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Multipolar local moments
Many f-electron localized ions carry multipolar moments 

Example: 

Pr3+

J=4 

4f2

five crystallographically different sites, namely, the Pr atom
at the 8a site, T at the 16d site, and X at the 16c, 48f, and 96g
sites. The Pr atoms form a diamond structure and the T atoms
form a pyrochlore structure. As shown in Fig. 1, the Pr atoms
are encapsulated in Frank-Kasper cages formed by 16 X
atoms.

Because of the large coordination number of the Pr atom,
the nearly spherical environment (the actual local point-group
symmetry is Td) provides ð4f Þ2 electrons in the Pr3+ ion with
relatively small CEF splitting and increased hybridization
between the 4f and conduction electrons. These aspects are
favorable for exploring exotic Kondo physics in terms of
higher-rank multipoles.

Compared with the one 4f electron in Ce3+, the two 4f
electrons in Pr3+ are more localized. Because of the even
number of 4f electrons, the CEF electronic states are free
from the Kramers theorem. Specifically, the Hund’s rule
J ¼ 4 (L ¼ 5, S ¼ 1) ground-state multiplet in the ð4f Þ2
configuration is lifted by the CEF Hamiltonian for the cubic
symmetry,

HCEF ¼ W

!
x

60
ðO40 þ 5O44Þ þ

1 % jxj
1260

ðO60 % 21O64Þ

þ y

30
ðO62 %O66Þ

"
; ð1Þ

where Omn is the Stevens operator and y ¼ 0 for Td and Oh

symmetries. This expression is well known as the Lea–
Leask–Wolf (LLW) Hamiltonian for cubic symmetry.13,14)

The eigenstates of HCEF for Td are the !1 singlet, !3 doublet,
and !4 and !5 triplets. The expressions for their energies are
given by

E1 ¼ 4W½7x % 20ð1 % jxjÞ';
E3 ¼ 4W½x þ 16ð1 % jxjÞ';

E4

E5

)

¼ %2W½4ð1 % jxjÞ þ 3x

( 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9ð1 % 2jxjÞ þ 30xð1 % jxjÞ þ 34x2 þ 1008y2

p
': ð2Þ

Among these irreducible representations, the !3 doublet has
pure electric quadrupoles of the !3-type: O20 (3z2 % r2) and
O22 (x2 % y2). The other internal degree of freedom in the !3

doublet is the magnetic octupole of the !1-type: Txyz (JxJyJz).
There are no active magnetic dipoles in the !3 doublet. In
contrast to the !3 non-Kramers doublet, the triplet states

accompany ordinary magnetic dipoles of the !4-type: Jx, Jy,
Jz, and other multipoles.

In PrRh2Zn20, a structural phase transition occurs at Ts,
which is much higher than the range of temperatures of
interest in this review, which lowers the local point-group
symmetry for the Pr sites to T, which is characterized by the
finite y parameter in Eq. (1). The compatibility relations
between Td and T are ð!1;!3;!4;!5Þ ! ð!1;!23;!

ð1Þ
4 ;!ð2Þ

4 Þ.
Note that this symmetry lowering does not essentially affect
the low-energy physics, as will be shown in later sections.
The details of the structural characteristics are discussed in
the Appendix.

The CEF level schemes of PrT2Zn20 (T = Ir, Rh) and
PrT2Al20 (T = V, Ti) are shown in Fig. 2, which are
confirmed by the combination of magnetization, specific
heat, ultrasound, and INS measurements as will be discussed
in Sect. 3. In all cases, the non-Kramers doublet !3 (!23) is
the CEF ground state, and the first excited state is the
magnetic triplet, either !4 or !5. The splitting between the !3

ground doublet and the excited triplet, denoted by Δ, should
be one of the important parameters of the system. If Δ were
sufficiently large as compared with other relevant energy
scales, such as the transition temperatures for the quadrupole
order and superconductivity, TQ and Tc, respectively (both
depend indirectly on the effective hybridization strength
between the 4f and conduction electrons), the quadrupolar
(and octupolar) degrees of freedom could dominate low-
energy physics. Otherwise, the interplay between the
quadrupolar and magnetic degrees of freedom would
predominate over pure quadrupolar physics. In Fig. 2, Δ
increases from the left panel to the right.

In Fig. 3, the relation between Δ and ðTQ; TcÞ for PrT2Zn20
and PrT2Al20 is shown. The linear dependences of TQ and Tc
on Δ indicate the existence of an overall characteristic energy
scale, which increases from PrIr2Zn20 to PrTi2Al20. We also
expect that the hybridization strength of the compounds will
increase in the same order. According to this consideration,
we would expect a very small TQ for the Cd systems with
much smaller Δ than that of the Zn systems as listed in
Table I.

The hybridization strength is also an important energy
scale of the system, which unfortunately cannot be extracted
directly from measurements of bulk properties. However, two
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Fig. 1. (Color online) Crystal structure of PrT2Zn20 (T = Ir, Rh,…) and
PrT2Al20 (T = V, Ti,…).12) (a) Unit cell with Z ¼ 8, (b) atomic cage
including Pr atom, and (c) another cage for X atom at the 16c site.
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Fig. 2. CEF level schemes of PrT2Zn20 (T = Ir, Rh) and PrT2Al20 (T = V,
Ti). The CEF ground states are non-Kramers doublets !3 (!23) for the point
group Td (T ). The first excited states are triplets.
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FIG. 1: (color online) (a) 4f contribution to the specific heat
C4f of PrIr2Zn20 in magnetic fields up to 12 T applied along
the [100] direction. The data of C4f are vertically offset for
clarity. TQ indicates the temperature of AFQ order. The open
triangles are TSch, where Schottky-type peaks appear as a re-
sult of the splitting of the ground state doublet by applying
the magnetic fields. (b) Entropy S4f estimated by integrat-
ing C4f (T )/T in various fields.The arrow indicates character-

istic temperature T (C)
0 defined as the temperature where S4f

reaches 3
4Rln2. The inset shows the data of C4f for 3≤B≤5.5

T plotted with vertical offsets. The open and closed trian-
gles, respectively, represent TQ and a crossover temperature
T ∗ emerging only in B=4.5 and 5 T, which will be described
in the text. A Pr ion encapsulated into the symmetric Zn-
cage, which is formed by four Zn atoms at the 16c site and
twelve Zn atoms at the 96g site, is also shown in the inset.

as the isothermal magnetization measured at T=0.045 K.
Thereby, the nuclear specific heat was estimated by tak-
ing the eigenvalues of the hamiltonian into consideration.
The nuclear contribution is zero in B=0. Applying mag-
netic field, it gradually increases on cooling, e.g., in B =
3 T, Cnuc is increased up to about 3.5 J/K mol at 0.1 K.
The contribution of the phonon was subtracted by using
the specific heat of the La analog LaIr2Zn20. The main
panel of Fig. 1 (b) shows the entropy S4f estimated by
integrating C4f/T . The value of S4f reaches Rln2 at 2
K, supporting that the physical properties at T < 2 K
are governed by the doublet ground state.
The sharp peak at TQ = 0.11 K for B = 0 in Fig.

1 (a) is the manifestation of the AFQ order.[27, 32, 33]
As shown with the open triangles in the inset of Fig. 1
(b), upon applying magnetic field for B≥3 T, the peak
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FIG. 2: (color online) Scaling plots of (a) the specific heat
C4f and (b) the electrical resistivity ∆ρ of PrIr2Zn20 in
the magnetic fields B ||[100]. In the temperature region

0.8 < T/T (C)
0 , T/T (ρ)

0 < 3, C4f and ∆ρ in magnetic fields
better follow the calculation by using a two-channel Anderson
lattice model [10] as shown with the (red) solid curves than the
(blue) dotted curve calculated with the impurity quadrupole
Kondo model[6]. The inset of (a) shows the temperature de-
pendence of C4f/T with vertical offsets. The temperature
variation of ρ/(ρ0+A

√
T ) is shown in the inset of (b). At the

value of 1, ρ(T ) follows
√
T . The arrows show the character-

istic temperature, T (ρ)
0 , where ρ(T ) deviates from ρ0+A

√
T

relation.

shifts to lower temperatures and disappears at B=4.5
T. The behavior of the specific heat peak at TQ in the
magnetic fields is much different from the previous report
where the peak is split into two for 1≤B≤3 T.[27] This
inconsistency results from an extrinsic effect of another
grain contained in the previous sample whose crystalline
axis is directed away from the a-axis of the dominant
crystal.

On the other hand, as shown with the open triangles
in Fig. 1 (a), C4f (T ) in B = 6 T shows a broad peak
at 0.6 K, which shifts to 2 K with increasing B up to
12 T. The height and width can be explained by taking
account of the Zeeman splitting of the ground state dou-
blet. Because the split singlets lose quadrupolar degrees
of freedom, no phase transition occurs in B > 6 T.

We pay attention to another broad peak in C4f (B =
0) at around 0.4 K in Fig. 1(a). When C4f/T is plot-
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at the 8a site, T at the 16d site, and X at the 16c, 48f, and 96g
sites. The Pr atoms form a diamond structure and the T atoms
form a pyrochlore structure. As shown in Fig. 1, the Pr atoms
are encapsulated in Frank-Kasper cages formed by 16 X
atoms.

Because of the large coordination number of the Pr atom,
the nearly spherical environment (the actual local point-group
symmetry is Td) provides ð4f Þ2 electrons in the Pr3+ ion with
relatively small CEF splitting and increased hybridization
between the 4f and conduction electrons. These aspects are
favorable for exploring exotic Kondo physics in terms of
higher-rank multipoles.

