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はじめに



この研究会を企画してくださった世話人の皆様には感謝しています。
特に、基礎物理学研究所の所員である杉本さん、高柳さんにはお手
数をおかけしました。ありがとうございます。

この講演では、私の研究のうち、３つを取り上げ、その裏話や教訓
などを含めて、紹介したいと思います。少しでも若い方の参考にな
るのであれば幸いです。また、これからの研究方向も述べますので、
興味のある方は一緒に仕事をしましょう。

また、お忙しい中、話をしてくださった講演者の方、研究会の参加
者の方にも感謝しています。



過去：格子ゲージ理論
K. Wilson M. Creutz



江口　徹　先生： 
東大大学院での指導教員（実は１回り上の高校の先輩）

残念ながら、今年の１月３０日にご逝去。
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時間があれば、後で紹介。

興味のある方は以下を見てください。
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現在：ポテンシャル法
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格子QCDで相互作用を調べるには？

Interaction  
range

No interaction 箱が相互作用領域より十分大きければ、

周期境界条件では、

自由場

相互作用があると

NBS波動関数

有限体積公式(S波の場合)

Lüscher’s finite volume formula



相互作用（ポテンシャル）を直接計算できないか？
問題点：QCDにおけるポテンシャルとは何か？

実験結果（散乱位相差） ポテンシャル（スキームによる）

mid-range
attraction

mid-range
attraction

short-range 
repulsion

short-range 
repulsion

Nijmegen partial-wave analysis,
Stoks et al., Phys.Rev. C48 (1993) 792

NN interactions
critical inputs in nuclear physics

2S+1LJ

deuteron
virtual state

ポテンシャルはユニークではないが、物理的性質を直感的に理解するには有用。

running couplingもスキーム依存だが、漸近的自由性などは相互作用の性質を理解
するのに有用。
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Wilson loop�T�’ static quark potential�›���[�`�h�M�O�U�–�Q�s�M�T�•

Tkahashi-Doi-Suganuma, hep-lat/0601006
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difÞcult. Instead, we study the static inter-baryon potential in lattice QCD. To Þx
the center of mass of each baryon, we use Òheavy-light-lightÓquark system. Here,
the heavy quark is treated as a static one with inÞnite mass. Then, the inter-baryon
distance can be clearly deÞned as the relative distance between two heavy (static)
quarks. For the interpolating Þeld of this heavy-light-light quark baryon, we employ
N(⃗r, t) ≡ εabcQ

a(⃗r, t)
[

tqb1(⃗r, t)Cγ5q
c
2(⃗r, t)

]

, with Qa(⃗r, t) the Þeld for a static quark lo-
cated at (⃗r, t) and qai (⃗r, t) the light-quark Þeld. The inter-baryon potential VBB(r) as a
function of the relative distance r ≡ |⃗r| can be extracted from the temporal correlators,
CBB(⃗r,T)≡ ⟨[N(⃗0,T )N(⃗r,T)][ øN(⃗0,0) øN(⃗r,0)]⟩, and its limit as limT→∞−

1
T

lnCBB(⃗r,T ).
The correlators can be expressed as the sum of the products of six quark propagators

via the Wick contraction of the quark Þelds. In particular, the propagator for the static
quarks is expressed as the path-ordered product of the gauge Þeld Pexp(ig

∫

A0(x)dt),
which corresponds to the leading-order propagator in the heavy quark approximation.
As for the light quarks, the ßavor content can be controlled by selecting ÒFeynman

Qqq qqQ

(a)

Qqq qqQ

(b)

Qqq qqQ

(d)

Qqq qqQ

(c)

FIGURE 1. Schematic Þguresof theWick contraction.

diagramsÓ. For example, in thecase when all thequarks have different ßavors, we omit
the quark-exchange diagrams. (We need only (a) in Fig. 1.) If some pairs of quarks are
identical, we include the corresponding exchange diagram of the two quarks ((b)-(d) in
Fig. 1). In such a way, we can control the ßavor content, which is directly connected to
thePauli-blocking effects among quarks.

Note here that one of quarks is static and even the ÒlightÓquarks are rather heavy
asmcurrent

u,d ≃ 100 ∼ 250 MeV, which would weaken the Pauli-blocking effects and the
spin-spin interactions proportional to 1/m2

const, with mconst the constituent quark mass.
However, taking into account that theshort-rangeinteractionsbetween two nucleonsare
quitestrong, thepresent setup would beenough to singleout theessenceof therepulsive
core in thenuclear force.

0 0.2 0.4 0.6 0.8 1

Distance r [fm]

−0.5

0

0.5

(κ=0.1650)

V
BB
−2V

B
 [GeV]

0 0.2 0.4 0.6 0.8 1

Distance r [fm]

−0.5

0

0.5

(κ=0.1650)

V
BB
−2V

B
 [GeV]

0 0.2 0.4 0.6 0.8 1

Distance r [fm]

−0.5

0

0.5

(κ=0.1650)

V
BB
−2V

B
 [GeV]

FIGURE 2. Theinter-baryon potential VBB(r)−2VB in latticeQCD. Left:All the light-quark ßavorsare
different. Middle:One pair of quark ßavors are identical. Right:Two pairs of quark ßavors are identical.
Thehorizontal axisdenotes the inter-baryon distance r.

