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“Topological Phase Transitions”
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Prototype: Berezinskii-Kosterlitz-Thouless Transition
        which is also closely related to “Haldane Gap”

Canonical model for the BKT transition:
                2D classical XY model



BKT Transition
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power-law decay exponential decay

Classical 2D XY model

<latexit sha1_base64="Exl6FDVxTwAywdaDDopZmi3y5vo="></latexit>

~sj = (cos ✓j , sin ✓j)



2D XY Model
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- Classical spin model with positive Boltzmann weight 
     ⇒ no sign problem

- Just 2 dimensions
- Efficient cluster algorithms available

Easily studied with Monte Carlo, right?
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finite-size scaling of Tc

<latexit sha1_base64="uOFgcZK/6E/e1QrQRkVQloKR2uc="></latexit>

l = ln bL

largest system:
  L=65536
calculation using 256GPUs



Vortex in the 2D XY model
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XY spin goes back to itself by 2π-rotation ⇒ 

                                        existence of defect (vortex)

vortex antivortex
attraction



BKT Transition
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Low-T phase：vortex and antivortex form a pair

　 cf.) formation of atoms by nuclei and electrons
vortices are effectively absent at lengthscales larger than the pair size

h~si · ~sji /
✓
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r

◆⌘

High-T phase：vortices/antivortices dissociate from pairs and

   move freely 
    cf.) plasma state formed by dissociation of nuclei/electrons
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✓
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Sine-Gordon Field Theory for BKT
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✓ angle of the XY spin
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�

dual (mutually non-local)
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Single vortex creation / annihilation operator

<latexit sha1_base64="24PKL9TEfOWvgrOSyO7DiGeC/Jc="></latexit>yK

<latexit sha1_base64="psFGGRoDXHAmq0oDoPWVFB1VhrY="></latexit>yV vortex fugacity

renormalization of Luttinger parameter K

scaling dimension 2/K
marginal at K=2
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Kosterlitz RG Flow
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vortex fugacity

spin-wave stiffness

BKT transition: 
<latexit sha1_base64="heVwN66Hi+W8FHQE+JVL+D1I6VA="></latexit>yV = yK = g
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dg

dl
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g ⇠ 1

l
⇠ 1

lnL

slow decay
 ↓
log-corrections

Luttinger parameter K=2 (vortex operator marginal)



BKT Transition in S=1/2 XXZ Chain
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<latexit sha1_base64="w1khD5Y4pRp7v3ha+6qExP4MN2Q="></latexit>

cos 2� ⇠ (�1)j ~Sj · ~Sj+1

Single vortex creation/annihilation operator

<latexit sha1_base64="Jgj59xnOM32fqTKQjr3TD/pbF0c="></latexit>

sin 2� ⇠ (�1)jSz
j

Forbidden in Hamiltonian by the translation symmetry!
  (Haldane 1980 → “Haldane conjecture”
    related to Lieb-Schultz-Mattis theorem etc.)

The leading (most relevant) perturbation is thus
   double vortex creation/annihilation op.

<latexit sha1_base64="yPcMg9DcYkakrcKv+6J9NnymhqA="></latexit>

cos 4�



BTK Transition in S=1/2 XXZ Chain
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double vortex
fugacity

spin-wave stiffness

Luttinger parameter K=1/2 
(double vortex operator marginal)
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BKT Transition in S=1/2 XXZ Chain
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BKT transition at Δ=1 (SU(2) symmetric point)
IR fixed point at the BKT transition:
   Free boson (Tomonaga-Luttinger Liquid) at K=1/2
     equivalent to Level 1 SU(2) Wess-Zumino-Witten

Effective theory in the vicinity of the BKT transition

<latexit sha1_base64="JOcvBEJRiBfZaOWRJmUZFyHE5Tw="></latexit>

yV = g + t, yK = g � t

BKT transition ⇔ t=0 ⇔ SU(2) symmetry



Level Spectroscopy
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Determination of the critical point from the
  finite-size spectrum [Okamoto-Nomura 1994, …]

“Double vortex” BKT transition at K=1/2 can be identified
    by SU(2) symmetry of the finite-size spectrum!

<latexit sha1_base64="IRiuewqffmCBwNZvG+DYExprLQA="></latexit>
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X
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!

State-operator correspondence and
   Finite-Size Scaling in CFT

BKT transition ⇔
            Energy levels form SU(2) singlet, triplet, …

[Cardy 1984, 1986]



1D S=1/2 XXZ vs 2D Classical XY
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S=1/2 XXZ

K=1/2 (SU(2)1 WZW)
<latexit sha1_base64="s7K1zxgJrcr45X21kpDUZWnFabs="></latexit>

V ⇠ cos 4�

double vortex op.