Compared with the one 4f electron in Ce3+, the two 4f
electrons in Pr3+ are more localized. Because of the even
number of 4f electrons, the CEF electronic states are free
from the Kramers theorem. Specifically, the Hund’s rule
J ¼ 4 (L ¼ 5, S ¼ 1) ground-state multiplet in the ð4f Þ2
configuration is lifted by the CEF Hamiltonian for the cubic
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where Omn is the Stevens operator and y ¼ 0 for Td and Oh

symmetries. This expression is well known as the Lea–
Leask–Wolf (LLW) Hamiltonian for cubic symmetry.13,14)

The eigenstates of HCEF for Td are the !1 singlet, !3 doublet,
and !4 and !5 triplets. The expressions for their energies are
given by
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pure electric quadrupoles of the !3-type: O20 (3z2 % r2) and
O22 (x2 % y2). The other internal degree of freedom in the !3

doublet is the magnetic octupole of the !1-type: Txyz (JxJyJz).
There are no active magnetic dipoles in the !3 doublet. In
contrast to the !3 non-Kramers doublet, the triplet states

accompany ordinary magnetic dipoles of the !4-type: Jx, Jy,
Jz, and other multipoles.

In PrRh2Zn20, a structural phase transition occurs at Ts,
which is much higher than the range of temperatures of
interest in this review, which lowers the local point-group
symmetry for the Pr sites to T, which is characterized by the
finite y parameter in Eq. (1). The compatibility relations
between Td and T are ð!1;!3;!4;!5Þ ! ð!1;!23;!
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Note that this symmetry lowering does not essentially affect
the low-energy physics, as will be shown in later sections.
The details of the structural characteristics are discussed in
the Appendix.

The CEF level schemes of PrT2Zn20 (T = Ir, Rh) and
PrT2Al20 (T = V, Ti) are shown in Fig. 2, which are
confirmed by the combination of magnetization, specific
heat, ultrasound, and INS measurements as will be discussed
in Sect. 3. In all cases, the non-Kramers doublet !3 (!23) is
the CEF ground state, and the first excited state is the
magnetic triplet, either !4 or !5. The splitting between the !3

ground doublet and the excited triplet, denoted by Δ, should
be one of the important parameters of the system. If Δ were
sufficiently large as compared with other relevant energy
scales, such as the transition temperatures for the quadrupole
order and superconductivity, TQ and Tc, respectively (both
depend indirectly on the effective hybridization strength
between the 4f and conduction electrons), the quadrupolar
(and octupolar) degrees of freedom could dominate low-
energy physics. Otherwise, the interplay between the
quadrupolar and magnetic degrees of freedom would
predominate over pure quadrupolar physics. In Fig. 2, Δ
increases from the left panel to the right.

In Fig. 3, the relation between Δ and ðTQ; TcÞ for PrT2Zn20
and PrT2Al20 is shown. The linear dependences of TQ and Tc
on Δ indicate the existence of an overall characteristic energy
scale, which increases from PrIr2Zn20 to PrTi2Al20. We also
expect that the hybridization strength of the compounds will
increase in the same order. According to this consideration,
we would expect a very small TQ for the Cd systems with
much smaller Δ than that of the Zn systems as listed in
Table I.

The hybridization strength is also an important energy
scale of the system, which unfortunately cannot be extracted
directly from measurements of bulk properties. However, two
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PrT2Al20 (T = V, Ti,…).12) (a) Unit cell with Z ¼ 8, (b) atomic cage
including Pr atom, and (c) another cage for X atom at the 16c site.
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Fig. 2. CEF level schemes of PrT2Zn20 (T = Ir, Rh) and PrT2Al20 (T = V,
Ti). The CEF ground states are non-Kramers doublets !3 (!23) for the point
group Td (T ). The first excited states are triplets.
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TABLE II: Crystalline electric field splitting of Pr
3+

, J = 4 state

The least-square fitting to the observed spectra in a temperature range of 4.2  T  50K obtained the CEF
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In this Letter, we consider a frustrated local-moment
model with two-spin and four-spin interactions, that are
allowed by symmetry associated with the local envi-
ronment of Pr3+ ions and their coupling to the con-
duction electrons. Since our main interest is the in-
terplay between di↵erent multipolar orders and their
thermal phase transitions, we employ mean field theory
and Monte Carlo simulations to investigate the thermal
phase diagram of this model. Our key result is that such
interactions can lead to ground states with coexisting
multipolar orders; we show that this can lead to a single
or two-stage multipolar thermal transitions, and present
results on the e↵ect of a magnetic field. We discuss how
this provides a natural framework to interpret the exper-
iments on PrTi2Al20 and PrV2Al20, which is thus also of
potential importance for other heavy fermion materials.

Model.— In Pr(TM)2Al20 (with TM=Ti, V), the 4f2

Pr3+ ion lives in a Td local environment, arising from
the Frank Kasper cage formed by 16 neighboring Al
ions [22]. Inelastic neutron scattering and specific heat
studies have shed light on the local spectrum of the Pr3+

ion, arising from crystal field splitting of the J = 4
angular momentum multiplet [18, 21]. These indicate
a �3 non-Kramers doublet ground state separated from
the next �4 triplet of states by an energy gap ⇠ 50K. At
temperatures T ⌧ 50K, we can e↵ectively ignore these
excited crystal field multiplets [18]. Thus, for the low
energy physics of these materials, especially the broken
symmetry phases found at T . 5K, it is su�cient to
consider a model of conduction electrons Kondo-coupled
to this �3 doublet, whose wavefunctions are [21, 45]
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Txyz[46, 47]. Here, (⌧x, ⌧y)⌘ ~⌧? describes

a time-reversal invariant quadrupolar moment, while ⌧z
describes a time-reversal odd octupolar moment. In ad-
dition, the point group symmetry of the Pr3+ ion in-
cludes an S4z operation under which ⌧± ! �⌧±, and a
C31 operation under which ⌧± ! e±i2⇡/3⌧±.

With this in mind, we consider a symmetry-allowed
model of short-distance two-spin exchange between the
pseudospin-1/2 local moments ~⌧ , supplemented with the

simplest four-spin interaction that couples quadrupolar
and octupolar degrees of freedom,
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We will assume Jij = J1, J2 for nearest and next-nearest
neighbors respectively, and ignore further neighbor two-
spin interactions. For the four-spin coupling, the no-
tation hhijihkmii means that we consider a nearest-
neighbor pair hiji coupled to a distinct nearest-neighbor
pair hkmi, such that the two pairs are separated by a
single bond, leading to the shortest four-site cluster [48].

We consider the easy-plane regime, � < 1, so that
the two-spin interactions favor quadrupolar ⌧x,y order
over octupolar ⌧z order as is observed in many of these
compounds. While J1 < 0 will drive FQ order, as ob-
served in PrTi2Al20, increasing pressure might lead to
AFQ orders, either via a frustrating J2/|J1|> 0 which
leads to incommensurate spiral order (SpQ), or via a
sign change J1>0 which will lead to commensurate Néel
quadrupolar order (NQ) [18, 21]. Our main insight is
that while the two-spin interactions alone will favor pure
quadrupolar order, four-spin interactions will generi-
cally lead to coexisting multipolar orders. For K > 0,
quadrupolar orders with nearest-neighbor h~⌧?i · ~⌧?j i>0

will favor ferro-octupolar (FO) order, while h~⌧?i ·~⌧?j i<0
will favor Néel octupolar (NO) order; the FO and
NO orders get switched when we consider K < 0.

Motivated by constructing the simplest model to cap-
ture the phenomenology of PrTM2Al20, we will set
J1<0 for PrTi2Al20 which favors FQ order, and J1>0
for PrV2Al20 favoring NQ order. In both cases, we fix
J2>0 andK>0, and study the phases and their proper-
ties as we vary J2/|J1| and K/|J1|. At the classical level
of the analysis done here, we note that the model with
J1 < 0 maps onto the model with J1 > 0 by changing
~⌧ ! �~⌧ on one sublattice; with this understanding, we
will mainly focus on fixed J1 = +1, but present results
which are applicable for both systems.
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describes a time-reversal odd octupolar moment. In ad-
dition, the point group symmetry of the Pr3+ ion in-
cludes an S4z operation under which ⌧± ! �⌧±, and a
C31 operation under which ⌧± ! e±i2⇡/3⌧±.

With this in mind, we consider a symmetry-allowed
model of short-distance two-spin exchange between the
pseudospin-1/2 local moments ~⌧ , supplemented with the
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We will assume Jij = J1, J2 for nearest and next-nearest
neighbors respectively, and ignore further neighbor two-
spin interactions. For the four-spin coupling, the no-
tation hhijihkmii means that we consider a nearest-
neighbor pair hiji coupled to a distinct nearest-neighbor
pair hkmi, such that the two pairs are separated by a
single bond, leading to the shortest four-site cluster [48].

We consider the easy-plane regime, � < 1, so that
the two-spin interactions favor quadrupolar ⌧x,y order
over octupolar ⌧z order as is observed in many of these
compounds. While J1 < 0 will drive FQ order, as ob-
served in PrTi2Al20, increasing pressure might lead to
AFQ orders, either via a frustrating J2/|J1|> 0 which
leads to incommensurate spiral order (SpQ), or via a
sign change J1>0 which will lead to commensurate Néel
quadrupolar order (NQ) [18, 21]. Our main insight is
that while the two-spin interactions alone will favor pure
quadrupolar order, four-spin interactions will generi-
cally lead to coexisting multipolar orders. For K > 0,
quadrupolar orders with nearest-neighbor h~⌧?i · ~⌧?j i>0

will favor ferro-octupolar (FO) order, while h~⌧?i ·~⌧?j i<0
will favor Néel octupolar (NO) order; the FO and
NO orders get switched when we consider K < 0.

