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Why we celebrate 60 yrs old in Japan?
• In the Chinese astrological calendar, there are 12 yrs 

for each of which animals are different

• In addition, there is 
another cycle of 5 species; 

Wood, Fire, Water, 
Gold, and Soil 

àThe period is 12x5=60 yrs

This year is “fire-horse”.





I am a minority in Japan, and a lacky person 
Evolution of the birth rate in Japan                               

1973: Ioka san was born: should be aggressive

1950: Nakamura san was born: should be aggressive

I was bone
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Numerical relativity also has a history of ~60 years

I showed photos of some of impressive persons
but they are omitted in this file



1    1960s and 70s: first topics of NR
1. 1 D problem: Stellar core collapse*
2. Black hole head on collision
• ADM formalism (1962)
• Stellar core collapse by Lagrange gauge                 

(May & White 1966, Fernandez & Misner 1964)
• Initial data of head on collision of BHs: Wheeler, 

Lindquist, Misner, Gibbons, York, ….
• Maximal slice is founded to have a singularity 

avoidance property (Estbrook et al. 1973)
• Smarr (1977): Head on collision of two BHs            
à First non-spherical simulation in NR; heralded 
multi-dimensional numerical relativity 

* NR with cylindrically symmetric spacetime was also performed in 1970s



L. Small (1977): Amazing work at that time

Smarr: Computer-Generated Space-Times 59 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 

which is zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAIM for zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAL o / M  = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3.9 and 17M for L o / M  = 6.6.  We carried our evolu- 
tion to  I = 22M for the former case and I = 3 I M for the latter, so we should 
have safely integrated past the collision time. 

To  “see” the actual collision one would like to  solve for the location of the 
apparent horizon on each time slice. Even more ambitiously, one could track null 
rays through the space-time lattice and find which ones escape, thus locating the 
actual event horizon. Although both are numerically feasibles3 we have not yet 
had time to implement these procedures. However, there is a poor man’s guide to 
watching horizon development. Assume that AErad/McZ << I and that A ,  * 
2Ai. (This will be justified below). Then at  each time we can ask which coordinate 
2-sphere has proper area A,. 

Eppley and I did this, and the result for L o / M  = 3.9 evolution is shown in 
FIGURE 12. The grid points represent the lattice sites at which quantities were 
evolved. The initial apparent horizon with area A i  is shown at t = 0. Until 
t * 5M, the surface labeled “ t  < 5” has area 2Ai. After t zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAN SM, the 2-surface 
of area 2Ai begins moving out with respect to the grid. This outward motion is 
just what one finds for the maximal slicing of a Schwarzschild black hole’ (“the 
grid is sucked down the hole”). 

Now it would be useful if one could actually locate the apparent horizon at  
late times, since it would be very near the actual event horizon and its surface 
area A,could be used to  measure the gravitational radiation loss (Equation 38). 
Unfortunately, I feel this will never be a quantitative help. FIGURE 13 shows the 
radial proper metric function a t  late times ( I  = 20M). The initial conformal 
factor in the line element has been factored out so that this metric function was 
unity (flat) at I = 0. The peak is characteristic” of the proper radial metric zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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FIGURE 13. The relative change in the radial metric function zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAg,, at late times zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( T  - 
2 0 M .  Note the peak which is approximately spherically symmetric. The arrow shows where 
the horizon is for a similar evolution of a single spherical black hole. This agrees quite 
well with FIGURE 12. 

FIGURE zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAThe same quantity as in FIGURE 2 except at zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAf zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5.4. The “cloud” has dis- 
persed into an outgoing wave train of gravitational radiation. Note there are four pulses, 
with the middle two the largest. 

FIGURE 4. A contour plot or zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAr2f as shown in FIGURE 3. This clearly shows the 
quadrupolar nature of the radiation, which should have angular dependence -sin4@, 
where 0 = 0 on the z-axis. 
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590 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAnnals N e w  York Academy of Sciences zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
P zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. .  

FIGURE 12. The dots are the actual grid points used in the numerical evolution of two 
colliding black holes. The horizontal axis is the z-axis, while the vertical axis lies in the 
equatorial plane (p-axis). The apparent horizon of the black hole at zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAf = 0 lies on the 
innermost circle of dots. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAs time progresses the horizon moves outward with respect to 
the grid points. To estimate the location of the horizon, we assume that t h e  final area of the 
horizon is zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA / -  2 A i  (i.e., almost no radiation escapes to infinity). Then at each value 
of time zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( T / M )  there is a coordinate 2-sphere (solid line) which has area 2 A i .  Note the 
spherical state as late times. 

Schutz’’ and Cadei5i*22 have used the area of the apparent horizons to put upper 
limits on the efficiency of gravitational radiation generation by the collision of 
these two bound holes (FIGURE 18). 

The time slicing we used was the maximal condition, Equation 3. Because of 
the existence of the throats, boundary conditions on the acceleration potential zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa 
must be specified not only at spatial infinity on the upper sheet but also on the 
throats.” We chose a = 0 there because this mimics as  closely as possible the 
standard t = constant slices of Schwarzchild. Note that since the event horizon is 
outside of this boundary initially, it will evolve on the region outside of the 
throats. 

The question arises: how far in time does one need to  evolve the data? As a 
first guess. I used the Newtonian freefall time from Lo to  r = 2M: 

Riemann invariant
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Now something like this much radiation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAmusf be produced by the two black hole 
collision. The big question is: does the interaction of the finite size of the horizons, 
which was not present in the Davis zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAef calculation, produce a larger amount 
of radiation than this? 

I n  a sense, the preceding argument is designed to put zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa lower bound on the 
gravitational radiation produced. Upper bounds may also be established if one 
makes a crucial assumption about the evolution of the initial data. This hypothe- 
sis, called Cosmic C e n s o r ~ h i p , ~ ~  states that any singularities that form to the future 
of a singularity-free initial data set, must occur inside black holes. If this is true, 
then Hawking4j proved that the total surface area of black holes must not decrease 
with time. I f  the area were able to remain constant during a collision, then the 
maximum amount of radiation would have gone to  infinity, while any increase in 
surface area decreases the radiation reaching infinity (part of it goes down the 
holes). 

The problem is, as Thorne"and others have argued, that Cosmic Censorship 
is most likely to be violated precisely in dynamic, highly nonspherical, strong 
field collapse or collision space-times. Therefore, it is imperative actually to  evolve 

FIGURE 9. The total mass loss, A M  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= so' i d  T,  through the 2-sphere of FIGURES 6-8, as a 
function of time zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAf. Note that at late times this levels off. This value (upper arrow) should 
equal the total mass (middle arrow) a s  measured on the initial data. The fact that these d o  
not agree has been traced to  an inaccurate numerical preparation of the initial data. The 
lower arrow indicates the estimate of the mass loss provided by the Bel-Robinson zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAflux 
(FIGURE 10). This evolution will be refined in future work until these three methods 
converge. 

