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Magnetization plateaus
SrCu2(BO3)2 in a magnetic field exhibits several magnetization plateaus

Oninzuka, et al.  

1/8 plateau

1/4 plateau

1/3 plateau

Onizuka, et al.,  
JPSJ 69 (2000)

The SSM has almost localized triplet  
excitations [Miyahara&Ueda’99, Kageyama et al. ’00]

Common assumption: 
magnetization plateaus correspond to 
crystals of localized triplets!

Triplets repel each other  
(on the mean-field level)
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FIG. 1. (color online) A part of the 11B-NMR spectra covering
the most negative range of internal field obtained at T =
0.43 K in various magnetic fields. The values of magnetic
fields correspond to the position of the spectral base line on
the vertical axis. The purple, red, blue, and green spectra
belong to the 1/8, 2/15, 1/6 and 1/4 plateaus, respectively.

1), and therefore they directly give the distribution of
Hint with typical accuracy of 2 mT.
The spectrum at 27.9 T (purple) belongs to the 1/8

plateau and exhibits sharp peaks that do not move in the
entire field range of the plateau, features that are char-
acteristic of a commensurate superstructure. The peak
positions agree with previous reports [8–10]. Among the
spectra displayed in Fig. 1, we clearly identify two other
ranges of field, 28.7 - 29.2 T (red) and 31.5 - 32.2 T
(blue), in which the spectra present the same features,
suggesting the existence of two additional plateau phases
between the 1/8 and 1/4 plateaus. Outside these field
ranges, the peaks are rather broad and their positions
change continuously with the external field.
The existence of new plateaus is also supported by

the magnetization curve shown in Fig. 2 obtained by
torque measurement using a cantilever technique. The
non-coplanar structure of the CuBO3 layers allows an in-
tradimer Dzyaloshinski-Moriya (DM) interaction, which
has been shown to produce a transverse magnetization
perpendicular to the magnetic field [16]. The torque
(τ) acting on the cantilever then consists of two terms:
τ = aM × H + bM · ∇H , the first one proportional to
the transverse magnetization and the second one to the
longitudinal magnetization. Their relative size depends
on the precise location and orientation of the sample and
of the field profile inside the magnet, which are difficult
to know. In the gapped phase of SrCu2(BO3)2 below
15 T, where the longitudinal magnetization is strictly
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FIG. 2. (color online) Inset: The magnetic-field dependence
of the torque divided by field at T = 60 mK for the sam-
ple positioned at ±10 mm off the nominal field center. Main
panel: The thick black line represents the longitudinal mag-
netization(see the text) with the vertical scale appropriately
adjusted. The magnetization values at 1/8, 2/15, 1/6, and
1/4 of the saturation are shown by the dashed lines. The
horizontal bars indicate the field range of the plateaus de-
termined by NMR. The open circles show the magnetization
determined from the Cu-NMR shift data from Ref. [8].

zero, τ/H shown in the inset of Fig. 2 varies linearly
with H due to the transverse magnetization. To elimi-
nate this contribution and isolate that of the longitudi-
nal magnetization, we took a linear combination of two
measurements of τ/H taken at different sample positions
shown in the inset of Fig. 2, choosing their relative coef-
ficients so that the resulting curve stays zero below 15 T.
The result is shown as a black line in the main panel of
Fig. 2. It agrees very well with the magnetization deter-
mined from the Cu-NMR shift data below 26 T reported
in Ref. [8] (open circles).

The magnetization curve shows a series of plateaus. In
addition to the 1/8 plateau and the approach to the 1/4
plateau just outside the available field range, two other
plateaus can be clearly recognized: one is adjacent to the
1/8 plateau and the other is approximately half way up
to the 1/4 plateau. These field ranges agree perfectly
with what we proposed from the field variation of the
NMR spectra (the horizontal bars in Fig. 2). The mag-
netizations of the first three plateaus scale as 1/8 : 2/15
: 1/6, which is partially consistent with the theoretical
predictions in Refs. [13] and [14] but does not agree with
the values reported in Ref. [12].

Having established the sequence of plateaus, we now
discuss the spin structure. The distribution of Hint

was obtained by an iterative method to deconvolute the
quadrupole structure from the NMR spectra [17]. The re-
sulting spectra are displayed in Fig. 3(A) for all plateaus
and two intermediate phases above and below the 1/6
plateau. Let us recall that the spin density of one triplet
is expected to be distributed primarily over three dimers

Magnetization plateaus below the 1/4 plateau

Takigawa, et al., PRL 110 (2013)

★Crystals of triplet-bound states
PC, F. Mila, PRL 112 (2014)
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•Best fit with experiments for 
J’/J = 0.63 using iPEPS, DMRG, 
ED, series expansion

• Supersolid phases at high fields

J 0/J = 0.63
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SrCu2(BO3)2  under pressure 
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pressure

Drive system across the phase transitions!
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equivalent plaquette patterns, PS order can appear at T > 0
already in an isolated layer.
Following indications from nuclear magnetic resonance