Motivated by constructing the simplest model to cap-
ture the phenomenology of PrTM2Al20, we will set
J1<0 for PrTi2Al20 which favors FQ order, and J1>0
for PrV2Al20 favoring NQ order. In both cases, we fix
J2>0 andK>0, and study the phases and their proper-
ties as we vary J2/|J1| and K/|J1|. At the classical level
of the analysis done here, we note that the model with
J1 < 0 maps onto the model with J1 > 0 by changing
~⌧ ! �~⌧ on one sublattice; with this understanding, we
will mainly focus on fixed J1 = +1, but present results
which are applicable for both systems.

Ground state phase diagram.— For J1 > 0, con-
sider an ansatz ~⌧+A/B =
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In this Letter, we consider a frustrated local-moment
model with two-spin and four-spin interactions, that are
allowed by symmetry associated with the local envi-
ronment of Pr3+ ions and their coupling to the con-
duction electrons. Since our main interest is the in-
terplay between di↵erent multipolar orders and their
thermal phase transitions, we employ mean field theory
and Monte Carlo simulations to investigate the thermal
phase diagram of this model. Our key result is that such
interactions can lead to ground states with coexisting
multipolar orders; we show that this can lead to a single
or two-stage multipolar thermal transitions, and present
results on the e↵ect of a magnetic field. We discuss how
this provides a natural framework to interpret the exper-
iments on PrTi2Al20 and PrV2Al20, which is thus also of
potential importance for other heavy fermion materials.

Model.— In Pr(TM)2Al20 (with TM=Ti, V), the 4f2

Pr3+ ion lives in a Td local environment, arising from
the Frank Kasper cage formed by 16 neighboring Al
ions [22]. Inelastic neutron scattering and specific heat
studies have shed light on the local spectrum of the Pr3+

ion, arising from crystal field splitting of the J = 4
angular momentum multiplet [18, 21]. These indicate
a �3 non-Kramers doublet ground state separated from
the next �4 triplet of states by an energy gap ⇠ 50K. At
temperatures T ⌧ 50K, we can e↵ectively ignore these
excited crystal field multiplets [18]. Thus, for the low
energy physics of these materials, especially the broken
symmetry phases found at T . 5K, it is su�cient to
consider a model of conduction electrons Kondo-coupled
to this �3 doublet, whose wavefunctions are [21, 45]
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We will assume Jij = J1, J2 for nearest and next-nearest
neighbors respectively, and ignore further neighbor two-
spin interactions. For the four-spin coupling, the no-
tation hhijihkmii means that we consider a nearest-
neighbor pair hiji coupled to a distinct nearest-neighbor
pair hkmi, such that the two pairs are separated by a
single bond, leading to the shortest four-site cluster [48].

We consider the easy-plane regime, � < 1, so that
the two-spin interactions favor quadrupolar ⌧x,y order
over octupolar ⌧z order as is observed in many of these
compounds. While J1 < 0 will drive FQ order, as ob-
served in PrTi2Al20, increasing pressure might lead to
AFQ orders, either via a frustrating J2/|J1|> 0 which
leads to incommensurate spiral order (SpQ), or via a
sign change J1>0 which will lead to commensurate Néel
quadrupolar order (NQ) [18, 21]. Our main insight is
that while the two-spin interactions alone will favor pure
quadrupolar order, four-spin interactions will generi-
cally lead to coexisting multipolar orders. For K > 0,
quadrupolar orders with nearest-neighbor h~⌧?i · ~⌧?j i>0

will favor ferro-octupolar (FO) order, while h~⌧?i ·~⌧?j i<0
will favor Néel octupolar (NO) order; the FO and
NO orders get switched when we consider K < 0.

Motivated by constructing the simplest model to cap-
ture the phenomenology of PrTM2Al20, we will set
J1<0 for PrTi2Al20 which favors FQ order, and J1>0
for PrV2Al20 favoring NQ order. In both cases, we fix
J2>0 andK>0, and study the phases and their proper-
ties as we vary J2/|J1| and K/|J1|. At the classical level
of the analysis done here, we note that the model with
J1 < 0 maps onto the model with J1 > 0 by changing
~⌧ ! �~⌧ on one sublattice; with this understanding, we
will mainly focus on fixed J1 = +1, but present results
which are applicable for both systems.

Ground state phase diagram.— For J1 > 0, con-
sider an ansatz ~⌧+A/B =

p
1�⌘2 exp(iq · r ± �

2 ) for

unit length spins on A/B sublattices, with ⌧zA/B =

±⌘. Here q,� specify a spiral of ~⌧? which is a
generic SpQ order with magnitude

p
1� ⌘2. The

limit Q = 0 corresponds to the NQ state. This co-
exists with NO order of strength ⌘. Let us define
F ⌘cos� cos qx

4 cos qy
4 cos qz

4�sin� sin qx
4 sin qy

4 sin qz
4 and

G⌘cos qx
2 cos qy

2 + cos qy
2 cos qz

2 + cos qz
2 cos qx

2 , in terms

Quadrupolar

Octupolar

But, finite matrix elements for 

h±|J↵|±i = 0

[S↵, S� ] = i✏↵��S
�

2

In this Letter, we consider a frustrated local-moment
model with two-spin and four-spin interactions, that are
allowed by symmetry associated with the local envi-
ronment of Pr3+ ions and their coupling to the con-
duction electrons. Since our main interest is the in-
terplay between di↵erent multipolar orders and their
thermal phase transitions, we employ mean field theory
and Monte Carlo simulations to investigate the thermal
phase diagram of this model. Our key result is that such
interactions can lead to ground states with coexisting
multipolar orders; we show that this can lead to a single
or two-stage multipolar thermal transitions, and present
results on the e↵ect of a magnetic field. We discuss how
this provides a natural framework to interpret the exper-
iments on PrTi2Al20 and PrV2Al20, which is thus also of
potential importance for other heavy fermion materials.

Model.— In Pr(TM)2Al20 (with TM=Ti, V), the 4f2

Pr3+ ion lives in a Td local environment, arising from
the Frank Kasper cage formed by 16 neighboring Al
ions [22]. Inelastic neutron scattering and specific heat
studies have shed light on the local spectrum of the Pr3+

ion, arising from crystal field splitting of the J = 4
angular momentum multiplet [18, 21]. These indicate
a �3 non-Kramers doublet ground state separated from
the next �4 triplet of states by an energy gap ⇠ 50K. At
temperatures T ⌧ 50K, we can e↵ectively ignore these
excited crystal field multiplets [18]. Thus, for the low
energy physics of these materials, especially the broken
symmetry phases found at T . 5K, it is su�cient to
consider a model of conduction electrons Kondo-coupled
to this �3 doublet, whose wavefunctions are [21, 45]
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describes a time-reversal odd octupolar moment. In ad-
dition, the point group symmetry of the Pr3+ ion in-
cludes an S4z operation under which ⌧± ! �⌧±, and a
C31 operation under which ⌧± ! e±i2⇡/3⌧±.

With this in mind, we consider a symmetry-allowed
model of short-distance two-spin exchange between the
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We will assume Jij = J1, J2 for nearest and next-nearest
neighbors respectively, and ignore further neighbor two-
spin interactions. For the four-spin coupling, the no-
tation hhijihkmii means that we consider a nearest-
neighbor pair hiji coupled to a distinct nearest-neighbor
pair hkmi, such that the two pairs are separated by a
single bond, leading to the shortest four-site cluster [48].

We consider the easy-plane regime, � < 1, so that
the two-spin interactions favor quadrupolar ⌧x,y order
over octupolar ⌧z order as is observed in many of these
compounds. While J1 < 0 will drive FQ order, as ob-
served in PrTi2Al20, increasing pressure might lead to
AFQ orders, either via a frustrating J2/|J1|> 0 which
leads to incommensurate spiral order (SpQ), or via a
sign change J1>0 which will lead to commensurate Néel
quadrupolar order (NQ) [18, 21]. Our main insight is
that while the two-spin interactions alone will favor pure
quadrupolar order, four-spin interactions will generi-
cally lead to coexisting multipolar orders. For K > 0,
quadrupolar orders with nearest-neighbor h~⌧?i · ~⌧?j i>0

will favor ferro-octupolar (FO) order, while h~⌧?i ·~⌧?j i<0
will favor Néel octupolar (NO) order; the FO and
NO orders get switched when we consider K < 0.

Motivated by constructing the simplest model to cap-
ture the phenomenology of PrTM2Al20, we will set
J1<0 for PrTi2Al20 which favors FQ order, and J1>0
for PrV2Al20 favoring NQ order. In both cases, we fix
J2>0 andK>0, and study the phases and their proper-
ties as we vary J2/|J1| and K/|J1|. At the classical level
of the analysis done here, we note that the model with
J1 < 0 maps onto the model with J1 > 0 by changing
~⌧ ! �~⌧ on one sublattice; with this understanding, we
will mainly focus on fixed J1 = +1, but present results
which are applicable for both systems.

Ground state phase diagram.— For J1 > 0, con-
sider an ansatz ~⌧+A/B =

p
1�⌘2 exp(iq · r ± �

2 ) for

unit length spins on A/B sublattices, with ⌧zA/B =

±⌘. Here q,� specify a spiral of ~⌧? which is a
generic SpQ order with magnitude

p
1� ⌘2. The

limit Q = 0 corresponds to the NQ state. This co-
exists with NO order of strength ⌘. Let us define
F ⌘cos� cos qx

4 cos qy
4 cos qz

4�sin� sin qx
4 sin qy

4 sin qz
4 and

G⌘cos qx
2 cos qy

2 + cos qy
2 cos qz

2 + cos qz
2 cos qx

2 , in terms

2

In this Letter, we consider a frustrated local-moment
model with two-spin and four-spin interactions, that are
allowed by symmetry associated with the local envi-
ronment of Pr3+ ions and their coupling to the con-
duction electrons. Since our main interest is the in-
terplay between di↵erent multipolar orders and their
thermal phase transitions, we employ mean field theory
and Monte Carlo simulations to investigate the thermal
phase diagram of this model. Our key result is that such
interactions can lead to ground states with coexisting
multipolar orders; we show that this can lead to a single
or two-stage multipolar thermal transitions, and present
results on the e↵ect of a magnetic field. We discuss how
this provides a natural framework to interpret the exper-
iments on PrTi2Al20 and PrV2Al20, which is thus also of
potential importance for other heavy fermion materials.

