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e Difficulties with the description of the self-force in terms of the “tail part” of the field.
e Description of the self-force in terms of the “Singular” and “Regular” fields.

e A "Poor Man's" treatment of the self-force for the gravitational field.
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Difficulties with the description of the self force via the “tail” part of
the field:
Maxwell's equation

V2A® — R%A® = —4mJ®.
With the decomposition
Aret — Adir 4+ Atail
or
Atail — Aret _ Adir
DeWitt and Brehme show that the electromagnetic self force is

F¢ — qgaC(ch’lc)a” . VbAtcail)Ub.
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However:

o If (Ryp — %gabR)ub # 0, then A™! is not differentiable at the particle
and averaging around a two-sphere is required.

e For A¢

tail?

V2Atall RabAtall — ta|I 7& 0,

but an observer near the charge would observe no physical charge
distribution J2,,.
e A?. is a convenient expression which may be used to describe the

self-force, but it does not describe an actual electromagnetic field.

e We conclude that the DeWitt-Brehme construction does not describe
the self-force in terms of the charge interacting with an electromagnetic
field.
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e Resolution by use of a new Green's function of curved spacetime,
G®(x,z), for a scalar field and similar Green's functions for
electromagnetic and gravitational fields.

a _ Aa a
ret — S+AR

or
a — Qa a
r=A —AS

ret
o A7, and A¢ satisfy the same differential equation with the same source.
e Thus, AR is a vacuum solution to the field equation and is also
guaranteed to be differentiable.
e Once we find A%, and AZ, we no longer require the Green's function
and may change these fields to any other gauge.

e |n terms of Af the self-force is

F? = qg“(V Ay — VyAdu”. (5)
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e What is this new Green's function and what are the features of the
corresponding ¢°, A2 and h>,?

e |n principle, the Hadamard expansion of the Green's function answers
these questions.

e We find a "Poor Man's" approach to the self-force for gravity, (with no
use of Green's functions or the Hadamard expansion) to be quite helpful.

e Gravity is simpler than the other fields because the dynamical equations
follow from the Einstein field equations via the Bianchi identity.
— No mass renormalization is required.

e For simplicity, we consider gravity with a small black hole of mass u

moving in a background gravitational field with a length scale R with
n <R
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e Consider the perturbation of a geometry ¢, by a source Té;) = O(u).

Eab(h> — _SWTOE;) + O(:u2)7 (6)
where
2E.(h) = VZha + VoVph — 2V, V),
—1—2Racbdhcd + gab(VCthcd — VQh). (7)

After solving this equation for h,, it follows that

Gap(g+h) = SWTCE;) + O(u?). (8)
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e An integrability condition for the existence of a solution to
Ea(h) = 8T} is that

ar(1
\% Téb) = O(p?).
For a particle of small mass, the worldline I' must be close to a geodesic

of g°,.
e Now, try second order perturbation theory.
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e Formally, perturbation theory at the second order is no more difficult
than at the first order.

e However, the integrability condition for the second order equation is that

a (2) _ 3
(go_|_h(1))Tab =O(w”).

(See the Appendix for a proof.)

Thus, after solving the first order equation for hé?, Té;) must be

changed at O(u?), so that VZO+hTC§z) = O(u?). For a particle of small
mass, this implies that the worldline I' must now be adjusted to be
close to a geodesic of g°, + h((l?. This adjustment is sometimes called
the self force.

e But for a particle of small mass, hgp is singular on I'7?

— Typeset by Foil TEX — 7



e Rethink the problem after replacing the point mass by a small black

hole.

e Consider a small black hole inserted into a smooth, vacuum solution of
the Einstein equations g2, with length and time scale R. (Ultimately, we
will put the small black hole into the geometry ¢°, + hsb, but disregard
this confusion and forget about the self-force for the time being.)
Normal coordinates near a geodesic provide an expansion of the metric

1 .
ggb = Nab + §$ijggb,z’j + O(Tg)v r— 0, (9)

Cartesian x, y and z 2 r, 0, ¢.
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The Thorne, Hartle and Zhang choice of normal coordinates (THZ
coordinates) is defined in a neighborhood about a geodesic in a vacuum
spacetime.

9%y = Nav + 2Hap + O(r®/R?), 1 — 0, (10)
o A |
o H ydztdx? = —c‘,’ija:zxj(clt2 + 5kld:ckd:cl) -+ gekquqixpxzdt dz”, (11)

& and B are spatial, symmetric, tracefree and related to the Riemann
tensor and its derivatives evaluated on the geodesic; in particular,
gz'j = th’tj and Bij = Ez'ququt/Q.

e The “2" in 9 H,, refers to the quadrupole term or ¢ = 2.

e There is no term in the expansion which is linear in z*. If there were,
then the Christoffel symbols would not vanish on I', and I' would not be
a geodesic.
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Very low frequency perturbations of a Schwarzschild black hole
Put a small black hole, © < R, on the geodesic.