(NMR) of an intermediate phase with broken spatial
symmetry [22,23], inelastic neutron scattering revealed
an excitation attributed to a PS state [11]. The mode was
only detected at P ¼ 2.15 GPa, and recently an alternative
scenario with no PS phase was proposed [12]. Here we
argue that the PS phase exists adjacent to a previously not
observed AF phase below 4 K and P ¼ 3–4 GPa.
Experiments.—We have performed high-pressure heat

capacity (C) measurements on SrCu2ðBO3Þ2 single crys-
tals. With support of simulations of quantum spin models,
we have for the first time extracted a ðP; TÞ phase diagram,
Fig. 2(a), in the range of P and T where the SS model
should be relevant. Six different samples were studied, and
CðTÞ was measured from room temperature down to 1.5 or
0.4 K at several pressures (using two different types
of cryostats and pressure cells; see the Supplemental
Material [24]). Consistent results were obtained among
all these measurements. In Figs. 2(b)–2(e) we show typical
results for CðTÞ=T in the different pressure regions. In the
Supplemental Material [24] we discuss data for P > 4 GPa,
where the SS description is no longer valid.
We identify two main low-T features in CðTÞ=T: there is

always a broad maximum that we will refer to as the hump.
Starting at P ≈ 1.7 GPa, a smaller peak emerges at lower T
and prevails up to 2.4 GPa. We will argue that this peak
signals the PS transition. Upon further increasing P, the
small peak is no longer detected at temperatures accessible
in the experiments. A broader hump appears between 3 and
4 GPa, below which there is a peak at T ≈ 2–3.5 K that we
interpret as an AF transition. AF order was previously
detected only at P > 4 GPa up to T ≈ 120 K [11]. This
high-T phase is different from the new low-T AF phase—
see the Supplemental Material [24], where we also discuss
a new transition at T ≈ 8 K for P > 4 GPa.
The C=T hump is known from studies at ambient

pressure [37], where it arises from the correlations leading
to the dimer singlets as T → 0. As shown in Fig. 2(a),
the hump temperature ThðPÞ, including the minimum at
P ≈ 2.5 GPa, agrees remarkably well with exact diago-
nalization (ED) results for the SS Hamiltonian on a
20-site lattice (see the Supplemental Material [24]) with
P converted to α by linear forms JðPÞ, J0ðPÞ [11].
The hump width also agrees well with the SS model
[see Fig. S5].
In the 2D Heisenberg model the hump appears at T ≈

J=2 [38] where strong AF correlations build up. In general,
the hump indicates a temperature scale where correlations
set in that remove significant entropy from the system. The
ThðPÞ minimum can be regarded as the point of highest
frustration, with the energy scale being lowered due to
the two competing couplings (see also Refs. [39,40]).
The peak that we associate with PS ordering appears in

this pressure region, suggesting singlet formation driven
by strong frustration.
If the putative AF ordering below T ¼ 4 K for P ≈

3–4 GPa is the result of weak inter-layer couplings J⊥, the
observed hump-peak separation is expected, as the hump

FIG. 2. (a) Phase diagram of SrCu2ðBO3Þ2 (crystal structure in
the inset) from high pressure CðTÞ measurements. Examples of
CðTÞ=T curves are given in (b)–(e), where the orange arrows
indicate the hump locationTh. The green symbols in (a)markTh in
several samples and the purple curve shows results for the 20-spin
SS model with couplings close to those of Ref. [11]; J0ðPÞ¼
½75−8.3P=GPa%K and JðPÞ ¼ ½46.7 − 3.7 P=GPa%K. For P ≈
1.7–2.4 GPa a second peak at lower T, marked with a red arrow in
(c); it indicates the transition into the PS phase. Upon further
compression, the system first enters a regime where the experi-
ments cannot reach sufficiently low T to observe the second peak.
The peak is again detectable around 3 GPa and is marked with blue
arrows in (d),(e). It becomes more prominent with increasing P,
suggesting [38] AF order due to weak interlayer couplings. The
phase boundaries extracted from the second peak are indicated by
half-filled red squares and diamonds (PS phase) and blue filled
squares and half-filled circles (AF phase). The low-T data in (b),(c)
are fitted (black curves) tothe form C=T ¼ a0 þ a1T2 þ
ða2=T3Þe−Δ=T [37], giving gaps Δ shown in Fig. 3(a). In (d),(e)
fits are shown (red curves) without gap term; C=T ¼ a0 þ a1T2.
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Inspiration: fully frustrated Heisenberg bilayer model
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Dimer singletsDimer triplets

first order line

Jump in           on a 
dimer at the phase 

transition
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MPS & PEPS
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MPS
Matrix-product state 

1D

S. R. White, PRL 69, 2863 (1992)

Östlund, Rommer, PRL 75, 3537 (1995) 

Physical indices (lattices sites)

Fannes et al., CMP 144, 443 (1992)

Bond dimension D D

2D

F. Verstraete, J. I. Cirac, cond-mat/0407066
Nishio, Maeshima, Gendiar, Nishino, cond-mat/0401115 

 

Bond dimension 

PEPS (TPS)
projected entangled-pair state

(tensor product state)
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iPEPS
infinite projected entangled-pair state

Jordan, Orus, Vidal, Verstraete, Cirac, PRL (2008)

Infinite PEPS (iPEPS)

infinite matrix-product state 
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★ Work directly in the thermodynamic limit: 
No finite size and boundary effects!



iMPS
1D 2D

iPEPS
infinite projected entangled-pair state

Infinite PEPS (iPEPS)