Model.— In Pr(TM)2Al20 (with TM=Ti, V), the 4f2

Pr3+ ion lives in a Td local environment, arising from
the Frank Kasper cage formed by 16 neighboring Al
ions [22]. Inelastic neutron scattering and specific heat
studies have shed light on the local spectrum of the Pr3+

ion, arising from crystal field splitting of the J = 4
angular momentum multiplet [18, 21]. These indicate
a �3 non-Kramers doublet ground state separated from
the next �4 triplet of states by an energy gap ⇠ 50K. At
temperatures T ⌧ 50K, we can e↵ectively ignore these
excited crystal field multiplets [18]. Thus, for the low
energy physics of these materials, especially the broken
symmetry phases found at T . 5K, it is su�cient to
consider a model of conduction electrons Kondo-coupled
to this �3 doublet, whose wavefunctions are [21, 45]
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dition, the point group symmetry of the Pr3+ ion in-
cludes an S4z operation under which ⌧± ! �⌧±, and a
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We will assume Jij = J1, J2 for nearest and next-nearest
neighbors respectively, and ignore further neighbor two-
spin interactions. For the four-spin coupling, the no-
tation hhijihkmii means that we consider a nearest-
neighbor pair hiji coupled to a distinct nearest-neighbor
pair hkmi, such that the two pairs are separated by a
single bond, leading to the shortest four-site cluster [48].

We consider the easy-plane regime, � < 1, so that
the two-spin interactions favor quadrupolar ⌧x,y order
over octupolar ⌧z order as is observed in many of these
compounds. While J1 < 0 will drive FQ order, as ob-
served in PrTi2Al20, increasing pressure might lead to
AFQ orders, either via a frustrating J2/|J1|> 0 which
leads to incommensurate spiral order (SpQ), or via a
sign change J1>0 which will lead to commensurate Néel
quadrupolar order (NQ) [18, 21]. Our main insight is
that while the two-spin interactions alone will favor pure
quadrupolar order, four-spin interactions will generi-
cally lead to coexisting multipolar orders. For K > 0,
quadrupolar orders with nearest-neighbor h~⌧?i · ~⌧?j i>0

will favor ferro-octupolar (FO) order, while h~⌧?i ·~⌧?j i<0
will favor Néel octupolar (NO) order; the FO and
NO orders get switched when we consider K < 0.

Motivated by constructing the simplest model to cap-
ture the phenomenology of PrTM2Al20, we will set
J1<0 for PrTi2Al20 which favors FQ order, and J1>0
for PrV2Al20 favoring NQ order. In both cases, we fix
J2>0 andK>0, and study the phases and their proper-
ties as we vary J2/|J1| and K/|J1|. At the classical level
of the analysis done here, we note that the model with
J1 < 0 maps onto the model with J1 > 0 by changing
~⌧ ! �~⌧ on one sublattice; with this understanding, we
will mainly focus on fixed J1 = +1, but present results
which are applicable for both systems.
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previously unidentified non-Fermi liquid state, it is im-
portant to develop a deeper understanding of the nature
of this fixed point.

Focusing on the novel fixed point, we first analyze the
strong coupling limit of the RG flow, where the coupling
constants are taken to be much larger than O(1), and
show that this strong coupling limit is unstable. This
strongly suggests that the intermediate coupling fixed
point found in the perturbative RG analysis is stable.
In order to obtain non-perturbative results, we employ
non-abelian bosonization, current algebra, and conformal
field theory approaches to examine the critical theory of
the novel fixed point. Using the conformal embedding
[17, 36], the free theory of conduction electrons can be
written as a U(1) ⇥ SU(3)2 ⇥ SU(2)3 Kac-Moody in-
variant conformal field theory. The multipolar local mo-
ment or the pseudo-spin-1/2 only couples to a sub-sector
(three of eight generators) of SU(3)2. These three gen-
erators form a closed algebra. We highlight that this is
not the 2-channel SU(3) Kondo model as only three gen-
erators are coupled to the multipolar local moment. It
is more useful to consider the coset construction SU(3)2
= [3-state Potts model] ⇥ fSU(2)8, where the multipolar

local moment then couples to the fSU(2)8 sector. Here
fSU(2)8 refers to SU(2)8 with a convenient normalization
of its generators. Considering the boundary conformal
field theory [37, 38], we find that the leading irrelevant

operator at the novel fixed point is present in the fSU(2)8
sector. If we consider a generalized model, U(1) ⇥ SU(3)k

⇥ SU(k)3, this would correspond to an operator belong-
ing to SU(2)4k. The scaling dimension of this operator is
1 + � with � = 2/(4k+2). The perturbative fixed point
corresponds to the large k limit, and hence � = 1/(2k).
With k = 2 (as in our case), this reproduces 1/4 in the
perturbative RG analysis. The corresponding exact scal-
ing dimension is � = 1/5 for k = 2. This leads to singular
behaviour for experimentally relevant quantities, such as
the specific heat coe�cient C/T ⇠ T

�1+2� = T
�3/5 and

the resistivity ⇢ ⇠ T
� = T

1/5. This represents a rare-
example of solvable non-Fermi liquid fixed points. In the
broader context, our work provides a concrete example
of the possibility of a wide variety of Kondo e↵ects, as
well as a myriad of non-Fermi liquids, that may arise in
rare-earth metallic compounds.

II. MICROSCOPIC MODEL

The combination of spin-orbit (SO) coupling and crys-
talline electric fields (CEFs) in rare-earth compounds al-
lows for the development of exotic higher-rank multipolar
moments. Taking a localized Pr3+ ion in a cubic envi-
ronment as a concrete example, the SO-coupled J = 4
multiplet of f

2 electrons is split by the CEF to give rise
to a low-lying non-Kramers �3g doublet [39]. This �3g

doublet can support time-reversal even quadrupolar mo-
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where the overline represents a fully symmetrized prod-
uct. These multipolar moments can be e�ciently de-
scribed by the pseudospin-1/2 operator S = (Sx
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Embedding such multipolar moments in a metallic sys-
tem, the localized electronic configuration can fluctuate
from its f

2 ground state configuration (�3g) to excited
f
1 states (�7) via hybridization with the sea of conduc-

tion electrons. Group theoretically, this hybridization
process occurs only if the conduction electrons possess
the appropriate symmetry i.e. �c = �3g ⌦ �7 = �8,
where �c denotes the irrep of the conduction electron
states [31]. As described in a recent work [33], one way
to form this �8 irrep is from the combination of cubic p-
like orbitals equipped with spinor-1/2 degree of freedom,
�c = p ⌦ 1

2 = �8 � �6.
The natural, physical setting for such a construc-

tion is in the family of cubic rare-earth compounds,
Pr(Ti,V)2Al20 (PrIr2Zn20), where the Pr3+ ions are sub-
jected to a local Td symmetry by a surrounding cage of
Al (Zn) atoms [40–46]. Focussing on the choice of con-
duction p electron orbitals, the Td symmetry-permitting
couplings of the conduction electrons to a local moment
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where cP,↵ denotes the conduction electron annihilation
operator at site-0, orbital P and spin ↵, and an implicit
summation over conduction spin-indices ↵, � = {", #}.
We note that this construction is based on symmetries,
and hence is broadly applicable to cubic (Td) systems.
We note that in terms of cubic harmonics these terms
can be easily be seen as satisfying the Td symmetry. In
particular, we note that since S
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try, it respectively couples to x
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2 charge densities in

Eq. 2 and currents in Eq. 3. We stress that in the Td

point group x and yz transform identically, and corre-
spondingly for the cyclic permutations. Thus, Eq. 2 and
3 have the same symmetry structure.

As studied in Ref. 33, performing third order perturba-
tive renormalization group calculations leads to two non-
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previously unidentified non-Fermi liquid state, it is im-
portant to develop a deeper understanding of the nature
of this fixed point.

Focusing on the novel fixed point, we first analyze the
strong coupling limit of the RG flow, where the coupling
constants are taken to be much larger than O(1), and
show that this strong coupling limit is unstable. This
strongly suggests that the intermediate coupling fixed
point found in the perturbative RG analysis is stable.
In order to obtain non-perturbative results, we employ
non-abelian bosonization, current algebra, and conformal
field theory approaches to examine the critical theory of
the novel fixed point. Using the conformal embedding
[17, 36], the free theory of conduction electrons can be
written as a U(1) ⇥ SU(3)2 ⇥ SU(2)3 Kac-Moody in-
variant conformal field theory. The multipolar local mo-
ment or the pseudo-spin-1/2 only couples to a sub-sector
(three of eight generators) of SU(3)2. These three gen-
erators form a closed algebra. We highlight that this is
not the 2-channel SU(3) Kondo model as only three gen-
erators are coupled to the multipolar local moment. It
is more useful to consider the coset construction SU(3)2
= [3-state Potts model] ⇥ fSU(2)8, where the multipolar

local moment then couples to the fSU(2)8 sector. Here
fSU(2)8 refers to SU(2)8 with a convenient normalization
of its generators. Considering the boundary conformal
field theory [37, 38], we find that the leading irrelevant

operator at the novel fixed point is present in the fSU(2)8
sector. If we consider a generalized model, U(1) ⇥ SU(3)k

⇥ SU(k)3, this would correspond to an operator belong-
ing to SU(2)4k. The scaling dimension of this operator is
1 + � with � = 2/(4k+2). The perturbative fixed point
corresponds to the large k limit, and hence � = 1/(2k).
With k = 2 (as in our case), this reproduces 1/4 in the
perturbative RG analysis. The corresponding exact scal-
ing dimension is � = 1/5 for k = 2. This leads to singular
behaviour for experimentally relevant quantities, such as
the specific heat coe�cient C/T ⇠ T

�1+2� = T
�3/5 and

the resistivity ⇢ ⇠ T
� = T

1/5. This represents a rare-
example of solvable non-Fermi liquid fixed points. In the
broader context, our work provides a concrete example
of the possibility of a wide variety of Kondo e↵ects, as
well as a myriad of non-Fermi liquids, that may arise in
rare-earth metallic compounds.

