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The Large D limit
of General Relativity

Ref:

Emparan, Suzuki, Tanabe “The large D limit of General Relativity’”’ arXiv:1302.0382

Emparan, Shiromizu, Suzuki, Tanabe, Tanaka ‘“Effective theory of Black Holes in the |I/D expansion” arXiv:1504.06489
Emparan, Izumi, Luna, Suzuki, Tanabe “Hydro-elastic Complementarity in Black Branes at large D”’ arXiv:1602.05752
H&., A — AN EERICH T AIRTMBARIER B AYEFREE 2016551075

Emparan, Herzog “Large D limit of Einstein’s equations” arXiv:2003.1 1394 -



The Large D limit of GR

D = nhumber of dimensions

Apply 1/D expansion to the Einstein equation

Drastic simplifications in various problems:
— Static solution construction
— Perturbation of black objects (quasinormal modes, stability)

— Dynamical solution construction

Elastic and hydrodynamic description of BH horizon

30



The Large D limit of GR

|. Motivation

2. How it works
a. ldea

b. Effective theory of black holes

3. Application

4. Summary




The Large D limit of GR

* General relativity in 4 dim.

— BH uniqueness theorem = Stationary BH in vacuum is (charged) Kerr BH

* General relativity in D > 5 dim.

— No BH uniqueness theorem —> Various stationary black objects exist

BT

* Need intensive analytic/numerical calculations to study them

32




The Large D limit of GR

ex.) Gregory-Laflamme instability of black string [Gregory-Laflamme 1993]
cf.) Plateau-Rayleigh instability of fluid column

[Lehner-Pretorius 2010]

v" Full numerical relativity calculations
v 100,000 CPU hours over 2 months




The Large D limit of GR

ex.) Gregory-Laflamme instability of black string [Gregory-Laflamme 1993]
cf.) Plateau-Rayleigh instability of fluid column

t=141.875

0.0035

[Lehner-Pretorius 2010]

v" Full numerical relativity calculations
v 100,000 CPU hours over 2 months




The Large D limit of GR

* Using the large D limit, it is one second on a laptop.
[Emparan, Suzuki, Tanabe 2015]
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eql = d.m[t, 2] - 8;,.m[t, 2] + O:p[t, 2];
plt, z]?
eq2 = 9. p[t, 2] - O:,:pP[t, 2] -O:m[t, 2] + O —;
m[t, 2]
2n
pde = {eql == 0, eq2 ==0}; tmax = 600; k= .98; L = T,—,
ém = 0.01Exp[-42°]; 6p = 0;
ichbe = {m[a, z] = 1+6m, p[0, z] = &p,
L L -L L
me, -7 ] =m[e, Z].o[e, F]=p[e F]hs

L
sol = HDSnlve[{pde, icbe}, {m, p}, {t, 0, tmax}, {z, -5




The Large D limit of GR

* Using the large D limit, it is one second on a laptop.
[Emparan, Suzuki, Tanabe 2015]
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eq2 = 9. p[t, 2] - O:,:pP[t, 2] -O:m[t, 2] + O —; |
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|
2n 21
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The Large D limit of GR

2. How it works

a. ldea
b. Effective theory of black holes

3. Application

4. Summary




“ nw It wo r ks [Emparan, Suzuki, Tanabe 201 3]

e Schwarzschild BH in 4 dim.

ds? =

—f(r)dt*

firy=1-"-"

r

k"ﬁ

Ve
=

—

e Schwarzschild BH in D dim.

S~
Ve
ﬁ
N—’
=g
~~
b

'rde%

redQ%_,

— grav. potential

A

~Tr

—(D-3)
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]
“ nw It wn r ks [Emparan, Suzuki, Tanabe 2013]

e Scalar field around BH in D = n+3 dim.

VMV“’lIJ — () with U — e_iwtw(T)YE(Q)

Lf:% + (w? — V(?"))] (rnTqu(rn =0
Vi) =0

L 42

[(26 +n)2 -1+ (n+1)° (T—O)n]

r

~ - height ~ O( D?)

P

rpeak

39



]
“ 0w It wo r ks [Emparan, Suzuki, Tanabe 2013]

e Scalar field around BH in D = n+3 dim.

— - height ~ O( D?)