★ Work directly in the thermodynamic limit: 
No finite size and boundary effects!

infinite matrix-product state 
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Jordan, Orus, Vidal, Verstraete, Cirac, PRL (2008)
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1D 2D
iPEPS

with arbitrary unit cell of tensors

PC, White, Vidal, Troyer, PRB 84 (2011) 

here: 4x2 unit cell

iPEPS with arbitrary unit cells

★ Run simulations with different unit cell sizes and 
compare variational energies 

iMPS
infinite matrix-product state 
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iPEPS ground state simulations
• Many applications to challenging problems, including frustrated spin, 

SU(N), and bosonic systems, t-J / Hubbard models, and more, see e.g.:
P. Corboz, A. M. Läuchli, K. Penc, M. Troyer and F. Mila, PRL 107 (2011) 
S. Dusuel, M. Kamfor, R. Orús, K. P. Schmidt, and J. Vidal, PRL 106, 107203 (2011)
H. H. Zhao, C. Xu, Q. N. Chen, Z. C. Wei, M. P. Qin, G. M. Zhang and T. Xiang, PRB 85 (2012)
P. Corboz, M. Lajkó, A. M. Läuchli, K. Penc and F. Mila, PRX 2 (2012)
P. Corboz and F. Mila, PRB 87 (2013);  PRL 112 (2014)
Z.-C. Gu, H.-C. Jiang, D. N. Sheng, H. Yao, L. Balents and X.-G. Wen, PRB 88 (2013)
J. Osorio Iregui, P. Corboz and M. Troyer, PRB 90 (2014)
P. Corboz, T. Rice and M. Troyer, PRL 113 (2014)
T. Picot and D. Poilblanc, PRB 91 (2015)
T. Picot, M. Ziegler, R. Orús and D. Poilblanc, PRB 93 (2016)
P. Nataf, M. Lajkó, P. Corboz, A. M. Läuchli, K. Penc and F. Mila, PRB 93 (2016)
H. Liao, Z. Xie, J. Chen, Z. Liu, H. Xie, R. Huang, B. Normand and T. Xiang, PRL 118 (2017)
B.-X. Zheng, et al., Science 358, 1155 (2017)
I. Niesen and P. Corboz, PRB 95 (2017); SciPost Physics 3, 030 (2017); Rev. B 97, 245146 (2018)
R. Haghshenas, W.-W. Lan, S.-S. Gong, and D. N. Sheng, PRB 97 (2018)
J.-Y. Chen, L. Vanderstraeten, S. Capponi, and D. Poilblanc, PRB 98 (2018) 
S. S. Jahromi and R. Orús, PRB 98 (2018)
H.-Y. Lee and N. Kawashima, PRB 97 (2018)
H. Yamaguchi, Y. Sasaki, T. Okubo, et al.,PRB 98, 094402 (2018)
R. Haghshenas, S.-S. Gong, and D. N. Sheng, PRB 99, 174423 (2019)
S. S. Chung and P. Corboz, PRB 100 (2019)
B. Ponsioen, S. S. Chung, and P. Corboz, PRB 100 (2019)
C. Boos, S. P. G. Crone, I. A. Niesen, P. Corboz, K. P. Schmidt, and F. Mila, PRB 100 (2019)
Z. Shi, et al, Nature Communications 10, 2439 (2019)
A. Kshetrimayum, C. Balz, B. Lake, and J. Eisert, ArXiv:1904.00028 (2019)
H.-Y. Lee, R. Kaneko, T. Okubo, and N. Kawashima, PRL 123, 087203 (2019).
O. Gauthé, S. Capponi, M. Mambrini, and D. Poilblanc, PRB 101, 205144 (2020).
H.-Y. Lee, R. Kaneko, L. E. Chern, T. Okubo, Y. Yamaji, N. Kawashima, and Y. B. Kim, Nature Communications 11 (2020)
W.-Y. Liu, S.-S. Gong, Y.-B. Li, D. Poilblanc, W.-Q. Chen, and Z.-C. Gu, ArXiv:2009.01821 (2020)
J.-Y. Chen, S. Capponi, A. Wietek, M. Mambrini, N. Schuch, and D. Poilblanc, PRL 125, 017201 (2020)
J. Hasik, D. Poilblanc, and F. Becca, SciPost Physics 10, 012 (2021)
… and many more …



Finite temperature simulations with iPEPS
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‣ Wave-function:

‣ Density-operator: ⇢̂ = e��Ĥ ⇡
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‣ Methodological developments (2D):
Li et al. PRL 106 (2011); Czarnik et al. PRB 86 (2012); Czarnik & Dziarmaga PRB 90 (2014);  
Czarnik & Dziarmaga PRB 92 (2015); Czarnik et al. PRB 94 (2016); Dai et al PRB 95 (2017);  
Kshetrimayum, Rizzi, Eisert, Orus, PRL 122 (2019), P. Czarnik, J. Dziarmaga, PC, PRB 99 (2019), …

