e0p)
reactions. In particular, we focus on the proton-to-neutron asymmetry of the quenching
of the spectroscopic strength.
©2021 TheAuthors. Published by Elsevier B.V. This is an open access article under the CCBY

license (http://creativecommons.org/licenses/by/4.0/).
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Optical Potential

Unstable Nuclei and Optical Potentials

• Masses and electromagnetic properties —> unambiguous!


• All other properties depend on description of strongly interacting probe with target —> 
ambiguous! (or in other words model dependent)


• Optical potentials are an important ingredient in analyzing e.g. transfer reactions, 
knockout reactions like (e,e’p) and (p,2p), the latter available in inverse kinematics!


• Status 2022

– Global potentials still local, non-dispersive and not constrained by scattering data for exotic nuclei


– Ab initio methods have as yet very limited relevance e.g. for FRIB physics


– DOM potentials available for a reasonable set of nuclei and can be extrapolated


– DOM potentials are nonlocal, dispersive, and describe structure and reaction domains simultaneously
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Figure 55: The four panels of this plot show the quenching factors (interchangeable with reduction factors) for (a) lepton-induced knockout reactions [199], (b) both
adding and removing reactions on stable nuclei [200] and two examples with radioactive ion beams [173, 210], (c) proton knockout (p, 2p) reactions on stable nuclei
(from the compilation in [202]) and radioactive nuclei [222, 223], and (d) the intermediate-energy knockout data [37]. [Figures replotted from various sources –
NOTE, need to add error bars on some plots, and define stable and RI beams (particularly for the p2p)] (still to update in v2 of draft, or delete).
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Figure 56: A plot of �S values on the chart of nuclides for ground-state to ground-state transitions for all nuclei with known values of S n and S p in the 2016 Atomic
Mass Evaluation [224]. About 20% have |�S | & 12 MeV.

15 MeV are naturally confined to lighter (below A ⇠ 40)
neutron-rich or -deficient systems. Many of these, and even
those with |�S | & 18 MeV, will be available at new or up-
coming facilities and suitable energies, around 5-15 MeV/u,
to carry out quantitative cross section measurements. It is not
clear that the volume of data will ever match that available from
knockout, nor perhaps go to quite the same extremes in �S . To
avoid the challenges of absolute measurements, it is possible
that cocktail beams of exotic and stable species could be car-
ried out at the same time, allowing for a precise comparisons of

the relative quenching factors.
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FIG. 2. As for Fig. 1. The trend line given in Eq. 2, as
reported in Ref. [23], and a band of half-width 0.1 (shaded
region) have been superimposed, which summarize the total-
ity of collected data points.

of the theoretically-predicted strength of transitions to
bound final states, and do not provide information on
any individual transition or spectroscopic factor. In par-
ticular, Rs is not an overall scaling factor to be applied to
each contributing theoretical partial cross-section. The
relationship between the model and measured partial
cross sections is expected to be far more complex. For ex-
ample, in the recent 34Si(�n) reaction analysis included
above [22], the measured and model partial cross sections
to 3/2+ and 1/2+ 33Si final states are in broad agreement.
On the other hand, the model calculations predicted a
number of strongly-populated 5/2+ final states, that en-
hance the theoretical inclusive cross section, wheras these
5/2+ states were found to be more weakly populated in
the measurements. So, to better-interpret the deduced
Rs value in each case requires more final-states-exclusive
studies, as are now possible more routinely given the on-
going improvements in both beam intensities and detec-
tion capabilities.

C. Discussion

For the majority of spectroscopic applications, the de-
tails of these absolute cross section comparisons, as quan-
tified by Rs, are secondary. As in essentially all direct-
reaction applications, principally, it is comparisons of the
measured and theoretical relative partial cross-sections
to each final state and, in intermediate-energy removal
reactions, the shapes of their residue momentum distri-
butions, that allow both the dominant transitions and
single-particle configurations of the valence nucleons in
the projectile ground state to be identified. The absolute
inclusive cross section comparisons, shown in Figs. 1
and 2, pose additional and challenging questions of both

the reaction dynamics treatment and the nuclear struc-
ture model inputs. The following discussion summarizes
aspects of ongoing investigations relevant to these open
questions.

The physical origins of the presented systematic be-
haviour, with a reduction of Rs with increasing �S,
obtained consistently from the eikonal- plus sudden-
approximation reaction dynamics and shell-model nu-
clear structure, remain unresolved. Testing for inade-
quacies in the reaction dynamics treatment, e.g. of the
sudden approximation, was a motivation of the present
work – using higher-energy data sets. Concerns regard-
ing the shell-model nuclear-structure input, in particular
the role and treatment of correlations in the many-body
wave functions, are also relevant. The localization of
the reaction, discussed earlier, means that absolute cross
sections are particularly sensitive to the wave functions
(overlap functions) of the removed nucleons near the nu-
clear surface, where the importance of neutron-proton
correlations is an open question. Specifically, in reactions
with large positive �S and at radii near the nuclear sur-
face, the removed, minority nucleon species occupying
orbitals near their energetically well-bound Fermi sur-
face are embedded, spatially, within nuclear matter that
is dominated by the other, majority species. We return
to this discussion below.

Given these open questions, other nucleon-removal
mechanisms and direct reaction-models have also begun
to be used to probe these absolute cross-section e↵ects.
So far, these studies also involve a more limited set of
projectile species. These alternative reactions involve dif-
ferent spatial localizations and radial sensitivities, and
bring their own approximation schemes, model inputs
and uncertainties. For example, measured and theoreti-
cal cross-section ratios have been presented using analy-
ses of single-nucleon transfer reactions [36–38], analysed
using conventional distorted-waves Born approximation-
like techniques, and inverse kinematics (p, 2p) and (p, pn)
knockout processes on a proton target, analysed using
quasi-free scattering [39, 40] and coupled-channels ap-
proaches [41]. In the case of the transfer reaction anal-
yses, experimental (beam-intensity and target-thickness)
requirements have limited the range of �S values ac-
cessible, while the ratios presented are generally from se-
lected exclusive (e.g. ground-state) cross sections and not
from the bound-final state inclusive yields. The (p, 2p)
and (p, pn) knockout analyses cover a wider range of �S
values but have been concentrated on the oxygen and
carbon isotopes, with very few cases in common with
the compilation in Figure 1. An exception is an inverse
kinematics (p, 2p) measurement of the 25F(�p) reaction
[33], that deduced an empirical spectroscopic factor of
0.36(13) to the 24O ground state, the only bound final
state. The corresponding new measurement on a C tar-
get was included above. Compared to shell-model val-
ues, the spectroscopic factor from this (p, 2p) measure-
ment is more heavily suppressed than the value from the
higher-precision C target data, from which the deduced