T_l 2 4 &
peak_rozo(rO/D)

r

v" For waves with w=0O( D?), the inner and outer regions decouples:
* Outer region : ~ flat space

* Inner region : waves on curved backgroundinr—r,~O(r,/ D)

v" Similar decoupling occurs for gravitational perturbations

v" Horizon dynamics is governed by waves in the inner region
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The Large D limit of GR

b. Effective theory of black holes

3. Application

4. Summary




Effective theory of hlack holes

Derive equations for static black hole horizon,

that can describe deformed BH horizon.

[Emparan, Shiromizu, Suzuki, Tanabe, Tanaka 2015]

—> BH horizon is given by a surface obeying

v —0it K = 2Kk : Young-Laplace equation
in the background spacetime.

Extension to dynamics of black hole horizon

[Emparan, Izumi, Luna, Suzuki, Tanabe 2016]

—> Deformation of BH horizon obeys

(almost) EoMs of viscous compressible fluid
i Owp + 0; (pv*) =0
Oy (p’vi) + 0, (p’vi’vj -+ ’rij) =0 0

e



Effective theory of hlack holes

[Emparan, Shiromizu, Suzuki, Tanabe, Tanaka 2015]

We derive equations for static black hole horizon,

that can describe deformed BH horizon.

|. Large gradient near BH = Use p coordinate zooming up the BH horizon

ds® = N? il datda
S = (pax)(D_l)g—l_ngx =
r VU

/

—
——
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Effective theory of black holes

[Emparan, Shiromizu, Suzuki, Tanabe, Tanaka 2015]

We derive equations for static black hole horizon,

that can describe deformed BH horizon.

2. Decompose Einstein equations

. . . _ D—1 8,9”1/
Basic variables:  Guv, K, = oN  9p

D - 1)(D —2) D-DID-2)

. 2 _ pou v ( -
pp: K?—KMKY =R+ e @— 202 }
pl'[’: VUKUM—V“K:O
D—1 v-1 !
pr s —— O, + KK, = RE, + —5—0f, — = VIV, N
Pz

44




Effective theory of black holes

[Emparan, Shiromizu, Suzuki, Tanabe, Tanaka 2015]

We derive equations for static black hole horizon,

that can describe deformed BH horizon.

3. Apply I/D expansion,and integrate in p to get K, then 9y

v
[ : %@,K@ + KK* = R* + DE; 15 - Nv“v N
Kdef: K,, = DQ]_Vl ag‘;"
I

45




Effective theory of hlack holes

[Emparan, Shiromizu, Suzuki, Tanabe, Tanaka 2015]

We derive equations for static black hole horizon,

that can describe deformed BH horizon.

3. Apply I/D expansion, and integrate in p to get K,uv , then 9y
2

ds® = N?(p, .zzf)dL2 + g datdx”

(D o 1) v Brane direction (p-dim)
dp? “
= N2(p,2) 5 s — V(0 2)dE% + gas(p, )2 2" + RP(p, 2)a90

P22 )

Sn—l—l

T

Sn—l—l
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Effective theory of black holes

[Emparan, Shiromizu, Suzuki, Tanabe, Tanaka 2015]

We derive equations for static black hole horizon,

that can describe deformed BH horizon.

3. Apply I/D expansion, and integrate in p to get K,uv , then 9y

Solution: Black p-brane with £ -dependence

2

ds* = r3(2) (—4%2 tanh®(p/2)dt> + %) +(Yab(2) + O(D™Y)) d2*dz"+R?(2) cosh (p/2)dQ2 .,
P 2
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Effective theory of black holes

[Emparan, Shiromizu, Suzuki, Tanabe, Tanaka 2015]

We derive equations for static black hole horizon,

that can describe deformed BH horizon.

)

(.

) ) \ - D i _ )] / & ' >}
ds® =ri(z) (—lh“lnnlf{_,u__:’E}r//‘—i— {[% )—( ab(2) + O(D™Y)) dz®d2°+R?(2) cosh» (/) 2)d2?