クエンチ近似の結果

difficult. Instead, we study the static inter-baryon potential in lattice QCD. To fix

the center of mass of each baryon, we use “heavy-light-light” quark system. Here,

the heavy quark is treated as a static one with infinite mass. Then, the inter-baryon

distance can be clearly defined as the relative distance between two heavy (static)

quarks. For the interpolating field of this heavy-light-light quark baryon, we employ

N(⃗r, t) ≡ εabcQ
a(⃗r, t)

[

tqb1(⃗r, t)Cγ5q
c
2(⃗r, t)

]

, with Qa(⃗r, t) the field for a static quark lo-
cated at (⃗r, t) and qai (⃗r, t) the light-quark field. The inter-baryon potential VBB(r) as a
function of the relative distance r ≡ |⃗r| can be extracted from the temporal correlators,
CBB(⃗r,T)≡ ⟨[N(⃗0,T )N(⃗r,T)][N̄(⃗0,0)N̄(⃗r,0)]⟩, and its limit as limT→∞−

1
T
lnCBB(⃗r,T ).

The correlators can be expressed as the sum of the products of six quark propagators

via the Wick contraction of the quark fields. In particular, the propagator for the static
quarks is expressed as the path-ordered product of the gauge field Pexp(ig

∫

A0(x)dt),
which corresponds to the leading-order propagator in the heavy quark approximation.

As for the light quarks, the flavor content can be controlled by selecting “Feynman

Qqq qqQ

(a)

Qqq qqQ

(b)

Qqq qqQ

(d)

Qqq qqQ

(c)

FIGURE 1. Schematic figures of the Wick contraction.

diagrams”. For example, in the case when all the quarks have different flavors, we omit

the quark-exchange diagrams. (We need only (a) in Fig. 1.) If some pairs of quarks are

identical, we include the corresponding exchange diagram of the two quarks ((b)-(d) in

Fig. 1). In such a way, we can control the flavor content, which is directly connected to

the Pauli-blocking effects among quarks.

Note here that one of quarks is static and even the “light” quarks are rather heavy

as mcurrentu,d ≃ 100 ∼ 250 MeV, which would weaken the Pauli-blocking effects and the

spin-spin interactions proportional to 1/m2const, with mconst the constituent quark mass.
However, taking into account that the short-range interactions between two nucleons are

quite strong, the present setup would be enough to single out the essence of the repulsive

core in the nuclear force.
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FIGURE 2. The inter-baryon potentialVBB(r)−2VB in lattice QCD. Left:All the light-quark flavors are
different. Middle:One pair of quark flavors are identical. Right:Two pairs of quark flavors are identical.

The horizontal axis denotes the inter-baryon distance r.
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HAL QCD法に至る道
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CP-PACS Collaboration: S.Aoki, M.Fukugita, K.-I.Ishikawa, N. Ishizuka, Y.Iwasaki, 
K.Kanaya, T.Kaneko, Y.Kuramashi, M.Okawa, A.Ukawa, T.Yamazaki, T.Yoshie, Phys. Rev. 
D71(2005)094504.
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FIG. 3: V (x⃗; k) in unit of 1/a2 on 243 lattice on (t, z) = (52, 0) plane for m2
π = 0.273 GeV2.

23

The single pion time correlator computed with the aid of
the wall source,

F! !t; t0" #
1
L3

X

~x

h0j! $ ! ~x; t"W!t0"j0i ; (20)

is used to construct the normalized two-pion correlator:

R!t" #
F!! !t; t0; t0 $ 1"

F! !t; t0"F! !t; t0 $ 1"
: (21)

In the absence of the singular-value solution that belongs to
k2 # 0, this behaves for a larget as

R!t" # C %e& ! W%!t& t0"; (22)

whereC is a constant and

! W # 2Ek & 2m! # 2
!!!!!!!!!!!!!!!!!!
m2

! $ k2
q

& 2m! (23)

is the energy shift due to the two-pion interaction on the
Þnite volume. The momentumk2 is calculated from! W,
and it can be used to estimate the scattering length via
Lu¬scherÕs formula.

B. Simulation parameters

Our simulation is carried out in quenched lattice QCD
employing a renormalization group improved gauge action
for gluons,

SG #
"
6

X

x

"
C0

X

# < $
W1' 1

#$ !x" $ C1

X

# ;$
W1' 2

#$ !x"
#
: (24)

The coefÞcientC1 # & 0:331 of the 1 ' 2 Wilson loop
W1' 2

#$ !x" is Þxed by a renormalization group analysis
[23], and C0 # 1 & 8C1 # 3:648 of the 1 ' 1 Wilson
loop W1' 1

#$ !x" by the normalization condition, which de-
Þnes the bare coupling" # 6=g2. Our calculation is car-
ried out at" # 2:334. Gluon conÞgurations are generated
with the5-hit heat-bath algorithm and the over-relaxation
algorithm mixed in the ratio of1:4. The combination is
called a sweep and physical quantities are measured every
200 sweeps.

