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Symmetries in Quantum Many-Body Physics

Lattice system with a finite-dimensional tensor product Hilbert space
H =

⊗L
j=1Cd with a Hamiltonian H

Symmetries/conserved quantities {Qα} are defined as operators that
commute with the Hamiltonian, [H,Qα] = 0.

Conventionally, additional structure is imposed on {Qα}.
Internal symmetries: On-site unitary representations of a (Lie) group G

Qα = û(g)⊗ û(g)⊗ · · · ⊗ û(g), e.g. û(g) =





e iαZ if G = U(1)

e iα⃗·σ⃗ if G = SU(2)

Continuous symmetries: Conserved quantities are typically sums of
local operators, e.g. total charge, number of domain walls, etc.

Lattice symmetries: Unitary operators that implement translation,
rotation, reflection, etc.
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Symmetries in Quantum Many-Body Physics

Symmetric Hamiltonians can be
block-diagonalized into
symmetry quantum number
sectors.

Sectors are uniquely labelled by
eigenvalues under (a maximally
commuting subset of) the {Qα}.

…

Regular Quantum 
Number Sectors

Various generalizations of conventional symmetries are under active
exploration: Categorical symmetries, MPO symmetries, etc.1

This talk: Different (?) generalization motivated by recent work on the
dynamics of certain quantum systems.

1J.McGreevy (2022)

3 / 22



Quantum Many-Body Dynamics and Symmetries



Ergodicity in Isolated Quantum Systems

A quantum Hamiltonian is said to be ergodic if any initial state |ψ(0)⟩
evolves into a “thermal” state |ψ(t)⟩ = e−iHt |ψ(0)⟩

Reduced density matrix of a thermal
state is the Gibbs density matrix of the
subsystem

ρ = |ψ⟩ ⟨ψ| , ρA = TrB (ρ) , ρA ∼ e−βH|A

Eigenstate Thermalization Hypothesis
(ETH): Eigenstates |En⟩ in the middle of
the spectrum are thermal2

Entanglement entropy obeys a volume
law S ∼ logD ∼ L
Eigenstate properties are a “smooth”
function of energy

2J.M.Deutsch (1991), M. Srednicki (1994)
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Ergodicity in Symmetric Isolated Quantum Systems

With symmetries: ρA ∼ e−β(H−µN)|A

ETH should hold for eigenstates within
each symmetry sector

Recent analytical and experimental
progress has identified two new types
of “weak” violations3

Hilbert Space Fragmentation

Quantum Many-Body Scars

Violations can be seen in several diag-
nostics, e.g., entanglement entropy of
the eigenstates.4

Whereas these models allow mobile excitations to be
contained within a finite domain by constructing appro-
priate “shielding regions,” there are no such regions in the
model (1): an isolated mobile magnon can propagate all the
way to the boundary of the system. Therefore, the model
(1) does not support spatially separated thermal and non-
thermal domains, while fractonic systems do [14,15,44].
Using this fact, one can then prove [40] that any configu-
ration that is not frozen can be brought into the form (2) by
propagating all mobile magnons to the right boundary
using Eq. (1). Therefore, any connected subsector can be
built from an appropriate k-magnon state.
Subsector thermalization and integrability.—The frac-

turing of the Hilbert space into exponentially many dis-
connected subsectors indicates that the eigenstates of
Hamiltonian (1) strongly violate ETH, as can be diagnosed
from the entanglement entropy. In Fig. 2(a), we plot the
entanglement entropy of the eigenstates within an ðnDW; SzÞ
symmetry sector. There is clearly a broad distribution in the
entanglement entropy, even for eigenstates that are close in
energy. In particular, the frozen states have exactly zero
entanglement entropy although they reside in the middle of
the energy spectrum. Moreover, the maximal value of the
entanglement entropy stays far below the “Page value,” i.e.,
that of a random state in the corresponding ðnDW; SzÞ sector
[45]. The nonthermalizing behavior of the full Hamiltonian
also manifests itself in quantum quenches starting from
random initial product states that do not belong to any
particular symmetry sector. In Fig. 2(b), we find that the final
entanglement entropy under time evolution only saturates to
70% of the Page value, confirming that the system does not
thermalize under time evolution.
The fragmentation of Hilbert space seems to suggest that

a more appropriate comparison of the entanglement
entropy might be the Page value restricted to a connected
subsector. To this end, we extract the effective Hilbert-
space dimensions of the left and right halves of the
chain DL and DR within the largest emergent subsector,

and then compute the corresponding Page value using the
exact formula:

Pmn
k¼nþ1ð1=kÞ − ðm − 1Þ=ð2nÞ, where

m ¼ min½DL;DR&, and n ¼ max½DL;DR& [45]. As shown
in Fig. 2(a) (green dashed line), the maximal eigenstate
entanglement entropy is close to the Page value restricted
to the largest subsector. This strongly indicates that the
system thermalizes within each invariant subspace [16].
Testing this scenario numerically requires larger system
sizes with bigger subsector dimensions. Fortunately,
armed with the knowledge of the root configurations (2),
one can directly construct the projection of Hamiltonian
(1) into an arbitrary emergent subsector. In Fig. 3(a), we
show the entanglement entropy for eigenstates within a
connected subsector built from the root configuration
0111111000000 0101010101010. It is clear that the
eigenstate entanglement entropy within this subsector
forms a narrow ETH-like band, with maximal value close
to the subspace-restricted Page value. Moreover, we com-
pute the average energy level spacing ratio for the eige-
nenergies of the projected Hamiltonian: ri¼minfδi;δiþ1g=
maxfδi;δiþ1g, where δi ¼ Ei − Eiþ1 is the gap between
adjacent energy levels [46]. We find hri ≈ 0.532, consistent
with the Gaussian orthogonal ensemble in random matrix
theory [46]. Taken together, these facts suggest that there is
indeed a notion of “subsector thermalization” in the present
model. In the absence of Δ2 in Eq. (1), we numerically find
that the spectral properties strongly deviate from non-
integrability, which confirms the necessity of including a
nonzero Δ2.
At this point, it may seem that all sufficiently large

connected subsectors at finite energy density thermalize
when considered separately. However, as we now show,
this is not the case. Consider the sequence of symmetry
sectors ðnDW ¼ 2k; Sz ¼ −Lþ 2kÞ, which have the small-
est possible Sz for a given nDW. These sectors can be
generated from root configurations 000 ' ' ' 0 0101 ' ' ' 010
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FIG. 2. (a) Entanglement entropy of the eigenstates within the
sector ðnDW ¼ 8; Sz ¼ −2Þ under an equibipartitioning of the
system. Red line, Page value of the ðnDW; SzÞ sector; green line,
Page value of the largest connected subsector. (b) Entanglement
entropy growth (normalized by the Page value) after a quantum
quench starting from random product states, averaged over 200
initial states.

FIG. 3. (a) Entanglement entropy of eigenstates within
an emergent subsector built from the root configuration
0111111000000 0101010101010 for system size L ¼ 26. This
subsector has dimension 12 376 and is nonintegrable. (b) Entan-
glement entropy of eigenstates within an emergent subsector built
from the root configuration 0000000000000 0101010101010 for
system size L ¼ 26. This subsector has dimension 27 132 and is
integrable. Red lines mark the Page value of the corresponding
subsector.
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FIG. 2. Bipartite entanglement entropy SA of eigenstates of
H for d = 1, L = 10 and (h, D, J3) = (1, 0.1, 0.1) with OBC.
States in the zero-magnetization sector (smaller points) are
color coded by the density of states (warmer colors imply
higher density). The dashed line at Sran

A = L
2

ln 3� 1
2

indicates
SA for a random state. Larger red points indicate scarred
states (2) in U(1) sectors with mn 6= 0. Inset: SA for |SL/2i
as a function of L, cf. Eq. (7).

Eq. (7) demonstrates conclusively that these states ex-
hibit subextensive entanglement entropy scaling at most
logarithmically with system size.

It is instructive to compare the scarred states (2) with
other examples of exact excited states of nonintegrable
models, in particular the “⌘-pairing” states of the Hub-
bard model [35] and the scarred states of the AKLT
chain [10]. Both of the latter examples also host towers of
states with logarithmic entanglement [13, 36] obtained by
acting repeatedly with some operator on a parent state.
The ⌘-pairing example is unique in that it is protected
by “⌘ symmetry,” i.e., the analogues of J± are eigen-
operators of the Hamiltonian and the ⌘-pairing states
are the only states in their respective symmetry sectors.
Thus, the ⌘-pairing states are neither ETH-violating nor
bona fide scarred states (despite many similar features).
The AKLT scarred states do violate the ETH, and in-
terestingly, are created by the same operator, J+, as in
Eqs. (2–3). However, the parent state in that case is the
AKLT ground state rather than the fully polarized state
|⌦i. This is crucial because the AKLT scarred states do
not form a representation of the SU(2) algebra (4). It is
an important outstanding question whether such a struc-
ture exists for the AKLT model, as it could be used to
determine the dynamical signatures of the scarred states,
which (to the best of our knowledge) remain unknown.
For the scarred states presented here this is not the case,
and we now show that their dynamical signatures can be
deduced directly from the SU(2) algebra (4).