J. A. Tostevin and A. Gade,  Phys. Rev. C 103, 054610 (2021) [an update to Phys. Rev. C 90, 057602 (2014)

sections divided by the expected shell-model value for a
given state, versus an asymmetry parameter !S defined
as Sn ! Sp (or Sp ! Sn) for neutron knockout (or proton

knockout). !S is therefore an approximate measure of the
difference in the proton and neutron Fermi surfaces.
Results from nucleon-knockout reactions appear to show
a trend, where this quantity approaches unity for large
negative values of !S, and becomes much smaller, around
0.2, for large positive values. However, Lee et al. [29] saw
no such trend in (p,d) transfer reactions on various Ar
isotopes, though it has been suggested that the interpreta-
tion may not be definitive [30]. In the recent work of
Ref. [31], no such behavior in the reduction factor was
found in proton- and neutron-removing reactions from 14O,
probing extreme positive and negative values of !S. We
display our results plotted against the more limited range in
!S that is accessible with stable targets (about half what
can be covered with radioactive beams) in Fig. 3, where no
obvious trend is seen.

Other reaction models can be used to reduce experimen-
tal cross sections to spectroscopic overlaps, and one may
perhaps expect that, if applied consistently, they are likely
to yield similar results. For example, we used the finite-
range adiabatic wave approximation formalism of Johnson
and Tandy [32] with the code TWOFNR [33] for ‘ ¼ 1 (p,d)
and (d,p) on the Ni isotopes. The values of Fq differ by less

than 10%. We used DWBA as the most convenient
method to remove the dependence of the reaction cross
sections on energy, nucleus, angular momentum, and
reaction type.

The quenching of the single-particle mode appears to be
a quantitatively uniform property of the nuclear many-
body system from light to heavy nuclei. Correcting for
this quenching makes the measured spectroscopic factors
directly comparable to spectroscopic factors from shell-
model calculations of nuclear structure. For models where
many-body effects are taken into account, such as ab initio

calculations of nuclear structure, the correlations are
already included, and spectroscopic overlaps may be
directly compared to calculations (e.g., Ref. [34]).
In summary, we find that, at least for stable nuclei,

spectroscopic factors from single-nucleon transfer reac-
tions derived from a self-consistent analysis are quenched
with respect to the values expected from mean-field theory
by a constant factor of 0.55, with an rms spread of 0.10,
independent of whether the reaction is nucleon adding
or removing, whether a neutron or proton is transferred,
the mass of the nucleus, the reaction type, or angular-
momentum transfer.
The authors would like to thank S. C. Pieper and

L. Lapikás for helpful discussions, as well as our experi-
mental collaborators. This work was supported by the US
Department of Energy, Office of Nuclear Physics, under
Contract No. DE-AC02-06CH11357, and the UK Science
and Technology Facilities Council.
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reactions and structure

O(p,2p) L. Atar et al. Phys. Rev. Lett. 120, 052501 (2018)

• “Ab initio” interaction has “no” tensor force —> spectroscopic factors?


• Reaction model: distorted waves not constrained by experimental information as 
a function of nucleon asymmetry


• Inconsistent with np dominance observed in 2N knockout reactions (Or et al.)



reactions and structure

O(p,2p)
• S. Kawase et al. Prog. Theor. Exp. Phys. 2018, 021D01


• DWIA uses optical potentials not constrained by scattering data for unstable nuclei



reactions and structure

Status of “reduction” factors/spectroscopic factors
T. Aumann, C. Barbieri, D. Bazin et al. Progress in Particle and Nuclear Physics 118 (2021) 103847

Fig. 56. The four panels of this plot show the quenching (reduction) factors for (a) electron-induced knockout reactions [87,172,237,376], (b)
transfer reactions with radioactive ion beams [55,57,203], (c) quasifree (p, 2p) proton knockout on stable nuclei (from the compilation in [239]) and
radioactive nuclei [58,59], and (d) the inclusive intermediate-energy knockout data [46]. The measurements are compared to predictions based on
effective-interaction shell-model SFs while, in the case of (e, e0p), the integrated strength is compared to the independent-particle expectation.

a strong asymmetry dependence as observed in Be- or C-induced nucleon removal at intermediate energies. Fig. 56 shows
a summary of various data from the different probes discussed in this review. For modest values of �12 . �S . 12 MeV,
all probes quantitatively agree that there is a quenching of single-particle strength, reduced to around 40%–70% of the total.
This is arguably true for �15  �S  15 MeV, within the moderately-large experimental and analytical uncertainties.

The analyses of neutron-pickup transfer data with neutron-deficient 34Ar (�S= MeV) and neutron-rich 46Ar (�S=
MeV) isotopes [55] using different methods and optical potentials lead to different conclusions regarding the presence
or absence of a strong dependence of the data-to-prediction ratio with �S [55,57]. Transfer studies based on three data
sets of oxygen isotopes [54] and analyzed within the coupled-channel formalism did not observe the strong trend from
Be- and C-induced nucleon-removal reactions. Recent (p, 2p) [58,59], covering essentially the full range in �S, do not
confirm the strong trend from Be- and C-induced nucleon-removal reactions. These data have been meanwhile analyzed
using different reaction models arriving at similar conclusions, although predictions of such reaction models can differ.
Although Be- or C-induced nucleon-removal cross sections have been analyzed with different models, the systematics of
the quenching factor as a function of �S has been investigated with only one model so far.