We use an improved Wilson action for the quarks [24]
with the clover coefÞcientCSW being the mean-Þeld im-
proved choice deÞned by

CSW # ! W1' 1
#$ "& 3=4 # ! 1 & 0:8412=" "& 3=4 # 1:398;

(25)

whereW1' 1
#$ is the value in one-loop perturbation theory

[23]. Quark propagators are solved with the Dirichlet
boundary condition imposed in the time direction for
gauge conÞgurations Þxed to the Coulomb gauge. The
wall source deÞned by (17) is set att0 # 12, which is
sufÞcient to avoid effects from the temporal boundary.

The lattice cutoff was estimated as1=a #
1:207!12" GeV [a # 0:1632!16" fm] from m% [25]. The
lattice sizes (the numbers of conÞgurations in parentheses)

are163 ' 80!1200", 203 ' 80!1000", and243 ' 80!506",
which correspond to the lattice extent2:61, 3:26, and
3:92 fm, respectively, in physical units. Five quark masses
are chosen to givem2

! # 0:273, 0:351, 0:444, 0:588, and
0:736 GeV2. The numbers of positions that give indepen-
dent wave functions are165, 286, and455for L # 16, 20,
and24, respectively.

IV. RESULTS

A. Wave functions

The two-pion wave function calculated on the243 lattice
is exempliÞed in Fig. 1 on the!t; z" # ! 52;0" plane for
m2

! # 0:273 GeV2, with the reference position in (18)
Þxed at~x0 # ! 7; 5; 2" (x0 # j ~x0j # 8:832). The statistical
errors are negligible in the scale of the Þgure.

The same wave function is shown in Fig. 2 as a function
of x # j ~xj for independent data points. The branching of
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FIG. 1. Two-pion wave function&! ~x; k" on 243 lattice on
!t; z" # ! 52;0" plane form2

! # 0:273 GeV2. The reference vec-
tor is set at~x0 # ! 7;5;2" (x0 # j ~x0j # 8:832).

FIG. 2. Two-pion wave function&! ~x; k" on 243 lattice att #
52 for m2

! # 0:273 GeV2. Horizontal axis isx # j ~xj. Solid
symbols are data points and cross symbols are results of Þtting
with G! ~x; k".
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NBS�þ�ˆ��
:

the curve seen in the figure indicates that the wave function
does not represent a pure S wave. This can be understood
by the consideration in what follows. Let f!x" be a function
depending only on x # j ~xj for ~x # $%L=2; L=2&3. The first
derivative is given by

rf!x" # ~x
x

d
dx

f!x": (26)

Thus, f!x" satisfies the boundary condition only when

df!x"=dx # 0 at the boundary where at least one compo-
nent of the vector ~x takes 'L=2. This also means
df!x"=dx # 0 for x ( L=2 from symmetry under the cubic
group. The wave function for the scattering system gen-
erally does not satisfy this. Hence, it cannot be a pure
S-wave function but receives contributions from the states
with angular momenta l > 0. We expect that the wave
function that belongs to the A)

1 representation contains
jl!kx" with l ( 4 but not nl!kx" with l ( 4, because !l!k" is
small for l ( 4 for the two-pion ground state. This is
supported by our results as shown later.

We now consider the two-pion interaction from the ratio:

V! ~x; k" # 4"! ~x; k"
"! ~x; k" : (27)

Here we adopt the naive numerical Laplacian on the lattice,

4f! ~x" #
X

#
$f! ~x) #̂" % f! ~x% #̂" ) 2f! ~x"&; (28)

since k2 is very small and the choice of the numerical
Laplacian is not important for a large x. Away from the
two-pion interaction range, i.e., x > R, we expect that
V! ~x; k" is independent of ~x and equals to %k2. In Fig. 3
V! ~x; k" is plotted for the same parameters as for Fig. 1. The
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FIG. 3. V! ~x; k" in units of 1=a2 on 243 lattice on !t; z" # !52; 0"
plane for m2

$ # 0:273 GeV2.

FIG. 4. Time dependence of V! ~x; k" in units of 1=a2 on 243 lattice for m2
$ # 0:273 GeV2. Horizontal axis is x # j ~xj. We plot a line at

%k2 estimated from the two-pion time correlator.
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相互作用の無い領域を使って情報
を引き出す方法を使った
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HAL QCD法の戦略

①まず、(同時刻)NBS波動関数を導入。

! k (r ) = !0|N (x + r , 0)N (x, 0)|N N, Wk "
Zk

sin(kr � l⇡/2 + �l(k))

kr

r ! "
これが重要

Wk ! Wth = 2mN + m!

②以下でポテンシャルを定義。

[! k ! H0] " k (x) = V (x, " )" k (x) ϵk =
k2

2µ
H0 =

!" 2

2µ

!"#$%&"'(QCD)()*+,(-

./%01%!2345+,678

-

9:23;<!" QCD;<!"