‣ Symmetric form: e��Ĥ/2 ⇡
<latexit sha1_base64="EKN00LEZd3nl4H25im+VORJLvRA=">AAACBHicbVA9SwNBEN3zM8avqGWaxSDYGO+ioGXQJmUEo0IuhrnNxCzufbA7J4YjhY1/xcZCEVt/hJ3/xk1MoYkPBh7vzTAzL0iUNOS6X87M7Nz8wmJuKb+8srq2XtjYvDBxqgU2RKxifRWAQSUjbJAkhVeJRggDhZfB7enQv7xDbWQcnVM/wVYIN5HsSgFkpXahiNfZnh8gAfd7QLy2XxlwH5JEx/ftQsktuyPwaeKNSYmNUW8XPv1OLNIQIxIKjGl6bkKtDDRJoXCQ91ODCYhbuMGmpRGEaFrZ6IkB37FKh3djbSsiPlJ/T2QQGtMPA9sZAvXMpDcU//OaKXWPW5mMkpQwEj+LuqniFPNhIrwjNQpSfUtAaGlv5aIHGgTZ3PI2BG/y5WlyUSl7B+XK2WGpejKOI8eKbJvtMo8dsSqrsTprMMEe2BN7Ya/Oo/PsvDnvP60zznhmi/2B8/ENQFiXNQ==</latexit> B
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⇢̂(�) = ⇢̂†(�)
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Jiménez, Crone, et al., Nature 592, 370 (2021)



Correlation length

iPEPS, D=20

Diverging correlation length 
compatible with a critical point
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Jump in <S· S> on dimer
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Open challenges

J
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too low T to obtain 
reliable data with 
iPEPS (currently)

full plaquette 
phase (FPP)

‣ Inelastic neutron scattering: 
full plaquette phase (FPP), not 
empty plaquette phase (EPP)
Zayed, et al., Nat. Phys. 13, 962 (2017)



Competing plaquette phases 

‣ Distorted Shastry-Sutherland model: competition between EPP and FPP phase

Boos, Crone, Niesen, PC, Schmidt & Mila, PRB 100 (2019)~ex
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‣ Small deformation leads to FPP phase! But precise model still unclear…

vs FPP



Finite T iPEPS study of the m=1/2 plateau in SCBO
P. Czarnik, M. M. Rams, PC, and J. Dziarmaga, PRB 103, 075113 (2021)
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Tc = 0.043(2)J ⇡ 3.5(2)K

T=2.1K

Critical exponents compatible  
with 2D Ising universality class



Part II: SCBO  under extreme conditions of field & pressure
Shi, Dissanayake, PC, William Steinhardt, Graf, Silevitch, Dabkowska, Rosenbaum, Mila, Haravifard, Nat Commun 13, 1 (2022)

‣ Identify anomalies → phase boundaries

‣ Experiments:  
tunnel diode oscillator (TDO) technique
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‣ Non-zero df/dH ↔ slope change in M 

‣ Compare with iPEPS phase diagram



Shi, Dissanayake, PC, William Steinhardt, Graf, Silevitch, Dabkowska, Rosenbaum, Mila, Haravifard, Nat Commun 13, 1 (2022)

SrCu2(BO3)2  under extreme conditions of field & pressure



Nature of the 1/5 plateau

‣ Vertical stripes separated by dimer singlets (along red dashed lines)

‣ Strong triplets in the center of each stripe, with a weaker pair of triplets in between

✦ Neither a crystal of triplets, nor a crystal of bound states!

‣ Full-plaquette formation: reminiscent of full plaquette phase (FPP)

✦ FPP: triplets on dimers within plaquette and singlets on dimers outside of plaquette,  
where the triplets form effective S=1 Haldane chains

‣ Effective description: S=1 diamond chain with m=2/3 

‣ Also found in a thin SSM tube made of 2 orthogonal dimer chains
Manmana, Picon, Schmidt, and Mila, EPL 94, 67004 (2011)
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Nature of the 10x2 supersolid

‣ Descendant of the 1/5 plateau state

‣ Alternating rotation of the spins of successive stripes clockwise or  
counterclockwise by 90 degrees

‣ Finite component in the field direction, also on the boundary between stripes

Full plaquette physics appearing at finite magnetic field!
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the earlier studies have pointed out that the spin-lattice
coupling plays an important role for the high-field proper-
ties of SCBO [15–17, 28–31]. In particular, the c66 mode
(with ±"xy strain) shows extremely large anomalies. In
this study, we discuss the magneto-structural properties
of SCBO at ultrahigh magnetic fields supported by the
theoretical calculations based on the infinite projected
entangled pair state (iPEPS) tensor-network algorithm
[32–34]. The elastic properties of novel supersolid phases
above 100 T are discussed in terms of the spin-lattice
coupling.

II. EXPERIMENTAL METHOD

The pulsed magnetic fields up to 150 T were generated
with help of the vertical single-turn-coil system (STC)
in the ISSP, University of Tokyo [35]. We used a liquid
4He bath cryostat to keep the sample at 3–4.2 K. We
note that the sample temperature can change due to the
magnetocaloric e↵ect during the pulsed field (⇠ 6 µs)
[17, 30]. High-quality single crystals of SCBO were grown
by a traveling solvent floating zone method [36]. We used
the one (2⇥1⇥1 mm3) for the ultrasound and another one
(2⇥1⇥0.3 mm3) for the magnetostriction measurement.
Magnetic fields were always applied along the c axis in
our experiments.

