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1: Introduction

- We want to calculate

' the gravitational wave
form from an extreme
mass-ratio binary system
for LISA project.

M small
Marge

~10°°

The central black hole is considered to be aKerr black hole.
For its extreme mass-ratio, we expect that alinear
perturbation is an effective method of investigation.
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One can calculate the gravitational wave form by alinear
perturbation, given an orbital evolution of the binary system.

We need the orbital evolution of 10"5 (1078) cyclesfor
one-year observation of gravitational waves.

Beyond 10”3 cycles,
the orbit deviates
from a geodesic by
the secular effect of
radiation reaction.
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We want to know the evolution equation of the orbit, namely,
we want to solve “ The self-force problem”.

We can use the linear perturbation with a geodesic source since
the instantaneous deviation from a geodesic is small (~10"-6).
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We re-consider “Poor-man’s method” ... really poor?

A calculation by the “energy balance” equation;

 We approximate the orbit at a given instant by a
geodesic of constants (E,L,K).

Instead of integrating the orbital equation, we
consider the evolution of these constants.
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Geodesics around a Kerr black hole are characterized by 6
constants;

D d ory- o {iz%ro),zf(ro)}

dr drt dt

. We consider an evolution equation of (E,L,K)
based on our understanding of the self-force.

. By integrating the orbital equation perturbatively,
we derive the evolution of the rest of constants.

. Wederive the “adiabatic evolution” of the orhit.
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We use a Green function regularization to calculate the
self-force.

Inhomogeneous
Green function

G (x,2) =G (x,2) + G* " (x,2)

Al

)

Singular, Symmetric, .....

Homogeneous
Green function

)

~

Regular, Radiative, Residudl, ....

The self-force is described by the R-part of the Green function.
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2: Geodesic

£ br-al-ion

2 2
(ﬁj :—(aEsinQ—_Lj —a’cos’0+K
dA sné

£=%(22E—2aMrL) p°=r’+a’cos’ 0

dA A =r?=2Mr+a*
o = (rz + azz),o2 +2a°Mrsin® 0

We consider a geodesic
rotating without falling into the
horizon. »- and B-motion is
bounded in afinite domain,

and become periodic.
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)2 = [(rz +a2)E—aL]2 —A(rz +K)
2 L 2
) =—(aEsin(9—_—j —a’cos’0+K

sné

They are independent periodic motions by bound potentials.

r(A)=R(E,L,K;A-1) = ZR(n) (E,L,K)e" ")

O(A)=O(E,L,K;A—2,)=> OV (E, L K)e"*" )

We have two integral constants with freedom to add periods.
(A, A)=> (A +n2721Q A4, +n,211Q,)
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t(A)=T(E,L,K,A,,2,;A)+1 =TA+ ) (zjﬂ”)e’-"@r“‘“ + T M () )+ 7

d(A) = (D(E,L,K,Z,,Ig;i) +¢ = QA+ Z((Dfﬂiz)ef,zg,ﬂ(z_x,.) +(Dgz)emggu_zg))+¢j

A family of geodesics is characterized by 7(6) constants.

E1L1K1ﬁr1ﬂ“ 1f1¢

Note: KM : fourth constant of motion

OV NOWVMOWIM - three principal frequencies
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3. Symmetry and Self-force induced by a geodesic

We consider the self-force acting on (E,L,K).
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Transformation law of
4-velocity and self-force

A) - and @trandation symmetry
t>t+t,r—>r,0 >60,0>9+9,

F(E,L,K,A ,2,,t,0;1)=F (E,L,K,A,A,,t —t.,¢ — ;1)

Self-force isindependent on
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A’) t-(and @) trandation symmetry

tt A
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SVAUEKGE Ol (4., 4,) > (4, +n.221Q,, 2, +n,271Q,)

F,(E,L,K,A,,2;;A) =Y F""(E,L K;A)expl-i(mQ, 2, +nQ,A,)]

m,n

B) A-trandation symmetry

F(E,L,K,A ,A,;2)=F*(E,L,K,A +2A,,+A,A+2)

We choose

F,(E,L,K,2,2,;2) =Y F""(E,LK)expli(mQ, (14, )+nQ,(A1-1,))

m,n
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B’) A-trandlation symmetry

Since we have two independent
periodicity inr and 0, the exact
statement is more complicated.
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By using t-, @-, A-trandlation, one can, in general, have

Note:

This does not mean, we do not need the evolution equation of
these constants by the self-force. One can set so once, but, one
cannot at the later stage of evolution.