Coordinates grr

Gravitational
wave energy



Other important progresses in 1970s

• Smarr & York (1978) proposes minimal distortion 
gauge: Basic idea for simulating systems with rotation

• Apparent horizon is the useful tool for studying BH 
thanks to Hawking

• York’s review paper on the “standard 3+1” formalism 
(1979); useful because no textbook was present

• 2+1+1 formalism in numerical relativity (Maeda+ 
1979): formalism based on dimensional reduction

• These illustrate that original ideas in the formulation 
were valuable in NR at that time



2   1980s: Era of axisymmetric NR
• Nakamura performed the first NR simulation for 

stellar collapse to a BH in 1981: 2+1+1 formalism
• Bardeen & Piran developed radial and isothermal 

gauges in 1983
• Stark & Piran performed rotation collapse to a BH 

and extracted gravitational waves for the first time in 
1985: radial gauge + mixed slicing

• Shapiro & Teukolsky developed an axisymmetric 
code with collisionless particle as the matter part

• Works of Nakamura & Stark-Piran contain a lot of 
original ideas in the formulations and gauge conditions



Results of Nakamura, Stark, Piran

General Relativistic Collapse 0/ Axially Symmetric Stars 1885 

A.C.Eq. should be zero if we can solve the basic equations exactly. In numerical 
calculation, A.C.Eq. tells us the effect of the truncation error and the viscosity 
terms to the true solution quantitatively. A.C.Eq.'s for M64 are shown in Fig. 2. 
For simplicity the time variation of A.C.Eq.'s at the center is shown. We can see 
the accuracy of momentum constraint equations (Eq. (2·6)) is worse than that of 
the Hamiltonian (Eq. (2·5)) and the angular momentum constraint equations (Eq. 
(2·9)). As XAB is determined by the second and the first derivative of the metric 
tensor, the accuracy of the momentum constraint equations is essentially that of 
the third derivative of the metric tensors. On the other hand the accuracy of the 
Hamiltonian constraint equation is essentially that of the second derivative of the 
metric tensors and the accuracy of the angular momentum constraint equation is 
essentially that of the first derivative of EA. Figure 2 shows A. C. Eq.'s are 20% 
or so at the time when an apparent horizon is formed. Therefore it can be said 
that the accuracy of our numerical calculation is good enough. 

The numerical results are summarized as follows. For slowly rotating 
models, for example M32, the distribution of p and Qb becomes oblate shape as the 
collapse proceeds. An apparent horizon is formed and matter is swallowed into 
the black hole completely. In this case the effect of rotation is only to deform the 
matter distribution. For rather rapidly rotating models, for example M80, the 
shape of Qb is disk-like (Fig. 3 (a)) but there appears a ring-like peak of p which 
is inside the apparent horizon (Fig. 3 (b)). At this peak EAEA is very large (Fig. 
3 (b)) and m takes a minimum value (Table I). The reason for this behavior 
can be interpreted as the general relativistic effect of rotation. Taking a trace 
of Eq. (2'2), we have 

TlME=1.20E.01 
0.452E-01 
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Fig. 3. (a) Contour Jines of Qb for M80 at 
= 12.0. Each line corresponds to Qb = (Qb )max 
'1O- n /2 where (Qb)max=4.52·10- 2 for n=l, 2, 
"',11. Arrows show vectors (fA/Qb). The 
apparent horizon is shown by the dashed line. 
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(b) Contour lines of proper density (p) for 
M80 at 1=12.0. Each line corresponds to p 

=Pmax'10- n
/2 where Pmax=8.59·10- 2 for n=l, 

2, "', 11. The apparent horizon is shown by 
the dashed line. Arrows show vectors EA 
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Prelude toward 3D simulation in 80s
• Teukolsky derived general solutions of “Teukolsky

wave”, which are useful for checking the codes (1982)
• Nakamura developed a primitive version of BSSN 

formalism in 1987, focusing on the propagation of 
linear gravitational waves (Teukolsky waves)

• He found that the standard ADM is not suitable for 
NR; but surprisingly researchers in other countries did 
not pay attention to his work until late 1990s

• Bona and Masso proposed harmonic formalism and 
harmonic (harmonic-like) slicing in the late 1980s
Why not NSBS or SNBS? BSSN was named by Alcubierre later; 
According to him, SNBS sounds something like supernovae, 
so he thought that it would not be appropriate 



3  1990s: Phase change
• I became a graduate student in 1989; so the description 

of history from now is based on my experience (and 
prejudice)

• People started seriously considering gravitational-wave 
astronomy from the late 1980s

• In the middle of 1990s, the LIGO project was approved

üLast October we had Kip Thorne in AEI and he gave a 
lecture on the history



Early 1990s
• For data analysis of gravitational waves, accurate 

templates of gravitational waves are crucial
• Promising source at that time was binary neutron star 

merger, because 3 NS-NS binaries which will merger 
within the Hubble time was already observed in our 
Galaxy à predicted event rate: 1—10/Myrs;         
horizon distance is ~200 Mpc/yrs (e.g., Phinney 1991)

• 3D numerical relativity simulation is necessary for 
modeling à Binary black hole grand challenge project 
was established in US in 1990s

• Why BH-BH? According Kip, BH mass is ~ 10 times 
larger à Horizon distance is ~ 1000 times deeper and 
should be of more events: He was right….



Problem of NR in 1990s
• Most of people did not know suitable formalisms 

in 3D numerical relativity 
• We did not know suitable gauge conditions in 3D 

numerical relativity à My main focus was to find 
suitable gauges and methods to impose them

• Computational resources were poor; simulation in 
1995 Shibata-Nakamura paper (Phys. Rev. D 52, 5428) was 
performed with (59, 59, 29) grids

• Adaptive mesh refinement techniques had not been 
developed yet in numerical relativity

• People believed that the excision of BH horizon      
(Unruh, Seidel-Suen) is the unique way to evolve BHs 
(but this was wrong!)