The metric is perturbed by 2h4p, where Eﬁghw(gh) = () with

ohap — oHyp for p < r < R. In the time independent limit, Zerilli
(1970) shows us that

2hapdz®dz® =
—&x'x? [(1 = 2u/r)*dt* + dr? + (r* — 2u?)(d6” + sin” 0d¢?)]
4 .
—|—§€;€pql3qi:vpx"(1 — 24 /7)dt da® (12)

e The black hole is “at rest” on the geodesic, from its own perspective.

e The black hole is acted upon by no external force to move it off the
geodesic.
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e If you are concerned about the absence of a dipole term in the above
expansions: A dipole (¢ = 1) distortion of a black hole implies that the
black hole does not sit at the center of the coordinate system. But, a
dipole term would also imply that the worldline is NOT a geodesic. A
coordinate transformation that removed the dipole perturbation of the
black hole, would also change the worldline to a geodesic.
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Do asymptotic matching in the region 1 < r < R:
e Far from the black hole y < r, the geometry is

ggbda:adxb = Napdx®dz® (13)

o 4 |
— &' (dt? + 6pdxdxt) + —ep, BLaPrdt dz® + O w/r).
J 3 pq

e Close to the world line r < R, the geometry is

(925 + ohap)dzda® = (1 — 2u/r)dt? + (1 — 2u/r) " dr® + r2dQ>?
~Eija'a? [(1 = 2p/r)?dt? + dr® + (r* — 2u%)(d6? + sin® §do?)
4

—|—§ekpql5’qz-:z:pxi(1 —2u/r)dt dz® + O(r3 /R?). (14)
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e In the restricted region u/r < r?/R?* < 1 the geometry in Eq. (14)
reduces to that in Eq. (14) which implies that the geometries
asymptotically match.

A Simple expansion for hs

e An expansion of h> >, about the worldline of the black hole includes all

terms in Eq. (14) which are linear in p. These terms are singular or

nondifferentiable, but exert no “force” on the black hole itself—the
black hole is moving along a geodesic of the background geometry.

e Thus, in THZ coordinates

2
B, datdrt = “H(at? + dr?)
r
4 . 8
+—M&-jx"’a¢3dt2 B'ue pBLaPridt da*
r r
O(ur?/R?).
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e The puz'x’&;;/r term and the similar BY; terms in h>, result from the
tidal distortion of the hole's monopole field by the background
geometry, and are not differentiable on the worldline; these must be
included in hib in order that the resulting hY, is differentiable.

e For calculating the self force effect on the worldline, it is sufficient to
use just these terms to approximate hib. Higher order terms in the

expansion all have vanishing first derivative on the world line.

e “Simple” expressions for the O(ur?/R3) terms in h2,, in THZ

coordinates, have also been found. (SD, 2000)

e Careful reflection shows that actual geometry is
g%, + R’ = ¢° + kR + h3,, that &;; and B;; are actually the multipole
moments of the perturbed geometry ¢° + hY, (which is a solution of the
Einstein Equations up to O(u?), and that the small black hole must
move along a geodesic of ¢g° + hY, with corrections of O(u?).
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Appendix
General Perturbation Analysis
A particle of small mass, u, which interacts with a black hole changes the metric,
Gab — gap + ALY, with B = O(p).

First we define E,;(h), a linear, second order differential operator on symmetric,

two-indexed tensors, by
5Gab

5gcd
where G, is the Einstein tensor of g, so that

Eab(h) = —

hcda (15)

2B (h) = Vha + VoVih — 2V (,Vhy.
+2R b hea + gan(VVheg — V7h) (16)

where h = habgab and V, and Racbd are the derivative operator and Riemann tensor of
Jab

In general perturbation analysis, let the g, of eqn. (16) be an exact solution to the
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vacuum Einstein equations, ggb, and iteratively define
gc(:;) _ (n D4 h(n)
where
R = O(u").
Assume that we are given gc(;;’_l) and Tig) = O(p), with

ZGEZZ_D — 167TTa(;;) = O(un").

Now, if we find k' from

Ew(h™) =260 — 16T + O(u™™).

then it will follow that
n n n+1
2G — 167TY = O(u™™).

(17)

(18)

(19)

(20)

(21)

and we will have iteratively improved our approximate solution to the Einstein equations.
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But, it follows easily from eqn. (16) that
VE.(h) =0 (22)

for any tensor field h,p; this is a consequence of the Bianchi identity. Thus an
integrability condition of eqn. (20) is that

v —16xT) = o). (23)

In other words, before eqn. (20) can be solved for hSZ), it is necessary to be certain that
the perturbing stress tensor satisfies eqn. (23).

Note,

veERGE Y —16xT!Y) = V?n_l)(z(;g;_” — 167T)
a n—1)c n)c
+ T (2G0T — 167
—T°,2G"V* — 167 M), (24)
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where V(n 1) 1s the derivative operator of gc(bz_l), and I}, is the connection relating the

derivative operators V* and V{;, . But,
Vi GV =0 (25)

from the Bianchi identity, and the terms in eqn. (24)involving I are order u™ " because
of eqn. (19) and the fact that I';, = O (). Thus the right hand side of Eq. (24) is

Vinn Ty +OW"), (26)

It follows, now, that the integrability condition for eqn. (20) is

Ve, Ty = o™, (27)

— Typeset by Foil TEX — 18



In other words, before solving for the nth order metric perturbation hsz), it is first
necessary to adjust the perturbing stress tensor so that it is conserved with the metric

géz_l). If this result seems confusing, it might help to recall that Tég) = O(w). Thus, if

the stress-tensor were that of a point particle, then the integrability condition requires
that the particle’'s world line be a geodesic of gg'bl_l), in order to find the correction h(™

which is O(p).
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