NNの場合

V(x, ! ) = V0(r ) + V! (r )( ! 1 á! 2 ) + VT (r )S12 + VLS (r )L áS + O(! 2)

LO LO LO NLO NNLO

③少数のNBS波動関数をインプットとして、ポテンシャルを微分展開の低次から求め（近
似）、物理量（位相差など）を計算。



量子力学を用いた具体例

�4�F�Q�B�S�B�C�M�F���Q�P�U�F�O�U�J�B�MU(~x, ~y) = wv(~x)v(~y) v(!x) = e! µx , x := |!x|

�4�þ�w�þ�ˆ��
:

! 0
k (x) =

ei �(k )

kx


sin(kx + " (k)) � sin" (k)e�µx

✓
1 + x

µ2 + k2)
2µ

◆�

= C

e

i�(k)

kx

sin(kx+ �R(k))

x ! R

x > R

R: IR cut-o↵

phase shift �R(k) is exactly calculable.

�-�0�¢�7�ÿ�Í�£���Ù�Â�ï�³�ß�ç�›�;�M�h�A�L

�/�-�0���Ù�Â�ï�³�ß�ç�›�;�M�h�A�L V NLO
0 (r) + V NLO

1 (r)r2

V LO
0 (r)

�k�µ�s�A�L U(!x, !y)

from k2 = 0 or k2 = µ2

非局所性が大きい



LO at k2 = 0

NLO
exact

LO at k2 = µ2 NLO ポテンシャルは厳密な
答えを良く再現する。

U(~x, ~y) = wv(~x)v(~y)

v(!x) = e! µx , x := |!x|



LO at k2 = 0

LO ERE ar k2 = 0

LO ERE ar k2 = µ2

LO at k2 = µ2

exact

NLO

NLO ERE

ERE =Effective Range 
Expansion

NLOポテンシャルの結果は、
NLO EREの結果より良い。

k cot(�0(k))



HAL QCD法の利点
①近似的であるが、より詳細な情報が得られる。（前述）
②近似による誤差の評価が可能で、近似をあげることもできる。（前述）

③物理的、直感的な理解の可能性。
④結合チャネルへの拡張が容易。

⑤時間依存法により励起状態の情報も活用可能。
R(r , t) ! F (r , t)/G N (t)2 =

!

n

An ! W n (r )e! ! W n t 色々なエネルギーのNBSが混合
!

! H0 !
!
! t

+
1

4mN

! 2

! t2

"
R(r , t) = V (r , " )R(r , t) = VC (r )R(r , t) + á á á
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NN ポテンシャル
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場の量子論（QCD）に対する（新しい）見方と解析方法を確立。

HAL QCD法の意義（私見）

エネルギー上限を考えたQCD 安定粒子に対する結合チャネルの
ポテンシャルによる記述

! , ! , á á á

N, øN, ! , á á á N, øN, ! , á á á

N ! , !! , á á á

NN, !! , á á á D,H, · · ·重陽子、H, …

安定粒子

共鳴状態

束縛状態 or

ハドロン物理に残された課題（私見）

エキゾチックハドロンを含めた共鳴状態を可能な限りHAL QCD法で調べて、存否を含め
その性質を明らかに、ハドロン物理を完成させること。



未来：AdS/CFT対応

https://www.musey.net/2692



事の始まり
２０１３年４月、筑波大学から京都大学基礎物理学研究所に移動。まさか自分が基研に来
るとは思わなかった。（経緯は柴田さんの話？）

基研には、高柳さん、杉本さんなど弦理論の著名な研究者が多くいた。私にとって、AdS/
CFT対応は不思議であったが、高柳さんなどが、場の理論のエネルギースケールを新たな
座標としてAdS/CFTを構成する研究をしていることを知り、興味を持つ。

サロンで、大野木さんとポスドクの菊地さんが２次元O(N)非線形シグマ模型のグラディエ
トー・フローに関する議論をしているところに通りかかる。「こうやったらできるんじゃな
いの？」と共同研究に加わる。３人で論文を書く。

�ò�>�^�œ
�ô���^�œ 
?�Š�^�œ �G�ú�æ�^�œ



せっかくフロー法を勉強したのだからと、その結果を使って、無謀にも３次元の計量を定義
し、”ホログラフィー”理論を提案。

不思議なことに、massless極限では、計量がAdS空間を記述するものになる。

その後も、大野木さん、Peter Weisz, Janos Balogと３次元O(N)スカラー理論などの解析
をする。適切な規格化をすれば、massless極限でAdSが出るが、その理由や意味は不明。

ふと「場の理論としてCFT(Conformal Field Theory)を取り、対応するホログラフィック
な空間を調べること」を思いつく。CFTの予備知識はなかったが、高柳さんや杉本さんは恐
れ多かったので、ポスドクの横山さんに声を掛け、共同研究が始まる。

杉本さんには、Dブレインを用いたAdS/CFT対応の初歩を教えてもらう。

J. Balog



フロー場を用いたAdS/CFTの構成

フロー方程式 !
!t

" a(t, x ) =
!
! ! m2"

" a(t, x ) ! a(0, x) = " a(x)初期条件

(d+1)-dim. d-dim.

�

a(t, x) = e

(! ! m

2 )t
'

a(x) =
e

! m

2
t

(4⇡t)d/2

!
d

d

y e

! (x! y)2
/4t

'

a(y)

t

Rd

! a(t, x)

! a(y)!
4t

規格化されたフロー場

! a(z) :=
" a(z)

!
! " 2(z)"S

z := ( ! , x) ! (R+ , Rd), ! :=
"

2dt

! ! 2(z)"S = 1

量子平均

hO(')iS :=
1

Z

Z
D'O(')e�S('), Z :=

Z
D'e�S(')

d-dim.

