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x-ray binary

e.g., Giacconi et al. (1962), Fabbiano (2006), McClintock & 
Remillard (2006), Corral-Santana et al. (2016), Ingram 

& Motta (2019), Harrison et al. (2020), Fortin et al. (2024)
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Seeing stellar mass black holes

Gravitational 
wave emissions

e.g., Agol et al. (2002); Lu et al. (2016), 
Lam et al. (2022), Sahu et al.(2022)

e.g., Zevin et al. (2021), Fishbach & 
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Low mass x-ray binary

Gaia BHs
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Seeing stellar mass black holes
Low mass x-ray binary
Formation ideas:

See also: Raghavan et al 2010; Sana et al. 
2012; Moe & Di Stefano 2017;

We need a binary!



Binary channel 

∼ 10 au

Low mass x-ray binary

Common envelope

Formation ideas:

e.g., Podsiadlowski et al. 2003, 2010; Kiel & 
Hurley 2006; Ivanova et al. 2013; 2015; Wong 

et al. 2014; Kimball et al. 2023
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Triple channel 
No Common envelope

Binary channel 
Formation ideas:

Why triples?278 Offner, Moe, Kratter, Sadavoy, Jensen, and Tobin

Fig. 1.— Bias-corrected multiplicity fraction (left; thick), triple/high-order fraction (left; thin), and companion frequency (right) of BDs
and MS stars. All three quantities increase monotonically with primary mass. The indicated spectral types at the top roughly correspond
to the mean primary masses of field dwarfs. See Table 1 for detailed references.

multiplicity statistics very little.
Eccentricities: Eccentricity distributions are typically

referenced to a thermal distribution defined as pe =2e,
where pe is the probability of given eccentricity e (Am-
bartsumian 1937; Heggie 1975). The average e of solar-
type binaries increases with orbital separation, transitioning
from a sub-thermal (smaller eccentricities) to thermal dis-
tribution near 200 au and to super-thermal beyond > 103 au
(Tokovinin & Kiyaeva 2016; Tokovinin 2020). The closest
binaries are impacted by tides. For MS stars with con-
vective envelopes below the Kraft break (Teff < 6, 200K;
M1 < 1.2 M!), binaries are tidally circularized below
P ! 8 days; above the Kraft break, only binaries within
P ! 2 days are fully circularized (Meibom & Mathieu
2005; Abt 2006; Moe & Di Stefano 2017; Geller et al.
2021a; Zanazzi & Wu 2021; Torres et al. 2021).

Triple Statistics: About 14% of solar-type primaries
are in triples and higher order multiples (Tokovinin 2014a,
see Fig. 1). The closest binaries within P < 3 days are
found almost exclusively (96%) in triples, whereas only a
third of binaries with P ≈ 20 days have tertiary companions
(Tokovinin et al. 2006; Laos et al. 2020). Beyond these peri-
ods, Tokovinin (2014a) concluded that the joint distribution
f(Pin, Pout) of inner periods Pin and outer periods Pout

is consistent with both companions being independently
drawn from the same overall lognormal period distribution
for solar-type binaries, but with the added constraint of dy-
namical stability. Various theoretical studies have proposed
slightly different criteria for dynamical stability in triples
(Mardling & Aarseth 2001; Georgakarakos 2008). Based
on their sample of solar-type triples with reliable orbital

solutions, Tokovinin (2004) measured an empirical relation:

Pout/Pin >
5

(1− eout)3
, (4)

where eout is the eccentricity of the outer tertiary.
Tokovinin (2017) examined the relative orbital orienta-

tions of visually resolved triples. For outer tertiaries be-
yond aout > 103 au, they found an equal number of pro-
grade and retrograde orbits with respect to the inner bi-
naries, suggesting isotropic orientations. Meanwhile, the
majority of compact solar-type triples within aout < 50 au
have prograde configurations, demonstrating a high degree
of alignment between the inner and outer orbits. Tokovinin
(2017) also found tentative evidence that triples become
more misaligned with increasing primary mass. Finally,
Borkovits et al. (2016) identified a large population of very
compact triples with aout < 10 au. All have mutual inclina-
tions within Imutual < 60◦, about half of which are nearly
coplanar with Imutual < 20◦. We discuss the special im-
plications of triple star statistics for formation models in
§3.3.3.