II. MICROSCOPIC MODEL

The combination of spin-orbit (SO) coupling and crys-
talline electric fields (CEFs) in rare-earth compounds al-
lows for the development of exotic higher-rank multipolar
moments. Taking a localized Pr3+ ion in a cubic envi-
ronment as a concrete example, the SO-coupled J = 4
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length from the equation Bc2ð0Þ ¼ !0=2!"
2
0. This yields

the small value of "0 $ 84 "A, and a large electronic effec-
tive massm% $ 106m0, indicating heavy fermion character
of the superconductivity.

Now we turn to the temperature dependence of the
normal-state resistivity at 8.7 GPa. Unlike the typical tem-
perature dependence appearing in the proximity to the
magnetic QCP, neither standard Fermi-liquid (# / T2) nor
typical non-Fermi-liquid (# / Tn; n < 2) behaviors were
observed, but the resistivity above TSC is best fitted by a
single power-law dependence #0 þ ATn with n$ 3:0.
Furthermore, the T3 dependence survives under magnetic
fields exceeding the upper critical field and extends to the
lowest temperature measured [Fig. 2(c)]. This is in sharp
contrast with the ambient pressure casewhere the resistivity
shows an exponential decrease below TQ, reflecting freez-
ing of the quadrupole moment forming an anisotropic gap
of the collective mode of the ferroquadrupole order [18].
Therefore, the T3 dependence indicates the gapless nature
of the excitations, most likely of quadrupole fluctuations.
Indeed, although in a limited field region, the T3 depen-
dence was also observed in the Pr-based heavy fermion
superconductor PrOs4Sb12 at the border of the field-induced
quadrupole order [6]. Moreover, this asymptotic T3 behav-
ior becomes more prominent with pressure. As pressure
starts suppressing the quadrupolar order above 6 GPa,
it dominates over the entire temperature region below TQ,
suggesting that T3 behavior comes from the critical

fluctuations of the quadrupolar order. Compared to the
PrOs4Sb12 case, the T3 dependence in PrTi2Al20 is much
more robust against a magnetic field up to at least 4.8 T,
consistent with the nonmagnetic nature of the quadrupole
moment. We obtained residual resistivity #0 by assuming
the power-law equation # ¼ #0 þ AT3 for different pres-
sures and summarized the pressure variation of #0 together
with m% [Fig. 2(d)]. The pressure evolution of #0 and m%

upon suppression of TQ indicates the emergence of heavy
fermion superconductivity with a large electronic effective
mass that comes from critical fluctuations associated with
the ferroquadrupole order.
Pressure-induced evolution of ferroquadrupolar and

superconducting phases of PrTi2Al20 is summarized in
the temperature-pressure phase diagram (Fig. 3). After
peaking at P$ 6 GPa, the ferroquadrupole ordering tem-
perature becomes suppressed with significant broadening,
indicating the presence of the associated QCP. The most
prominent feature is that ferroquadrupole order coexists
with the pressure-induced heavy fermion superconductiv-
ity in a wide pressure region. The coexistence of quadru-
pole order and the superconductivity can be compared
to that observed in PrIr2Zn20, which is isostructural to
PrTi2Al20. PrIr2Zn20 exhibits an antiferroquadrupole or-
dering at TQ ¼ 0:11 K and undergoes a subsequent super-
conducting transition at TSC ¼ 0:05 K [24]. However, the
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FIG. 2 (color online). (a) Temperature dependence of the elec-
trical resistivity #ðTÞ of PrTi2Al20 at 8.7 GPa under various
magnetic fields. (b) Superconducting phase diagram, i.e., the
critical magnetic field Bc2 as a function of temperature, derived
from the zero resistivity temperature. (c)#ðTÞ versusT3 at various
pressures. (d) Pressure dependence of the residual resistivity #0

and the effective mass m% estimated by using the slope of the
critical field curve, assuming a spherical Fermi surface.
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FIG. 3 (color online). Open circles and squares represent the
position of Tmax determined from the maximum in the tempera-
ture dependence of the resistivity and the ferroquadrupole order-
ing temperature TQ, respectively. The SC transition temperatures
TSC are deduced from the temperature dependence of the resis-
tivity (closed circles), the ac magnetic susceptibility (closed
triangles), and the ac specific heat (closed squares), respectively.
The inset shows the cubic crystal structure of PrTi2Al20. Cages
made by PrAl16 and TiAl12 are indicated in green (larger cages)
and purple (smaller cages), respectively.
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PrTr2Al20  (Tr = Ti , V)  systems satisfies all the requirements!! 
 

¾ Non magnetic ground state with purely orbital degrees of freedom 
Cubic G3 CEF ground doublet  (consists of  electric quadruple + magnetic octupole) 

 
¾ Strong hybridization 

9 Cage structure (16Al surrounding Pr) 
9 Smaller cage ⇒ Stronger hybridization in PrV2Al20 

 

¾ Clean sample free from disorder 
Multipolar orderings 
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Pr site: diamond lattice 
Tr site: Pyrochlore 

CeCr2Al20-type Cubic (Fd-3m), Td @ Pr site 

Pr: Diamond Lattice



3

n E1n (meV) Irrep Wave function

4 13.47 �1
1
2

q
5
6 |4i+

1
2

q
7
3 |0i+

1
2

q
5
6 |� 4i

3 9.3 �
(1)
5±

1
2

q
7
2 | ± 3i � 1

2

q
1
2 |⌥ 1i

�
(2)
5

q
1
2 |2i �

q
1
2 |� 2i

2 5.61 �
(1)
4±

1
2

q
1
2 |⌥ 3i � 1

2

q
7
2 | ± 1i

�
(2)
4

q
1
2 |4i �

q
1
2 |� 4i

1 0 �
(1)
3

1
2

q
7
6 |4i �

1
2

q
5
3 |0i+

1
2

q
7
6 |� 4i

�
(2)
3

q
1
2 |2i+

q
1
2 |� 2i

TABLE II: Crystalline electric field splitting of Pr
3+

, J = 4 state

The least-square fitting to the observed spectra in a temperature range of 4.2  T  50K obtained the CEF
parameters x = 0.25 and W = �1.53 meV. Based on Eq.(1) and given two parameters x,W , we can easily obtain the
CEF splitting as following. Table.II shows the CEF splitting of J = 4 states for Pr3+. The ground state �3 doublets
are separated with the first excited state �4 triplets by ⇠ 50K and the J4

± in CEF Hamiltonian connects |Jz = ±4(2)i
to |Jz = 0(�2)i.

B. Pseudospin-1/2 model of �3 doublets

From now on, we focus on the �3 doublets and construct the pseudospin-1/2 model of Pr3+ on the symmetry

grounds. Two �3 doublets, (|+i ⌘ �(1)
3 , |�i ⌘ �(2)

3 ), do not have magnetic dipole moments, but do have quadrupole
and octuppole moments.

h±|Jz|±i = 0

h±|O20|±i = ±4

h±|O22|±i = 0

h±|Txyz|±i = 0

(h±| ± h⌥|)O22(|±i± |⌥i) = ⌥9.2376

(⌥ih±|+ h⌥|)Txyz(±i|±i+ |⌥i) = ±124.708 (3)

Here, O20 = 1
2 (3J

2
z � J2), O22 =

p
3
2 (J2

x � J2
y ) and Txyz =

p
15
6

¯JxJyJz Based on Eq.(3), an e↵ective pseudospin-1/2
operator S represents,

Sz ⇠ O20, Sx ⇠ �O22, Sy ⇠ �Txyz (4)

Local environment of Pr3+ has Td symmetry. (E(1), C2(3), S4(6), C3(8),�da(bc)(6) : 24 group elements for total) As
an example, Fig.3 shows S4z and C31 rotational symmetry of Pr sites in the presence of Frank-Kasper cage. Now we
consider how pseudospin S transforms under the symmetry. The total angular momentum at sublattice µ 2 {A,B},
J = (Jµ,x, Jµ,y, Jµ,z) transforms,

I : JA ! JB ,JB ! JA

✓ : Jµ ! �Jµ

S4z : Jµ,x ! �Jµ,y, Jµ,y ! Jµ,x
C31 : Jµ,x ! Jµ,z, Jµ,y ! Jµ,x, Jµ,z ! Jµ,y. (5)

Based on Eq.(5), the pseudospin, S defined in Eq.(4) is transformed,

I : SA ! SB ,SB ! SA

✓ : Sµ,x ! Sµ,x, Sµ,y ! �Sµ,y, Sµ,z ! Sµ,z

S4z : Sµ,x ! �Sµ,x, Sµ,y ! �Sµ,y, Sµ,z ! Sµ,z

C31 : Sµ,x ! �1

2
Sµ,x +

p
3

2
Sµ,z, Sµ,y ! Sµ,y, Sµ,z ! �

p
3

2
Sµ,x � 1

2
Sµ,z. (6)
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TABLE II: Crystalline electric field splitting of Pr
3+

, J = 4 state

The least-square fitting to the observed spectra in a temperature range of 4.2  T  50K obtained the CEF
parameters x = 0.25 and W = �1.53 meV. Based on Eq.(1) and given two parameters x,W , we can easily obtain the
CEF splitting as following. Table.II shows the CEF splitting of J = 4 states for Pr3+. The ground state �3 doublets
are separated with the first excited state �4 triplets by ⇠ 50K and the J4