青木、横山



(d+1)次元の計量（演算子）
gAB (z) := R2

N!

a=1

! A " a(z)! B " a(z)

①その期待値は、紫外発散がなく有限。

②この計量はラージN極限では、古典的に振る舞う。

hgAB(z1)gCD(z2)iS = hgAB(z1)iShgCD(z2)iS +O(1/N) !GAB (gCD )"S = GAB (!gCD "S) + O(1/N )

量子平均で古典幾何が出る

③規格化されたフロー場の意味：計量の期待値が「情報計量」に対応 伊敷さんの指摘

Bures情報計量：混合状態の密度行列の間の距離を与える

今の場合 ! (z) :=
N!

a=1

|" a(z)!" " a(z)| N個のエンタングル対

tr⇢(z) = h�(z)2iS = 1規格化条件

ここまでは、任意のスカラー場理論に対して成り立つ性質



CFTの場合のフロー場

プライマリー場 ! (" x) = " ! ! ! (x)

h�(t, x)�(s, y)i = e

⇤
x

t+⇤
y

sh'(x)'(y)iCFT = G(t+ s, (x� y)2)

G(! 2(t + s), ! 2(x ! y)2) = ! ! 2! G(t + s, (x ! y)2)

G(t+ s, (x� y)2) =
1

(t+ s)�
F0

✓
(x� y)2

t+ s

◆

h�(t, x)�(s, y)i =
✓
2
p
ts

t+ s

◆�

F

✓
(x� y)2

t+ s

◆
F (x) :=

F0(x)
F0(0)

F (0) = 1

フロー方程式から !
!

(t + s)�+1
F0(0) =

2d
(t + s)�+1

F 0
0(0) F 0(0) = ��

2d

計量の期待値 ḡAB (z) := R2! ! A " (t, x )! B " (t, x )"

øg!! (z) =
R2!
! 2

øgµ! (z) =
! 2dF !(0)R2

! 2 " µ ! =
R2!
! 2 " µ !

øg!" (z) = øgµ! (z) = 0

ds2 = R2!
d! 2 + dx2

! 2
AdS計量(Poincare patch)



なぜCFTからAdSが出たのか？
コンフォーマル対称性（量子的）

AdS空間の等長変換（古典的）

! conf " (x) = ! ! xµ #µ " (x) !
!
d

(#µ ! xµ )" (x)

SO(d,2) or SO(d + 1 , 1)

! xµ := aµ + " µ
! x! + #xµ + bµ x2 ! 2xµ (b! x! )

ポアンカレ dilatation special conformal

! di ! gAB (z) = ! ! zC " C gAB (z) ! (" A ! zC )gCB (z) ! (" B ! zC )gAC (z)

! z := ( !" , ! x), !" := ( # ! 2(b! x! )) " , ! xµ := ! conf xµ + " 2bµ

規格化されたフロー場： ! (z) =
" !

!
d! F0(0)

e! 2 ! / 2d#(x)

本当か？

÷! conf " (z) :=
#!

!
d! F0(0)

e! 2 ! / 2d! conf $(x) = ! di " " (z) + ! extra " (z)

! extra " (z) =
#3

d
b! $!

!
$" +

2(! + 2)
#

"
" (z)

conformal symmetry != isometry in general.



計量の期待値に対しては

! ÷! conf gAB (z)" = ! ! di ! gAB (z)" + R2 lim
w! z

"
" zA

"
" wB ! ! extra #(z)#(w) + #(z)! extra #(w)"

具体的に計算すると
!
! extra " (z)" (w) + " (z)! extra " (w)

"
= !

64d3(2#x #y )!

(#2
x + #2

y )! +2 (#2
x ! #2

y )bµ (x ! y)µ (x ! y)2F !!
#

2d(x ! y)2

#2
x + #2

y

$

z=wで残るためには４つ以上の微分が必要
!
! conf gAB (z)

"
=

!
! di ! gAB (z)

"

コンフォーマル不変性
!
! conf gAB (z)

"
= 0 AdS Isometry

!
! di ! gAB (z)

"
= 0



CFTを超えた拡張 青木、横山、吉田

スケール不変な非相対論的理論

it is recognized as a realization of the holographic principle [4,5]. This correspondence has

not been proven completely yet, but it is supported by a huge amount of circumstantial

evidences and there is no contradiction so far.

The validity of the AdS/CFT correspondence has been well recognized nowadays, and

it has opened up a new arena to consider applications of AdS/CFT to realistic systems

in condensed matter physics (CMP) (often referred to as AdS/CMP). By following this

approach, one can study the non-perturbative physics of gauge theories in a strongly-coupled

region by using a weakly-coupled (semi-)classical gravity. Indeed, a lot of works have been

carried out (For nice reviews, for example, see [6Ð11]).