2.2.2. M Dwarfs

Frequencies: Building on the historical work of Fischer
& Marcy (1992), many subsequent studies have employed
a variety of detection techniques to fill in the multiplicity
parameter space of the most common stars in the galaxy
(Close et al. 2003; Gizis et al. 2003; Bouy et al. 2003;
Daemgen et al. 2007; Law et al. 2008; Bergfors et al. 2010;
Janson et al. 2012; Dieterich et al. 2012; Janson et al. 2014;
Ward-Duong et al. 2015). By combining previous samples
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Fig. 1.— Bias-corrected multiplicity fraction (left; thick), triple/high-order fraction (left; thin), and companion frequency (right) of BDs
and MS stars. All three quantities increase monotonically with primary mass. The indicated spectral types at the top roughly correspond
to the mean primary masses of field dwarfs. See Table 1 for detailed references.
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Low mass x-ray binary
Most (~70%) Massive Stars are 

Born in Triples+

See also: Moe & Di Stefano 2017; Shariat, El-Badry, Naoz 2025
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On the Kozai mechanism and angular momentum
conservation
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ABSTRACT
The treatment of hierarchical triple configurations has proven to be very useful in
many astrophysical contexts, from planetary to triple star system. In the secular ap-
proximation the orbits may change shape and orientation. In particular, for highly
inclined systems, the Kozai-Lidov mechanism can produce large-amplitude oscilla-
tions of the eccentricities. Here we re-derive the secular evolution equations including
both quadrupole and octupole orders using Hamiltonian perturbation theory. Our new
derivation corrects an error in previous treatments of the secular evolution equations.
Our new derivation agrees with the “usual” treatment only in the limit where the
outer orbit angular momentum is much larger than the inner one is. Assuming, as
done in previous treatments, that the inner z-component angular momentum is con-
served, (

√
1− e2 cos i = const) can produce erroneous results for various astrophysical

systems, such as planetary systems and triple stars, where the inner orbit’s angular
momentum is not negligible. We discuss a few interesting implications of using the
correct formalism.

1 INTRODUCTION

Triple star systems are believed to be very common (e.g.,
Eggleton et al. 2007; Tokovinin 1997). From dynamical sta-
bility arguments there must be hierarchical triples, in which
the (inner) binary is orbited by a third body on a much
wider orbit. Probably more than 50% of bright stars are at
least double (Eggleton et al. 2007; Tokovinin 1997). Given
the selection effects against finding faint and distant com-
panions we can be reasonably confident that the proportion
is actually substantially greater. Tokovinin (1997) showed
that 40% of binary stars with period < 10 d in which the
primary is a dwarf (0.5−1.5M!) have at least one additional
companion. He found that the fraction of triples and higher
multiples among binaries with period (10−100 d) is ∼ 10%.
Moreover, Pribulla & Rucinski (2006) have surveyed a sam-
ple of contact binaries, and noted that among 151 contact
binaries brighter than 10 mag., 42±5% are at least triple.

Many close stellar binaries with two compact objects are
likely produced through triple evolution. The secular evolu-
tion (i.e., acting on longer timescale compared to the orbital
periods), and specifically, Kozai cycling (see below), have
been proposed as an important element in the evolution of
triple stars (e.g. Mazeh & Shaham 1979; Kiseleva et al. 1998;
Fabrycky & Tremaine 2007; Perets & Fabrycky 2009). In
addition, Kozai cycling has been suggested to play impor-
tant role in both the growth of black holes at the centers
of dense star clusters and the formation of short-period bi-
nary black holes (Wen 2003; Miller & Hamilton 2002; Blaes
et al. 2002). Moreover, the dense environment in globular
clusters is thought to play an important role in the forma-
tion of bright XRBs. Recently, Ivanova et al. (2010) showed

that the most important formation mechanism for black hole
XRBs in clusters may be triple-induced mass transfer in a
black hole – white dwarf binary.