± in CEF Hamiltonian connects |Jz = ±4(2)i
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B. Pseudospin-1/2 model of �3 doublets
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3 ), do not have magnetic dipole moments, but do have quadrupole
and octuppole moments.
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Based on Eq.(5), the pseudospin, S defined in Eq.(4) is transformed,

I : SA ! SB ,SB ! SA

✓ : Sµ,x ! Sµ,x, Sµ,y ! �Sµ,y, Sµ,z ! Sµ,z

S4z : Sµ,x ! �Sµ,x, Sµ,y ! �Sµ,y, Sµ,z ! Sµ,z

C31 : Sµ,x ! �1

2
Sµ,x +

p
3

2
Sµ,z, Sµ,y ! Sµ,y, Sµ,z ! �

p
3

2
Sµ,x � 1

2
Sµ,z. (6)

Unusual forms of the Kondo and RKKY interaction 

Non-Kramers Doublet: Pr3+ 

[S↵, S� ] = i✏↵��S
�

2

In this Letter, we consider a frustrated local-moment
model with two-spin and four-spin interactions, that are
allowed by symmetry associated with the local envi-
ronment of Pr3+ ions and their coupling to the con-
duction electrons. Since our main interest is the in-
terplay between di↵erent multipolar orders and their
thermal phase transitions, we employ mean field theory
and Monte Carlo simulations to investigate the thermal
phase diagram of this model. Our key result is that such
interactions can lead to ground states with coexisting
multipolar orders; we show that this can lead to a single
or two-stage multipolar thermal transitions, and present
results on the e↵ect of a magnetic field. We discuss how
this provides a natural framework to interpret the exper-
iments on PrTi2Al20 and PrV2Al20, which is thus also of
potential importance for other heavy fermion materials.

Model.— In Pr(TM)2Al20 (with TM=Ti, V), the 4f2

Pr3+ ion lives in a Td local environment, arising from
the Frank Kasper cage formed by 16 neighboring Al
ions [22]. Inelastic neutron scattering and specific heat
studies have shed light on the local spectrum of the Pr3+

ion, arising from crystal field splitting of the J = 4
angular momentum multiplet [18, 21]. These indicate
a �3 non-Kramers doublet ground state separated from
the next �4 triplet of states by an energy gap ⇠ 50K. At
temperatures T ⌧ 50K, we can e↵ectively ignore these
excited crystal field multiplets [18]. Thus, for the low
energy physics of these materials, especially the broken
symmetry phases found at T . 5K, it is su�cient to
consider a model of conduction electrons Kondo-coupled
to this �3 doublet, whose wavefunctions are [21, 45]
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Txyz[46, 47]. Here, (⌧x, ⌧y)⌘ ~⌧? describes

a time-reversal invariant quadrupolar moment, while ⌧z
describes a time-reversal odd octupolar moment. In ad-
dition, the point group symmetry of the Pr3+ ion in-
cludes an S4z operation under which ⌧± ! �⌧±, and a
C31 operation under which ⌧± ! e±i2⇡/3⌧±.

With this in mind, we consider a symmetry-allowed
model of short-distance two-spin exchange between the
pseudospin-1/2 local moments ~⌧ , supplemented with the

simplest four-spin interaction that couples quadrupolar
and octupolar degrees of freedom,
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We will assume Jij = J1, J2 for nearest and next-nearest
neighbors respectively, and ignore further neighbor two-
spin interactions. For the four-spin coupling, the no-
tation hhijihkmii means that we consider a nearest-
neighbor pair hiji coupled to a distinct nearest-neighbor
pair hkmi, such that the two pairs are separated by a
single bond, leading to the shortest four-site cluster [48].

We consider the easy-plane regime, � < 1, so that
the two-spin interactions favor quadrupolar ⌧x,y order
over octupolar ⌧z order as is observed in many of these
compounds. While J1 < 0 will drive FQ order, as ob-
served in PrTi2Al20, increasing pressure might lead to
AFQ orders, either via a frustrating J2/|J1|> 0 which
leads to incommensurate spiral order (SpQ), or via a
sign change J1>0 which will lead to commensurate Néel
quadrupolar order (NQ) [18, 21]. Our main insight is
that while the two-spin interactions alone will favor pure
quadrupolar order, four-spin interactions will generi-
cally lead to coexisting multipolar orders. For K > 0,
quadrupolar orders with nearest-neighbor h~⌧?i · ~⌧?j i>0

will favor ferro-octupolar (FO) order, while h~⌧?i ·~⌧?j i<0
will favor Néel octupolar (NO) order; the FO and
NO orders get switched when we consider K < 0.

Motivated by constructing the simplest model to cap-
ture the phenomenology of PrTM2Al20, we will set
J1<0 for PrTi2Al20 which favors FQ order, and J1>0
for PrV2Al20 favoring NQ order. In both cases, we fix
J2>0 andK>0, and study the phases and their proper-
ties as we vary J2/|J1| and K/|J1|. At the classical level
of the analysis done here, we note that the model with
J1 < 0 maps onto the model with J1 > 0 by changing
~⌧ ! �~⌧ on one sublattice; with this understanding, we
will mainly focus on fixed J1 = +1, but present results
which are applicable for both systems.

Ground state phase diagram.— For J1 > 0, con-
sider an ansatz ~⌧+A/B =

p
1�⌘2 exp(iq · r ± �

2 ) for

unit length spins on A/B sublattices, with ⌧zA/B =

±⌘. Here q,� specify a spiral of ~⌧? which is a
generic SpQ order with magnitude
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quadrupolar order (NQ) [18, 21]. Our main insight is
that while the two-spin interactions alone will favor pure
quadrupolar order, four-spin interactions will generi-
cally lead to coexisting multipolar orders. For K > 0,
quadrupolar orders with nearest-neighbor h~⌧?i · ~⌧?j i>0

will favor ferro-octupolar (FO) order, while h~⌧?i ·~⌧?j i<0
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previously unidentified non-Fermi liquid state, it is im-
portant to develop a deeper understanding of the nature
of this fixed point.

Focusing on the novel fixed point, we first analyze the
strong coupling limit of the RG flow, where the coupling
constants are taken to be much larger than O(1), and
show that this strong coupling limit is unstable. This
strongly suggests that the intermediate coupling fixed
point found in the perturbative RG analysis is stable.
In order to obtain non-perturbative results, we employ
non-abelian bosonization, current algebra, and conformal
field theory approaches to examine the critical theory of
the novel fixed point. Using the conformal embedding
[17, 36], the free theory of conduction electrons can be
written as a U(1) ⇥ SU(3)2 ⇥ SU(2)3 Kac-Moody in-
variant conformal field theory. The multipolar local mo-
ment or the pseudo-spin-1/2 only couples to a sub-sector
(three of eight generators) of SU(3)2. These three gen-
erators form a closed algebra. We highlight that this is
not the 2-channel SU(3) Kondo model as only three gen-
erators are coupled to the multipolar local moment. It
is more useful to consider the coset construction SU(3)2
= [3-state Potts model] ⇥ fSU(2)8, where the multipolar

local moment then couples to the fSU(2)8 sector. Here
fSU(2)8 refers to SU(2)8 with a convenient normalization
of its generators. Considering the boundary conformal
field theory [37, 38], we find that the leading irrelevant

operator at the novel fixed point is present in the fSU(2)8
sector. If we consider a generalized model, U(1) ⇥ SU(3)k

⇥ SU(k)3, this would correspond to an operator belong-
ing to SU(2)4k. The scaling dimension of this operator is
1 + � with � = 2/(4k+2). The perturbative fixed point
corresponds to the large k limit, and hence � = 1/(2k).
With k = 2 (as in our case), this reproduces 1/4 in the
perturbative RG analysis. The corresponding exact scal-
ing dimension is � = 1/5 for k = 2. This leads to singular
behaviour for experimentally relevant quantities, such as
the specific heat coe�cient C/T ⇠ T

�1+2� = T
�3/5 and

the resistivity ⇢ ⇠ T
� = T

1/5. This represents a rare-
example of solvable non-Fermi liquid fixed points. In the
broader context, our work provides a concrete example
of the possibility of a wide variety of Kondo e↵ects, as
well as a myriad of non-Fermi liquids, that may arise in
rare-earth metallic compounds.

II. MICROSCOPIC MODEL

The combination of spin-orbit (SO) coupling and crys-
talline electric fields (CEFs) in rare-earth compounds al-
lows for the development of exotic higher-rank multipolar
moments. Taking a localized Pr3+ ion in a cubic envi-
ronment as a concrete example, the SO-coupled J = 4
multiplet of f

2 electrons is split by the CEF to give rise
to a low-lying non-Kramers �3g doublet [39]. This �3g

doublet can support time-reversal even quadrupolar mo-

ments O20 = 1
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2
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y ), as well as a

time-reversal odd octupolar moment Txyz =
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where the overline represents a fully symmetrized prod-
uct. These multipolar moments can be e�ciently de-
scribed by the pseudospin-1/2 operator S = (Sx
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Embedding such multipolar moments in a metallic sys-
tem, the localized electronic configuration can fluctuate
from its f

2 ground state configuration (�3g) to excited
f
1 states (�7) via hybridization with the sea of conduc-

tion electrons. Group theoretically, this hybridization
process occurs only if the conduction electrons possess
the appropriate symmetry i.e. �c = �3g ⌦ �7 = �8,
where �c denotes the irrep of the conduction electron
states [31]. As described in a recent work [33], one way
to form this �8 irrep is from the combination of cubic p-
like orbitals equipped with spinor-1/2 degree of freedom,
�c = p ⌦ 1

2 = �8 � �6.
The natural, physical setting for such a construc-

tion is in the family of cubic rare-earth compounds,
Pr(Ti,V)2Al20 (PrIr2Zn20), where the Pr3+ ions are sub-
jected to a local Td symmetry by a surrounding cage of
Al (Zn) atoms [40–46]. Focussing on the choice of con-
duction p electron orbitals, the Td symmetry-permitting
couplings of the conduction electrons to a local moment
(located at impurity site x = 0) are,

H1 = K1

⇥
S

x
�
c
†

x,↵cx,� � c
†

y,↵cy,�

�
(2)

+
S

y

p
3

�
2c

†

z,↵cz,� � c
†

x,↵cx,� � c
†

y,↵cy,�

��
�↵�

H2 = �
p

3K2

h
S

x
⇣
i�

x
↵�c

†

y,↵cz,� � i�
y
↵�c

†

z,↵cx,�

⌘
(3)

+
S

y

p
3

⇣
2i�

z
↵�c

†

x,↵cy,� � i�
x
↵�c

†

y,↵cz,� � i�
y
↵�c

†

z,↵cx,�

⌘
+ h.c.