One of the issues in the context of AdS/CMP is to consider how to realize non-relativistic

(NR) systems beyond the usual, relativistic CFT. A key ingredient is an anisotropic scaling

like

t ! ! Z t, x i ! ! xi (i = 1, . . . , d " 1) , ! : a real const., (1.1)

wheret and xi are time and spatial coordinates, respectively. HereZ is called the dynamical

critical exponent, which measures anisotropy of the system. In particular, theZ = 1 case

corresponds to the relativistic dilatation. There are two famous examples of symmetry

algebra including the anisotropic scaling (1.1), Schr¬odinger algebra [12] and Lifshitz algebra1.

The geometries that preserve these symmetries as isometries have been constructed in [18,19]

and [20], respectively. These geometries have been proposed from the symmetry argument.

Then, with the standard dictionary (with some extension), the boundary theory is argued.

One of the subtle points is that the boundary behavior of these geometries are not so well

deÞned. Namely, a part of the geometry shrinks as we approach the boundary. Then, the

supergravity approximation may not be valid any more and the notion of the boundary

would be subtle.

Based on this observation, our motivation here is to consider the inverse direction to the

preceding works. That is, we would like to demonstrate that a gravity dual may emerge

starting from a non-relativistic system with a scaling invariance. For this purpose, we shall

follow the method based on ßow equations proposed by two of the present authors [22]2.

1For more details on the non-relativistic algebras, see [13Ð17].
2The ßow equation method to construct a holographic theory was originally introduced in Ref. [23] and

was further developed in Refs. [24,25].

2

例：シュレディンガー対称性(Z=2)

このような理論をD=d+1次元に埋め込むとその対称性はコンフォーマル対称性の一部になる。

x+ = t, x! : extra coordinate

where!x2 = xi xi .

For our argument, let us introduce an extra direction denoted byx! , in order to embed

the d-dimensional non-relativistic symmetry into theD = d + 1 dimensional relativistic

conformal symmetry, generated with

"xµ = aµ + #µ
! x! + $xµ + bµx2 ! 2xµ(báx), (4.2)

where aµ, #µ! , $ and bµ are parameters of translation, rotation, dilatation and special

conformal transformation, respectively, and theD dimensional light-cone coordinate is given

by x := ( xµ) = ( !x, x+ , x! ) with x+ = t. The transformation law under the Schr¬odinger

symmetry can be derived from the conformal transformation (4.2) for a scalar primary

operator with dimension! O,

" confO0(x) = ! "xµ%µO0(x) !
! O

D
(%µ"xµ) O0(x) , (4.3)

by keeping only the following components of the parameters,

ai , a+ , a! " µ, #i
j , # ! i " vi , #+ ! " $ , b! " b , (4.4)

and the other parameters are set to zero. Then the transformation law (4.2) reduces to

" sxi = ai + #i
j xj ! vi x+ + $xi ! 2bxi x+ ,

" sx+ = a+ + 2$x+ ! 2b(x+ )2 ,

" sx! = µ + vi xi + b!x2 .

(4.5)

Herevi , µ , $ and b correspond to parameters of the Galilei transformation, mass operator,

scale transformation and special conformal transformation, respectively. Note here that the

x! coordinate does not appear on the right-hand sides. This means that the translation for

the x! direction commutes with the other transformations, so that the associated generator

i%! is identiÞed with the mass operator. Notably,x+ corresponds to the time direction in

the non-relativistic system.

Thus a scalar primary operatorO(x) with dimension ! O transforms as

" SO(x) =
!

! ai %i ! a+ %+ ! µ%! ! #ij xj %i ! vi (xi %! ! x+ %i ) ! $(! O + xi %i + 2x+ %+ )

+ b{ ! (xi )2%! + 2x+ (! O + xi %i + x+ %+ )}
"
O(x) , (4.6)

11

vi : Galilei, µ: mass operator

フロー方程式

and its 2-point function is given by

!
O(!x1, x+

1 , x!
1 )O  (!x2, x+

2 , x!
2 )

"
=

1
(x+

12)! O
f

#
x!

12 +
!x2

12

2x+
12

$
. (4.7)

It is easy to see that (4.7) reduces to (4.1) whenx!
12 ! 0.

We smear this non-relativistic conformal primary operator by a non-relativistic ßow

equation. A general non-relativistic free ßow equation is

"
"#

$(x; #) = (2 i øm" + + 2" ! " + + !" 2)$(x; #), $(x; 0) = O(x), (4.8)

where øm is a real parameter of mass dimension one. This can be solved as

$(x; #) = e! (2i øm" + +2 " ! " + + #" 2)O(x) =
%

dD x"K (x " x"; #)O(x") (4.9)

where

K (x; #) = exp
&
" i ømx!

' e
! 2x + x ! ! !x 2

4"

#
4%#D

. (4.10)

Let us study the transformation of the ßowed operator under the non-relativistic con-

formal transformation.

&S
øm$(x; #) = e! (2i øm" + +2 " ! " + + #" 2)&SO(x) = &S$(x; #) + &"S

øm $(x; #) (4.11)

where&S is given by (4.6) and

&"S
øm $(x; #) =

&
2i øm#vi " i " ' 2#"! + b{ (" 2#(d " 1) + 4#! O + 4#2" ! )" !

+ 4 i øm#(! O + xi " i + #!" 2 + #"! ) + 4 x+ #"! }
'
$(x; #). (4.12)

Note that the ßowed operator$(x; #) transforms di" erently from O(x) under the Galilei

transformation unless øm vanishes.