Space-Time Crystalline Order.—We first demon-
strate the presence of o↵-diagonal long-range order
(ODLRO) [37] in the scarred states associated with the
condensation of bimagnons at momentum ⇡. Such or-

der is also present in the ⌘-pairing states, where it
is indicative of superconductivity [35]. Here, the or-
der is of a spin-nematic nature: the order parameter

Oq = 1
V

P
i eiri·q �S+

i

�2
has long-range connected cor-

relations at wavevector q = ⇡ in the scarred states. This
is indicated by a finite value of the correlation function
hSn|O†

⇡O⇡|Sni [note hSn|O†
⇡|Sni = 0 by U(1) symmetry].

Using Eqs. (3), (6) one immediately obtains

hSn|O†
⇡O⇡|Sni = 1�m02

n + O(1/V ), (8)

where the O(1/V ) terms vanish in the limit V !1 and
mn

0 = mn/V is the magnetization density. We thus find
that the scarred states |Sni (aside from the zero-measure
set with m0 = ±1) possess spin-nematic ODLRO. This
implies that the spin fluctuations in the x-y plane break
the U(1) spin-rotation symmetry spontaneously without
long-range magnetic order (i.e., time-reversal symmetry
is preserved). This remarkable property also heralds
ETH violation: ODLRO is impossible for ETH-obeying
states in the middle of the spectrum [such states are nom-
inally at infinite temperature, where the thermal density
matrix ⇢ = e��H in a given U(1) sector is trivial].

The ODLRO in Eq. (8) immediately implies that the
scarred states also support long-range spacetime correla-
tions, the defining characteristic of space-time crystalline
order [28, 38]. Up to 1/V corrections we have

Re hSn|O†
⇡(t)O⇡(0)|Sni = (1�m02

n ) cos(2ht). (9)

This space-time crystalline order can ultimately be
traced back to the condensation of ⇡�bimagnons. We
note that the existence of this order does not violate the
no-go theorems establishing its impossibility at thermal
equilibrium [28, 39]; since the scarred states violate the
ETH, these no-go theorems do not apply.

Dynamical Signature of Scars.—We now demonstrate
that the eigenstate properties of |Sni derived above have
significant consequences for the dynamics of local observ-
ables after certain quantum quenches. To illustrate, we
initialize the system in the ground state | 0i of the stag-
gered rhombic anisotropy Hamiltonian

HA =
1

2

X

i

eiri·⇡
⇣
(Sx

i )
2 � (Sy

i )
2
⌘

. (10)

This Hamiltonian is relevant to scarring since it can be
rewritten in the form HA = 1

2 (J+ + J�) ⌘ Jx. | 0i is
thus the lowest-weight state of Jx in the spin-V/2 rep-
resentation of the SU(2) algebra (4), which we call the
“nematic Néel” state

| 0i =
O

i

✓ |mi = +1i � eiri·⇡|mi = �1ip
2

◆
. (11)

Since this is an eigenstate of the spin-V/2 representation
of Eq. (4), it resides entirely within the scarred manifold,

| 0i =

VX

n=0

cn|Sni, c2
n =

1

2V

✓
V
n

◆
. (12)

2M.Serbyn, D.A.Abanin, Z.Papic (2020); SM, B.A.Bernevig, N.Regnault (2021)
4Z.C.Yang, F.Liu, A.V.Gorshkov, T.Iadecola (2020); M.Schecter, T.Iadecola (2019)
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Hilbert Space Fragmentation

Dynamics under certain local Hamiltonians
splits the Hilbert space into exponentially
many dynamically disconnected subspaces
{K(H, |Rα⟩}, |Rα⟩ being product states

H =

K∼exp(L)⊕

j=1

K (H, |Rα⟩)

K (H, |R⟩) = spant

{
e−iHt |R⟩

}

Different subspaces are not distinguished by
obvious symmetry quantum numbers, can
show vastly different properties!5

Initial product states never thermalize w.r.t.
the full Hilbert space due to “hidden”
blocks after resolving known symmetries

14

FIG. 2. (Color online) (a) Time-evolution of the expectation value of on-site charge operators for the middle site and a site away
from the middle under the pair hopping Hamiltonian with PBC, starting from an initial state of the form | 0i = |⇤ · · · ⇤ + ⇤ · · · ⇤i
where ⇤ = ", # for N = 15 with total spin Sz = 0. The horizontal lines show the infinite-temperature expectation values of the
same charge operators. Data averaged over 10 configurations of the ⇤’s such that Sz = 0. (b) Late-time charge profile on sites
of the chain matches the infinite temperature value within the Krylov subspace K (H, | 0i). They both show a peak on the
middle site, providing an example of quasilocalization from thermalization.