We performed the ultrasound measurements by using
the continuous-wave excitation technique [37]. Ultra-
sound waves with the frequency of 20–40 MHz were ex-
cited by a LiNbO3 transducer attached to the surface of
the crystal. The transmitted waves were detected by an-
other transducer and recorded by a digital oscilloscope.
The recorded signals were analyzed by using the numeri-
cal lock-in technique, and the phase change was converted
to the relative change of the sound velocity �v/v0. With
this technique, one can obtain reliable results around the
peak of the pulsed field where the field sweep rate slows
down. Therefore, we repeated the measurements with
di↵erent peak fields and extracted the reproducible part
of the results. We also performed the ultrasound mea-
surements up to 83 T by using the ultrasound pulse-echo
technique with a dual-pulse magnet in HLD, Dresden
[38]. We measured two in-plane modes, c66 (k||[100],
u||[010]) and c11 (k||u||[100]), where k (u) is the prop-
agation (displacement) vector.

We performed the magnetostriction experiments us-
ing the Fiber-Bragg grating (FBG) fixed onto the crystal
[39]. We used a broad-band near-infrared lamp as an inci-
dent light source and a circulator to monitor the reflected
light. When the sample length changed, the reflected
wavelength of light also changed. By using a band-pass
filter with a band edge close to the Bragg wavelength,
the reflection wavelength shift was detected as an am-
plitude change. In this study, we fixed the FBG using
the low-temperature glue SK-229 to detect the longitu-
dinal magnetostriction along the c axis, Lc. In addi-
tion, the fiber and sample were put deep inside a vac-
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FIG. 2. The ultrahigh-field data (H//c) obtained in
SrCu2(BO3)2. (a) Relative change of the sound velocity for
the c66 and c11 acoustic modes. The results for the c11 mode
are multiplied by 10. The results obtained with the non-
destructive magnet at 1.5 K and the STCs at 3.2 K are shown
by the black and colored curves, respectively. (b) Magne-
tostriction along the c axis measured at 4.2 K. (c) Magneti-
zation along the c axis measured at 2.1 K [3]. The plateau
field regions suggested by the magnetization measurement are
shown by bars. Anomalies above the 1/2 plateau are denoted
by arrows.

uum grease to attenuate the sample vibration caused by
magneto-structural phase transition [40, 41]. Because of
the large amount of grease coupled to the FBG, the de-
tected magnetostriction was reduced to ⇠ 20 % of the
reported value [17]. Nevertheless, the obtained magne-
tostriction was qualitatively reproducible and reflected
the magnetic-field-induced phase transitions.

III. EXPERIMENTAL RESULTS

Figure 2 shows the summarized results of the ultra-
sound and magnetostriction up to the ultrahigh field of
150 T. For comparison, the magnetization curve at 2.1 K
[3] is shown in Fig. 2(c) with bars representing the re-
gions of magnetization plateaus. For reproducibility and
raw data, see Supplemental Material (SM) [42].

Part III: SrCu2(BO3)2  up to the saturation field
Nomura, PC, Miyata, Zherlitsyn, Ishii, Kohama, Matsuda, Ikeda, Zhong, Kageyama, Mila, arXiv:2209.07652

‣ Experiments: ultrahigh fields up to 150T! 

‣ Ultrasound velocity & magnetostriction

‣ Identified new anomalies above  
the 1/2 plateau at 116T, 127T, and 139T

‣ Saturation field: 139T 

‣ Comparison with iPEPS results

‣ Strong decrease of the sound velocity of 
the c66 acoustic in the 1/2 plateau?
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the earlier studies have pointed out that the spin-lattice
coupling plays an important role for the high-field proper-
ties of SCBO [15–17, 28–31]. In particular, the c66 mode
(with ±"xy strain) shows extremely large anomalies. In
this study, we discuss the magneto-structural properties
of SCBO at ultrahigh magnetic fields supported by the
theoretical calculations based on the infinite projected
entangled pair state (iPEPS) tensor-network algorithm
[32–34]. The elastic properties of novel supersolid phases
above 100 T are discussed in terms of the spin-lattice
coupling.

II. EXPERIMENTAL METHOD

The pulsed magnetic fields up to 150 T were generated
with help of the vertical single-turn-coil system (STC)
in the ISSP, University of Tokyo [35]. We used a liquid
4He bath cryostat to keep the sample at 3–4.2 K. We
note that the sample temperature can change due to the
magnetocaloric e↵ect during the pulsed field (⇠ 6 µs)
[17, 30]. High-quality single crystals of SCBO were grown
by a traveling solvent floating zone method [36]. We used
the one (2⇥1⇥1 mm3) for the ultrasound and another one
(2⇥1⇥0.3 mm3) for the magnetostriction measurement.
Magnetic fields were always applied along the c axis in
our experiments.

We performed the ultrasound measurements by using
the continuous-wave excitation technique [37]. Ultra-
sound waves with the frequency of 20–40 MHz were ex-
cited by a LiNbO3 transducer attached to the surface of
the crystal. The transmitted waves were detected by an-
other transducer and recorded by a digital oscilloscope.
The recorded signals were analyzed by using the numeri-
cal lock-in technique, and the phase change was converted
to the relative change of the sound velocity �v/v0. With
this technique, one can obtain reliable results around the
peak of the pulsed field where the field sweep rate slows
down. Therefore, we repeated the measurements with
di↵erent peak fields and extracted the reproducible part
of the results. We also performed the ultrasound mea-
surements up to 83 T by using the ultrasound pulse-echo
technique with a dual-pulse magnet in HLD, Dresden
[38]. We measured two in-plane modes, c66 (k||[100],
u||[010]) and c11 (k||u||[100]), where k (u) is the prop-
agation (displacement) vector.