We move on to the 2-point function of the ßowed operator, which is written as

!
$(x1; #1)$  (x2; #2)

"
= e! 1(2i øm" + +2 " ! " + + #" 2)+ ! 2(! 2i øm" "

+ +2 " "
! " "

+ + #" "2)
!
O(x1)O  (x2)

"

= exp
(
#+ (2i øm" + + 2" ! " + + !" 2)

) * f
+

x!
12 + #x2

12

2x+
12

,

(x+
12)! O

-
(4.13)

where we used the same notation in the previous section. This function can be written as

F1((!x12)2, x+
12, x!

12; #+ ). From the Galilean invariance we Þnd

vi (xi " ! " (x+ + 2i øm#)2xi " #x2 )F1(!x2, x+ , x! ; #) = 0 . (4.14)

12

This can be generally solved by

F1(!x2, x+ , x! ; " ) = F (2(x+ + 2i øm" )x! + !x2, x+ ; " ), (4.15)

whereF is an unknown function. The non-relativistic scale invariance requires

F1(#2!x2, #2x+ , x! ; #2" + ) = #! 2! O F1(!x2, x+ , x! ; " + ), (4.16)

which constraints the function in such a way that

F (2(x+ + 2i øm" + )x! + !x2, x+ ; " + ) =
1

" ! O
+

F
!

2(x+ + 2i øm" + )x! + !x2

" +
,
x+

" +
; 1

"
. (4.17)

As a result the 2-point function is written as

#
$(x1; " 1)$  (x2; " 2)

$
=

1

" ! O
+

F
!

2(x+
12 + 2 i øm" + )x!

12 + ( !x12)2

" +
,
x+

12

" +
; 1

"
. (4.18)

Note that the contact singularity is resolved with a general parameterization.

By using this result the 2-point function of the normalized Þeld becomes

#
%(x1; " 1)%  (x2; " 2)

$
=

!
4" 1" 2

" 2
+

" ! O / 2

G
!

2(x+
12 + 2i øm" + )x!

12 + ( !x12)2

" +
,
x+

12

" +

"
, (4.19)

whereG(u, v) = F (u, v; 1)/F (0, 0; 1).

Since the normalized ßowed Þeld% is complex-valued for non-relativistic theories in

general, the deÞnition of the metric operator, for example, should be modiÞed like

ögAB (x; " ) =
&A %(x; " )&B %  (x; " ) + &B %(x; " )&A %  (x; " )

2
, (4.20)

so that the induced metric, which is given bygAB (z) = ! ögAB (x; " )" , becomes real and

symmetric.9 Then the induced metric is computed as

g!! (z) =
! O

4" 2
, g+ ! (z) = g! ! (z) = 0 , (4.21)

g++ (z) =
# 1
4" 2

G(0,2)(!0), g+ ! (z) =
# G(1,0)(!0) # 2i ømG(1,1)(!0)

"
,

9 If one wants to relate the induced metric to an information metric for a complex-valued vector model

as in [22], an extra term 1
2 (

#
!   " A !

$ #
!   " B !

$
+

#
" A !   !

$ #
" B !   !

$
) is necessary to add to the deÞnition of

the induced metric. However, this term may not be written as an expectation value of a speciÞc operator.

Hence we shall avoid using this deÞnition here, probably though the relevance to an information metric

would be signiÞcant for the bulk description as shown in [22]. We shall leave this issue as a future work.

We appreciate Janos Balog for discussion on this point.
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UV singularityの除去に必要



得られた計量の期待値

g!! (z) = ! (4i øm)2G(2,0)(!0), gij (z) =
! " ij

#
G(1,0)(!0), (4.22)

whereG(n,m )(u, v) := $n
u $m

v G(u, v). The undetermined constants are not independent from

each other, since the ßow equation implies

$!
!
%(x; #)%  (x"; #")

"
= (2( i øm + $! )$+ + $2

i )
!
%(x; #)%  (x"; #")

"
. (4.23)

From this we obtain

! ! O = (2 d + 2) G(1,0)(!0) + 8i ømG(1,1)(!0) + 2i ømG(0,1)(!0), (4.24)

(! ! O ! 1)G(1,0)(!0) = (2d + 6) G(2,0)(!0) + 8i ømG(2,1)(!0) + 2i ømG(1,1)(!0). (4.25)

The induced line element is thus written as

ds2 =
! O

4#2
d#2 +

! G(0,2)(!0)
4#2

(dx+ )2 + 2
! G(1,0)(!0) ! 2i ømG(1,1)(!0)

#
dx+ dx!

+ (4 øm)2G(2,0)(!0)(dx! )2 +
! " ij G(1,0)(!0)

#
dxi dxj . (4.26)

We refer to this geometry as the Non-relativistic (NR) Hybrid geometry. In what follows,

we apply this result to speciÞc examples.

4.2 Non-relativistic ßow of a conformal primary

A Þrst application is to non-relativistic smearing of a conformal primary scalar operator in

a general CFT considered in Section 3. In this case the induced geometry is more simpliÞed

than (4.26).