Secular perturbations in triple system also play an im-
portant role in solar system dynamics. Kozai (1962) studied
the gravitational perturbation on a inclined asteroid arise
form Jupiter in our own solar system. In this hierarchical
configuration the asteroid, a test particle, inclination and
eccentricity fluctuate on time scale larger than the asteroid
orbital time scale. Jupiter carry most of the angular momen-
tum of the system and thus Lz,1, the component of the inner
orbit’s angular momentum along the total angular momen-
tum, is very nearly constant. Recently it was also shown that
considering binary minor planets (both main belt binaries
and trans Neptunein objects), as a triple configuration where
the third object is the sun,can be very useful in understand-
ing the present day observations. Specifically binary minor
planets evolution is effected by the secular gravitational per-
turbation form the sun (Perets & Naoz 2009) which results
on their orbital parameters distribution we see today (Naoz
et al. 2010).

Triple configuration had be shown to be very useful
also in studying extrasolar planets evolution (e.g., Innanen
et al. 1997; Wu & Murray 2003; Fabrycky & Tremaine 2007;
Wu et al. 2007; Naoz et al. 2010). In Naoz et al. (2010) we
showed that a system composed from a star and a Jupiter
like planet (the inner binary) being perturbed by an outer far
away planet can capture (when including tidal friction) the
Jupiter planet to a very close proximity to the star, change
its inclination and even flip its orientation completely. Many
studies of secular perturbations in hierarchical triples con-
sidered a stellar-mass perturber, for which Lz,1 is very nearly

c© 0000 RAS
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Lz1 is conserved only for an axis-
symmetric potential and for a test 

particle (massless particle)!  
(The quadrupole is only valid then)
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Naoz et al, Nature (2011), arXiv:1011.2501
Naoz et al (2013),MNRAS, arXiv:1107.2414
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Allow for the z-component of the angular momenta of 
the inner and outer orbit to change - already at the 
quadrupole level.  

Expanding the approximation to the octupole level 
(e.g., Ford et al, 2000, Blaes et al, 2002 - already done before 
us.)- hexadecapole-level as needed (e.g., Will  2017; Holzknecht 
et al. 2026) 

Both the magnitude and orientation of the angular 
momentum can change

Our treatment
The eccentric Kozai-Lidov mechanism 

?

?

i<90 deg - prograde

i>90 deg - retrograde

Naoz et al, Nature (2011), arXiv:1011.2501
Naoz et al (2013), MNRAS, arXiv:1107.2414

for test particle approx. see: 
Lithwick & Naoz (2011), ApJ, arXiv:1106.3329 
Katz at al (2011), arXiv:1106.3340 

larger parts of the parameter space

See Naoz (2016) for review

Exciting, rich, chaotic 
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GR effects: Naoz et al(2013)

Naoz (2016) ARA&A arXiv:1601.07175

The eccentric Kozai-Lidov mechanism 



Compare to: “Standard” (quadrupole) Kozai
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peaks
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Extreme eccentricities are 
common throughout the 
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Naoz et al (2016)

violate the double averaging procedure (order of
magnitude violation of Equation (18) in Antonini et al.
2014). This may cause even larger eccentricities, which
can lead to a head-on collision between the star and
the BH.

2. Giants. In the second class of systems (∼11%) the inner
orbit does not reach the same extreme eccentricities for
the inner binary to reach RLO. The inner BH-companion
star eventually evolves to become a giant star; it is at that

point that it fills its Roche-lobe, generally still at a highly
eccentric orbit (e1 ∼ 0.9). As shown in the example
depicted in the middle panels of Figure 2, after the outer
star lost its mass, the eccentricity oscillations slowed
down (labeled “Slower EKL” in the figure) but still
continued to be excited to somewhat large values. In the
first stellar expansion episode, tides shrank the inner
orbit’s semimajor axis, which then expanded again due to
mass loss in the red giant and AGB phase. In the second