Late 1990s
• Grand challenge itself did not yield spectacular results
• This was the reason why Kip developed a large NR 

group in Caltech since 2001 à later SXS collaboration



Late 1990s
• Grand challenge itself did not yield spectacular results
• This was the reason why Kip developed a large NR 

group in Caltech since 2001 à later SXS collaboration
• However, the Grand challenge project became seeds for 

cultivating the next generation talents
• During Grand challenge they tried several formalisms 

in NR but nothing remains useful now (this is why 
Frans Pretorius chose harmonic formulation)

• In Japan we (I) made entirely unique progress
• We started from evolution of non-linear gravitational 

waves using the original version of BSSN (SN)             
à SN formalism works even for non-linear problems

• The next step is to perform a simulation of NS mergers



My activity in late 1990s 

• Formalism=I knew well, Shibata-Nakamura (BSSN) 
formalism is robust (this was the advantage at that time)

• Slicing=Maximal slicing should be robust
• Spatial gauge=Minimum distortion gauge is likely to be 

robust
• However, to impose them we need to solve elliptic 

type equations, which we want to avoid because 
solving them is super time-consuming

• My guess: “Approximate” maximal slicing + 
“approximate” minimum distortion gauge would be OK

* Why NS-NS? We did not know how to handle BH at that time



Equations of Maximal slicing and Minimum 
distortion gauge

1204 M. Shibata

QAz(x, 0, z) = −QAz(−x, 0, z), (2.25)
Qzz(x, 0, z) = Qzz(−x, 0, z), (2.26)

where A, B = x or y, and Q, Qi(or Qi) and Qij denote arbitrary scalar, vector
and tensor quantities, respectively. Note that the boundary conditions at the outer
boundaries are the same as those in a previous paper 10) except for that of Fi for
which we impose Fi = O(r−3) in this paper. It is also convenient to define the
quantities

j(r) = mp

N
∑

a=1

(xuy − yux)a for ra < r, (2.27)

m∗(r) = mpNp(r), (2.28)

where ra =
√

x2
a + y2

a + z2
a and Np(r) denotes the number of particles which are in

a radius r. We consider j(r) to be the approximate z-component of the angular
momentum within r, while m∗(r) denotes the total rest mass within r.

§3. Spatial gauge condition

The MD gauge condition proposed by Smarr and York 9) can be written as

Di(e4φEtJ̃ij) = 0, (3.1)

or, equivalently, as
D̃i(e6φEtJ̃ij) = 0. (3.2)

More explicitly, their MD gauge condition reduces to an equation for Sk:

D̃i
(

D̃iS̃j + D̃j S̃i −
2
3
J̃ijD̃kS̃

k
)

+ 6D̃iF
(

D̃iS̃j + D̃jS̃i −
2
3
J̃ijD̃kS̃

k
)

−2ÃijD̃
if− 4

3
fD̃jK = 16hfJj. (3.3)

Here S̃k = J̃klSl and S̃k = Sk. Smarr and York’s MD gauge condition is also
derived by minimizing the following action I with respect to Sk on three spacelike
hypersurfaces: 9)

I =
∫

d3x(EtJ̃ij)(EtJ̃kl)J̃ikJ̃jle6φ. (3.4)

Thus, by choosing Smarr and York’s MD gauge condition, the global change rate of
J̃ij based on the action I is minimized in every three hypersurface.

Since I does not have a special physical meaning, we may consider an alternative
gauge condition by slightly changing the definition of the action. In particular, we
define another action I ′ as

I ′ =
∫

d3x(EtJ̃ij)(EtJ̃kl)J̃ikJ̃jl. (3.5)
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More explicitly, we compute each element as

∂̃ijR̃ij=
1
2

[

Sklhij,kf
ij

,l + (Fi,j + Fj,i)∂̃ij

+ ∂̃ij{fkl(hlj,ik + hli,jk − hij,kl) + f lk
,k(hlj,i + hli,j − hij,l)}

]

− ∂̃ijF̃ l
kjF̃

k
li , (2.26)

∂̃ijRφ
ij= −8D̃kD̃

kh− 8D̃khD̃kh. (2.27)

In this case, the traceless property of Rij − ∂ijR/3 is guaranteed fairly precisely.

§3. Gauge conditions

The maximal slice condition, K = 0 = ftK, is well-known because of its singu-
larity avoidance property. In this condition, we obtain a Poisson type equation for
Γ as

DkD
kΓ = 4λΓ(E + S k

k ) + ΓÃijÃ
ij , (3.1)

or
DkD

k lnΓ+ (Dk lnΓ)(Dk lnΓ) = 4λ(E + S k
k ) + ÃijÃ

ij . (3.2)

To impose the maximal slice condition, we need to solve the Poisson equation rigor-
ously, but as it has been pointed out by many authors, the procedure is very time
consuming. Thus, in this paper, we adopt an “approximate maximal slice condi-
tion” instead of a strict one; i.e., at each time step, we determine that Γ satisfies the
maximal slice condition approximately. Our strategy is as follows: First, instead of
Eq. (3.2), we construct a parabolic-type equation as

fλ lnΓ= DkD
k lnΓ+ (Dk lnΓ)(Dk lnΓ)

− 4λ(E + S k
k ) − ÃijÃ

ij − 1
3
K2, (3.3)

where n is a parameter. The reason why we use this equation for lnΓ instead of that
of Γ is to guarantee the positivity of Γ. (As long as lnΓ remains finite, Γ remains
positive.) If we solve Eq. (3.3) for n→ ∞ in each time slice, we will obtain a profile
of Γ which satisfies the maximal slice condition. In our approximate maximal slice,
at the n-th time step, we first set an initial profile of Γ by using Γ at the previous
two time steps as

Γ(n) = (1 + f)Γ(n−1) − fΓ(n−2), (3.4)

where Γ(k) denotes Γ at the k-th time step and f is a control parameter which we
choose to be ∼ 1. Then, lnΓ evolves according to Eq. (3.3) to n = n0 % ∞, where
we take n0 as an appropriately large (but not too large) constant to give a new profile
of Γ. (Note that at t = 0, we solve Eq. (3.1) exactly by using a Poisson solver (see
§5).) Since we do not set K = 0 = ftK and do solve the evolution equation (2.19) of
K for t > 0, K deviates from zero with time evolution in this method. However, the



First merger simulation (Prog. Theor. Phys. 101, 1199, 1999)

• 1998: Try merger of clusters of collisionless particles 
with “approximate” maximal slicing + simplified 
version of minimum distortion gauge

• Lapse Elliptic equation à parabolic equations with a 
couple of iteration: 𝑡!"# ≫ Δ𝑡

• Spatial gauge à Simplified elliptic equation
• Works well!