We performed the magnetostriction experiments us-
ing the Fiber-Bragg grating (FBG) fixed onto the crystal
[39]. We used a broad-band near-infrared lamp as an inci-
dent light source and a circulator to monitor the reflected
light. When the sample length changed, the reflected
wavelength of light also changed. By using a band-pass
filter with a band edge close to the Bragg wavelength,
the reflection wavelength shift was detected as an am-
plitude change. In this study, we fixed the FBG using
the low-temperature glue SK-229 to detect the longitu-
dinal magnetostriction along the c axis, Lc. In addi-
tion, the fiber and sample were put deep inside a vac-
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FIG. 2. The ultrahigh-field data (H//c) obtained in
SrCu2(BO3)2. (a) Relative change of the sound velocity for
the c66 and c11 acoustic modes. The results for the c11 mode
are multiplied by 10. The results obtained with the non-
destructive magnet at 1.5 K and the STCs at 3.2 K are shown
by the black and colored curves, respectively. (b) Magne-
tostriction along the c axis measured at 4.2 K. (c) Magneti-
zation along the c axis measured at 2.1 K [3]. The plateau
field regions suggested by the magnetization measurement are
shown by bars. Anomalies above the 1/2 plateau are denoted
by arrows.

uum grease to attenuate the sample vibration caused by
magneto-structural phase transition [40, 41]. Because of
the large amount of grease coupled to the FBG, the de-
tected magnetostriction was reduced to ⇠ 20 % of the
reported value [17]. Nevertheless, the obtained magne-
tostriction was qualitatively reproducible and reflected
the magnetic-field-induced phase transitions.

III. EXPERIMENTAL RESULTS

Figure 2 shows the summarized results of the ultra-
sound and magnetostriction up to the ultrahigh field of
150 T. For comparison, the magnetization curve at 2.1 K
[3] is shown in Fig. 2(c) with bars representing the re-
gions of magnetization plateaus. For reproducibility and
raw data, see Supplemental Material (SM) [42].

Reduction of ultrasound velocity in 1/2 plateau?

‣ Strong reduction in 1/2 plateau

‣ Tiny reduction in 1/3 plateau

Strain of c66 mode: 

1/3 1/21/4 1/11/8

‣ Both E’ and E’’ of the magnetic energy contribute to the elastic constant

‣ E’ has large magnitude in 1/2, but vanishing for 1/3 plateau

Checkerboard structure 
with positive (triplet) and 
negative (singlet) bonds
→ contributions to E’ add 

up → large magnitude

odd periodicity → cancellation



Reduction of ultrasound velocity in 1/2 plateau?

‣ Both E’ and E’’ of the magnetic energy contribute to the elastic constant

‣ Fit:  

Estimates in good 
agreement with 

experiment
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the earlier studies have pointed out that the spin-lattice
coupling plays an important role for the high-field proper-
ties of SCBO [15–17, 28–31]. In particular, the c66 mode
(with ±"xy strain) shows extremely large anomalies. In
this study, we discuss the magneto-structural properties
of SCBO at ultrahigh magnetic fields supported by the
theoretical calculations based on the infinite projected
entangled pair state (iPEPS) tensor-network algorithm
[32–34]. The elastic properties of novel supersolid phases
above 100 T are discussed in terms of the spin-lattice
coupling.

II. EXPERIMENTAL METHOD

The pulsed magnetic fields up to 150 T were generated
with help of the vertical single-turn-coil system (STC)
in the ISSP, University of Tokyo [35]. We used a liquid
4He bath cryostat to keep the sample at 3–4.2 K. We
note that the sample temperature can change due to the
magnetocaloric e↵ect during the pulsed field (⇠ 6 µs)
[17, 30]. High-quality single crystals of SCBO were grown
by a traveling solvent floating zone method [36]. We used
the one (2⇥1⇥1 mm3) for the ultrasound and another one
(2⇥1⇥0.3 mm3) for the magnetostriction measurement.
Magnetic fields were always applied along the c axis in
our experiments.

We performed the ultrasound measurements by using
the continuous-wave excitation technique [37]. Ultra-
sound waves with the frequency of 20–40 MHz were ex-
cited by a LiNbO3 transducer attached to the surface of
the crystal. The transmitted waves were detected by an-
other transducer and recorded by a digital oscilloscope.
The recorded signals were analyzed by using the numeri-
cal lock-in technique, and the phase change was converted
to the relative change of the sound velocity �v/v0. With
this technique, one can obtain reliable results around the
peak of the pulsed field where the field sweep rate slows
down. Therefore, we repeated the measurements with
di↵erent peak fields and extracted the reproducible part
of the results. We also performed the ultrasound mea-
surements up to 83 T by using the ultrasound pulse-echo
technique with a dual-pulse magnet in HLD, Dresden
[38]. We measured two in-plane modes, c66 (k||[100],
u||[010]) and c11 (k||u||[100]), where k (u) is the prop-
agation (displacement) vector.