SU(2) triplet (degenerate at BKT)

Classical XY
K=2 

<latexit sha1_base64="lk/5TGeGyCni/n2SO2cwDT132hk="></latexit>

V ⇠ cos 2�

single vortex op.
<latexit sha1_base64="F4tuXT9DJnghzCg1OUrYxV5IOpg="></latexit>
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half-vortex op.
(eigenstate under
antiperiodic b.c.)
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Nomura-Kitazawa 1998
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Level Spectroscopy for 2D Stat Mech
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Level spectroscopy has been developed for quantum 1D,
      but why not for 2D stat mech models (such as XY)??

1D quantum Hamiltonian ⇔
          Transfer matrix for 2D stat mech

Transfer matrix still “too large” to be diagonalized
     ⇒ we utilize Tensor Network Renormalization

　　　　                                  (We used Loop-TNR)

Continuous spin: series expansion of Boltzmann weight

the series may be
truncated to -15≦n≦15



TNR Construction of Transfer Matrix
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after n steps, a single tensor represents 
  a square block of linear size L = √2n 

contract horizontal indices
  ⇒ transfer matrix in vertical direction



Identifying Tc with Level Crossing
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<latexit sha1_base64="KLTyz3tl5t8wS/rAlaG/vCPuCo0="></latexit>

cos 2✓, sin 2✓
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sin�

extra degeneracy
forming SU(2) triplet
 ～ BKT transition

This procedure eliminates
logarithmic corrections
to all orders in g

“spin-wave”
excited states
under periodic b.c.

ground state under
antiperiodic b.c.



Remaining Finite-Size Effect
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Level crossing point
weakly depends on the
system size L

Effect of irrelevant
perturbations

<latexit sha1_base64="U5padq/cEAOlBDd6Jhrhoj9bWFE="></latexit>

T 2, T̄ 2, T T̄ , . . .

T: holomorphic part of the
   energy-momentum tensor 

<latexit sha1_base64="6ljYSleorfrsDdYry07ya+xRy/k="></latexit>

T ⇤ ⇠ Tc + const.
1

L2

Extrapolate to L=∞

L=4,8,16,32



Dependence on Bond Dimension D
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Our final estimate
Tc=0.892943(2)



Effect of Finite Bond-Dimension
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Finite bond dimension D ⇔ finite “correlation length”
<latexit sha1_base64="QLmdaB6NVFEUp2jsVV0nu0WN5hs="></latexit>

⇠D ⇠ 0.3D

<latexit sha1_base64="ER2qYPiTabOtVy1K9DJHTaXzzmU="></latexit>

 =
6

c
⇣q

12
c + 1

⌘ [Pollmann et al. 2008]

<latexit sha1_base64="MOWIBwwj3NQG3DySSfOuCdB4jUQ="></latexit>

⇠D > L low-energy finite-size spectrum almost exact!
<latexit sha1_base64="pKfyJiu+XyDe0WPdzjt+VBVkGsY="></latexit>

⇠D < L low-energy spectrum still reasonably accurate,
  but some error due to the finite D



Tc dependence on D
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D=48 gives ξ～54

 enough for up to L=32

D=28 gives ξ～26

 too small for L=32 
 BUT….

10-4

comparable to the error
in the best existing estimates!

∼



Error in (Loop-)TNR

 25

(Loop-)TNR is often used to construct the “fixed point”
   tensor, which would describe the large scale behaviors,
   by iterating TNR many times
This approach has given accurate results for large systems, 
but small errors due to the finite bond dimension remain
                                      [A. Ueda & M.O., in preparation]
In our approach, we study the spectrum of finite-size 
systems with TNR. TNR is almost exact when the system 
size is less than the effective correlation length.

TNR calculation of the finite-size spectrum
    + Level Spectroscopy →  better accuracy



Estimates of Tc
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Kosterlitz RG Flow
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vortex fugacity

spin-wave stiffness

You must have seen this diagram many times….

but have you really seen the RG flow?
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“vacuum energy” under the twisted boundary condition
       with the twist angle θ  [notation clash…] 



Extrapolating Lukyanov’s Result
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In our notations, the energy levels would be given by

<latexit sha1_base64="4F87Fz2q6uArUomRMLbOL7XKCjw="></latexit>
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e±i�

They form two doublets, and no triplet is formed
   even on the BKT transition line              ?!

