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distributions, and their flavor dependent structures
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BNSM simulation 
by Kenta Kiuchi

Radice et al. 2018

Lepton number transport by neutrinos is 
a key player to determine r-process nucleosynthesis.

Radice et al. 2018
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Optically thick Optically thin

Figure by Thomas Janka 2017

A kinetic framework is essential for modeling of neutrino radiation field



Boltzmann neutrino transport

4 Nagakura et al.

Fig. 2.— Left : Discret ized momentum space of neut rinos in the laboratory frame. Spherical coordinates are employed. The radial
direct ion corresponds to neut rino energy and the azimuthal dimension is omit ted. The grid in each dimension may not be uniform. Right :
The Lorentz-t ransformed mesh in the fluid-rest frame. The blue lines correspond to the radial l ines whereas the black lines are t ransformed
from the concent ric circles in the left panel. The brown dots show an isoenergy circle in the fluid-rest frame for comparison. Mat ter is
assumed to move upward in this figure.

ings.
After giving the SR Boltzmann equat ions in the next

sect ion, we present our idea to overcome these difficul-
t ies. We then demonstrate our successful handling of the
isoenerget ic scat terings in the realist ic supernova simu-
lat ions (see Sect ion 7).

4. SR BOLTZMANN EQUATIONS FOR NEUTRINOS

We start with the covariant form of Boltzmann equa-
t ion:

pµ
∂ f

∂xµ
+
dpi

dτ

∂ f

∂pi
=

δf

δτ col
, (1)

which is valid even in curved space-t ime. In the above
expression, f (= f (xµ , pi )) denotes the neutrino distri-
but ion funct ion in phase space; xµ and pµ are space-
t ime coordinates and four-momentum of neutrino, re-
spect ively; sincethe lat ter sat isfiestheon-shell condit ion:
pµpµ = −m2

ν , in which mν is a neutrino mass, only three
of four components are independent and this is why only
spat ial components appear in the second term on the
left hand side; τ stands for the affine parameter of neu-
trino trajectory. The left hand sideof Eq. (1) expressesa
geodesic motion in the phase space, while the right hand
side denotes symbolically the so-called collision terms,
i.e., the terms that give the rate of changes in f due to
neutrino-matter interact ions.
On the spherical coordinates in flat space-t ime, which

arethecoordinatesweemploy for the laboratory framein
our Eulerian approach, Eq. (1) is cast into the following

conservat ion form:

∂ f

∂ t
+
µν

r 2
∂

∂r
(r 2f ) +

1− µ2ν cos φν

r sin θ

∂

∂θ
(sin θf )

+
1− µ2ν sin φν

r sin θ

∂ f

∂φ
+
1

r

∂

∂µν
[(1− µ2ν )f ]

−
1− µ2ν
r

cos θ

sin θ

∂

∂φν

(sin φν f ) =
δf

δt

lb

col
, (2)

where r , θ, φ denote the spat ial variables; as three in-
dependent components of neutrino four-momentum, we
do not use its spacial components but adopt energy and
two angles, θν and φν (see Figure 3); µν is defined as
µν ≡ cosθν . In Eq. (2) and the rest of this paper, we as-
sume that neutrinos are massless, which is well just ified
as long as neutrino oscillat ions are ignored.
The collision term in Eq. (2), which is expressed with

the laboratory t imet, is related with theoriginal collision
term in equat ion (1) as

δf

δτ col
= εlb

δf

δt

lb

col
, (3)

where εlb(≡ pt ) denotes theneutrino energy measured in
the laboratory frame. Similarly, the collision term in the
fluid-rest framecan be expressed with the proper t imeof
each fluid element (t̃) as

δf

δτ col
= εfr

δf

δt̃

fr

col
, (4)

where εfr (≡ pt̃ ≡ − uµp
µ ) denotes the neutrino energy

in the fluid-rest frame. Here uµ is the four-velocity of
matter.
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(Real Space)

6-dimensional phase space

(Time evolution + Advection Term) (Collision Term)

Conservative form of GR Boltzmann eq.