a spin. The results are shown in Fig. 2(a), which com-
pares the charge density at the middle site (in blue) to
that at a di↵erent site (in green) as a function of time.
Irrespective of the spin configuration in the initial state,
we consistently find that the middle site exhibits a higher
charge density as compared to any other site. Moreover,
as shown in Fig. 2(b), we find that this late-time charge
density matches that predicted by ETH, assuming the
initial state lies in the middle of the spectrum of the
Krylov subspace. The charge density at an inverse tem-
perature � restricted to the Krylov subspace K is then
given by

h bQmidi� =
Tr
⇣
bQmide��H|K

⌘

Tr
�
e��H|K

� , (52)

where H|K is the restriction of the Hamiltonian H to

the Krylov subspace K, and bQmid is the charge opera-
tor of the middle site, using the established convention:
spins are charge neutral, whereas + and � fractons have
charges +1 and �1 respectively.

Assuming infinite temperature (� = 0) in Eq. (52), we
obtain

h bQmidi� =
Tr
⇣
bQmid

⌘

Tr (1|K)
⌘ QN

DN
=

3

N
, (53)

where 1|K is the identity restricted to the Krylov sub-
space K, and thus Tr (1|K) = DN , the Hilbert space
dimension of K (H, | 0i) of the chain of N sites. We
provide analytical and numerical arguments for the re-
sult of 3/N in Eq. (53) in App. F (see Eq. (F8)). On the

other hand, the late time expectation value of the charge
density on any other site in the middle of the chain is
1/N . We dub this phenomenon as quasi-localization of
the fracton, since it is localized for any finite system size
although the localization vanishes in the thermodynamic
(N ! 1) limit. We emphasize that unlike usual mech-
anisms for localization, which rely on the existence of
localized eigenstates [21, 82, 83], the phenomenon here
is quasi-localization from thermalization, which is a con-
sequence of ergodicity, albeit ergodicity within a con-
strained Krylov subspace.

VIII. CONNECTIONS WITH BLOCH MBL

Having established some consequences of Krylov frac-
ture, we now discuss the relationship between our model
and the Bloch (or Stark) MBL problem [84, 85]. The lat-
ter is an interacting extension of the well-known single
particle Wannier-Stark localization [94], with the Hamil-
tonian given by

HBloch = t
L�1X

j=1

⇣
c†
jcj+1 + h.c.

⌘
+ E

LX

j=1

j n̂j

+ V0

LX

j=1

wj n̂j + V1

L�1X

j=1

n̂j n̂j+1, (54)

where n̂j = c†
jcj is the fermionic number operator, t is the

hopping strength, wj is an on-site disorder (wj random)
or curvature (wj ⇠ j2) whose strength is set by V0, and
V1 is the nearest-neighbour repulsion strength. Here, the

5SM, A.Prem, R.Nandkishore, N.Regnault, B.A.Bernevig (2019)
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Hilbert Space Fragmentation

Fragmentation generically occurs in one dimensional systems
conserving dipole moment (

∑
j jS

z
j with OBC)6,7

Example: spin-1 dipole conserving Hamiltonian that implements the
following rules (H =

∑
j (S

−
j−1(S

+
j )2S−

j+1 + h.c.))

|+− 0⟩ ↔ |0 +−⟩ , |0−+⟩ ↔ |−+ 0⟩
|+−+⟩ ↔ |0 + 0⟩ , |−+−⟩ ↔ |0− 0⟩

Exponentially many one-dimensional subspaces (“frozen” eigenstates)

|++−− · · ·++−−⟩ , |0 + +0 + + · · · 0 + +⟩

Subspaces with non-local conserved quantities, e.g. a product state
|0 · · · 0 + 0 · · · 0⟩ can only evolve to states with “string-order”
|0 · · · 0 + 0 · · · 0− 0 · · · 0 + · · · 0⟩

6P.Sala, T.Rakovszky, R.Verresen, M.Knap, F.Pollmann (2019)
7V.Khemani, M.Hermele, R.Nandkishore (2019)
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Quantum Many-Body Scars

Non-integrable models with quasiparticle towers of eigenstates deep in
the spectrum have been discovered8

AKLT spin chain:9 P =
∑

j (−1)j(S+
j )2, states with N quasiparticles

dispersing with k = π are exact eigenstates for finite system sizes L!