In fact, Ar describes the peri-astron advance, and Ae describes the
precession of the rotation plane.
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C) Geodesic Preserving Symmetry (GPS)

t—>—t,r>r,0 >0,0>—¢,(1—>-1)

Geodesic :
\E,L.K,A, 21,0\ —>E,L.K,—2 —2, @ |

Salf-force vector :
{FFLF,) F 7 (B, LK, A, 2, [,8; )

=\ F,,F,,Fy—F, | ““(E,L,K 2~y 1~ ~A)

Sdalf-force on the “ constants’ :

dE dL dK)“ " dE  dL dK)©
——— A)=4———,— (1)
dl ' di’ di A’ di’ di
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C’) GPS transformation
A A

dE dL dK)*"
U R R (l)
di’ di’ da

it cone

Future
Light cone

{_d_E _d_L _d_K}Radv.(_/l)
dl’ di’ dA
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Using Geodesic Preserving Symmetry, two-point averaged
self-force can be derived by aradiative Green function

R—ret. R—ret.
1{dE dL dK} (/1)+1{dE’dL’dK} D)
2 dA dA dA

2\da’da’ di

2 dA dA dA

dE dL dK)™
ol T R R (i)
dA dA dA

dA dA’ dA

1{0115 dL dK} ) “ )__{dE dL dK} ) 5

Here we use

;(GR . G- ;((G,e, _6%)-(6""~G%))= % (67— G*)= G
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2-point averaged self-force

dE dL dK R=ret. dE dL dK rad.
di' di _} *) ) TR —} (2)

dA dA’ dA dA dA’ dA

dE dL dk)" "
oAy A (_ﬂ')
di’' dA’ dA
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dE dL dK . . . —ret.(m,n .
T S {E LK (E, LK) expli(mQ, +nQ, )2 ]

rad.
Z_fj;f_ii_f;} =S L KV (B, LK) expli(mE, +n2, )]

m,n

Two-point averaged self-force can be read as

—ret.(m,n) =+ _ \R-ret.(—m,—n) -+ - rad.(m,n)
+{E, LK} ]:{E,L,K}

Half of the self-force can be derived by aradiative Green
function without a complicated regularization calculation.
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One can calculate the time-averaged radiation reaction
to E,L,K, by using the radiative Green function.

}rad.(0,0)

{E’L,K}R—ret.(O,O) _ {E,L,K

Note:
The same conclusion for energy and angular momentum was

derive by Gal’tsov (J.Phy. A: Math. Gen. 15 3737 (1982)) by
showing the equivalence of the balance formula.
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4. Perturbative Evolution of an orbit by a self-force

We now obtain a perturbative evolution of E, L, K.

(O, OL,6K }={E,L,K|*° A+ S {E, LK " ¢/tn2-+1%)7

m,n

A
In the short time scale (of the A

order of the dynamical time

Mear Perturbation

scale), the orbit just = O Saomes invalid
exchanges the energy with §
radiation. In thelong time
scale, the orbital energy
radiates away, and the orbital
energy tends to lose. SE. oL, 5K

23
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Radiation

Inﬁm’ty,
§ ; Horizon
force
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Starting from a geodesic, we perturbatively integrate the
orbital equation. We assume the self-force begins to act at
A=0, an we describe an orbital evolution by an evolution of
the ‘ constants'.

constants of the initial geodesic : {EO,LO,KO,A,,O,AHO,ZO%}

w self-force

evolution of the ‘orbital constants' :
{Eo+5E,LO+5L,KO+§K, }

Ao +OA, Ay + 0Ny Ty +OF, Gy +Op
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We formally integrate with varying (E,L,K)

jz =|(>+a?)E-aL] - A(?+ &)

2 L 2
j :—(aEsinQ—_—j —a’cos’9+K
sang

A _ (52 2apt)
i A

Note:
The perturbed equations have some singular points. By assuming
the analyticity of the evolution, one can avoid the singularity.
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(OF, oL, 6K = \E, LK |"" 2+ 3 {E,L,KJ"" om0

m,n

(04,04, )= {4, . 1, |° Wg ({/1 A1 A+ {4, 4, 1 )e*mﬂﬁnﬂe)ﬂ

m,n

.08} .41 S g g o

m,n

Perturbation
esinvalid

>
OE, oL, 0K

<

inear Perturbation

§ecomes invalid

NN
> 07

S\, B, 8t, 5
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A=0(u”), 0<a<-1/2

These dominant parts can be derived by the radiative Green function.

28
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5: “Adiabatic” Evolution

Commonly(?), the adiabatic approximation is understood as
a prescription to ignore the oscillation in the short time scale.

A A
A A

ﬁ
Adiabatic
approximation

> >
= B5E. oL, oK SE, 8L, K

(0,0) (0.0)

{6E, 6L, 6K }={E, LK | 2 (65, 1, 6K} = £, [, K
_I_Z{E’L’K}(m,") e"(’"QrﬁL"Qe )A

A
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ﬁ
Adiabatic
approximation(?)

> >
OA, OA, Ot, O OA, OA, Ot, 0@

2 12
{5&"519}: {i’.’ ..9 }(0,0) %+ ({i’,ﬁg }(m’”)ﬁ + {ﬁ,.,/lg }(m,n) }i(mQ,&nQHM {5&,‘,519 }S _ {i’,,ig }(0,0) /1?