�

H3 = K3S
z
⇥
�

x
↵�

�
c
†

y,↵cz,� + h.c.
�

+ cyclic.
⇤

(4)

where cP,↵ denotes the conduction electron annihilation
operator at site-0, orbital P and spin ↵, and an implicit
summation over conduction spin-indices ↵, � = {", #}.
We note that this construction is based on symmetries,
and hence is broadly applicable to cubic (Td) systems.
We note that in terms of cubic harmonics these terms
can be easily be seen as satisfying the Td symmetry. In
particular, we note that since S

x has a x
2 � y

2 symme-
try, it respectively couples to x

2 � y
2 charge densities in

Eq. 2 and currents in Eq. 3. We stress that in the Td

point group x and yz transform identically, and corre-
spondingly for the cyclic permutations. Thus, Eq. 2 and
3 have the same symmetry structure.

As studied in Ref. 33, performing third order perturba-
tive renormalization group calculations leads to two non-
trivial fixed points (each of these come as a pair, which
are related by a canonical transformation of the pseu-
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p
3K2 = K3 = 1

2
p
3
,

2

previously unidentified non-Fermi liquid state, it is im-
portant to develop a deeper understanding of the nature
of this fixed point.

Focusing on the novel fixed point, we first analyze the
strong coupling limit of the RG flow, where the coupling
constants are taken to be much larger than O(1), and
show that this strong coupling limit is unstable. This
strongly suggests that the intermediate coupling fixed
point found in the perturbative RG analysis is stable.
In order to obtain non-perturbative results, we employ
non-abelian bosonization, current algebra, and conformal
field theory approaches to examine the critical theory of
the novel fixed point. Using the conformal embedding
[17, 36], the free theory of conduction electrons can be
written as a U(1) ⇥ SU(3)2 ⇥ SU(2)3 Kac-Moody in-
variant conformal field theory. The multipolar local mo-
ment or the pseudo-spin-1/2 only couples to a sub-sector
(three of eight generators) of SU(3)2. These three gen-
erators form a closed algebra. We highlight that this is
not the 2-channel SU(3) Kondo model as only three gen-
erators are coupled to the multipolar local moment. It
is more useful to consider the coset construction SU(3)2
= [3-state Potts model] ⇥ fSU(2)8, where the multipolar

local moment then couples to the fSU(2)8 sector. Here
fSU(2)8 refers to SU(2)8 with a convenient normalization
of its generators. Considering the boundary conformal
field theory [37, 38], we find that the leading irrelevant

operator at the novel fixed point is present in the fSU(2)8
sector. If we consider a generalized model, U(1) ⇥ SU(3)k

⇥ SU(k)3, this would correspond to an operator belong-
ing to SU(2)4k. The scaling dimension of this operator is
1 + � with � = 2/(4k+2). The perturbative fixed point
corresponds to the large k limit, and hence � = 1/(2k).
With k = 2 (as in our case), this reproduces 1/4 in the
perturbative RG analysis. The corresponding exact scal-
ing dimension is � = 1/5 for k = 2. This leads to singular
behaviour for experimentally relevant quantities, such as
the specific heat coe�cient C/T ⇠ T

�1+2� = T
�3/5 and

the resistivity ⇢ ⇠ T
� = T

1/5. This represents a rare-
example of solvable non-Fermi liquid fixed points. In the
broader context, our work provides a concrete example
of the possibility of a wide variety of Kondo e↵ects, as
well as a myriad of non-Fermi liquids, that may arise in
rare-earth metallic compounds.

II. MICROSCOPIC MODEL

The combination of spin-orbit (SO) coupling and crys-
talline electric fields (CEFs) in rare-earth compounds al-
lows for the development of exotic higher-rank multipolar
moments. Taking a localized Pr3+ ion in a cubic envi-
ronment as a concrete example, the SO-coupled J = 4
multiplet of f

2 electrons is split by the CEF to give rise
to a low-lying non-Kramers �3g doublet [39]. This �3g

doublet can support time-reversal even quadrupolar mo-

ments O20 = 1
2 (3J

2
z �J

2), O22 =
p
3
2 (J2

x�J
2
y ), as well as a

time-reversal odd octupolar moment Txyz =
p
15
6 JxJyJz,

where the overline represents a fully symmetrized prod-
uct. These multipolar moments can be e�ciently de-
scribed by the pseudospin-1/2 operator S = (Sx

, S
y
, S

z),

S
x = �1

4
O22, S

y = �1

4
O20, S

z =
1

3
p

5
Txyz. (1)

Embedding such multipolar moments in a metallic sys-
tem, the localized electronic configuration can fluctuate
from its f

2 ground state configuration (�3g) to excited
f
1 states (�7) via hybridization with the sea of conduc-

tion electrons. Group theoretically, this hybridization
process occurs only if the conduction electrons possess
the appropriate symmetry i.e. �c = �3g ⌦ �7 = �8,
where �c denotes the irrep of the conduction electron
states [31]. As described in a recent work [33], one way
to form this �8 irrep is from the combination of cubic p-
like orbitals equipped with spinor-1/2 degree of freedom,
�c = p ⌦ 1

2 = �8 � �6.
The natural, physical setting for such a construc-

tion is in the family of cubic rare-earth compounds,
Pr(Ti,V)2Al20 (PrIr2Zn20), where the Pr3+ ions are sub-
jected to a local Td symmetry by a surrounding cage of
Al (Zn) atoms [40–46]. Focussing on the choice of con-
duction p electron orbitals, the Td symmetry-permitting
couplings of the conduction electrons to a local moment
(located at impurity site x = 0) are,
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where cP,↵ denotes the conduction electron annihilation
operator at site-0, orbital P and spin ↵, and an implicit
summation over conduction spin-indices ↵, � = {", #}.
We note that this construction is based on symmetries,
and hence is broadly applicable to cubic (Td) systems.
We note that in terms of cubic harmonics these terms
can be easily be seen as satisfying the Td symmetry. In
particular, we note that since S
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previously unidentified non-Fermi liquid state, it is im-
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of this fixed point.
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state suggests that the quadrupole fluctuations work as
glue for superconducting electron pairs. The AFQ order
readily collapses by 5% La substitution for the Pr ion,
where the twofold degenerated doublet is split by sym-
metry lowering of the cubic Pr site due to the atomic
disorder, leading to a singlet ground state with no degrees
of freedom as described in the Supplemental Material
[25,26]. Furthermore, the magnetic specific heat divided
by temperatureCm=T exhibits− lnT dependence and ρðTÞ
shows an upward curvature in a moderately wide temper-
ature range above TQ [29]. These temperature dependences
are consistent with those calculated by the two-channel
Anderson lattice model, suggesting the formation of a
quadrupole Kondo lattice [30,31]. Moreover, a manifes-
tation of a magnetic-field-induced FL state hints at a
NFL-FL crossover due to formation of an electronic
composite order in the quadrupole Kondo lattice [32–35].
If this is the case, a single-site quadrupole Kondo effect
could manifest itself when the Pr3þ ions in PrIr2Zn20 are
diluted with rare-earth elements without 4f electrons.
In this Letter, we focus on a diluted Pr3þ system

Y1−xPrxIr2Zn20 showing single-site NFL behaviors in both
Cm and ρ at temperature below 3 K. In fact, the Cm=T data
for x < 0.05 exhibit − lnT dependence down to the lowest
temperature 0.08 K. Moreover, ρðTÞ shows upward curva-
ture at T < 2 K. Both sets of data Cm=T and ρ per Pr ion
are well scaled as a function of T=T0 with the characteristic
temperature T0. The temperature dependences agree with
the forms calculated by the single-site quadrupole Kondo
model with on-site strong coupling between the localized
quadrupole and the two-channel conduction bands [7].
Single-crystalline samples of Y1−xPrxIr2Zn20 (x < 0.5)

were grown by the Zn self-flux method using high-purity
elements: Y (99.99%), Pr (99.99%), Ir (99.9%), and Zn
(99.9999%). Single-phase nature with the cubic CeCr2Al20-
type structurewas confirmed by the powder x-ray diffraction
analysis. The analysis indicated a linear increase of the
lattice parameter with the real content of Pr up to x ¼ 0.44.
The atomic compositions were determined by the wave-
length dispersive electron-probe microanalysis (EPMA)
using a JEOL JXA-8200 analyzer. However, the resolution
for the Pr composition was not high enough for the range
x < 0.05. The value of x was therefore estimated by
comparing the magnetization values measured at T ¼
1.8 K and B ¼ 1 T with those calculated using the CEF
level scheme for PrIr2Zn20 [27]. The electrical resistancewas
measured by a standard ac four-probemethod in a laboratory
built system with a Gifford-McMahon-type refrigerator
between 3 and 300 K and a commercial Cambridge
mFridge mF-ADR/100s adiabatic demagnetization refriger-
ator from 0.08 to 3 K. The electric current was applied along
the [100] direction. The specific heat was measured by the
thermal relaxation method using a physical property meas-
urement system (Quantum Design PPMS) between 0.4 and
300 K and a laboratory built system with the adiabatic
demagnetization refrigerator from 0.08 to 0.5 K.