4. Remaining EoM gives the effective equation on p=const. surface

pu: VoK% -V,K=0 > /—gu K =2k

P
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Effective theory of black holes

[Emparan, Shiromizu, Suzuki, Tanabe, Tanaka 2015]

We derive equations for static black hole horizon,

that can describe deformed BH horizon.

vV — 0t K| = 2@ : Young—Laplace equ?tion

for soap bubbles

Mean curvature Surface gravity @(i + i) :
of BH horizon Ri R

Surface tension Pressure difference




Effective theory of black holes

[Emparan, Shiromizu, Suzuki, Tanabe, Tanaka 2015]

We derive equations for static black hole horizon,

that can describe deformed BH horizon.

vV — Gt K = 2Kk : Young-Laplace equation

@ Procedure to construct a static black object in large D limit:
|. Find a surface satisfying the Young-Laplace equation

2. Replace the interior of the surface with the large-D BH solution:

2

ds? = rg(z) (—4/%2 ta—mhz(p/Q)alt2 + %) -I-(’Yab(z) -+ O(D_l)) dzadzb+722(z) cosh= (lo/Q)inJrl

ex.) Schwarzschild, (non-uniform) black string, ...

— .




Effective theory of black holes

[Emparan, Izumi, Luna, Suzuki, Tanabe 2016]

Extension to dynamical black p-brane

p(t, 2z o ; 1 1 p;p P
ds* = — (1 — %) dt®+2dtdr— - (R )dz dt—l—g (57,3 IF = - pRj) dz dzj—l—rzdﬂiJrl
R=r"
where p and p; obeys (R=7r")
Op + 0 (;O’UZ) =0
O (pv*) + 95 (pv*v? +77) =0

~
pi = pv; + Oip

1
Tij = Péf,;j — 2"!] (8(?;’03') — ]—3(5238’%;5) — C@kvkéw — p&;aj ll’lp

€ = +1: Asymptotically flat
P = —ep, m=p (=0+em/p [e = —1: AsymptoticallyAdS} y

-

(almost) EoMs of viscous compressible fluid :




The Large D limit of GR

3. Application

4. Summary




* Uniform black string is unstable

—> evolves into a non-uniform black string

0:p + 9;(pv') = 0

at(pvi) + aj(pvivj + Tij) =0

eql = d.m[t, 2] - 9;,.m[t, 2] +9:p[t, 2];
plt, z]?
m[t, z]

2
pde = {eql == 0, eq2 ==0}; tmax = 600; k= .98; L = T;

eq2 = 9. p[t, 2] - Oz, P[t, 2] -9 :m[t, 2] + O;

ém = 0.01Exp[-42°]; 6p = 0;
iebe = {m[l}, z] =1+ém, p[0, 2] == &p,

afe, -=] =n[t, =], o[t, =] =[¢. =]}s

sol:HDSulve[{pde, icbe}, {m, p}, {t, 0, tmax}, {z, -5, 5

[Emparan, Suzuki, Tanabe 2015]



Uniform black string is unstable

—> evolves into a non-uniform black string

0:p + 9;(pv') = 0

'1,(”'

.

l) ( [,,] l]) — e
6t(pv + 0;(pv'v/ +1 0 |
R
21
|
eql = 9:m[t, 2] - 9;,.m[t, 2] + B p[t, 2]} ‘I
plt, z]? ﬂ'
eq2 = 0. p[t, z] 'az,zp[ti z] -9;m[t, 2] +8;, —————; }
m[t, z] l
27 o
pde = {eql == 0, eq2 == 0}; tmax = 600; k= .98; L= —; lr
ém = 0.01Exp[-42°]; 6p = 0; !

iebe = {m[l} 2] =1+é&m, p[0, 2] == &p,

ofes -E]mnfe, 2ol ] ol H1) 4

T’ ,/'/
L L E
sol = NDSolve| {pde, icbe}, {m, p}, {t, 0, tmax}, {

sl

[Emparan, Suzuki, Tanabe 2015] ‘
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* Riemann problem in large D limit [Herzog, Spillane,Yarom 2016]

Shock waves / rarefaction waves based on

d:p + 9;(pv') =0

at(pvi) i aj(pvivj + Tij) =0

p/{p)
Initial state 20r
(pv)r/pL \{ [
——————— 1 151_—
- Steady state
RR r
SN A L \‘ Shock
/ 1.0}
! RS - ——
° Pr/PL / i y 3
1\ SR /.
Rarefaction 05 b e
SS
—2600 I | —1(300 IIII 0 10I00 I | 20I00
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* Turbulence on the black hole horizon in large D limit
[Rozali, Sabag,Yarom 2017]

W

Vorticity of 3-dim. fluid

%y

Vorticity of 2-dim. fluid

Wy

t=0.57

t= 107

0 0.005 0.01 0.015

-0.025 -0.02 -0.015 -0.01 -0.005

-05x107*




Summary: Large D limitin GR

v'1/D expansion of the Einstein equation

v'Powerful tool for various problems in GR

— Static solution construction
— Perturbation of black objects (quasinormal modes, stability)

— Dynamical solution construction

v'Elastic and hydrodynamic description of BH horizon

@ Applications to gauge/gravity correspondence,
condensed matter physics, ...