256 M. Shibata
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§3. Gauge conditions

The maximal slice condition, K = 0 = ftK, is well-known because of its singu-
larity avoidance property. In this condition, we obtain a Poisson type equation for
Γ as

DkD
kΓ = 4λΓ(E + S k

k ) + ΓÃijÃ
ij , (3.1)

or
DkD

k lnΓ+ (Dk lnΓ)(Dk lnΓ) = 4λ(E + S k
k ) + ÃijÃ

ij . (3.2)

To impose the maximal slice condition, we need to solve the Poisson equation rigor-
ously, but as it has been pointed out by many authors, the procedure is very time
consuming. Thus, in this paper, we adopt an “approximate maximal slice condi-
tion” instead of a strict one; i.e., at each time step, we determine that Γ satisfies the
maximal slice condition approximately. Our strategy is as follows: First, instead of
Eq. (3.2), we construct a parabolic-type equation as

fλ lnΓ= DkD
k lnΓ+ (Dk lnΓ)(Dk lnΓ)

− 4λ(E + S k
k ) − ÃijÃ

ij − 1
3
K2, (3.3)

where n is a parameter. The reason why we use this equation for lnΓ instead of that
of Γ is to guarantee the positivity of Γ. (As long as lnΓ remains finite, Γ remains
positive.) If we solve Eq. (3.3) for n→ ∞ in each time slice, we will obtain a profile
of Γ which satisfies the maximal slice condition. In our approximate maximal slice,
at the n-th time step, we first set an initial profile of Γ by using Γ at the previous
two time steps as

Γ(n) = (1 + f)Γ(n−1) − fΓ(n−2), (3.4)

where Γ(k) denotes Γ at the k-th time step and f is a control parameter which we
choose to be ∼ 1. Then, lnΓ evolves according to Eq. (3.3) to n = n0 % ∞, where
we take n0 as an appropriately large (but not too large) constant to give a new profile
of Γ. (Note that at t = 0, we solve Eq. (3.1) exactly by using a Poisson solver (see
§5).) Since we do not set K = 0 = ftK and do solve the evolution equation (2.19) of
K for t > 0, K deviates from zero with time evolution in this method. However, the
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This corresponds to defining the action in the conformal three space in which the
determinant of the metric det(Ẽij) is unity. In this case, by taking the variation of
I ′ with respect to Jk, we obtain a diEerent MD gauge condition,

D̃i(StẼij) = 0, (3.6)

or more explicitly,

D̃i
(

D̃iJ̃j + D̃j J̃i −
2
3
ẼijD̃kJ̃

k
)

− 2Ãij(D̃iF− 6FD̃if)− 4
3
FD̃jK = 16hFJj. (3.7)

A merit of this condition may be that we do not have a coupling term between J̃k

and f, and hence the equation for J̃k is slightly simplified compared with Eq. (3.3).
However, it is still complicated to solve in numerical computation.

Although it is desirable to adopt a shift vector in which I or I ′ is exactly min-
imized, we believe that we do not always have to use such a shift vector. We may
probably use another shift vector in which I or I ′ is approximately minimized. Using
this idea, we derive a gauge condition by slightly changing Eq. (3.7): We rewrite the
covariant derivative operator D̃i acting on J̃k as a partial derivative; i.e., we solve
the following equation to determine Jk(= J̃k):

LijBJ
i +

1
3
Jk

,kj − 2Ãij(D̃iF− 6FD̃if) − 4
3
FD̃jK = 16hFJj. (3.8)

Here B is the Laplacian in the flat space. In this case, Eq. (3.8) can be rewritten
into simple elliptic equations for a vector Pi and a scalar O using the transformation

Jj = Lji

[

7
8
Pi −

1
8
(O,i + Pk,ix

k)
]

, (3.9)

where Pi and O satisfy

BPi = Si, (3.10)
BO = −Six

i, (3.11)

and
Si ≡ 16hFJi + 2Ãij(D̃jF− 6FD̃jf) +

4
3
FD̃iK. (3.12)

In this way, the equation for Jk is significantly simplified and reduces to equations
similar to those we have solved in the initial value problem 14) and in post-Newtonian
studies. 15) Hereafter, we refer to the gauge condition presented here as an “approx-
imate minimum distortion” (AMD) gauge.

The above described AMD gauge condition is expected to have the following
properties:

• In a spherical symmetric spacetime with conformal flat initial conditions, it
coincides with Smarr and York’s MD gauge condition (Eq. (3.2)) as well as
with the MD gauge condition presented in this paper (Eq. (3.6)), because in
this case, Ẽij = Lij and StẼij = 0.



Results: the first successful 3D NR
(1999, unfortunately, only few people refers to…)

1210 M. Shibata

Table I. The list of initial conditions and final states for simulations performed in §5. M∗ = 2Mone
∗ ,

M , J and T denote the total rest mass, gravitational mass, total angular momentum and
approximate initial orbital period (2π

√

8r3
c/M∗), respectively. All the quantities are given in

units r0 = 1 (and G = 1 = c). In the cases marked with †, we could not determine the apparent
horizon formation, but black holes seem to be formed.

M∗ M/M∗ J/M2 T velocity field Final state Figures
1/6 0.966 0.974 50.2 Kepler(ω0 = 1) rotating cluster 1
1/4 0.952 0.818 41.0 Kepler(ω0 = 1) rotating cluster 2, 4, 11, 13
1/3 0.941 0.726 35.5 Kepler(ω0 = 1) black hole† 3
1/4 0.955 1.01 41.0 Corotation rotating cluster 5, 12, 14
1/3 0.944 0.894 35.5 Corotation black hole† 6
1/3 0.931 0.371 − Kepler(ω0 = 0.5) black hole 7–10

Fig. 1. (continued)

1226 M. Shibata

Fig. 11. h+ and h× at zobs = 7.5r0 (solid line) and zobs = 7.5r0 (dashed line) as a function of
(t − zobs/r0) for a Kepler model of M∗/r0 = 1/4 and ω0 = 1.

Fig. 12. The same as Fig. 11, but for a corotating model of M∗/r0 = 1/4.

OK, NS-NS simulation can be done!