A recent analysis of the (e, e0p) reaction for both 40Ca (�S = �7.3 MeV) and 48Ca (�S = 5.8 MeV) employing the DOM
predicts a reduction of the spectroscopic strength of 0.71 and 0.58, respectively (see Fig. 56). The results are consistent
with earlier analyses. Two recent DOM analysis for 208Pb give consistent results of 0.69 [172] and 0.64 ± 0.06 [376],
in agreement with the value of Ref. [87], a re-analysis of the initial work of Ref. [237] which led to a now-considered-
too-low value for the quenching. All values are superimposed in the left panel of Fig. 56. The DOM links both structure
and reaction quantities and relies on experimental data to constrain removal probabilities as well as the optical potential
for these isotopes. It therefore simultaneously allows for a change in the structure properties as a function of nucleon
asymmetry but importantly also covers the change in the way continuum nucleons experience nuclei with different
asymmetry. This approach provides a distinct advantage over methods that rely on ingredients that are derived from
free nucleon–nucleon scattering data or uncertain extrapolations of phenomenological optical potentials which are not
constrained by experimental data. A continued exploration of the DOM to generate results from data-driven extrapolations
to the respective drip lines is therefore a promising approach to provide further clarification of the issues discussed in the
review. The DOM can also provide a liaison between ab initio nuclear-structure calculations and experimental results by
providing nonlocal optical potentials or conversely provide overlap functions to combine with ab initio optical potentials
that have become a focus of recent efforts some of which have been reviewed in Ref. [34].

Independently of the origin of the observed trend, we can conclude that there are inconsistencies between the direct-
reaction model conclusions. Reviewing the state-of-the-art reaction studies, we conclude that the problem cannot be
resolved at this stage. It is of utmost importance to further understand the different reaction mechanisms by dedicated
key experiments hand in hand with theory developments in the near future.

So far, most of the investigations on reaction mechanisms with very asymmetric nuclei have been performed using Be-
induced reactions. Some selected nuclei should be investigated with transfer and quasifree scattering at different energies
as well. Fig. 57 shows the �S values for ground-state to ground-state transitions for nuclei across the chart of nuclides,
for nuclei where both Sn and Sp are known. Those with |�S| & 15 MeV are naturally confined to lighter (below A ⇠ 40)
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reactions and structure

Unambiguous ingredient: Depletion as a function of asymmetry 
in matter treating short-range and tensor correlations

A. Rios, A. Polls, and W. H. Dickhoff

Depletion of the nuclear Fermi sea.

Phys. Rev. C79, 064308 (2009).



Optical Potential

Properties and relevance of optical potential or self-energy
• Describes all observables related to elastic scattering


• Generates wave functions inside the nucleus - distorted waves - used to describe other 
nuclear reactions aimed at extracting nuclear structure information


• Dispersive optical model describes additional observables related to the ground state 


• Can be extrapolated to exotic nuclei [but uncertain]


• Astrophysics: relevant for the description of rapid neutron capture


• Lots of recent activity to generate the optical potential starting from the “NN” interaction

– Nuclear matter approach [old and recent]


– Multiple scattering using free NN interaction [T-matrix]


– Green’s function method for finite nuclei [old and recent]


– Coupled cluster method


– No core shell model [including symmetry-adapted version]


– DFT + 2nd order/RPA contributions



Optical Potential

Some problems with “ab initio” approaches

• Multiple scattering approaches useful at higher energy but hard to improve over 
spectator approximation (problems with polarization data)


• Methods that generate the propagator directly and then generate optical potential by 
inverting the Dyson equation

– Coupled cluster


– No core shell model


– Both methods struggle with the        infinitesimal


– Methods that use HO basis cannot describe density of states and higher angular momentum
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reactions and structure

Illustrate: comparison with ab initio FRPA calculation
• Volume integrals of imaginary part of nonlocal ab initio (FRPA) self-energy 

compared with DOM result for 40Ca


• Ab initio S. J. Waldecker, C. Barbieri and W. H. Dickhoff 
Microscopic self-energy calculations and dispersive-optical-model potentials. 
Phys. Rev. C84, 034616 (2011), 1-11.



Optical Potential

DOM initiated by Mahaux

St. Louis extensions (nonlocality, energy domain, isotope chains) 

• Nonlocal and dispersive optical potential


• Allows consideration of negative energy experimental information [charge density]


• Subtracted dispersion relation emphasizes influence of energies close to the Fermi energy


• Empirical information constrains binding potential at the Fermi energy as well as volume 
integrals of the imaginary part at positive energy
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• Mahaux & Sartor 1991 —> Washington University group since 2006 


• Use experimental data to constrain the nucleon self-energy while 
linking structure and reaction domain using dispersion relations


• Generates proton/neutron distorted waves


• Overlap functions with their normalization (spectroscopic factors)
DOM

Dispersive Optical Model (St. Louis group)

E<0 —>

M. C. Atkinson, M. H. Mahzoon, M. A. Keim, B. A. Bordelon, 
C. D. Pruitt, R. J. Charity, and W. H. Dickhoff
Phys. Rev. C 101, 044303 (2020), 1-15. [arXiv:1911.09020]

Indirectly:

Mack Atkinson —> TRIUMF —> LLNL

DISPERSIVE OPTICAL MODEL ANALYSIS OF 208Pb … PHYSICAL REVIEW C 101, 044303 (2020)
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FIG. 7. Results for proton and neutron analyzing power gener-
ated from the DOM self-energy for 208Pb compared with experimen-
tal data ranging from 10 to 200 MeV. References to the data are given
in Ref. [43].

that the proton properties deviate more from the IPM than the
neutrons in 208Pb.

For levels close to εF , the spectroscopic factor can be
calculated using Eq. (9). These spectroscopic factors are listed
in Table I while in Table II occupation and depletion numbers
are presented. Indeed, the fact that the spectroscopic factors
for protons are smaller than those of the neutrons is consistent
with the protons being more correlated than the neutrons. The
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FIG. 8. Experimental and fitted 208Pb charge density. The solid
black line is calculated using Eq. (5) and folding with the pro-
ton charge distribution, while the experimental band represents
the 1% error associated with the extracted charge density from
elastic-electron-scattering experiments using the sum of Gaussians
parametrization [2,54]. Also shown is the deduced weak charge dis-
tribution, ρw (long-dashed red line), and neutron matter distribution,
ρn (short-dashed blue line).
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tions. All available data have been transformed to an electron energy
of 502 MeV [1].