@ Any other interesting dynamics of black objects?
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]
“ nw It wn r ks [Emparan, Suzuki, Tanabe 2013]

e Scalar field around BH in D = n+3 dim.
V,VFI =0 with T =e "“hh(r)Y(H)

o L;i:% + (w2 _ V(T'))] (TRTH?#(T)) =0 [fr‘* = / %}
| V)= f4g) @+ =1+ (n+1)? ()]
~ - height ~ O( D?)
""""" w?~O(D%)
rpejtk_':jozCD(&’FO/D).3 - 60



Effective theory of black holes

[Emparan, Shiromizu, Suzuki, Tanabe, Tanaka 2015]

We derive equations for static black hole horizon,

that can describe deformed BH horizon.

3. Apply I/D expansion,and integrate in p to get K

uv?’
2

d
ds® = N?(p, m)ﬁ + gdztdz”

theng,,,

Ve Brane direction (p-dim)
dp? .
— N2(pa x)m _ Vz(pv ﬂf)dtQ + gab(pa Z)dz dzb + Rz(pa )dﬂn—l—l

Compare with black p-brane (n =D —p — 3):
2

ds® = ry* (—4/%2 tanh? (£)dt* + Cipg ) + Gupd2®dz® + R coshtt (5)dS 41

Assume the same behavior as the black p-brane:

N, VR, K%, K', =0 (D"), K% K=0(D"

6l




Effective theory of black holes

[Emparan, Shiromizu, Suzuki, Tanabe, Tanaka 2015]

We derive equations for static black hole horizon,

that can describe deformed BH horizon.

3. Apply I/D expansion,and integrate in p to get K ,then 9y

uv
D -1 D —1
J 90 74 T@,K“V—I—KK“U :RMI/—F EQ 5 — NV’“’“V N
D —10dg
K def. = el
et R 2N 0Op
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Effective theory of black holes

[Emparan, Izumi, Luna, Suzuki, Tanabe 2016]

* Extension to dynamical black p-brane

* Correspondence between elastic and hydrodynamic egs.:

(hydrodynamic) effective equations are equivalent to

p 2p?

Y -0
'/_gttK:n+1— (lnp+8-78 P 83108 /O)

—p0; (\/ _gttK) = 8 (pv;) + & (/OU%'UJ' — 2/08(%'%'))

N . 0; J
pO; (\/ _gttK) = 0; | pv* + pd'— (g’v )

=

For static solutions, they reduces to the elastic effective equation.



* Extension to charged black hole horizons [Emparan et al. 2016]
Op + 0; (pv*) =0

~ O (pv') + 05 (pv'v? + 1Y) = q0'V

Oeq+ 0;5' +8; (pO'V) =0

—

1
where A, = — (V(taz) - Q(%Z)) , Ji = qui — pd; (q/p)

v
* Polarizing brane in AdS spacetime: [lizuka, Ishibashi, Maeda, Tanabe, NT, in progress]
: a ,
Apply an external field 1/ (z) = to charged BH horizon
1+ 22
m(t,z)
) F ¢

1.15F
1.10F

1.05[

— = — + 4+ 4+ T 20 1o o 10 20 Z



* Extension to charged black hole horizons: [Emparan et al. 2016]
Op + 0; (pv*) =0

~ O (pv') + 05 (pv'v? + 1Y) = q0'V

Oeq+ 0;5' +8; (pO'V) =0

—

1
where A, = — (V(taz) - Q(%Z)) , Ji = qui — pd; (q/p)

v
* Polarizing brane in AdS spacetime: [lizuka, Ishibashi, Maeda, Tanabe, NT, in progress]
: a ,
Apply an external field 1/ (z) = to charged BH horizon
1+ 22
m(t,z)
) F ¢

1.15F
1.10f

1.05F

— = — + 4+ 4+ T 20 10 0 10 20 Z



Polarizing brane in AdS spacetime:

[lizuka, Ishibashi, Maeda, Tanabe, NT, in progress]
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Polarizing brane in AdS spacetime:

[lizuka, Ishibashi, Maeda, Tanabe, NT, in progress]
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