Tower of States

Now consider a state with N of these magnons on the groundstate
|S2Ni = PN |G i
Turns out |S2Ni is an exact state with E = 2N, s = 2N for all even
L!

|G i c c c c c c c c cc c c c c c c c cm m m m m m m m m- - - - - - - - - -

|S2i = P |G i c c c c c c c c cc c c c c c c c cm m m m m m m m m- - - - - - - -6 66 6

|S4i = P2 |G i c c c cc c c cm m m m c c c cc c c cm m m m· · ·- - - - 6 66 6- -6 66 6
...

...
...

...

|SLi = P L
2 |G i = |F i c c c c c c c c cc c c c c c c c cm m m m m m m m m6 6 6 6 6 6 6 6 66 6 6 6 6 6 6 6 6

Implications for ETH?
14 / 33

8SM, B.A.Bernevig, N.Regnault (2021)
9D.P.Arovas (1989); SM, S.Rachel, B.A.Bernevig, N.Regnault (2017)
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Quantum Many-Body Scars

States have entanglement entropy S ∼ log L =⇒ Violation of Strong
ETH!

Equally spaced tower: leads to exact revivals from simple initial
states10

Alternate view: Existence of small dynamically disconnected subspace11QUANTUM MANY-BODY SCAR STATES WITH EMERGENT … PHYSICAL REVIEW B 101, 024306 (2020)

which can be obtained from Eq. (4) of Ref. [23] by applying
the unitary transformation

∏
i even σ z

i . Thus, to prepare the
state |ξ 〉 it suffices to prepare the ground state of Hξ , e.g.,
by quasi-adiabatic ramps, similar to how the Néel state was
prepared in Ref. [8].

The state |ξ 〉 can be viewed as containing a distribution
of π -momentum magnons parameterized by |ξ |. In particular,
the normalization factor Z (|ξ |2), Eq. (4.2b), can be interpreted
as a grand canonical partition function for a gas of π magnons
at infinite temperature and finite fugacity |ξ |2. It immediately
follows that the expansion coefficients |cn|2, Eq. (4.3), can
be interpreted as the classical grand-canonical probability of
the system occupying a state with n π magnons. Thus, by
tuning |ξ |, one can effectively tune the initial distribution of
π magnons and subsequently follow the quantum evolution
of this distribution.

Since |ξ 〉 is of the form (4.1), its evolution is simply

|ξ (t )〉 =
∑

n

cn e−iEnt |Sn〉

∝ 1
√

Z (|ξ |2)

∑

n

√
N (n) (e−i$tξ )n|Sn〉

= |e−i$tξ 〉, (4.5)

up to an overall phase, with cn and En defined in Eqs. (4.3)
and (2.5), respectively, and where $ ≡ 2% − 4J . From this
expression, we immediately see that the state |ξ 〉 returns to
itself with period 2π/$ under time evolution with H . This
periodic behavior is reflected in the many-body fidelity under
evolution with H ,

Fξ (t ) = |〈ξ (t )|ξ 〉|2 =
∣∣∣∣
Z (ei$t |ξ |2)

Z (|ξ |2)

∣∣∣∣
2

. (4.6)

In the thermodynamic limit and for any finite ξ , the above
expression approaches a function that equals 1 at integer mul-
tiples of 2π/$ and 0 everywhere else. These exact periodic
revivals constitute the final definitive hallmark of QMBS.

We plot the fidelity and entanglement dynamics for various
initial states in Fig. 3. As expected, the states |ξ 〉 display exact
revivals with period 2π/$ (in agreement with the analytical
expression (4.6) to numerical precision), while a generic
product state in the z basis does not. Moreover, while the half-
chain entanglement entropy for an initial product state grows
rapidly with time and approaches the value Sran

A , Eq. (2.9), it
remains constant for the initial states |ξ 〉. This unusual feature
highlights the fact that the evolution of the states |ξ 〉 under
H is exceptionally simple despite their finite entanglement; as
evident in Eq. (4.5), time evolution merely rotates the phase
of ξ at a frequency $.

It is interesting to consider the effects of small perturba-
tions to the model (2.1) on the periodic dynamics discussed
here. Adding a generic perturbation, e.g. h

∑
i σ

x
i , which

breaks the U(1) symmetry of Eq. (2.1), removes the exact
scarred eigenstates constructed in this paper. Nevertheless,
for sufficiently small h, the initial state |ξ 〉 still primarily
overlaps with exact eigenstates that are concentrated in a finite
window around the “scar” energies En, similar to what has
been observed for the Néel state in the PXP model [9] (see
Fig. 4, top panel). This enables coherent fidelity dynamics