present values of the valence spectroscopic factors are consis-
tent with the observations in Ref. [6] and the interpretation
in Ref. [7]. It is important to note that these spectroscopic
factors are indirectly determined by the fit to all the available
data similarly to the case reported in Ref. [17] for 48Ca. The
extraction of spectroscopic factors using the (e, e′ p) reaction
has yielded a value around 0.65 for the valence 2s1/2 orbit
[57] based on the results in Refs. [3,4]. While the use of
nonlocal optical potentials may slightly increase this value as
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on the right correspond to the experimental values. The change from
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reactions and structure

(d,p) reaction

• State of the art inclusive (d,p)


• Employs local DOM potentials constrained for 40Ca and 48Ca and 
extrapolated to 60Ca


• Explores link with (n,𝛄) process



reactions and structure

Why DOM?
• Compare standard optical potential with DOM


• Global potentials do not generate relevant information at negative 
energies —> dispersive approach essential for unstable nuclei



DOM

Spectral function for bound states from DOM analysis
• [0,200] MeV —> constrained by elastic scattering data
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DOM

Check with (e,e’p) cross sections (Mack Atkinson)
• 40Ca                                           Phys. Rev. C98, 044627 (2018)


• 48Ca                                           Phys. Lett. B 798, 135027 (2019)


• No further adjustments!


• Both structure and reaction properties allowed to change when 8 n added
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DOM

Compare with Gade plot
Very near the Fermi energy in 40Ca and 48Ca from (e,e’p) —> error band

Quenching sp strength review: Aumann et al, Prog. Part. Nucl. Phys. 118,  103847 (2021)
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DOM

Neutron skins in 48Ca and 208Pb from DOM predictions
• DOM 2017


• DOM 2020
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M. H. Mahzoon, M. C. Atkinson, R. J. Charity, and W. H. Dickhoff                                                                        
 Phys. Rev. Lett. 119, 222503 (2017), 1-5.

M. C. Atkinson, M. H. Mahzoon, M. A. Keim, B. A. Bordelon, C. D. Pruitt, R. J. Charity, and W. H. Dickhoff                                                                                        
               Phys. Rev. C 101, 044303 (2020), 1-15.
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FIG. 7. Results for proton and neutron analyzing power gener-
ated from the DOM self-energy for 208Pb compared with experimen-
tal data ranging from 10 to 200 MeV. References to the data are given
in Ref. [43].

that the proton properties deviate more from the IPM than the
neutrons in 208Pb.

For levels close to εF , the spectroscopic factor can be
calculated using Eq. (9). These spectroscopic factors are listed
in Table I while in Table II occupation and depletion numbers
are presented. Indeed, the fact that the spectroscopic factors
for protons are smaller than those of the neutrons is consistent
with the protons being more correlated than the neutrons. The
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black line is calculated using Eq. (5) and folding with the pro-
ton charge distribution, while the experimental band represents
the 1% error associated with the extracted charge density from
elastic-electron-scattering experiments using the sum of Gaussians
parametrization [2,54]. Also shown is the deduced weak charge dis-
tribution, ρw (long-dashed red line), and neutron matter distribution,
ρn (short-dashed blue line).
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tions. All available data have been transformed to an electron energy
of 502 MeV [1].

present values of the valence spectroscopic factors are consis-
tent with the observations in Ref. [6] and the interpretation
in Ref. [7]. It is important to note that these spectroscopic
factors are indirectly determined by the fit to all the available
data similarly to the case reported in Ref. [17] for 48Ca. The
extraction of spectroscopic factors using the (e, e′ p) reaction
has yielded a value around 0.65 for the valence 2s1/2 orbit
[57] based on the results in Refs. [3,4]. While the use of
nonlocal optical potentials may slightly increase this value as
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FIG. 10. Proton energy levels in 208Pb. The energies on the left
are calculated using only the static part of the DOM self-energy,
corresponding to a Hartree-Fock calculation. The middle energies
are those calculated using the full DOM self-energy. The energies
on the right correspond to the experimental values. The change from
the left energies to the middle energies is the result of including the
dynamic part of the self-energy.
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DOM

MCMC DOM prediction of neutron skins
• Markov Chain Monte Carlo

Neutron skins.—The neutron skin

Δrnp ≡ rrmsðnÞ − rrmsðpÞ ð7Þ

was first identified as an important observable by
Wilkinson over fifty years ago [26]. Neutron skins on
neutron-rich nuclei are connected to other nuclear structural
quantities, including the electric dipole polarizability, the
location of the pygmy and giant dipole resonances, the
density dependence of the symmetry energy, and the size of
neutron stars [2,4,27–29].
The neutron skins extracted from the present work are

shown in Fig. 3 and median values and uncertainties in
Table I. We find that the degree of asymmetry,
α≡ ðN − ZÞ=A, correlates strongly (r ¼ 0.89) with the
median skin thicknesses. If a simple linear dependence
in α is assumed, extrapolation from the 58;64Ni skins gives
a 56Ni skin thickness of −0.04$ 0.03 fm. A similar
calculation with 112;124Sn yields a 100Sn skin thickness
of −0.07$0.06 fm. In the symmetric systems 16O and 40Ca,
Coulomb repulsion nudges proton density outward from
the core, resulting in a small negative neutron skin (that
is, a proton skin). Again assuming the linear dependence
of this Coulomb effect, extrapolation from 16O and 40Ca
gives neutron skins of −0.07$ 0.02 fm for 56Ni and
−0.12$ 0.04 fm for 100Sn, slightly more negative than,
but in keeping with, the linear extrapolation from 58;64Ni

and 112;124Sn. Besides Coulomb and asymmetry-dependent
effects, the large 48Ca median skin of 0.22 fm and near-zero
median 64Ni skin of −0.01 fm show the importance of shell
effects for certain systems (cf. with 208Pb results of [15]). To
wit, most of the excess neutrons in 48Ca and 64Ni enter the
neutron f7=2 and neutron p3=2 shells, respectively, as seen in
Fig. 1 for 48Ca. The mean radius of the f7=2 shell is larger
than the deeper shells; thus, when neutron density is added,
the size grows rapidly. In 64Ni, the neutron 1p3=2 rms radius
is closer to the overall rrmsðnÞ of 58Ni, so the additional
neutrons of 64Ni do little to grow the skin thickness.
For 18O, the mirror-nuclei logic of [30] can be applied to

cross-check our skin value. Assuming isospin symmetry,
the difference between the 18Ne and 18O charge radii is a
good proxy for the 18O neutron skin thickness. Per [31],
the charge radius difference between 18Ne and 18O is
0.20$ 0.01 fm. Before comparing this proxy value with
the neutron skin of 18O, Coulomb and deformation cor-
rections must be applied. First, due to the Coulomb force,
the proton density of 18Ne extends further than the neutron
density of 18O. We estimate the magnitude of this proton
density extension in 18Ne as 0.03 fm, or 25% larger than the
difference between the proton and neutron distributions
of 16O, due to the 25% larger proton number of 18Ne.
Subtracting 0.03 fm from the 18Ne-18O radius difference
yields 0.17 fm. Second, because 18Ne is more deformed