Shibata, Nagakura, Sekiguchi, and Yamada (2014)
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Various Approximate approaches solving neutrino transport

Ray-by-Ray approximation

Isotropic Diffusion Source Approximation (IDSA) 

Two-moment method

Gray (energy-integrated) neutrino transport

Leakage method

Diffusion approximation (e.g., MGFLD)

CCSN 
simulations
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Neutrino oscillation induced by self-interactions

Sea of neutrinos

This is a non-equilibrium quantum many-body problem

Neutrino dispersion relations are modified by refractive effects, analogous to the 
MSW effect in matter
(Refractive effect is essentially analogous to those for photons in a medium as well)

Because neutrino flavor (or mass) eigenstates span multiple states (at least three), 
neutrino self-interactions can enhance flavor coherence

Pantalone 1992
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Rich flavor-conversion phenomena driven by 
neutrino self-interactions

- Slow-mode

- Fast-mode (FFC)

- Collisional flavor instability (CFI)

- Matter-neutrino resonance

・Energy-dependent flavor conversion occurs. 
・The frequency of the flavor conversion is proportional to  

(Duan et al. 2010) Vacuum:
Matter:
Self-int:

・Collective neutrino oscillation in the limit of ω → 0.
・The frequency of the flavor conversion is proportional to
・Anisotropy of neutrino angular distributions drives the fast flavor-conversion. 

(Sawyer 2005)

(Johns 2021)

・Asymmetries of matter interactions between neutrinos and anti-neutrinos
drive flavor conversion.  
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FIG. 2. The crit ical elect ron fract ion Y cr i te below which the
system is predicted to be collisionally unstable, shown as a

funct ion of n⌫x / n⌫̄e and n⌫̄e / n⌫e and assuming n⌫x = n⌫̄x .
Since Ye . 0.2 is typical in the neut rino decoupling region,
the majority of this parameter space is unstable.

support the same solut ions, assuming the init ial state is

seeded with flavor coherence. As a matter of fact , such

a system does enter into the decay mode, but never into

the growing one. From the vantage point of Eq. (5), the

significanceof theoscillat ion terms is that they cause the

polarizat ion vectors to wander through di↵erent config-
urat ions in flavor space unt il chancing upon the growing

solut ion. Fast instabilit ies, by way of contrast , really can

arise with ! = 0 as long as coherence is seeded. The µ

terms serve double duty in those cases, prompt ing the

explorat ion of flavor space and driving the instabilit ies

themselves.

Linear stability analysis provides a complementary

perspect ive. For this we return to the density matri-

ces. Linearizing in o↵-diagonal elements and adopt ing a
matter-suppressed mixing angle✓m ⇠= 0,

i@t⇢ex =
⇣
− ! −

p
2GF (n⌫̄e − n⌫̄x ) − iΓ

⌘
⇢ex

+
p
2GF (n⌫e − n⌫x )⇢̄ex

i@t ⇢̄ex =
⇣
+ ! +

p
2GF (n⌫e − n⌫x ) − i Γ̄

⌘
⇢̄ex

−
p
2GF (n⌫̄e − n⌫̄x )⇢ex . (13)

Seeking collect ivemodes, we now take⇢ex = Qe− i⌦t and
⇢̄ex = Q̄e− i⌦t . The dispersion relat ion results from plug-

ging theseexpressions into Eqs. (13) and dispensing with

Q and Q̄. It can be solved analyt ically:

Im⌦⇠= ±
Γ − Γ̄

2

µS
p
(µD )2 + 4! µS

−
Γ + Γ̄

2
, (14)

where S = |S(0)| = n⌫e − n⌫x + n⌫̄e − n⌫̄x and D =

|D(0)| = n⌫e − n⌫x − n⌫̄e + n⌫̄x . (S and D are assumed

FFC + col l isional instabi l i ty
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FIG. 3. Collisionally and fast -unstable evolut ion in
an anisot ropic calculat ion: n⌫e (thick black curve), n⌫̄e
(medium), n⌫x (thin), and neut rino coherence density |PT |/ 2
(teal). The very thin curves show the results when Γ and Γ̄

are art ificially set to the average of their actual values (hence
Γ = Γ̄). The rapid oscillatory mot ion is the swinging of the

fast pendulum [21]. No conversion would be visible if the
system were stable to fast flavor conversion (FFC).