Figure 2. Example evolutionary sequences corresponding to the three formation scenarios. We consider (from top to bottom) the inclination i1, the eccentricity of the
inner (red) and outer (cyan) orbits, shown as � e1 , the semimajor axis of the inner (red) and outer (cyan) orbits, as well as the pericenter distance of the inner orbit
(the gray line). Also shown is aRoche, as defined in Equation (4). The last two bottom rows show the BH inner companion star’s radius, R1, and mass, m1, as well as the
tertiary companion’s mass m3. Left panels show the time evolution of a system starting right after the BH formation (i.e., post-SN) with m1 = 1.06Me, m2 = 1.91Me,
a1 = 590 au, a2 = 6025 au, e1 = 0.64, e2 = 0.52, i = 105.3°, and the argument of pericenter of the inner and outer orbits are set to 148°. 8 and 332°. 7, respectively. The
post-SN properties of the system shown in the middle panels are m1 = 1.24 Me, m2 = 2.55 Me, a1 = 58.3 au, a2 = 1161.1 au, e1 = 0.64, e2 = 0.36, and i = 110.6°,
with the a and 132°. 8, respectively. Finally, in the right panel’s argument of pericenter of the inner and outer orbits set to 338°. 8 the post-SN properties are m1 = 0.905
Me, m2 = 1.47Me, a1 = 580.2 au, a2 = 4114.2 au, e1 = 0.59, e2 = 0.15, and i = 140.7°, with the argument of pericenter of the inner and outer orbits set to 292°. 4 and
186°. 8, respectively. For illustration purposes we allowed the system to evolve beyond the RLO point.
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with the a and 132°. 8, respectively. Finally, in the right panel’s argument of pericenter of the inner and outer orbits set to 338°. 8 the post-SN properties are m1 = 0.905
Me, m2 = 1.47Me, a1 = 580.2 au, a2 = 4114.2 au, e1 = 0.59, e2 = 0.15, and i = 140.7°, with the argument of pericenter of the inner and outer orbits set to 292°. 4 and
186°. 8, respectively. For illustration purposes we allowed the system to evolve beyond the RLO point.
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LMXB

+ Eccentric Kozai-Lidov (EKL) 
mechanism (Kozai 1962; Lidov 1962; 
Naoz 2016) 

+ General relativity (1pN) 
+ Tides 
+ Post-main-sequence stellar evolution 

(SSE, Hurley et al. 2002)

Binary channel 
Formation ideas:

Low mass x-ray binary

No Common envelope



Burdge, El-Badry et al. (2024)

V404 Cygni Tertiary

V404 Cygni

Triple channel 
Binary channel 
Formation ideas:

Low mass x-ray binary

No Common envelope



No Common envelope

conservatively choose the lower (upper) error to be a factor of
1/2–3 times the separation. We consider any inner binary with
these outer separations and closer than 0.2 au as “V404 Cygni-
like.” Note that we evolved systems that begin eccentric mass
transfer using manual tidal evolution; refer to Section 2.3 and
Figure 2 for the post-simulation tidal prescription. Among the
systems that formed a BH in the inner binary without early
mass transfer with the secondary, 14% become BH-LMXBs,
and the rest remain detached.

We find that nearly all of the LMXBs with a1 < 0.2 au have
wide companions at separations of 2000–10,000 au, just like
V404 Cygni. This contrasts with the wider systems
(a1 > 0.5 au), which have a broader distribution of tertiary
companions between 10 and 104 au. The difference in
separations between these two populations effectively distin-
guishes their distinct evolutionary histories, which can be
readily shown in Figure 2. The LMXBs with a1  0.1 au in
Figure 4 had wider orbits (a1 ∼ 100–1000 au) prior to mass
transfer, yet experienced extreme eccentricities (e1  0.999)
that made their periastron distances of order a1  1 au (bottom
row of Figure 2). At these distances, tides are dominant and
rapidly shrink their orbit to become circular and end at similar
separations to their periastron distance during the high
eccentricity state (Figure 2). In most cases, the high
eccentricities initiated RL crossing at periastron, often when
the secondary star is a red giant (Figure 2, left column). The
high eccentricities required for mass transfer in these systems
highlight that their semimajor axes were above 100–1000 au
before the RL crossing. Therefore, their tertiaries are expected

to be proportionally wider, at separations of 1000–10,000 au
from the inner binary. This is precisely where the tertiary
separations of LMXBs lie in Figure 4, and where the
companion of V404 Cygni is today. Refer to Figure 3 for an
example time evolution of such a triple.
For reasons explained above, nearly all BH-LMXBs in our