We performed the magnetostriction experiments us-
ing the Fiber-Bragg grating (FBG) fixed onto the crystal
[39]. We used a broad-band near-infrared lamp as an inci-
dent light source and a circulator to monitor the reflected
light. When the sample length changed, the reflected
wavelength of light also changed. By using a band-pass
filter with a band edge close to the Bragg wavelength,
the reflection wavelength shift was detected as an am-
plitude change. In this study, we fixed the FBG using
the low-temperature glue SK-229 to detect the longitu-
dinal magnetostriction along the c axis, Lc. In addi-
tion, the fiber and sample were put deep inside a vac-
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FIG. 2. The ultrahigh-field data (H//c) obtained in
SrCu2(BO3)2. (a) Relative change of the sound velocity for
the c66 and c11 acoustic modes. The results for the c11 mode
are multiplied by 10. The results obtained with the non-
destructive magnet at 1.5 K and the STCs at 3.2 K are shown
by the black and colored curves, respectively. (b) Magne-
tostriction along the c axis measured at 4.2 K. (c) Magneti-
zation along the c axis measured at 2.1 K [3]. The plateau
field regions suggested by the magnetization measurement are
shown by bars. Anomalies above the 1/2 plateau are denoted
by arrows.

uum grease to attenuate the sample vibration caused by
magneto-structural phase transition [40, 41]. Because of
the large amount of grease coupled to the FBG, the de-
tected magnetostriction was reduced to ⇠ 20 % of the
reported value [17]. Nevertheless, the obtained magne-
tostriction was qualitatively reproducible and reflected
the magnetic-field-induced phase transitions.

III. EXPERIMENTAL RESULTS

Figure 2 shows the summarized results of the ultra-
sound and magnetostriction up to the ultrahigh field of
150 T. For comparison, the magnetization curve at 2.1 K
[3] is shown in Fig. 2(c) with bars representing the re-
gions of magnetization plateaus. For reproducibility and
raw data, see Supplemental Material (SM) [42].

‣ Strong reduction in 1/2 plateau

‣ Tiny reduction in 1/3 plateau

Strain of c66 mode: 

1/3 1/21/4 1/11/8
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Part IV: SSM with interlayer coupling

‣ Extent of the plaquette phase is smaller in experiments than in theory

equivalent plaquette patterns, PS order can appear at T > 0
already in an isolated layer.
Following indications from nuclear magnetic resonance

(NMR) of an intermediate phase with broken spatial
symmetry [22,23], inelastic neutron scattering revealed
an excitation attributed to a PS state [11]. The mode was
only detected at P ¼ 2.15 GPa, and recently an alternative
scenario with no PS phase was proposed [12]. Here we
argue that the PS phase exists adjacent to a previously not
observed AF phase below 4 K and P ¼ 3–4 GPa.
Experiments.—We have performed high-pressure heat

capacity (C) measurements on SrCu2ðBO3Þ2 single crys-
tals. With support of simulations of quantum spin models,
we have for the first time extracted a ðP; TÞ phase diagram,
Fig. 2(a), in the range of P and T where the SS model
should be relevant. Six different samples were studied, and
CðTÞ was measured from room temperature down to 1.5 or
0.4 K at several pressures (using two different types
of cryostats and pressure cells; see the Supplemental
Material [24]). Consistent results were obtained among
all these measurements. In Figs. 2(b)–2(e) we show typical
results for CðTÞ=T in the different pressure regions. In the
Supplemental Material [24] we discuss data for P > 4 GPa,
where the SS description is no longer valid.
We identify two main low-T features in CðTÞ=T: there is

always a broad maximum that we will refer to as the hump.
Starting at P ≈ 1.7 GPa, a smaller peak emerges at lower T
and prevails up to 2.4 GPa. We will argue that this peak
signals the PS transition. Upon further increasing P, the
small peak is no longer detected at temperatures accessible
in the experiments. A broader hump appears between 3 and
4 GPa, below which there is a peak at T ≈ 2–3.5 K that we
interpret as an AF transition. AF order was previously
detected only at P > 4 GPa up to T ≈ 120 K [11]. This
high-T phase is different from the new low-T AF phase—
see the Supplemental Material [24], where we also discuss
a new transition at T ≈ 8 K for P > 4 GPa.
The C=T hump is known from studies at ambient

pressure [37], where it arises from the correlations leading
to the dimer singlets as T → 0. As shown in Fig. 2(a),
the hump temperature ThðPÞ, including the minimum at
P ≈ 2.5 GPa, agrees remarkably well with exact diago-
nalization (ED) results for the SS Hamiltonian on a
20-site lattice (see the Supplemental Material [24]) with
P converted to α by linear forms JðPÞ, J0ðPÞ [11].
The hump width also agrees well with the SS model
[see Fig. S5].
In the 2D Heisenberg model the hump appears at T ≈

J=2 [38] where strong AF correlations build up. In general,
the hump indicates a temperature scale where correlations
set in that remove significant entropy from the system. The
ThðPÞ minimum can be regarded as the point of highest
frustration, with the energy scale being lowered due to
the two competing couplings (see also Refs. [39,40]).
The peak that we associate with PS ordering appears in

this pressure region, suggesting singlet formation driven
by strong frustration.
If the putative AF ordering below T ¼ 4 K for P ≈