Gravitational waves



First simulation of NS-NS (MS, PRD 1999, 2000)

come black holes eventually. As discussed in !41", there are
many processes which contribute to the angular momentum
dissipation and the angular momentum redistribution, e.g.,
neutrino emission, magnetic radiation, viscous dissipation,
and gravitational radiation. Since each process can affect
others in a complicated manner, it is difficult to give a pre-
cise analysis. Here, we present a rough and conservative up-
per limit of the time scale for collapse to become a black
hole.
Since it will be cooled mainly by neutrino emission !41",

the new neutron star will first contract on a neutrino emission

time scale #$%10–100 sec after formation. According to
!41", however, the contraction will not lead to a black hole
because J/Mg

2 will remain %1 even after a large amount of
neutrino emission !41". Moreover, even in the case J/Mg

2

!1, the maximum allowed mass of neutron stars after cool-
ing may not change significantly if a realistic equation of
state is taken into account !42". The bulk viscosity could play
a dominant role when the merged object has a high tempera-
ture !43" and high nonaxisymmetry. Although the tempera-
ture could be sufficiently high just after its formation, the
merged object seems to remain nearly axisymmetric during

FIG. 24. Snapshots of the den-
sity contour lines for &* and thevelocity flow for (vx,vy) in the
equatorial plane for a corotating
binary neutron star of '"5/3 and
&max(t"0)"10#3 for a merging
case. The contour lines are drawn
for &* /&* max"10

#0.3j, where
&* max"0.00305, for j
"0,1,2, . . . ,10. Vectors indicate
the local velocity field and the
length is shown in normalization
of 0.3c . At t"1.62P, &* max!0.011 and &max!0.0014, re-
spectively.
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which the nonaxisymmetric perturbation may grow, contrib-
uting to the dissipation of the angular momentum or the re-
distribution of the differential rotation. Such effects are
likely to be important, in particular after the newly formed
neutron star contracts due to the neutrino emission, because
in such a stage the ratio of the rotational kinetic energy to the
binding energy could become large (!0.14) due to the con-
traction !41" and/or the equation of state could be stiff (#
!1.8 !40"$ enough to allow for the bar-mode deformations.
Since there are too many uncertain aspects such as the initial
amplitude of the nonaxisymmetric perturbation and interac-
tion with viscosity !48", the dissipation time scales cannot be
estimated in a simple manner. However, it is likely that such
effects contribute to the dissipation of the angular momen-
tum and make the time scale shorter. We can then conclude
that the newly formed supramassive neutron star %if it could
be formed$ will eventually collapse to a black hole in the
time scale &10"1 yr as a result of one of the above dissipa-
tion processes.
The argument presented here suggests that the strength of

the magnetic field of the newly formed neutron star is one of
the key parameters for the evolution. It may well be impor-
tant to investigate the evolution of the magnetic field during
the merger, incorporating a solver of the magnetic field equa-
tion.

V. SUMMARY

In this paper, we present our first successful results of
numerical simulations carried out using a fully general rela-
tivistic 3D hydrodynamic code. We have performed a wide
variety of simulations for test problems toward more realistic
simulations of coalescing binary neutron stars and have con-
firmed it possible to obtain solutions for the test problems
fairly accurately. In particular, we have illustrated that it is
possible to preserve an approximate quasiequilibrium state of
a mildly relativistic binary neutron star as well as to perform
simulations of the merger between two corotating neutron
stars to be new neutron stars stably for a couple of orbital

periods in our numerical code. These results indicate that
numerical simulations of binary neutron stars for a long time
from their ISCO to mergers are feasible.
Since we could not take a sufficiently large number of

grid points to impose the outer boundaries in the wave zone
as well as to resolve each neutron star precisely, numerical
errors are unavoidably included in the results. In particular,
we feel that the radiation reaction effect due to gravitational
wave emission could not be taken into account precisely. For
a more accurate computation of the radiation reaction effect,
we will have to adopt a numerical technique such as a nested
grid technique which effectively makes the computational
region bigger or to impose sophisticated boundary conditions
at the outer boundaries !21", unless computational power is
improved soon. These issues should be pursued in future
works. We emphasize, however, that besides the error in-
duced by the incomplete treatment of the outgoing boundary
conditions as well as the numerical dissipation due to the
restricted resolution, the simulation can be performed stably
and fairly accurately. If we can accept such a small error %for
example, say, #5% error in the angular momentum$, the
code can be used for the investigation of many interesting
problems even at present.
In this paper, we have paid attention only to test prob-

lems. Since we consider binary neutron stars of mildly large
compaction parameter and small # , the final products of the
merger are not black holes. A black hole may be more easily
formed for larger # and preliminary simulations indicate that
this is the case. One of the most interesting and important
issues in numerical relativity is to clarify the criterion for the
formation of black holes. In a forthcoming paper !49", we
will perform simulations of corotating binary neutron stars of
a large #&2, in which a black hole could be formed more
easily.
It is well known, however, that the corotating velocity

field is not realistic for binary neutron stars because the vis-
cosity of the neutron stars is not large enough to achieve the
corotation !50". Instead, the irrotational velocity field is con-
sidered to be a more realistic one !50". For making a realistic
model of the final phase of binary neutron stars, it is neces-
sary to perform simulations for irrotational binary neutron
stars.
Fortunately, several groups have just recently developed

numerical methods for obtaining an approximate quasiequi-
librium state of irrotational binary neutron stars in a confor-
mal flatness approximation !7–9", providing more realistic
models of binary neutron stars. Namely, an initial condition
has already been prepared. In the next step !49", we will also
carry out simulations adopting the approximate quasiequilib-
rium states of irrotational binary neutron stars as the initial
condition.
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FIG. 30. h$ and h% as a function of retarded time in the merger
of corotating binary neutron stars of 'max(t&0)&10'3 %solid lines$
and 6%10'4 %dashed lines$.
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Before this work, only few people 
referred to my works but after this work, 
people started referring to my work and
inviting well-known conferences  



My citation history

SN paper
1995

NS merger
1999, 2000

GW170817



4    21 century
• Prelude of BH-BH simulation
1. Alcubierre & Bruegmann developed hyperbolic 

gauges, which can approximately satisfy maximal 
slicing and minimum distortion, in 2003

2. Bruegmann et al. performed one orbit simulation for 
BH-BH in 2004; BSSN is used: at that time the tool for 
BH-BH was already prepared but they did not perform

3. Garfinkle proposed generalized harmonic formalism 
in 2002 à motivation of Pretorius

4. Note: before 2005, people believed that BH excision is 
the way to be used, but later, we understood that this 
was not the case if we use the BSSN formalism



2005: Breakthrough year “for BH evolution”

• Pretorius: Generalized harmonic formulation
• Campanelli et al.: BSSN + hyperbolic gauge
• Baker et al.: BSSN + hyperbolic gauge
ü 4th-order finite difference and hyperbolic gauge 

condition are the keys
ü In BSSN, no excision is necessary
üNote that 3D NR simulation (NS-NS merger) became 

already feasible in 1999. Thus, 2005 is not the year of 
the breakthrough of “3D NR”

üBH-NS can be easily performed: The first work was 
done by Shibata & Uryu in 2006 



After 2005

• BH-BH: Production phase for a variety of parameters
• NS mergers: Need to take into account more physics 

and more grid resolutions in particular for MHD
• The same for supernovae simulations in GR (Ott, 

Sekiguchi, Moesta, Kuroda….)