FIG. 3. Neutron skin probabilities via MCMC sampling for 16;18O, 40;48Ca, 58;64Ni, 112;124Sn, and 208Pb. Each axis shows a single
element. For elements with two isotopes histogrammed, the lighter isotope is shown using light bars, and the heavier isotope is shown
with dark bars. The heights of each distribution have been arbitrarily rescaled to facilitate comparison.

TABLE I. Neutron skins (Δrnp), in fm, from this work. The 16th, 50th, and 84th percentile values of the skin distribution are
reported as 508416.

16O 18O 40Ca 48Ca 58Ni 64Ni 112Sn 124Sn 208Pb

−0.025−0.023−0.027 0.060.110.02 −0.051−0.048−0.055 0.220.240.19 −0.03−0.02−0.05 −0.010.03−0.04 0.050.080.02 0.170.230.12 0.180.250.12

PHYSICAL REVIEW LETTERS 125, 102501 (2020)

102501-4

C. D. Pruitt, R. J. Charity, L. G. Sobotka, M. C. Atkinson, and W. H. Dickhoff                                                           
                                  Phys. Rev. Lett. 125, 102501 (2020), 1-6.

Neutron skins.—The neutron skin

Δrnp ≡ rrmsðnÞ − rrmsðpÞ ð7Þ

was first identified as an important observable by
Wilkinson over fifty years ago [26]. Neutron skins on
neutron-rich nuclei are connected to other nuclear structural
quantities, including the electric dipole polarizability, the
location of the pygmy and giant dipole resonances, the
density dependence of the symmetry energy, and the size of
neutron stars [2,4,27–29].
The neutron skins extracted from the present work are

shown in Fig. 3 and median values and uncertainties in
Table I. We find that the degree of asymmetry,
α≡ ðN − ZÞ=A, correlates strongly (r ¼ 0.89) with the
median skin thicknesses. If a simple linear dependence
in α is assumed, extrapolation from the 58;64Ni skins gives
a 56Ni skin thickness of −0.04$ 0.03 fm. A similar
calculation with 112;124Sn yields a 100Sn skin thickness
of −0.07$0.06 fm. In the symmetric systems 16O and 40Ca,
Coulomb repulsion nudges proton density outward from
the core, resulting in a small negative neutron skin (that
is, a proton skin). Again assuming the linear dependence
of this Coulomb effect, extrapolation from 16O and 40Ca
gives neutron skins of −0.07$ 0.02 fm for 56Ni and
−0.12$ 0.04 fm for 100Sn, slightly more negative than,
but in keeping with, the linear extrapolation from 58;64Ni

and 112;124Sn. Besides Coulomb and asymmetry-dependent
effects, the large 48Ca median skin of 0.22 fm and near-zero
median 64Ni skin of −0.01 fm show the importance of shell
effects for certain systems (cf. with 208Pb results of [15]). To
wit, most of the excess neutrons in 48Ca and 64Ni enter the
neutron f7=2 and neutron p3=2 shells, respectively, as seen in
Fig. 1 for 48Ca. The mean radius of the f7=2 shell is larger
than the deeper shells; thus, when neutron density is added,
the size grows rapidly. In 64Ni, the neutron 1p3=2 rms radius
is closer to the overall rrmsðnÞ of 58Ni, so the additional
neutrons of 64Ni do little to grow the skin thickness.
For 18O, the mirror-nuclei logic of [30] can be applied to

cross-check our skin value. Assuming isospin symmetry,
the difference between the 18Ne and 18O charge radii is a
good proxy for the 18O neutron skin thickness. Per [31],
the charge radius difference between 18Ne and 18O is
0.20$ 0.01 fm. Before comparing this proxy value with
the neutron skin of 18O, Coulomb and deformation cor-
rections must be applied. First, due to the Coulomb force,
the proton density of 18Ne extends further than the neutron
density of 18O. We estimate the magnitude of this proton
density extension in 18Ne as 0.03 fm, or 25% larger than the
difference between the proton and neutron distributions
of 16O, due to the 25% larger proton number of 18Ne.
Subtracting 0.03 fm from the 18Ne-18O radius difference
yields 0.17 fm. Second, because 18Ne is more deformed

FIG. 3. Neutron skin probabilities via MCMC sampling for 16;18O, 40;48Ca, 58;64Ni, 112;124Sn, and 208Pb. Each axis shows a single
element. For elements with two isotopes histogrammed, the lighter isotope is shown using light bars, and the heavier isotope is shown
with dark bars. The heights of each distribution have been arbitrarily rescaled to facilitate comparison.

TABLE I. Neutron skins (Δrnp), in fm, from this work. The 16th, 50th, and 84th percentile values of the skin distribution are
reported as 508416.

16O 18O 40Ca 48Ca 58Ni 64Ni 112Sn 124Sn 208Pb

−0.025−0.023−0.027 0.060.110.02 −0.051−0.048−0.055 0.220.240.19 −0.03−0.02−0.05 −0.010.03−0.04 0.050.080.02 0.170.230.12 0.180.250.12
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Optical Potential

Neutron skin puzzle & DOM (slide Mack Atkinson now at LLNL)

Neutron Skin: �rnp = rn � rp

Mack C. Atkinson TRIUMF 9 / 18

rn can be measured through parity-violating electron scattering (weak)

PREX-II at Je↵erson Lab measured 208Pb skin
Preliminary CREX results for 48Ca released at DNP meeting 2021
Very surpising 48Ca skin!
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Optical Potential

Outlook FRIB era

• Accurate global optical potential requires a lot of theoretical effort

– Topical Collaboration: Holt, Dickhoff, Elster, Lovell, Nunes, Potel, Stroberg (DOE proposal)


• Accurate global optical potential requires a lot of experimental effort as well!