{&_’55}: {..’¢-}(0,0) )1_22+ ({t-’é}(nw)/l_i_ {t’¢}(nl,n) )2,‘("19,.+nQH)/1

The approximation seems no good since the error grows.
30
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We divide the domain of evolution into
a sum of finite domains, at which we can
apply the perturbative calculation.

A=A ~O(u%), a—-1/2

We can calculate the evolution using the
perturbative result, and derive the
constants at each connecting point.

E.LK,A, A, [, (A=2)
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We define the “adiabatic” evolution is the evolution calculated
by the most-dominante terms of the perturbative result.

E,LK, 2, 258" (1=2)

We consider the evolution from Ao to An. INESKE0Ti BV INET6] (75

{E,L’K}jc;i. ~ O(ﬂ1+a+ﬂ), {i’,,ie,lt,g}if. ~ O(ﬂ1+2a+ﬂ)

The contribution by the next dominant terms in the perturbative
result becomes

(E.LKYT ~0(™"?), A, 20,087 ~ O(u™""?)

*Here we assume that, because of the oscillation, it acts like a gaussian noise.
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Predictability of the “adiabatic” evolution;
1) rotation velocity

We can always make a correct prediction by
the “adiabatic” evolution.

2) rotation angle

9" ~ 0%

We can apply the perturbation less than p(-1)
times. We cannot make a prediction beyond

A>UN(-3/2) (1019 cycles).
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6. Some Issues in Gravity
A) Green function?

1st step : prepare all homogeneous solutions

h,, (ImoP) = 1,t;,®(Imw)

One can use the Chrzanovsky-Misner-Wald algorithm.
Because the algorithm makes a complex solutionsin
general, we separate the real part and the imaginary part
by using the parity operation. The calculation by
Chrzanovsky justifies we have a necessary set of
homogeneous metric perturnations.
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2nd step : expand the Green function

G (x,2) = Y (G2, (ImwP, 2) B (ImP, x)0(x" —z")+...)

apf,uv Y
ImoP

G, (ImwP,z)= Z w* (ImoP;I'm' @' P')h,, (I'm' @' P', z)

I'm'w'P'
By the ingenious Green’ s reciprocal theorem, we can
expand the Green function with the homogeneous
solutions. However, the eguation is not necessarily a
Strum-Liouville form because of the gauge, and we have
aradially local term.
Gt (n,2)= Y (WhE (R ()0 —27)+.. )+ X2 (x,2)8(x" —2")

aff,uv
ImoP

I'm'w'P'
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3rd step : determine the weighting matrices

One can determine the weighting matrices at spatial
Infinity, where we know how to construct the complete
Green function. Chrzanowsky-Misner derive a general
formula by focusing the transverse-tracel ess mode of

solutions.
w' (ImoP;I'm'@'P') =1/ < h}; (ImawP),h” (I'm'@' P") =

v

Note:
We have an unknown radial local term, and it is responsible for the

gauge problem. (Capra3d)
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4th step : radiative Green function?

Gzt 5,2 = 3ty 2 2) )+ (Ko, = s o =27

ImoP

The radiative (half-retarded-minus-half-advanced) Green

function can be derived with the unknown local terms.
Because the radiative Green function is a homogeneous
solution, the unknown local terms should vanish.
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B) Gauge Dependence?

Our approximate adiabatic formula depends only on
the time averaged self-force to the constants.

SE(7) = [ 1, (z@)F* (t)dz, OK(7) = [n,,(z0)V* (2)F” ()d7

Gauge dependent? We consider a gauge transformation.

5.F“(z) =—{E%s + R s E° WPV
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1 D D 1
= |- EYEY —0

T

1
T

D D
==|-n V*—E +EVP — —0
[ Neop dz'g S dz_naﬂ:|

0

The orbital evolution by the formula is gauge independent!

The part we ignore by the “adiabatic approximation” Is
negligibly small (up to 10"8cycles), and is not observable.
The formula considers the secular part of the evolution, and

IS observable from the waves. Thus, it is naturally gauge

Invariant. 39
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7: Conclusion

We prove:

» The evolution of Ar, Ae, to, o ISasimportant asthat of £, L, K.
» The orbit does not evolve adiabatically in an exact sense.

« One can define an adiabatic evolution of the orbit as an
approximation.

* The "adiabatic’ evolution equations of all "constants' are
derived in a consistent (gauge-invariant) manner.

» The "adiabatic’ evolution equations can be derived by using an

appropriate radiative Green function.
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We have a prediction of the orbit up to 10°6 cycles.
The procedure in making atemplate bank;

1) derive atrgectory of (E,L,K)-space

{'t', é-}(o,O)

3) derive the wave-form
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We need as much as 10"12 ~ 1024 templ ates.

Semi-analytic approach?

The wave functions are efficiently derived in the frequency domain.