sample with a1  0.1 au harbor companions wider than 103 au,
making V404 Cygni’s orbital configuration consistent with
forming via the triple channel. The separation of V404 Cygni’s
wide companion, 3500 au, hints that V404 Cygni likely came
from an eccentric channel, where it was previously a wide,
detached BH binary that reached extreme eccentricities, while
the secondary was a giant. At this stage, its orbit decayed
significantly through angular momentum loss, either via tidal
interactions or mass transfer. In the case of eccentric mass
transfer, the systems may radiate in the X-ray, which can
classify it as a partial (or micro-) tidal disruption event. Other
dynamical channels show that such events can help probe BH
populations in dense stellar environments (e.g., H. B. Perets
et al. 2016; G. Fragione et al. 2019; K. Kremer et al. 2019;
G. Fragione et al. 2020).
The slightly wider population of mass-transferring systems,

with a1  0.5 au, circularized before mass transfer began. In
these triples, the tertiary excites only moderately high
eccentricities (e > 0.9) that do not cause mass transfer during
the radial orbit, but tides still circularize and shrink the orbit
during close pericenter passages. These tight, circular BH
binaries begin to accrete after the secondary star expands,
which is shown by the abundance of red giant secondaries in

Figure 3. Time evolution of a triple system where the inner binary became an LMXB. Top: the evolution of the inner (a1) and outer orbit (a2) semimajor axes (orange
and red), the pericenter distance (rperi, gray), and the Roche radius of the secondary in the inner binary (RRoche,2, cyan). Middle: the evolution of the mutual inclination
(imutual = i1 + i2) between the inner and outer orbits (green) and the spin–orbit angle of the black hole(ΨBH). Both angles are plotted in degrees. Bottom: the evolution
of the radius of the primary (R1, blue) and secondary (R2, green) star in the inner binary. We label the moments where the primary star becomes a black hole (∼107 yr)
and when the inner binary crosses the Roche limit (∼1.5 × 109 yr). In the 500 Myr leading up to the RL crossing, the secondary star began to evolve off the main
sequence with R2 expanding 0.2 Re. Throughout its evolution, the orientation of the inner binary flips multiple times between retrograde and prograde with respect to
the outer orbit. At t = 0, the triples orbital and stellar parameters are m1 = 9.2Me, m2 = 1.45 Me, m3 = 1.2 Me, a1 = 261.3 au, a2 = 5976.9 au, e1 = 0.45, e2 = 0.75,
i1 = 84.91, and i2 = 19.25. At the time of RL crossing, e1 = 0.9999. Note that the time axes in the middle are log-scaled, while the left and right panels are linearly
scaled.
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Cheyanne 
ShariatShariat, Naoz et al (2025)

+   Triple channel 
Binary channel 
Formation ideas:

Triples form BH-LMXBs efficiently, without a common envelope  

(V404 formed this way) 

V404 formed without (or very small) a natal kick 

No BH kicks

Low mass x-ray binary

POSYDON, 
Fragos et al. 2023



Ultracompact x-ray binary
Xuan, Shariat, Naoz (2025)

+ EKL 
+ General relativity (≤2.5pN) 
+ WD dynamical tides

Zeyuan 
Xuan

No Common envelope

WD dynamical tides following Fuller & Lai (2012a); Vick et al. (2017); Su & Lai (2022)



WD dynamical tides following Fuller & Lai (2012a); Vick et al. (2017); Su & Lai (2022)

No Common envelope

Zeyuan 
Xuan

Xuan, Naoz,et al. 
(2024a,b)

Xuan, Shariat, Naoz (2025)

Multimessanger 
+ EKL 
+ General relativity (≤2.5pN) 
+ WD dynamical tides

Bursting GW

GW @ LISA

Produce ∼ 3 − 27 detectable UCXBs in the Milky Way 
(~20 are observed, e.g., Padilla 2023) 

Ultracompact x-ray binary



Seeing stellar mass black holes

Low mass x-ray binary

The Triple Connection:

Low mass X-ray binaries are 
efficiently formed via triples 

Ultracompact X-ray binaries are 
also efficiently formed through 

triples (+Multimessanger)  

No connections to the other BH 
systems 

x



Seeing stellar mass black holes

Gravitational 
wave emissions Astrometry

* We also “see” stellar mass black holes via microlensing

e.g., Zevin et al. (2021), Fishbach & Kalogera (2022), Fishbach et al. (2025).