The two states corresponding to           are mixed by the
  vortex perturbation            and split into two levels
  corresponding to 

<latexit sha1_base64="TfL4knBdbtBHBPiu2zTqGqGE4e4="></latexit>
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Energy Levels up to 2nd Order
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- split between                   should be odd in
- SU(2) triplet should be formed on 

            the BKT transition line 
⇒  uniquely determines the energy levels up to O(y2)

<latexit sha1_base64="pod2BKbvE8F6QSPHVnbdl/aTnK4="></latexit>xV s
1/2
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1/2
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Obtaining Running Coupling Constants
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We can estimate yK & yV from the finite-size energy levels

Less accuracy than Tc, but we can apply to larger systems
   (up to L=512)



Visualization of Kosterlitz RG Flow!
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L=16
32
64

128
256
512



Conclusions (BKT)
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TNR + Level Spectroscopy (finite size scaling of CFT)
  allows
    - super accurate determination of BKT critical point
    - visualization of Kosterlitz RG flow by extraction of
        running coupling constants from the spectrum
for continuous valued 2D classical spin system such as XY 
model

Future: extension/application to more nontrivial
             systems & unknown physics
                                            



Classical Heisenberg Model
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<latexit sha1_base64="ZMPGnBIe8myaBlvZIfr7j9TsWd4="></latexit>
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2g
(@µ~n)
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~n2 = 1 O(3) Nonlinear Sigma Model

Asymptotic freedom ⇒ disordered at any T>0
coupling g corresponds to temperature

<latexit sha1_base64="fAlyIUxBWXqjYczjWY4JEaKKikA="></latexit>

dg

d logL
=
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Supported also by factorizable S-matrix (Zamolodchikov2) 
BUT…

continuum limit
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Really??

But not easy to
  prove/disprove

difficult to distinguish
massive with
very large
correlation length
from
massless…



Z2 vortex-driven transition?
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Nematic liquid crystal:
  symmetric rod-like molecules
  (no distinction between head & tail) 

Lebwohl-Lascher 1972

Target space = RP2

<latexit sha1_base64="FRBb4RzrB8Oka0pYcg1qLVrPWBI="></latexit>

⇡1(RP
2) = Z2 Z2 vortex!

BKT-like transition driven by the Z2 vortices?
But the RG equation also implies asymptotic freedom..

Kawamura-Miyashita 1984



UV Fixed Point
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T→0
Spontaneous Symmetry
Breaking of SO(3)

2 independent 
Nambu-Goldstone modes
⇒ c=2

Confirmed by TNR



Heisenberg Model at Intermediate T
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c～1.94 < 2 no candidate CFT

does not
converge

likely to support
“asymptotic freedom”
RG flow c=2 → c=0



RP2 Model at Intermediate T

 39

c～1.92 < 2 no candidate CFT

Z2 vortex dissociation
 transition(?)



RP2 Model at T≦T*
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Spectrum does not converge
well even at T≦T*

c～1.92 < 2

SU(2) level 4
  c=2 but smallest scaling dim

<latexit sha1_base64="rgTlfI9esxKw5CBV2Nbrtoe56ZA="></latexit>

xj=1 =
2

3
= 0.666 . . . � 0.2

likely to support “asymptotic freedom”
RG flow c=2 → c=0 , but with a strong crossover at T*



Conclusions (Heisenberg & RP2)
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Both Heisenberg & RP2 Models
  show c=2 at the UV fixed point for T→0 
  consistently with 2 (would-be) Nambu-Goldstone modes

At intermediate temperatures, the effective central charge
  exhibit a “plateau” at c～1.9

  but there is no appropriate candidate CFT
  and scaling dimensions do not converge

Our results support the “asymptotic freedom”
 scenario with the single disordered phase in T>0



Discussion (Heisenberg & RP2)
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Difficulty in distinguishing very large but finite correlation 
length from criticality

Even when  (system size) < (correlation length)
the Hamiltonian/transfer matrix spectrum
gives useful information!



Conclusions (Overall)
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TNR + Level Spectroscopy (finite size scaling of CFT)
  allows
    - super accurate determination of BKT critical point
    - visualization of Kosterlitz RG flow by extraction of
        running coupling constants from the spectrum

  - identify the UV fixed point for 
            the Heisenberg & RP2 models 
  - clarify(?) the crossover in 
            the Heisenberg & RP2 models

Future: extension/application to more nontrivial
             systems & unknown physics
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application to
more
controversial
problems
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