to point along z init ially, but the formulas are easily

adapted.) If µD 2
p
! µS, which is usually expected

of the set t ing we have in mind, then the instability crite-

rion coincides with Eq. (6). If µD < 2
p
! µS and ! < 0

(indicat ing the inverted hierarchy), then Eq. (14) is in-

validated by intervent ion of the bipolar instability.

Up to this point the analysis has assumed monochro-

mat icity, isot ropy, and homogeneity. The first of these

is just ified by the high neutrino density. Though not

presented here, numerical calculat ions with mult iple en-

ergiesconfirm that collisional instability a↵ects them col-
lect ively.

Calculat ions also confirm the presence of collisionally

unstable evolut ion in anisot ropic set-ups. An interest -

ing case is one where collisional and fast instabilit ies are

present together. Fig. 3 shows the results of such a cal-

culat ion. The parameters are the same as those used

in making Fig. 1 except that n⌫e has been decreased to

2.6⇥1033 cm− 3 and the angular dist ribut ions have been

made anisot ropic, so as to make the system unstable to

fast oscillat ions. As with the other parameters, the an-

gular dist ribut ions are chosen to be representat iveof real

condit ions in a supernova. They are specified by the flux

factors (i .e., the rat ios of energy flux to energy density)

f⌫e = 0.05, f ⌫̄e = 0.10, and f⌫x = f ⌫̄x = 0.15. Radiat ive

pressures are prescribed using M1 closure [22].

Theonset of fast flavor conversion prompts thegrowth

of the collisional instability on a much shorter t imescale

than was seen in Fig. 1. Furthermore, significant ly

greater flavor t ransformat ion occurs when Γ 6= Γ̄ than

when Γ = Γ̄, test ifying to the fact that the results

observed in Fig. 3 are not simply caused by decoher-

ence. In a more realist ic set t ing, collisional relaxat ion

Γ: Matter-interaction rate

・The resonance potentially occur in BNSM/Collapsar environment (but not in CCSN).
・Essentially the same mechanism as MSW resonance.

(Malkus et al. 2012)
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Huge scale discrepancy between astrophysical phenomena 
and neutrino flavor conversions 

Johns et al. 2025
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Towards self-consistent CCSN and BNSM simulations 
with neutrino flavor conversions
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Phenomenological approach:

Radiation-hydrodynamic simulations 
with classical neutrino transport

+ Flavor mixing is incorporated through 
parameterized prescriptions 

Li and Siegel 2021, Just et al. 2022, Fernandez et al. 2022, Ehring et al. 2023

Fernandez et al. 2022
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As ment ioned before, it is natural to assume that ui = 0 (w = 1/ α ≈ 1) for the dis-

tant zone far from the radiat ion source. Then, both the asymptot ic power spectrum

densit ies, E(ν) and J(ν) , agree with each other, because the frequency ν agrees with

that in the laboratory frame.

The evolut ion equat ions for E(ν) and F(ν)i are writ ten in the conservat ive forms

as

∂t (
√
γE(ν) ) + ∂j [

√
γ(αF

j
(ν)

− βj E(ν) )] +
∂

∂ν
να

√
γnαM

αβγ
(ν)

∇ γuβ

= α
√
γ[P

i j
(ν)
K i j − F

j
(ν)

∂j lnα − S α
(ν)nα ], (3.37)

∂t (
√
γF(ν)i ) + ∂j [

√
γ(αP

j

(ν)i
− βj F(ν)i )] −

∂

∂ν
να

√
γγiαM

αβγ

(ν)
∇ γuβ

=
√
γ − E(ν)∂iα + F(ν)k∂iβ

k +
α

2
P

j k

(ν)
∂iγj k + αS α

(ν)γiα , (3
.38)

where γ is the determinant of γi j and K i j the extrinsic curvature.