To see this let us smear the conformal primary scalar ÞeldO0(x) by the non-relativistic

ßow equation (4.8) and denote the smeared operator by%øm(x; #). The relation between the

relativistic ßowed operator and the non-relativistic one is

%øm(x; #) = e2i ! øm" + %0(x; #). (4.27)

Therefore the 2-point function of the ßowed operator is

"%øm(x1; #1)% 
øm(x2; #2)#= e2i ! 1 øm" + e! 2i ! 2 øm" !

+ "%0(x1; #1)%0(x2; #2)#

=
1

#! O
+

F0

#
2(x+

12 + 2 i#+ øm)x!
12 + ( !x12)2

#+
; 1

$
, (4.28)
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スケール不変性を持つ（新しい）一般的な非相対論的時空

øm = 0: Schr¬odinger spacetime

疑問：この計量はアインシュタイン方程式の真空解ではない。物質のエネルギー運動量
テンソルが必要。物質場は何か？

シュレディンガー時空の場合はmassive U(1)ゲージ場で説明できる。

一般的な非相対論的時空を解に持つ理論は？ 
フロー場はそれを記述できるか？



スケール不変な一般的な非相対論的時空
青木、Balog, 横山、吉田

答１：自発的に対称性の破れたU(1)ゲージヒッグス理論+重力場に対するゲージ固定項が、
この理論を運動方程式の解に持つ。

フローを決めることは、ゲージ固定をすることに相当？

答２：フロー場は、massive U(1)ゲージ場の解を与える。

2.2 Searching for the dual bulk theory

It is natural to ask if there exists a gravitational theory which exhibits the NR hybrid
geometry (1.1) as a solution to the equations of motion. To look for the dual bulk theory it
is important to Þnd out the so-called pre-geometric operators, which convert to geometric
objects after taking the expectation value [19]. If there exists a symmetry group such as
O(N ) whose rank is taken to be large for the emergence of the bulk, these operators are
constructed so as to be invariant under its global transformation.

In the current situation the phase rotation group plays this role, and operators invariant
under the action are not only the spin-2 operator ögµ! but also the following spin-1 operator

öAµ(x; ! ) !
i
2

(" µ#(x; ! )#  (x; ! ) " #(x; ! )" µ#  (x; ! )) . (2.13)

Due to the fact that a non-relativistic conformal primary Þeld takes values in the complex
numbers, the vacuum expectation value of the spin-1 operator is non-trivial:

A! (z) = " 4 ømG(1,0)($0) , A+ (z) = "
i ! G(0,1)($0)

2G(1,0)($0)%2
, (2.14)

where we have set

Aµ(z) = #öAµ(x; ! )$, (2.15)

and the other components vanish. Therefore, one can expect that not only the metric
tensor gµ! but also the gauge ÞeldAµ may dynamically exist in the bulk theory.

In fact, this anticipation is consistent with a common understanding in the holography
that a global symmetry of the boundary theory becomes a gauge symmetry of the bulk
theory [4]. (See also [21,22].) To see this, let us gauge the U(1) phase rotationO % ei " O
so that the parameter depends not only on the coordinates in the boundary but also the
radial direction in the bulk. Then the spin-1 operator is transformed as

Aµ % Aµ " " µ&, (2.16)

which is an abelian gauge transformation. Thus, one can see that the spin-1 operator is
converted to a gauge Þeld in the bulk. This result indicates that the symmetry associated
with the particle number corresponds to the abelian gauge symmetry in the bulk [23].
Applying this argument to the ßowed primary operator# , this physical degree of freedom
converts to a charged scalar Þeld with the gauge charge unity.

Then a spin-2 operator deÞned in a suitable way should be invariant under the local
U(1) transformation, while the one deÞned by (2.6) is not. There is still a possibility that
extra terms can be absorbed by di" eomorphism, though our preliminary analysis suggests

4
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運動方程式の解

フロー場は、計量だけでなくバルクの物質場の期待値も正しく記述する。



（個人的な）解釈

AdS/CFT対応では、CFTがその本質。N=4 Super YMはその特別な例？

(scalar) field theory

special  
CFT

CFT Flow
``Holography”

something  
on AdS

holographic 
 dual ?

フローによるAdS/CFT対応が、通常のAdS/CFT対応と無関係とは思えない。

バルクな理論はStringyである。（短距離のUV発散がないので。）



最後に



定年まで（あるいは定年後も）何をやるか？

1. HAL QCD法を用いた研究。ただし、主に理論的な拡張など。

非重心系のNBS波動関数を用いたポテンシャル
３体系の相互作用の相対論的な定式化、など。

理論的な研究が好きな学生さんがいたら一緒に研究しましょう。

2. （こちらが主）フロー法を用いたAdS/CFT対応とその拡張。

有限温度のCFTからブラックホール（ブレイン）が出るか？

量子重力へのヒント？

バルクな自由度の詳細な決定。

高柳さん、杉本さんをはじめとする基研のスタッフ、ポスドク、
学生で興味のある方は一緒にやりましょう！

https://www.musey.net/2692
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6.2 Phase structure of QCD with Wilosn fermion

6.2.1 Massless pion from Wilson fermion
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! meson is a massless mode associated with this2nd order phase transition
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6.2.2 Phase structure
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