FIG. 3. Dynamics of the many-body fidelity F (t ) =
|〈&(t )|&(0)〉|2 (top) and the half-chain entanglement entropy
SA (bottom) for various initial states at L = 12. (Other parameters
are the same as Figs. 1 and 2.) For the RK states |ξ〉, the fidelity
dynamics [for which Eq. (4.6) is plotted] exhibits exact periodic
revivals with period 2π/$, while the entanglement remains constant
in time. The finite value of the fidelity between revivals for some
values of ξ is a finite-size effect. For an arbitrary product state in the
z basis with a comparable energy density, the fidelity rapidly decays
to zero while the entanglement grows close to the random-state
value, Eq. (2.9) (black dashed line).

with imperfect revivals over a finite lifetime, also similar to
what is seen in the PXP model (see Fig. 4, bottom panel).
A general argument based on Lieb-Robinson bounds that is
consistent with these results has been made in Ref. [41]; an
interesting subject for future work would be to extend the
results of that work by determining tighter bounds on the
lifetime of the imperfect revivals for perturbations of specific
models with exact scars like the one considered in this paper.

B. Initial states from projected SU(2) rotations

We now discuss a related strategy for obtaining initial
states satisfying (1)–(3). This strategy hinges on the use of
rotations generated by

J x/y = 1
2

iL∑

i=i1

(−1)i σ
x/y
i ,J z = 1

2

iL∑

i=i1

σ z
i , (4.7)

which can readily be shown to satisfy the SU(2) algebra
[J α,J β] = i εαβγ J γ . Using these generators, we can define
an auxiliary tower of states

|Sn〉 ∝ (J +)n |$〉, (4.8)

satisfying |Sn〉 = Pfib|Sn〉 for any n ! L/2, where J ± =
J x ± i J y and Pfib is the projector onto states obeying the

024306-7

10T.Iadecola, M.Schecter (2019)
11M.Serbyn, D.A.Abanin, Z.Papic (2020)
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Dynamically Disconnected Subspaces

Weak ergodicity breaking = existence of unexpected “dynamically
disconnected subspaces”

Thermal

QMBS

…

(b) (c)

…

(a)

Regular Quantum 
Number Sectors

While on-site or other conventional symmetries do not explain these
blocks, allowing arbitrary operators to be conserved quantities is
problematic

[H, |En⟩ ⟨En|] = 0 =⇒ exponentially many conserved quantities?!

What is an appropriate definition of a conserved quantity?12

12Similar problems exist in defining integrability in finite-dimensional systems: E.A.Yuzbashyan, B.S.Shastry (2013)

10 / 22



Symmetries and Commutant Algebras



Commutant algebras

Key observation: Same block structure appears for entire classes of
Hamiltonians {∑j Jjhj ,j+1}
Natural to look for operators that commute with this entire family.

[Ô,
∑

j

Jjhj ,j+1] = 0 ∀{Jj}.

Commutant Algebra C: algebra of operators Ô (not necessarily local)
such that [hj ,j+1, Ô] = 0 ∀j

Ô1 ∈ C, Ô2 ∈ C =⇒
{

α1Ô1 + α2Ô2 ∈ C for any α1, α2 ∈ C
Ô1Ô2, Ô2Ô1 ∈ C

,

C commutes with the full “bond algebra” A generated by {hj ,j+1}
(A = ⟨⟨{hj ,j+1}⟩⟩).

11 / 22



Commutant Algebras

A and C are unital †-closed (von
Neumann) algebras, centralizers
of each other (Double
Commutant Theorem)

Representation theory: Can
unitarily transform into a basis in
which ĥA ∈ A and ĥC ∈ C have
the matrix representations

W †ĥAW =
⊕

λ

(MDλ
⊗ 1dλ)

W †ĥCW =
⊕

λ

(1Dλ
⊗ Ndλ)

{Dλ} and {dλ}: dimensions of
irreducible representations of A
and C.

!" #

ℒ(ℋ)

…

…

…

…
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Dynamically Disconnected Subspaces

Equivalently: Basis in which all elements of A are maximally block
diagonal

Hamiltonian H =
∑

j Jjhj ,j+1 ∈ A, block diagonal form defines
quantum number sectors/dynamically disconnected “Krylov subspaces”

For each λ: dλ number of degenerate Dλ-dimensional blocks, total
number of blocks: K =

∑
λ dλ

K can be bounded using dim(C) = ∑
λ d

2
λ, the number of linearly

independent operators in C, given by
1

2
log(dim(C)) ≤ logK ≤ log(dim(C))

log(dim(C)) Example
∼ O(1) Discrete Global Symmetry
∼ log L Continuous Global Symmetry
∼ L Fragmentation

13 / 22



Conventional Symmetries

…

Regular Quantum 
Number Sectors



Simple Examples: Abelian C

Abelian C =⇒ dλ = 1, K = dim(C)

Generic Hamiltonians
∑

j Jjhj ,j+1 with no

symmetries, solve for [hj ,j+1, Ô] = 0

C = {1}, K = dim(C) = 1

…

Ising models H =
∑L

j=1 [JjXjXj+1 + hjZj ], solve for [XjXj+1, Ô] = 0

and [Zj , Ô] = 0

C = span{1,
∏

j

Zj}, K = dim(C) = 2.