• Removal probability puzzle only slow progress


• Neutron skins very interesting


• Conceptual paradigm shift: need to treat reactions and structure simultaneously


• (p,2p) good starting point


• First DOM analysis —>

PHYSICAL REVIEW C 105, 014622 (2022)

First application of the dispersive optical model to (p, 2p) reaction analysis
within the distorted-wave impulse approximation framework
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Background: Both (e, e′ p) and (p, 2p) reactions have been performed to study the proton single-particle character of nuclear states
with its related spectroscopic factor. Recently, the dispersive optical model (DOM) was applied to the (e, e′ p) analysis revealing that
the traditional treatment of the single-particle overlap function, distorted waves, and nonlocality must be further improved to achieve
quantitative nuclear spectroscopy.

Purpose: We apply the DOM wave functions to the traditional (p, 2p) analysis and investigate the consistency of the DOM spectroscopic
factor that describes the (e, e′ p) cross section with the result of the (p, 2p) analysis. Additionally, we make a comparison with a
phenomenological single-particle wave function and optical potential. Uncertainty arising from a choice of p-p interaction is also
investigated.

Method: We implement the DOM wave functions to the nonrelativistic distorted-wave impulse approximation (DWIA) framework for
(p, 2p) reactions.

Results: DOM + DWIA analysis on 40Ca(p, 2p) 39K data generates a proton 0d3/2 spectroscopic factor of 0.560, which is meaningfully
smaller than the DOM value of 0.71 shown to be consistent with the (e, e′ p) analysis. Uncertainties arising from choices of single-particle
wave function, optical potential, and p-p interaction do not explain this inconsistency.

Conclusions: The inconsistency in the spectroscopic factor suggests there is urgent need for improving the description of p-p scattering in
a nucleus and the resulting in-medium interaction with corresponding implications for the analysis of this reaction in inverse kinematics.

DOI: 10.1103/PhysRevC.105.014622

I. INTRODUCTION

The independent particle picture provides an excellent first
characterization of the structure of a nucleus. An important
indicator of this picture is the spectroscopic factor for valence
orbitals, which represents the removal probability for each
nucleon orbital to a low-lying state of the system with one
proton less. The nucleon knockout reaction has been one of
the best tools to study this aspect of nuclei. The electron-
induced proton knockout reaction, (e, e′ p) [1–9], has been
considered the cleanest spectroscopic method for decades.
Despite some concerns about the uncertainties associated with
proton-induced proton knockout reactions, (p, 2p) [10–17], a
recent review [16] established (p, 2p) as an complementary
spectroscopic tool to (e, e′ p) with about 15% uncertainty for
incident energy above 200 MeV.

As discussed in Ref. [16], the effect of nonlocality on the
distorted waves and the bound-state wave function is consid-
ered to be a major source of the theoretical uncertainties in

*yoshida.kazuki@jaea.go.jp

the description of the (p, 2p) reactions. Usually, the effect is
phenomenologically taken into account by including the Perey
factor [18]; the Darwin factor is used when an optical poten-
tial based on the Dirac phenomenology [19–21] is adopted.
However, the validity of this phenomenological treatment of
nonlocality has not been estimated quantitatively. Recently, a
fully nonlocal dispersive optical model (DOM) has been de-
veloped [22,23], extending the original work by Mahaux and
Sartor [24]. The DOM describes the nucleon scattering poten-
tial and the binding potential that gives single-particle levels
on the same footing, making use of a subtracted dispersion
relation. The single-particle wave function (SPWF) and its
spectroscopic factor as well as the distorted waves obtained by
the present DOM framework were applied to the nonrelativis-
tic distorted-wave impulse approximation (DWIA) analysis
of 40,48Ca(e, e′ p) 39,47K reactions [8,9] without any further
adjustment. It was concluded that an accurate treatment of the
nonlocality as practised in the DOM is necessary to generate
spectroscopic factors that automatically describe the (e, e′ p)
knockout cross sections after the DOM potential has been
constrained by all available elastic scattering data (up to
200 MeV) and relevant ground-state information.

2469-9985/2022/105(1)/014622(7) 014622-1 ©2022 American Physical Society
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DOM

High-momentum predictions & relation to ground-state energy
Ground-state energy can be included in the DOM


Succeeds                                                                     Phys. Rev. C 102, 044333 (2020)


Because fraction of binding energy from 10% most deeply bound nucleons includes the 
high-momentum contribution


Phys. Rev. Lett. 125, 102501 (2020)


Predicted in Phys. Rev. C51, 3040 (1995)

REEXAMINING THE RELATION BETWEEN THE BINDING … PHYSICAL REVIEW C 102, 044333 (2020)

Alternatively, we investigate the connection between the
empirical mass formula and the value of E0 through energy
densities calculated using the DOM. This method constrains
a complex self-energy !" j using both scattering and bound-
state data [44,45]. The self-energy is a complex, nonlocal,
energy-dependent potential that unites the nuclear structure
and reaction domains through dispersion relations [44–46].
The Dyson equation generates the single-particle propagator,
or Green’s function, G" j (r, r′; E ), from which bound-state and
scattering observables can be deduced [47] (see Appendix A
for more details). The energy dependence of the self-energy
ensures that many-body correlations manifest in G" j (r, r′; E ),
providing a description beyond that of a mean field. These cor-
relations can be understood through the hole spectral function,
defined as

Sh
" j (r, r′; E ) = 1

π
ImGh

" j (r, r′; E ).

The spectral function reveals that the strength of a given " j
shell can be fragmented over a wide range of energies, con-
trary to the mean-field picture of fully occupied shells located
at their respective mean-field energy levels (see Refs. [47–50]
for explicit examples). Results from DOM fits of 12C, 40Ca,
48Ca, and 208Pb are considered here.