3–4 GPa is the result of weak inter-layer couplings J⊥, the
observed hump-peak separation is expected, as the hump

FIG. 2. (a) Phase diagram of SrCu2ðBO3Þ2 (crystal structure in
the inset) from high pressure CðTÞ measurements. Examples of
CðTÞ=T curves are given in (b)–(e), where the orange arrows
indicate the hump locationTh. The green symbols in (a)markTh in
several samples and the purple curve shows results for the 20-spin
SS model with couplings close to those of Ref. [11]; J0ðPÞ¼
½75−8.3P=GPa%K and JðPÞ ¼ ½46.7 − 3.7 P=GPa%K. For P ≈
1.7–2.4 GPa a second peak at lower T, marked with a red arrow in
(c); it indicates the transition into the PS phase. Upon further
compression, the system first enters a regime where the experi-
ments cannot reach sufficiently low T to observe the second peak.
The peak is again detectable around 3 GPa and is marked with blue
arrows in (d),(e). It becomes more prominent with increasing P,
suggesting [38] AF order due to weak interlayer couplings. The
phase boundaries extracted from the second peak are indicated by
half-filled red squares and diamonds (PS phase) and blue filled
squares and half-filled circles (AF phase). The low-T data in (b),(c)
are fitted (black curves) tothe form C=T ¼ a0 þ a1T2 þ
ða2=T3Þe−Δ=T [37], giving gaps Δ shown in Fig. 3(a). In (d),(e)
fits are shown (red curves) without gap term; C=T ¼ a0 þ a1T2.

PHYSICAL REVIEW LETTERS 124, 206602 (2020)

206602-2

Guo, et al  
(2020)

‣ Pressure model:   
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pc = 1.8GPa $ J 0/J = 0.675
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J = 81.5K

J’(p), J(p): linear functions. J’(p) changes by 5% between p0 and pc (ESR)

Sakurai, et al., J. Phys. Soc. Jpn. 87, 033701 (2018)

Shi, et al. (2022)

Dimer AFPlaquette0.675 0.765
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≈ 0.7



SSM with interlayer coupling

‣ Series expansion results Koga, J. Phys. Soc. Japan 69 (2000)

‣ Predicted values for J’’ (no consensus yet)

✦ J’’/J = 0.09 … 0.21 from fits to susceptibility  [Miyahara & Ueda (2000), Knetter et al (2000)] 

✦ J’’/J ≈ 0.03 from ab-initio calculations   [Radtke et al., PNAS 112 (2015)] 

AF phase becomes favored over plaquette phase with increasing J’’
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iPEPS for layered systems
(a)

Dxy

Dz

(b)

D2
xy

D2
z

(c)

Vlaar, PC, arxiv:2208.06423

‣ 3D tensor network ansatz (coupled iPEPS)

‣ Dxy > Dz for weak interlayer coupling

‣ Dz = 1 → product state of iPEPSs

(a) (b)

(c)

�

(d)

(e) (f)

‣ Dz = 1 : contract individual layers (2D)

‣ Dz > 1 : perform effective decoupling 
away from center → 2D contraction

‣ Interlayer correlations beyond mean-
field level are included by the Dz > 1 
bonds in the center

‣ Layered corner transfer matrix 
(LCTM) method

Contraction:

Ansatz:

Patrick Vlaar



Benchmarks for 3D anisotropic Heisenberg model
Vlaar, PC, arxiv:2208.06423

�D�

�E� �F�‣ Substantial improvement from Dz =1 to Dz = 2

‣ Values close to the extrapolated QMC result

‣ In agreement with more expensive full 3D contractions 
Vlaar & PC, PRB 103, 205137 (2021)
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Jz/Jxy = 0.1



Phase diagram: SSM with interlayer coupling
(work in progress)

Dimer Plaquette
AF
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Dz = 2

Estimate for the strength of interlayer coupling: J’’/J ≈ 0.03

≈ 0.03

Guo et al (2020)

LCTM: Promising approach also for other layered systems!



Conclusion

✓ SrCu2(BO3)2 under pressure / in a magnetic field exhibits very rich physics! 

✓ Finite temperature Ising critical point, analogous to critical point of water 

✓ New type of 1/5 plateau and supersolid phases at high pressure & field

✓ Results up to saturation in good agreement with experiments & 
understanding of the reduction of ultrasound velocity in the 1/2 plateau

✓ Reduction of plaquette phase due to interlayer coupling

Thank you for your attention!
Acknowledgements:  
F. Mila, S. Crone, P.  Vlaar, P. Czarnik, J. Dziarmaga, L. Weber,  A. Wietek, S. Wessel, B. Normand,  
A. Honecker, A. Läuchli, J. Larrea Jimenez, E. Fogh, R. Lortz, M. E. Zayed, K. Conder,  
E. Pomjakushina, Ch. Rüegg, H. M. Rønnow, T. Nomura, A. Miyata, S. Zherlitsyn, Y. Ishii,  
Y. Kohama, Y. Matsuda, A. Ikeda, C. Zhong, H. Kageyama, Z. Shi, S. Dissanayake, W. Steinhardt,  
D. Graf, D. M. Silevitch, H. A. Dabkowska, T. F. Rosenbaum, S. Haravifard

‣ Progress with iPEPS: versatile tool for ground state and finite temperature 
calculations + extensions to layered systems 