Spin-12 XX models H =
∑L

j=1 [Jj(XjXj+1 + YjYj+1) + hjZj ], solve for

[XjXj+1 + YjYj+1, Ô] = 0 and [Zj , Ô] = 0

C = ⟨⟨Ztot⟩⟩ = span{1,Ztot, (Ztot)
2, · · · , (Ztot)

L}, Ztot =
∑

j Zj

K = dim(C) = L+ 1.
14 / 22



Simple Examples: Non-Abelian C

Non-Abelian C =⇒ some dλ > 1 =⇒ degeneracies

Example: spin-12 Heisenberg model

H =
∑

j Jj S⃗j · S⃗j+1, A = ⟨⟨{S⃗j · S⃗j+1}⟩⟩

C = ⟨⟨Sx
tot, S

y
tot,S

z
tot⟩⟩

= spanα,β,γ{(Sx
tot)

α(Sy
tot)

β(Sz
tot)

γ}

Block-diagonal form (Schur-Weyl
duality):
0 ≤ λ ≤ L/2: S2 eigenvalues
dλ = 2λ+ 1: irreps of su(2)
Dλ: irreps of SL

…

…

…

…

Example: Stabilizer codes – A is the group algebra of the stabilizer
group, C consists of A and the non-trivial logical operators.

12SM, O.I.Motrunich (2021)
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New View on Symmetries

Symmetries well defined for
families of Hamiltonians, pair of
algebras A and C associated
with any symmetry.

A is generated by a set of local
operators, C is its centralizer.

!" #

ℒ(ℋ)

Symmetries of several standard Hamiltonians can be understood this
way, including free-fermion models, Hubbard models13,14

Conventional commutants C: Full commutant generated by
“conventional” conserved quantities, dim(C) scales sub-exponentially
with system size.

In general: Start with any set of non-commuting local operators,
generate their algebra A, then determine commutant C – gives rise to
novel unconventional symmetries!

13SM, O.I.Motrunich (2022)
14Some of them have mildly non-standard symmetries
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Unconventional Symmetries

Thermal

QMBS

…

(b) (c)

…

(a)

Regular Quantum 
Number Sectors

Thermal

QMBS

…

(b) (c)

…

(a)

Regular Quantum 
Number Sectors



“Classical” Fragmentation

Fragmentation occurs when dim(C) ∼ exp(L)

Consider the t − Jz Hamiltonian: hopping with two species of particles
|↑ 0⟩ ↔ |0 ↑⟩, |↓ 0⟩ ↔ |0 ↓⟩

Ht−Jz =
∑
j
(−tj ,j+1

∑
σ∈{↑,↓}

(
c̃i ,σ c̃

†
j ,σ + h.c .

)
+ Jzj ,j+1S

z
i S

z
j )

c̃j ,σ = cj ,σ

(
1− c†j ,−σcj ,−σ

)

Has two U(1) symmetries N↑ =
∑

j N
↑
j and N↓ =

∑
j N

↓
j

Full pattern of spins (↑ or ↓) preserved in one dimension with OBC,
number of Krylov subspaces K =

∑L
j=0 2

j = 2L+1 − 1

|0 ↑↓ 0 ↓↑ 0⟩ ←↛ |0 ↑↑ 0 ↓↓ 0⟩

Fragmentation in the product state basis =⇒ essentially classical15

15D.Dhar, M.Barma (1993); G.I.Menon, M.Barma, D.Dhar (1997)
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“Classical” Fragmentation

Local operators N↑
j and N↓

j satisfy the relations

[hj ,j+1,N
α
j + Nα

j+1] = 0, [hj ,j+1,N
α
j N

β
j+1] = 0, α, β ∈ {↑, ↓}

The full commutant algebra C can be explicitly constructed,
dim(C) = 2L+1 − 1 ∼ exp(L)

Nσ1σ2···σk =
∑

j1<j2<···<jk

Nσ1
j1
Nσ2
j2
· · ·Nσk

jk
, σj ∈ {↑, ↓}

Most of these are functionally independent from the conventional
conserved quantities N↑ and N↓ =⇒ new dynamically disconnected
subspaces