Traditionally, DOM fits are constrained by quasihole en-
ergies, particle numbers, charge densities, and, because of
the dispersion relation, all relevant scattering data up to 200
MeV. Here, we extend the treatment to incorporate also the
total binding energy of each nucleus as obtained from the
Green’s function. A position-dependent energy density within
the nucleus can then be defined such that its volume integral
is the total binding energy. This approach provides a novel
determination of nuclear energy densities based entirely on
experimental data. Unlike mean-field or DFT energy densi-
ties, this approach is not constrained by prescribed analytics
on energy densities. DOM fits produce occupation numbers
that are not steplike, hence the corresponding kinetic-energy
densities are not of a free-Fermi gas nature. Moreover, these
energy densities can be used to relate the energy of these
nuclei to SCGF calculations in NM that only treat the con-
sequences of SRC while including full off-shell propagation
[9,32].

The binding energy of a nucleus can be expressed as the
expectation value of the Hamiltonian using the full A-body
wave function, EA

0 = 〈$A
0 |Ĥ |$A

0 〉. The energy density, EA(r),
of a nucleus can then be defined such that

EA
0 =

∫
d3rEA(r) = 4π

∫ ∞

0
drr2EA(r). (2)

The energy of the ground state can be recast into the
Migdal-Galitski sum rule [33] for both proton and neutron
contributions with EA

0 = EN
0 + EZ

0 [6]. Since the DOM is
calculated in a coordinate-space basis of Lagrange functions
[51], EA(r) can be calculated using

EA(r) = 1
2

∫ εF

0

∑

" j

(2 j + 1)
[

ESh
" j (r, r; E )

+
∫ ∞

0
dr′ r′2 〈r|T̂"|r′〉 Sh

" j (r
′, r; E )

]
dE , (3)

TABLE I. Comparison of the DOM calculated binding energies
of 12C, 40Ca, 48Ca, and 208Pb calculated using Eq. (3) to those
calculated using the empirical mass formula. We use the parameters
aV = 15.6, aS = 17.2, aC = 0.697, and aA = 46.6 (all in MeV) in
Eq. (1). The experimental binding energies are shown in the last
column. All listed energies are in MeV.

A DOM EA
0 /A Mass equation Expt. EA

0 /A

12C −7.85 −7.29 −7.68
40Ca −8.46 −8.50 −8.55
48Ca −8.66 −8.59 −8.66
208Pb −7.76 −7.81 −7.87

where T̂" is the kinetic-energy operator in the partial-wave
basis. The first term corresponds to a combination of the
kinetic- and potential-energy densities [6] while the second
term represents the kinetic-energy density:

T (r) =
∑

" j

(2 j + 1)T" j (r),

where

T" j (r) =
∫ εF

0
dE

∫ ∞

0
dr′r′2 〈r|T̂"|r′〉 Sh

" j (r
′, r; E ).

The volume integral of T (r) is the total kinetic energy of the
nucleus. The kinetic-energy operator in coordinate space,

〈r|T̂ |r′〉 = δ3(r − r′)
−h̄2∇2

r

2µ
,

is used to calculate T (r), resulting in the following expres-
sion:

r2T" j (r) = −h̄2

2µ

[
d2

dr2
− "(" + 1)

r2

]
[rn" j (r, r′)r′]

∣∣∣
r′=r

,

where n" j (r, r′) is the one-body density matrix defined as

n" j (r, r′) =
∫ εF

0
dESh

" j (r, r′; E ).

It is important to note that this derivation assumes there
are no three-body terms in the nuclear interaction [52]. The
presence and need of a nuclear three-body force is undisputed
[53], but the arguments below do not change in any essential
way by the assumption that Eq. (3) can be treated as exact (see
Sec. III for further discussion). In particular, we will show that
variational Monte Carlo (VMC) calculations leading to exact
Green’s-function Monte Carlo (GFMC) results [54] require
only a modest attractive three-body contribution to the binding
energy of light nuclei. With chiral interactions [55], the three-
body force is important to generate NM saturation, but the
many different versions hamper uniform conclusions and their
softness may yield interior densities that are too large [56].

With Eq. (2), the binding energies of nuclei are also in-
cluded in DOM fits with an accuracy of about 1.5% and
shown for 12C, 40Ca, 48Ca, and 208Pb in Table I. Details of
the 12C DOM fit are presented in Appendix B while details
for 40Ca, 48Ca, and 208Pb fits can be found in Refs. [47,49,50],
respectively. The agreement with experiment in Table I is of a

044333-3
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to the total binding is negative, that is, unbinding, because
the bulk of their spectral density resides in quasiholes at or
near the Fermi surface. This effect is more than compen-
sated by the extra binding energy these valence neutrons
induce in the protons compared to the symmetric case, such
that the net effect is increased overall binding. These results
are consistent with enhancement of short-range correlations
among minority nucleons as identified by [25] in their
investigation of nucleon high-momentum content as a
function of asymmetry.
Figure 2 gives an lj-independent illustration of system-

atic behavior of the binding energy distribution. For each

system, the fraction of the total binding energy possessed
by the most-bound 10% of the total nucleon density
(BF10%), regardless of quantum number, is plotted. The
error bars indicate the 16th and 84th percentiles from
the MCMC posterior distributions (the 1σ region, if the
posteriors are assumed to be Gaussian). For all systems
analyzed here, BF10% exceeds 40%. To put this percentage
in context, we performed an analogous “single-particle”
calculation on 40Ca by artificially placing all spectral
density for the s1=2 nucleons at their lowest single-particle
eigenvalue. This scenario yields a BF10% of 31% for 40Ca,
much lower than the median value of 48% from Fig. 2,
demonstrating that the tiny nucleon density at extremely
negative (deeply bound) energies makes an outsized con-
tribution to overall binding.
To determine the relative effect of nuclear size and

asymmetry on this quantity, we applied a linear model to
the data,

BF10% ¼ x0 þ A1=3xA þ N − Z
A

xα; ð6Þ

with N, Z, and A the neutron, proton, and total nucleon
numbers. MCMC sampling of this model gives parameter
posterior values of x0 ¼ 364430, xA ¼ 4.16.11.5, and xα ¼ 331−26,
where the 16th, 50th, and 84th percentile values are
reported as 508416. Thus, the BF10% depends only weakly
on the size of the system and is independent of asymmetry,
indicating that, even in light nuclei, the bulk of the total
binding comes from the few most-bound nucleons.