The frequency-integrated equat ions are

∂t (
√
γE) + ∂j [

√
γ(αF j − βj E)]

= α
√
γ[P i j K i j − F

j ∂j lnα − Sαnα ], (3.39)

∂t (
√
γFi ) + ∂j [

√
γ(αP

j
i − βj Fi )]

=
√
γ − E∂iα + Fk∂iβ

k +
α

2
P j k∂i γj k + αSαγiα , (3.40)

where

E :=
∞

0

dνE(ν) , Fj :=
∞

0

dνF(ν)j , P i j :=
∞

0

dνP
i j
(ν)
. (3.41)

Equat ions (3.39) and (3.40) have fully conservat ive forms, because E and Fi are the

conservat ive quant it ies in the absence of the source terms and gravitat ional fields.

Thus in the numerical simulat ion, it will be bet ter to adopt basic equat ions based

on Eqs. (3.37) and (3.38).

§4. Source t erms

The source terms for the second-rank radiat ion field equat ions, S α
(ν)
, have to be

writ ten in terms of the radiat ion moments (J(ν) , H
α
(ν)
, L

αβ

(ν)
). S α

(ν)
is formally writ ten

as

S α
(ν) = ν3 B (ν) (Ω, x

µ)(uα + ℓα )dΩ, (4.1)

where B (ν) is the so-called collision integral. In the following, we assume that S(ν)
and B (ν) are writ ten as a funct ion of the phase-space coordinate defined in the local

rest frame of the fluid. The real coordinate, xµ , is arbit rarily chosen.

We derive the source terms focusing on the neutrino transfer in a high-density

and high-temperature medium. We show that under a reasonable and often-used

assumpt ion (anisotropy of the collision integral is small), thesource termsare totally

writ ten in terms of J(ν) , H
α
(ν) , and L

αβ
(ν)
.
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Fig. 2.— Left : Discret ized momentum space of neut rinos in the laboratory frame. Spherical coordinates are employed. The radial
direct ion corresponds to neut rino energy and the azimuthal dimension is omit ted. The grid in each dimension may not be uniform. Right :
The Lorentz-t ransformed mesh in the fluid-rest frame. The blue lines correspond to the radial l ines whereas the black lines are t ransformed
from the concent ric circles in the left panel. The brown dots show an isoenergy circle in the fluid-rest frame for comparison. Mat ter is
assumed to move upward in this figure.

ings.
After giving the SR Boltzmann equat ions in the next

sect ion, we present our idea to overcome these difficul-
t ies. We then demonstrate our successful handling of the
isoenerget ic scat terings in the realist ic supernova simu-
lat ions (see Sect ion 7).

4. SR BOLTZMANN EQUATIONS FOR NEUTRINOS

We start with the covariant form of Boltzmann equa-
t ion:

pµ
∂ f

∂xµ
+
dpi

dτ

∂ f

∂pi
=

δf

δτ col
, (1)

which is valid even in curved space-t ime. In the above
expression, f (= f (xµ , pi )) denotes the neutrino distri-
but ion funct ion in phase space; xµ and pµ are space-
t ime coordinates and four-momentum of neutrino, re-
spect ively; sincethe lat ter sat isfiestheon-shell condit ion:
pµpµ = −m2

ν , in which mν is a neutrino mass, only three
of four components are independent and this is why only
spat ial components appear in the second term on the
left hand side; τ stands for the affine parameter of neu-
trino trajectory. The left hand sideof Eq. (1) expressesa
geodesic motion in the phase space, while the right hand
side denotes symbolically the so-called collision terms,
i.e., the terms that give the rate of changes in f due to
neutrino-matter interact ions.
On the spherical coordinates in flat space-t ime, which

arethecoordinatesweemploy for the laboratory framein
our Eulerian approach, Eq. (1) is cast into the following

conservat ion form:

∂ f

∂ t
+
µν

r 2
∂

∂r
(r 2f ) +

1− µ2ν cos φν

r sin θ

∂

∂θ
(sin θf )

+
1− µ2ν sin φν

r sin θ

∂ f

∂φ
+
1

r

∂

∂µν
[(1− µ2ν )f ]

−
1− µ2ν
r

cos θ

sin θ

∂

∂φν

(sin φν f ) =
δf

δt

lb

col
, (2)

where r , θ, φ denote the spat ial variables; as three in-
dependent components of neutrino four-momentum, we
do not use its spacial components but adopt energy and
two angles, θν and φν (see Figure 3); µν is defined as
µν ≡ cosθν . In Eq. (2) and the rest of this paper, we as-
sume that neutrinos are massless, which is well just ified
as long as neutrino oscillat ions are ignored.
The collision term in Eq. (2), which is expressed with

the laboratory t imet, is related with theoriginal collision
term in equat ion (1) as

δf

δτ col
= εlb

δf

δt

lb

col
, (3)

where εlb(≡ pt ) denotes theneutrino energy measured in
the laboratory frame. Similarly, the collision term in the
fluid-rest framecan be expressed with the proper t imeof
each fluid element (t̃) as

δf

δτ col
= εfr

δf

δt̃

fr

col
, (4)

where εfr (≡ pt̃ ≡ − uµp
µ ) denotes the neutrino energy

in the fluid-rest frame. Here uµ is the four-velocity of
matter.

Full Boltzmann transport

or

Approximate method (e.g., two-moment method)

Flavor instability criterion
Approximate stability analysis

or
adhock criterion

Providing qualitative insights into 
how flavor conversions influence CCSNe/BNSMs.

See also talks by Jakob Ehring and Oliver Just 
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Slide 1 by Jakob Ehring CCSN simulation in Ehring et al. PRL 2023

Shock radius
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Slide 2 by Jakob Ehring CCSN simulation in Ehring et al. PRL 2026
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Slide 3 by Jakob Ehring 
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Fast flavor conversions can change ejecta composition (CCSN)
Fujimoto and Nagakura 2023
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- Neutron star kick powered by neutrino flavor conversions
Nagakura and Sumiyoshi 2024

PNS core

Low Ye

High Ye

α〜1
FFC enhances 

neutrino flux

Flavor –integrated 
neutrino flux

Linear momentum 
of neutrinos

PNS recoil 
by neutrinos

High Ye region

Low Ye region
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A representative example of BNSM simulation with FFC
Just et al. 2022Slide by Oliver
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QKE-motivated subgrid model
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Effective classical transport
Xiong et al. 2025
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Nagakura et al. 2024

: Full QKE

: Relaxation-time approximation

BGK subgrid model

Analytic approach based on QKE local simulations (FFC)

Zaizen and Nagakura 2022

Asymptotic state of FFC can be estimated 
”analytically”  by conservation laws and 

stability condition 
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Nagakura et al. 2024
QKE-informed effective approach: BGK subgrid model
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CCSN and BNSM simulations incorporating neutrino flavor 
conversion based on BGK subgrid model

BNSM

FFCNo-OSC

Lund et al. 2025

FFC enhances 
neutrino cooling

The fraction of low-
Ye ejecta increases.

Nucleosynthesis yields 
are altered.

See also Kyohei Kawaguchi’s talk and Yi Qiu’s talk
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CCSN General Relativistic multi-dimensional radiation-hydro 
simulations with multi-angle neutrino transport with BGK-FFC

Akaho, Nagakura et al.  (arXiv:2601.08269) 

T=260ms
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CCSN General Relativistic multi-dimensional radiation-hydro 
simulations with multi-angle neutrino transport with BGK-FFC

Accurate modeling of FFCs in CCSN simulations requires multi-angle neutrino transport

Akaho, Nagakura et al.  (arXiv:2601.08269) 
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