Connection?

Low mass x-ray binary

Gaia BHs

Connection?



Astrometry

Gaia BHs

e.g., El-Badry et al. 2023a,b; Gaia 
Collaboration et al. 2021, 2023, 2024



Astrometry

Gaia BHs

∼ 1 au

e.g., El-Badry et al. 2023a,b; Gaia 
Collaboration et al. 2021, 2023, 2024



Astrometry

Gaia BHs
Formation suggestions: fine-tuned mass transfer or envelope ejection, 
triple-star evolution, and natal BH kicks that reshaped the orbit (e.g., El-
Badry et al. 2023b; Generozov & Perets 2024; Li et al. 2024; Fishbach et al. 2025). 

20,000 Gaia BH are expected in the MW, e.g., Nagarajan et al. (2025)

e.g., El-Badry et al. 2023a,b; Gaia 
Collaboration et al. 2021, 2023, 2024



Seeing stellar mass black holes

Gravitational 
wave emissions

* We also “see” stellar mass black holes via microlensing

Astrometry

e.g., Zevin et al. (2021), Fishbach & Kalogera (2022), Fishbach et al. (2025).

Low mass x-ray binary

GAIA BHs



Gravitational wave 
emissions

e.g., Rodriguez et al. 2016, 2018; Miller & Hamilton 
02, Portegies Zwart & McMillan 02, Morscher et al. 
15, Samsing 18, Samsing & D’Orazio 18, D’Orazio 

& Samsing 18, Zevin et al. 19, Kremer et al. 19, 
Gerosa, Vitale et al. 20

e.g., GW capture: O’Leary et al. 2009; Naoz  & 
Sari in prep; EKL: Hoang, Naoz et al. 2018, 
2019; Xuan, Naoz et al. 2023, 2024a, 2024b; 

Large-scale dynamics: Petrovich & Antonini 
2017; AGN disks: Tagawa et al. 2020; Samsing et 

al. 2022

e.g., Thompson 2011; Antonini et al. 2016, 
2017; Silsbee & Tremaine 2017; Liu et al. 

2019 Dorozsmai et al. 2024; Kummer et al. 
2025; Stegmann et al 2025

• Globular Clusters 

• Galactic Nuclei 

• Hierarchical triples

Dynamical 
channel 

• Common-envelope

(See also: Nutzman et al. 2004; Belczynski et al. 
2002, 2007; Stevenson et al. 2017;Breivik et al. 
2016; Gallegos-Garcia et al. 2021).

e.g., Van den Heuvel 1976, Kalogera et al. 2007, 
Dominik et al. (2012, 2013, 2015), Belczynski et 
al. 2016, 2020, Bavera et al. 2020, 2021, 2022.

Chemically homogeneous evolution, e.g., de 
Mink & Mandel 2016; Mandel & de Mink 2016; 
Marchant et al. 2016, du Buisspn et al., 2021; 
Riley et al., 2021; Bavera et al. 2020, 2021, 2022

Isolated 
binaries 

• Stable-mass-transfer

• Chemically 
homogeneous~1days

Burning all H

⃔ ⃔

~100days

Unstable 

Removing 
envelope 

B

S

Gravitational wave emissions



Isolated binary channel 
+ a tertiary 

m⋆ = 1 M⊙
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GW Merger
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A proof of concept population 

If all LVK sources came from 
isolated binaries  

☟   

1-10% Gaia BH-like (P≤10yrs)  

Naoz et al (2025)

EKL (up to hexadecapole) + GR + GW + recoil kicks 
Bin: Pre-merger configurations are motivated by 
Kruckow et al. (2018); tertiary: Shariat et al. (2025)
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Rc ≤ rRoche
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EM 

counterpart 

~Gyr

~days - months

If all LVK sources came from 
isolated binaries  

☟   

0.02% of all GW will have an EM 
counterpart, after ~10s days  



Connection Connection Gaia BH-like

The Triple Connection: Black Hole Mergers, 
Electromagnetic Signatures, and Galactic Black Holes

Binary + Triple formation channel of 
Low mass X-ray binary Natural connection between 

different BH-binary systems