BH-BH: current status
• More than 1000 accurate simulations have been 

performed, in particular, by the SXS collaboration for a 
variety of binary parameters

• The waveform data have contributed significantly to 
developing GW template through EOB and frequency 
space templates and to GW detection and data analysis

• 2015: GW150914; NR contributed to the first detection
• New direction: extend to elliptic orbits and high mass 

ratio
• In near future, templates purely by numerical relativity 

will be available; we may not have to rely on EOB, 
PN-based waveforms in the GW data analysis



Neutron star mergers
• 2005~: Simulation with realistic EoS using hybrid 

approach (cold part + Gamma-thermal heating, 
Shibata et al.)

• 2010~: Simulation with tabulated EoS
(Duez et al., Sekiguchi et al., Fourcart et al…)

• 2011: First simulation with neutrino transfer 
(Sekiguchi et al.)

• 2014: First MHD simulation with reasonable 
resolution (Kiuchi et al.)

• 2015: Simulation with neutrino heating (Sekiguchi et 
al., Radice et al.)

• 2017: GW170817; NR contributed to interpreting EM 
counterparts



Other important works associated with NS mergers 
from the viewpoint of NR

• 1993: Lai, Rasio, Shapiro: late inspiral GW has the 
information of NS EoS

• 2008: Flanagan & Hinderer: Clearer formulation
• 2010: Metzger et al., kilonova paper
• 2011: Nakar & Piran: Radio afterglow paper
üAccurate late inspiral simulation is the key
üMass ejection should be explored in NR: electron 

fraction & velocity of the ejecta have important 
information; EoS and neutrino transfer are important

üGW170817 verified that their papers are important;  
NR became an important field of astronomy



5  Future issues (NR with matter)

• More long-term self-consistent simulations for NS-NS
• Understanding MHD physics and dynamo (Most…)
• GR simulations with better neutrino transfer (KK)
• To incorporate neutrino oscillation (Wu, HR, Just…)
• To develop photon radiation transfer codes to apply to 

the phenomena associated with SMBHs
• Exploring collapsar in 3D; long-term, well resolved 

MHD simulations are keys (Aloy, Moesta, SF)
• Tidal disruption in full GR until mass ejection and 

hopefully until jet launch (Piran)
• Develop more efficient codes (GPU; Talks by Radice, 

Most, Moesta, Musolino…)

I will talk based on my prejudice



Merger, mass ejection, and jet from NS-NS

Credit: Kota Hayashi

1.25-1.65 𝑀⊙ NS-NS with SFHo EOS (Soft EOS): Hayashi et al. PRL 2025

For large scale For small scale

Simulations should be performed 
for a wide parameter space: 

What was GW170817?



Dynamo in NS-NS merger

Kiuchi, Reboul-Salze et al. 2024 (see also Gurierrez+ 2026)

More resolved, longer simulations are needed



Black hole-torus evolution

Instability analysis for FFC

Kawaguchi+, PRD 2025a

Monte-Carlo radiation hydrodynamics in GR

properties. This is because the matter profile and neutrino
radiation there are likely in a quasistationary state for
t≳ 20 ms (see Fig. 2).
The bottom left panel of Fig. 4 shows that Lpair depends

strongly on Ṁ for the models with different BH spins. The
curves for χBH ¼ 0 (MT01s0) and 0.95 (MT01s095 and
MT03s095) broadly agree with the results of [98] (see
Fig. 4 in [98]). The result suggests that the pair annihilation
rate is approximately proportional to r−5ms, and this power-
law index is also consistent with [98] (∝ r−4.8ms ).
The bottom right panel of Fig. 4 shows the models

for MBH ¼ 6M⊙ and initial torus mass of 0.2M⊙ with
χBH ¼ 0.8 (MT02s08MB6 andMT02s08MB6v0025). Lpair

depends on the mass accretion rate in a similar manner to

the fiducial model, but with a value smaller by a factor
of ≈3. This suggests that Lpair decreases with MBH.
To summarize, Lpair depends on the mass accretion

rate, ISCO radius, and BH mass. The dependence for
∼0.1–1M⊙=s can be understood by the following estima-
tion, which is similar to that done in [98]: Since the
innermost part of the torus is marginally optically thick for
the mass accretion rate with ∼0.1–1M⊙=s, the neutrino
luminosity from there, Lν;ms, is approximately given by
Lν;ms ≈ 4πr2msðFν;ms þ Fν̄;msÞ ∝ r2msT4

eff with Fν;ms ∼ Fν̄;ms
being the neutrino and antineutrino energy flux, respec-
tively, and Teff being the effective temperature of the
neutrino emission. Alternatively, Lν;ms can be written as
Lν;ms ≈ fMBHṀ=rms with Ṁ and f being the mass

FIG. 4. Total pair annihilation deposition rate as a function of the accretion rate to the BH for t ≥ 20 ms. The top left panel shows the
results with various viscous parameters (MT01s08v002, MT01s08, MT01s08v010, and MT01s08v015). The top right panel shows for
the same BH spin but with different torus angular momentum profiles (MT01s08ni10 and MT01s08ni5) and mass (MT03s08). The
bottom left panel shows the results with different BH spins (MT01s0, MT01s095, and MT03s095). The bottom right panel shows the
results with the BH mass of 6M⊙ and the torus mass of 0.2M⊙ (MT02s08MB6 and MT02s08MB6v0025). The result of the fiducial
model is always plotted as a reference. The dotted curves denote the fitting function denoted by Eq. (13).
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Mtorus = 0.1M�,�BH = 0

Mtorus = 0.1M�,�BH = 0.8

Mtorus = 0.1M�,�BH = 0.95

Mtorus = 0.3M�,�BH = 0.95

Simulation with better radiation hydro code
is necessary



Naïve qualitative scenario is
1. Collapse of a massive rotating progenitor
2. Proto neutron star formation
3. Further infall à black hole formation
4. Accretion onto black hole + formation of disk
5. Jet from vicinity of the black hole + explosion

t < a few 100ms                t ~1 s                       t > 1 s

N
S

B
H

B
H

Application to collapsars

GR simulation for > 10sec is necessary



A self-consistent scenario for jet launch (I believe)
1. BH formation, and subsequently disk grows
2. MRI turbulence in the disk leading to an equipartition 

à
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~0.05𝜌'()*𝑐+, → 𝐵,~𝜌'()*𝑐+,

3. Matter and magnetic field falls into the BH à typical 
size of the magnetic field is the magnitude in the disk

4. If the ram pressure of the infalling matter into the BH 
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Start from 16 solar mass BH + infalling matter + toroidal field; 
See also Aloy’s and Moesta’s presentations

Shibata et al. 2024

3D long-term well-resolved simulations
are ultimately required



Understanding the fates of 
all very/super-massive stars

𝑀"#"$ = 100 10% 10& 10'𝑀⊙

Very massive stars
=collapse is triggered
by e-e+ pair creation

Supermassive stars
=collapse is triggered
by GR instability

Massive stars
=Iron core

collapse

R/Mcore at the onset of collapse

~1000                    ~2000—3000                   <1000

Maximum angular momentum ∝ 𝑀𝑅

Fate of the rapidly rotating stars
BH or NS + 

stellar-mass disk
BH + 

heavy disk
BH + 

small-mass disk
Explo
sion



3D collapse simulation: preliminary by Lam et al.