FIG. 2. Fraction of the total binding energy possessed by the
most deeply bound 10% of the nucleon density for the isotopes
studied in this work. The shaded regions indicate parametric
uncertainty from fitting Eq. (6) to these data.

FIG. 1. DOM calculations of nucleon occupation and binding energy contributions as a function of angular momenta lj in 16;18O and
40;48Ca. The results shown are using the median posterior parameter values from MCMC sampling.
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Neutron skins and EOS

SCGF & SRC  compared to BHF and BBG

• BBG requires a repulsive NNN at high density to improve density



Neutron skins and EOS

Consequence
• Maybe 16 MeV binding is not needed!
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Reexamining the relation between the binding energy of finite nuclei
and the equation of state of infinite nuclear matter
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The energy density is calculated in coordinate space for 12C, 40Ca, 48Ca, and 208Pb using a dispersive optical
model constrained by all relevant data including the corresponding energy of the ground state. The energy density
of 8Be is also calculated using the Green’s-function Monte Carlo method employing the Argonne-Urbana two-
and three-body interactions. The nuclear interior minimally contributes to the total binding energy due to the
4πr2 phase-space factor. Thus, the volume contribution to the energy in the interior is not well constrained. The
dispersive-optical-model energy densities are in good agreement with ab initio self-consistent Green’s-function
calculations of infinite nuclear matter restricted to treat only short-range and tensor correlations. These results
call into question the degree to which the equation of state for nuclear matter is constrained by the empirical mass
formula. In particular, the results in this paper indicate that saturated nuclear matter does not require the canonical
value of 16-MeV binding per particle but only about 13–14 MeV when the interior of 208Pb is considered.

DOI: 10.1103/PhysRevC.102.044333

I. INTRODUCTION

The investigation of the binding energy of atomic nu-
clei dates back to the origins of nuclear physics [1]. The
well-known empirical mass formula, developed by Bethe and
Bacher [2] and von Weizsäcker [3], accurately describes the
global aspects of nuclear binding for most of the nuclear
chart. Its success is largely due to the saturating nature of
the constituent nucleons in nuclei. The evidence for nuclear
saturation came from measurements of the root-mean-squared
(rms) charge radius of nuclei which revealed that the vol-
ume of a given nucleus scales linearly with A [1,4]. Elastic
electron-scattering experiments revealed that the density in
the interior of nuclei saturates at a value around ρ0 ≈ 0.16
fm−3 [4,5]. In order to understand the mechanism behind
nuclear saturation, infinite nuclear matter (NM) is an ideal
system that is often studied [6–8]. Depending on the method
and realistic nucleon-nucleon (NN) interaction used, the cal-
culated value of ρ0 in NM can stray from the experimental
value as discussed, e.g., in Ref. [9]. In addition to the density
at saturation, the associated binding energy, E0, plays a vital
role in the equation of state (EOS) of NM. The EOS does not
exhibit saturation in neutron-rich systems, but its character-
ization is nonetheless relevant for astrophysical research on
supernovae and neutron stars [10–12].

The traditional method used to estimate ρ0 is funda-
mentally different than that of E0. While the value of
ρ0 is determined experimentally, E0 is determined em-

*matkinson@triumf.ca

pirically from an extrapolation of the empirical mass
formula [4,13,14]

BE (A, Z ) = −aV A + aSA2/3 + aCZ (Z − 1)A−1/3

+ 1
2 aA(A − 2Z )2A−1, (1)

where aV , aS , aC , and aA are parameters fit to nuclear masses
[1]. Because the only link between Eq. (1) and NM is the
volume term, the canonical value of the saturation energy is
assumed to be E0/A = −aV ≈ −16 MeV [4,13]. However,
this involves a significant extrapolation that neglects proper
consideration of long-range correlations (LRC) in both finite
and infinite systems [6,15–17]. Contributions to the binding
energy from LRC are associated with collective phenomena.
In finite nuclei, these emerge as low-lying natural parity
surface vibrations and higher-lying giant resonances. These
excitations are associated with the presence of a surface and
therefore have no counterpart in NM. Conversely, LRC in NM
are characterized by their total momentum (and spin-isospin
quantum numbers) which have no direct counterpart in finite
nuclei as momentum is not a good quantum number of an
excited state in a nucleus. This is particularly problematic for
matter excitations with pionic quantum numbers as the related
soft mode in NM occurs at finite momentum and thereby
contributes substantially to binding, is strongly enhanced by
the coupling to the # isobar, and increases in importance
with density. For this reason, it was argued in Ref. [15] that
the link between finite nuclei and NM saturation properties
should be confined to the effect of short-range correlations
(SRC). Assumptions made about the role of LRC therefore
influence the link between finite nuclei and NM. As will be

2469-9985/2020/102(4)/044333(13) 044333-1 ©2020 American Physical Society



Optical Potential

Cole Pruitt (LLNL)
“OMP uncertainty – characterized empirically for KD and CH89 – is larger than assumed: 


Global KD OMP has systematic over/underestimation for σrxn 


Roughly 20% std. dev. for (n,*)/(p,*) cross sections on stable targets KDUQ/CHUQ help pinpoint where data and model are 
grossly inconsistent“


• Total neutron cross sections using an iterative procedure using KD potential


• Problem at high energy but relative OK —> another look at the neutron skin of 48Ca?
22 March, 2022 FRIB OMP Workshop (LLNL-PRES-831944) 52

experimental
oops

22 March, 2022 FRIB OMP Workshop (LLNL-PRES-831944) 57



DOM

Propagator / Green’s function and spectral functions & spectroscopic factors
• Lehmann representation


• Any other single-particle basis can be used & continuum integrals implied


• Overlap functions  --> numerator         Corresponding eigenvalues       --> denominator


• Spectral function


• Discrete transitions


• Momentum distribution: integrate spectral function to 


• Positive energy —> see later
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DOM

Propagator from Dyson Equation and “experiment”
Equivalent to …

Self-energy: non-local, energy-dependent potential

With energy dependence: spectroscopic factors < 1 
⇒ as extracted from (e,e’p) reaction

Schrödinger-like equation with:

Dyson equation also yields                                                    for positive energies

Elastic scattering wave function for protons or neutrons

Dyson equation therefore provides:

Link between scattering and structure data from dispersion relations

Spectroscopic factor
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