Classical fragmentation: All conserved quantities diagonal,
Hamiltonian block-diagonal in product state basis

Similar construction works for dipole-conserving models, exact results
in some cases (e.g. dim(C) ∼ (1 +

√
2)L for range-3 spin-1 model)
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“Quantum” Fragmentation

Disordered SU(3)-symmetric spin-1
biquadratic model, eigenstate
degeneracies grow exponentially with
L =⇒ hidden symmetries

H =
L∑

j=1

Jj(S⃗j · S⃗j+1)
2

0 2 4 6 8 10 12 14 16
Energy

100

101

102

103

104

De
ge

ne
ra

cy

A = ⟨⟨(S⃗j · S⃗j+1)
2⟩⟩ = TLL(q = 3+

√
5

2 ), commutant C can be explicitly
constructed,16 dim(C) ∼ exp(L)

[(S⃗j · S⃗j+1)
2, (Mα

β )j +(Mα
β )j+1] = 0, [(S⃗j · S⃗j+1)

2, (Mα
β )j(M

γ
δ )j+1] = 0,

Mα1α2···αk
β1β2···βk

=
∑

j1<j2<···<jk

(Mα1
β1
)j1(M

α2
β2
)j2 · · · (Mαk

βk
)jk .

Quantum fragmentation: Block-diagonal structure of the Hamiltonian
understood in the spin-1 singlet basis, not product state basis

16N.Read, H.Saleur (2007)
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Quantum Many Body Scars

Aim: Given QMBS eigenstates {|Sn⟩}, find a locally-generated algebra
Ascar that Cscar = ⟨⟨{|Sn⟩ ⟨Sn|}⟩⟩
Example: Spin-12 ferromagnetic multiplet
{|Sn⟩ = (S−

tot)
n |F ⟩}, |F ⟩ = |↑ · · · ↑⟩ – Start with SU(2) symmetry and

systematically break it17

Asym = ⟨⟨{S⃗j · S⃗j+1}⟩⟩ Csym = ⟨⟨Sx
tot,S

y
tot, S

z
tot⟩⟩

Adyn = ⟨⟨{S⃗j · S⃗j+1}, Sz
tot⟩⟩ Cdyn = ⟨⟨S⃗2, Sz

tot⟩⟩
Ascar = ⟨⟨{S⃗j · S⃗j+1},Sz

tot, {Dα
j−1,j ,j+1}⟩⟩ Cscar = ⟨⟨{|Sn⟩⟨Sn|}⟩⟩

Ascar can be explicitly constructed for several known examples of
QMBS18

Generators of Ascar are building blocks for constructing quantum
scarred Hamiltonians =⇒ Lots of local perturbations that exactly
preserve the QMBS!

17D.K.Mark, O.I.Motrunich (2020); N.O’Dea, F.J.Burnell, A.Chandran, V.Khemani (2020)
18SM, O.I.Motrunich (2022)
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Constraints on Realizable Symmetries

Locality of generators of A restricts realizable commutants C
No-go result: No locally generated A with C = ⟨⟨∑j S

z
j ,
∑

j jS
z
j ⟩⟩19

Can systematically search for symmetries
realizable using, e.g., spin-1/2 n.n.
Sz
tot-conserving terms20

A=⟨⟨{XjXj+1+YjYj+1+∆ZjZj+1+h−(Zj−Zj+1)⟩⟩

Detects presence of an unconventional
SU(2)q symmetry for

(∆, h−) = (q+q−1

2 , q−q−1

2 )

Also leads to discovery of non-integrable
models with Strong Zero Modes21
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h
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19P.Sala, T.Rakovszky, R.Verresen, M.Knap, F.Pollmann (2019); V.Khemani, M.Hermele, R.Nandkishore (2020)
21SM, O.I.Motrunich (in preparation)
21P.Fendley (2016); D.V.Else, P.Fendley, J.Kemp, C.Nayak (2017)

21 / 22



Summary & Outlook

Symmetry ⇐⇒ Pair of (A, C)
A: Local algebra C: Commutant algebra

Conventional symmetries: C generated by
conventional conserved quantities,
dim(C) ∼ O(1) or dim(C) ∼ poly(L)

Concrete definitions:

Fragmentation: dim(C) ∼ exp(L)
QMBS: Simultaneous eigenstates of
multiple non-commuting local operators∗

Double Commutant Theorem: Building
blocks for all symmetric local Hamiltonians

Interesting C? Connections to
categorical/MPO symmetries?

Approximate Commutants? PXP Model?

Implications for equilibrium physics?
Non-interacting models?

!" #

ℒ(ℋ)

…

…

…

…
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