Gravitational waveform and amplitude at 1 Gpc

l=m=2 l=2, m=1Y4

Fourier spectrum

Low-frequency GW can be the source of ET/CE



Tidal disruption by SMBH in full GR

ΔJspin can be more than 0.1% of the maximum spin if a
white dwarf passes through a close orbit with β ≳ 0.4. We
approximate the orbit angular momentum Jorbit and the spin
angular momentum Jspin of the white dwarf as

Jorbit ¼ Mhðhxihuyi − hyihuxiÞ; ð58Þ

Jspin ¼
Z

d3xψ6ρh½ðx − hxiÞðuy − huyiÞ

−ðy − hyiÞðux − huxiÞ%; ð59Þ

where Mh ≔
R
d3xψ6ρh and the volume average of quan-

tity q is defined as hqi ≔ 1
Mh

R
d3xψ6ρhq. In such decom-

position, the sum of orbital and spin angular momentum
equals to the total angular momentum of the white
dwarfs. We analyzed the spin angular momentum gain
of the white dwarfs for M8V17, and we indeed find
ΔJspin=ðM&

ffiffiffiffiffiffiffiffiffiffiffiffi
M&R&

p
β9=2Þ ≈ 0.1–0.3 as shown in Fig. 7.

Note that the spin up of white dwarf ΔJspin is about
10−6 of the total angular momentum, and hence, it is not
easy to determine ΔJspin accurately. Although we cannot
achieve a good convergence in ΔJspin, we are able to obtain
a noticeable rise in Jspin during the close encounter, which
suggests fspin ∼ 0.1–0.3, which is consistent with the above
analytic result.

For close orbits, the tidal angular-momentum transport
can dominate over the orbital angular momentum loss by
gravitational-radiation reaction. Assuming that gravita-
tional waves are most efficiently emitted near the periastron
at which we may approximate the orbit to be circular, the
angular momentum dissipation by gravitational waves in
one orbit can be written as [54]

FIG. 6. The density profiles of the tidally-disrupted white dwarf for the model V ¼ 0.160 and M& ¼ 0.7 M⊙ (M7V16). The units of
the length scale for the density plots are GMBH=c2 ≈ 1.48 × 105 km. The solid and dashed curves show the time evolution for the
location of the maximum density and the elliptic orbit shown in Fig. 2 for V ¼ 0.160 (i.e., geodesic). The length scale of x and y axes is
shown in units of MBH.

FIG. 7. The rescaled change in angular momentum
ΔJspin=ðM&

ffiffiffiffiffiffiffiffiffiffiffiffi
M&R&

p
β9=2Þ as a function of time for the stellar

oscillation scenario (M8V17). This agrees with the analytic
expression Eq. (57) if fspin ∼ 0.1–0.3.

NUMERICAL-RELATIVITY SIMULATION FOR TIDAL … PHYS. REV. D 107, 043033 (2023)

043033-9

Lam et al. PRD 2023

See Tsvi’s presentation



Modeling QPE/Exploring BH+disk collision

LETTERRESEARCH

global mass accretion rate cannot explain the QPE spectral evolution. 
The variable thermal-like emission may be physically associated with 
Comptonization of the lower-energy disk photons in a warm, optically 
thick corona or, for example, with emission from different disk regions 
that are activated at different times during the cycle (see Methods section 
‘QPE spectral evolution’, Extended Data Table 3 and Extended Data Fig. 6).

The QPE peak temperature (about 120 eV) is remarkably similar 
to that of the standard AGN soft-X-ray excess6–8, which indicates that 
QPEs may be key to soft excess formation13. In all XMM-Newton 
observations from December 2010 to January 2019, the cold phase 
spectrum (that is, the spectrum excluding QPE time intervals) is con-
sistent with accretion disk emission, but during the Chandra observa-
tion the cold phase has increased its temperature from about 50 eV to 
about 80 eV despite a lower soft-X-ray luminosity, indicating the pres-
ence of a soft-X-ray excess rather than pure disk emission (Extended 
Data Table 2 and Fig. 3d). On the other hand, the temperature at the 
QPE peak remains at about 120 eV at the Chandra epoch. This sug-
gests that we are possibly witnessing the QPE-driven formation of the  
soft-X-ray excess in real time, with the Chandra cold-phase spectrum 
representing an intermediate stage of soft-excess formation.

The discovery of QPEs in GSN 069 raises the question of whether this 
new phenomenon is unique to this source or more general. In this context, 
and in an attempt to identify other potential QPE candidates, it is interest-
ing to spell out the properties of GSN 069 at the time when QPEs are first 
detected, namely: (i) a small black hole mass MBH of a few times 105M!; (ii) 
a relatively high Eddington ratio of about 0.5; (iii) a pure thermal disk spec-
trum with temperature much lower than that of the typical AGN soft-X-ray  
excess; (iv) an almost negligible X-ray power-law component; and (v) the 
lack of any broad emission line in optical or ultraviolet (UV) spectra4.

We have identified two other AGNs with very similar proper-
ties, namely 2XMM J123103.2+11064814 (hereafter J1231) and RX 
J1301.9+274715 (J1301), which are both characterized by low-mass 
black holes, relatively high Eddington ratio, ultra-soft X-ray spec-
tra with only weak power-law tails, and no broad emission lines in 
their optical spectra. Remarkably, a QPO of about 3.8 h is detected in 
J123112,14, while J1301 exhibits high-amplitude, possibly recurrent  
soft-X-ray flares15. Exploring the possibility that these variability prop-
erties may be associated with QPEs could prove worthwhile. More gen-
erally, tidal disruption events (TDEs) exhibit, at least transiently, most 
of the key properties of GSN 069. For black hole masses of around  
(106–107)M!, QPE recurrence times of the order of 105–106 s are expected, 
and it would be valuable to search for X-ray variability on these timescales 
in the database of well-monitored TDEs X-ray light curves. On the other 
hand, the typical AGN population is characterized by much higher black 
hole masses than in GSN 069. The relatively long baselines (months or 
years) needed to detect two consecutive QPEs in these more-massive sys-
tems may be the reason that no QPEs have been reported so far in AGNs.

The observed QPEs are reminiscent of the X-ray variability pattern 
of the black hole binaries GRS 1915+105 and IGR J17091−3624 in 
their ‘heartbeat’ states16–18. The heartbeat oscillations of both sources 
have been shown to be consistent with some version of the radia-
tion-pressure disk instability19,20, most likely modified by the presence 
of outflows21,22. As discussed in Methods (‘Possible interpretations of 
the QPE phenomenon’), a limit-cycle instability appears plausible in 
GSN 069 (but see the same Methods section for a series of possible 
alternative explanations). Assuming that the observed QPEs are driven 
by an accretion flow instability, we derive a mildly geometrically thick 
flow in GSN 069 even in the quiescent, cold state. As a consequence, 
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Fig. 1 | X-ray QPEs in XMM-Newton and Chandra light curves from 
December 2018 onwards. a–c, The background-subtracted 0.4–2 keV 
light curve from the XMM3 (a), XMM4 (b) and Chandra (c) observations. 
The x axes are all on the same scale to highlight the similar QPE 
recurrence time over the 54 days of the observations. We use time bins 

of 200 s for the XMM-Newton data and of 500 s for the Chandra data. 
Note the different y-axis scale used for the Chandra data in c. Error bars 
represent 1σ confidence intervals in all panels. Some of the error bars are 
smaller than the symbol size.

3 8 2  |  N A T U R E  |  V O L  5 7 3  |  1 9  S E P T E M B E R  2 0 1 9

Miniutti et al, Nature 2019

is the tidal radius. The condition r0� rT defines a minimum
QPE period in this scenario

 


 ⎜ ⎟⎛⎝ ⎞⎠ ( )p - P

R
GM

1.4 hr . 9QPE,min

3 1 2
3 2 1 3

In Section 3.4 we show that QPE flares are detectable over
the disk quiescent emission only for orbits with r0 moderately
larger than rT ( P PQPE QPE,min).

The star’s orbital plane must be significantly misaligned with
that of the accretion disk to generate QPE emission, with the
observed alternating long-short recurrence time pattern
explained in part by the star spending a longer time on the
side of the disk near apocenter than on the pericenter side
(Miniutti et al. 2019; Xian et al. 2021; see Figure 1 for a
schematic illustration).

In addition to the very gradual orbital decay due to
gravitational wave emission (Section 3.3) and gas drag
(Section 2.4.1), the star’s orbit is subject to more rapid
evolution as a result of other general relativistic effects (e.g.,
Xian et al. 2021; Metzger et al. 2022; Franchini et al. 2023).
The fastest of these is apsidal precession, which can lead to
secular evolution of the long-short recurrence time difference
amplitude. Given the characteristic precession angle per orbit
δò; 6π(Rg/r0), significant precession (Δò∼ 2π) will occur on
a timescale,
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sufficiently short to be observed in QPE light-curve epochs
spanning months (Xian et al. 2021; Franchini et al. 2023).

Nodal precession can also occur, potentially leading to
changes in the inclination angle between the orbital plane and
the accretion disk. At leading post-Newtonian order, nodal
precession is driven by Lense-Thirring frame dragging, with
significant nodal precession (ΔΩ∼ 2π) thus occurring on a

timescale
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where ( )d pW = -a r R4 • 0 g
3 2 is the per-orbit nodal shift, and

0� a•� 1 is the dimensionless spin magnitude of the SMBH
(Merritt 2010). If the SMBH spin axis is misaligned with
angular momentum axis of the stellar orbit, the orbit can come
in and out of alignment with the disk midplane on a timescale
as short as 1 yr.
In addition to variations in the timing of the flares due to the

evolving geometry of the orbit with respect to the disk plane,
light travel times from the two collision sites introduces an
additional source of timing variations. The magnitude of this
effect is roughly of the order of
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not much smaller than the observed variations in the flare
timing.

2.3. Star–Disk Collisions

2.3.1. Emission from Shocked Disk Ejecta

The star will, twice per orbit, pass through the disk midplane
of thickness  - h R m M3.2 1 •,6 , similar to the stellar
radius. For simplicity we consider a nearly head-on collision
(i.e., a 90° angle between the angular momenta of the orbit and
disk) in what follows. Assuming that the disk has returned to an
unperturbed state by the time of each collision (a condition we
shall check in Section 2.3.2), the mass of the disk material

Figure 1. Schematic view of our model. A star orbits an SMBH that is accreting matter through a thin disk of scale height h at a rate m. Due to the inclined orbital
plane, the star impacts the disk twice per orbit, carving a hole through the disk and ejecting an optically thick cloud of material expanding above and below the disk
plane. As the ejecta expands and cools, photons begin to diffuse out, and the light curve peaks once the optical depth drops below c/vej, where vej ∼ vK is the ejecta
velocity imparted by the colliding star. The inner regions of the disk dominate the soft quiescent emission seen between the collision-powered flares.
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TDE+collision=QPE?

What happens if BH
collides with disk?

Xray observation

~10 hours



BH + disk collision
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Lam et al. PRD (2025)

• Future issue: What are the observed features? 
Need photon radiation transfer



Formation and evolution of little red dots?
• Basically, observed only at high redshifts
• Compact (point source)
• Red: typical temperature ~ 5000K
• But with blue component (V shape spectrum)
• Emission lines of H, He, and others
• No/weak X-ray, radio
• Typical luminosity ~ 1044—45 erg/s
üWhat is this?
üA popular model=supermassive black hole + envelope
üHow is such a system formed? What are observational 

signals? à Relativistic computation may be the key



Hyper collapsar: viscous hydro simulation in GR

Photon radiation hydro code is necessary
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Summary
• Numerical relativity has become a mature field
• The efforts of our predecessors (now older than 60 yrs 

old) were quite significant
• NR will be effectively utilized in the interpretation of 

astronomical observational data
• It is useful for inferring aspects that cannot be directly 

observed
üOriginal ideas for the application of NR will be 

important (e.g., Most’s talk); pay attention not only to 
mergers & supernovae, but to others, because we can 
do relatively easily



Thank you for your attention!