The data of Cm=T per Pr mol for Y1−xPrxIr2Zn20 with
x ¼ 0.044 and 0.44 are plotted in the inset of Fig. 1(a),
where the Cm data are adopted from Ref. [36]. The plots of
Cm=T exhibit a maximum at around 9 K, which moderately
agrees with the calculation for the CEF scheme of doublet
and triplet separated by 30 K as shown with the solid curve.
Since the magnitudes of Cm and the maximum temperature
are same as in PrIr2Zn20 (x ¼ 1) [21], the Pr ions in the
diluted system retain the Γ3 doublet ground state with the
same energy separation.
The main panel of Fig. 1(a) shows Cm=T for samples

with x ≤ 0.44 and x ¼ 1 [29]. On cooling below 0.4 K,
all the data gradually increase. At lower temperatures, the
saturating behavior for x ¼ 0.085 is reproduced by the
calculation with a random two-level (RTL) model [36], in
which the Γ3 doublet is split randomly by the atomic
disorder in the Pr sublattice. On the other hand, Cm=T of
more diluted samples with x ¼ 0.024 and 0.044 does not
saturate even at T < 0.3 K. Instead, the − lnT behavior
continues to the accessible lowest temperature of 0.08 K.
The magnetic entropy Sm per Pr ion is plotted in Fig. 1(b).

For x ¼ 0.085 and 0.44, the data of Cm=T approach almost

FIG. 1. (a) Temperature variations of the magnetic specific heat
divided by temperature Cm=T per Pr mol for Y1−xPrxIr2Zn20. The
(black) dashed curve shows the data forx ¼ 1 [21]. The inset shows
Cm=T for x ¼ 0.044 and 0.44. The (black) solid curve is calculated
with a doublet-triplet two-level model with the energy gap of
30 K. (b) Temperature dependences of magnetic entropy Sm. The
(black) thin curve is that for x ¼ 1 [29]. Characteristic temperatures
T0 shownwith the arrows are determined as the temperatureswhere
Sm reaches ð3=4ÞR ln 2. The inset shows T0 vs x.
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system YðPrÞIr2Zn20. Both data of ρ and magnetic specific heat Cm per Pr ion are well scaled as a function
of T=T0, where T0 is a characteristic temperature of non-Fermi-liquid (NFL) behaviors. Furthermore, the
temperature dependences of ρ and Cm=T agree with the NFL behaviors predicted by the two-channel
Kondo model for the strong coupling limit. Therefore, we infer that the observed NFL behaviors result from
the single-site quadrupole Kondo effect due to the hybridization of the 4f2 states with multichannel
conduction electrons.
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Low-temperature physical properties of correlated elec-
tronic systems usually follow the Landau Fermi-liquid (FL)
theory. When the FL state could become unstable, an
anomalous metallic state involving a so-called non-Fermi-
liquid (NFL) behavior would emerge [1]. The NFL phenom-
ena in f-electron systems mostly accompany quantum
criticality where the quantum fluctuations are divergently
enhanced by strong competition between the on-site single-
channel Kondo effect and the intersite Ruderman-Kittel-
Kasuya-Yosida interaction [2]. On the other hand, another
type of NFL state was proposed by Nozières and Blandin,
where an impurity spin is overscreened by spin and orbital
degrees of freedom due to multiple channels of conduction
bands, that is mutlichannel Kondo effect [3]. Cox adapted it
for a local electric quadrupole of f2 configuration [4] to
describe NFL behaviors observed in a 5f-electron heavy
fermion system UBe13 [5]. The ground state of the 5f2

configuration of U4þ ion under the cubic crystalline electric
field (CEF)was assumed to be the non-Kramers doublet with
active quadrupoles. The basic idea is that the local quadru-
pole is over-screened by two-channel conduction bands,
where the degenerated magnetic moments of equivalent
conduction bands play a role for the scattering channels.
This quadrupole Kondo effect leads to the NFL behaviors:
specific heat divided by temperature C=T ∝ − lnT, quadru-
pole susceptibility χQ ∝ − lnT, and normalized resistivity
ρ=ρ0 ∝ 1þ A

ffiffiffiffi
T

p
, where ρ0 is the residual value and A is a

coefficient [6,7]. Another striking prediction is the existence
of the residual entropy of S ¼ 0.5R ln 2 at zero temperature,
where R is the gas constant. In recent years, the fractional
entropy due to the overscreened quadrupoles has been
focused in terms of fictitious Majorana fermions that could
play key roles in two-dimensional superconductors and
topological insulators [8,9]. Since Cox proposed the concept
of quadrupole Kondo effect in 1987 [4], a lot of experimental

efforts have been devoted to addressing the issue.
Nevertheless, the quadrupole Kondo effect remains elusive
experimentally.
Following the discovery of the NFL behaviors in

UBe13, similar behaviors were observed successively in
diluted 5f systems such as ThðUÞBe13, ThðUÞRu2Si2, and
YðUÞPd3 [10–12]. However, it has been argued that the
NFL behaviors could be explained by other mechanisms
such as the competition between the CEF singlet and the
Kondo-Yosida singlet [13–15], a magnetic instability due
to the intersite magnetic interaction [16] and hexadeca-
polar Kondo effect [17]. Moreover, atomic disorder in the
samples is inevitable, and the CEF levels and valences of
the U ions are not well determined. These problems make
it difficult to judge whether or not the NFL behaviors in
these 5f2 systems result from the quadrupole Kondo effect.
In Pr-based intermetallic systems with 4f2 configura-

tion, on the other hand, the prerequisite for the quadrupole
Kondo effect can be fulfilled. In fact, a diluted Pr system
of cubic LaðPrÞPb3 carrying active quadrupoles exhibits
the − lnT behavior in C=T [18]. However, the super-
conducting filament of Pb precipitating on the sample
surface concealed the intrinsic behavior of ρðTÞ [19]. It is
therefore necessary to find a more suitable system for
establishing the quadrupole Kondo effect.
Recently, a family of compounds Pr T2X20 (T ¼

transition metal, X ¼ Al, Zn, and Cd) have been intensively
studied [20]. They show a variety of phenomena such as
long-range quadrupole order, unconventional superconduc-
tivity, and NFL behavior in which the quadrupoles of
the non-Kramers doublet ground state of the Pr3þ ion are
involved.
PrIr2Zn20, for instance, displays an antiferroquadrupolar

(AFQ) order at TQ ¼ 0.11 K [21–23], below which a
superconducting transition occurs at Tc ¼ 0.05 K [24].
The coexistence of the AFQ order and the superconducting
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the − lnT behavior in C=T [18]. However, the super-
conducting filament of Pb precipitating on the sample
surface concealed the intrinsic behavior of ρðTÞ [19]. It is
therefore necessary to find a more suitable system for
establishing the quadrupole Kondo effect.
Recently, a family of compounds Pr T2X20 (T ¼
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constant values on cooling below 0.1K as shown in Fig. 1(a).
Thereby, we estimated Sm by integrating the data of Cm=T
on the assumption that it remains the value at the lowest
temperature of 0.08 K down to T ¼ 0. On the other hand,
for x ¼ 0.024 and 0.044, since Cm=T follows the − lnT
dependence to the lowest temperature of 0.08 K, we
determined the offset of Sm for T ≤ 0.08 K so that the
magnitude above 4 K agrees with the value for B ¼ 4 T,
where the fullmagnetic entropy of the ground state doublet is
assumed to be released by split of it due to the Zeeman effect
through the excited magnetic triplet. The data of Sm in the
magnetic fields ofB ¼ 4 and 6 Tand the calculationwith the
CEF parameters are presented in Fig. S2 of the Supplemental
Material [37].
With increasing x from 0.024 to 0.44, the curve of Sm

shifts to higher temperatures. Now, we define a character-
istic temperature T0 as the temperature where SmðTÞ
reaches ð3=4ÞR ln 2. This definition of T0 is the same as
that of the Kondo temperature TK for the impurity quadru-
pole Kondo model [7,38]. This method gives T0 for x ¼
0.024 as 0.28 K, which value monotonically increases to
1.37 K for x ¼ 0.44 as seen in the inset of Fig. 1(b). Note
that Cm=T data for x < 0.05 exhibit − lnT behavior at
T ≤ T0, suggesting that − lnT behavior could result from
the active quadrupoles of the non-Kramers doublet.
The inset of Fig. 2 shows the temperature variations of

the differential electrical resistivity from the value at 3 K,
ΔρðTÞ ¼ ρðTÞ − ρð3 KÞ. Since the phonon contribution is
fully suppressed at T < 3 K as referred to ρðTÞ of the
nonmagnetic counterpart YIr2Zn20 (x ¼ 0) [36], the elec-
tronic contribution can be extracted from the plot of ΔρðTÞ.
To obtain ρðTÞ in the normal state for x ¼ 0, the super-
conducting transition at 0.12 K (not shown) was killed by
the application of magnetic field of 0.5 T along the [100]
direction. Then,Δρ for x ¼ 0 stays at a constant below 3 K.

The downward deviation in Δρ with an upward curvature
becomes significant with increasing x above 0.044, indi-
cating that the upward dependence arises from the scatter-
ing of the Pr ions. The main panel of Fig. 2 shows ΔρðTÞ
normalized by x. The normalized data for all samples
exhibit upward curvature on cooling down to 0.08 K.
Especially, the agreement of the Δρ data normalized by x
for the two samples with x ¼ 0.024 and 0.044 indicate that
the upward curvature is a single-site effect of the Pr3þ ions.
The curves shift to higher temperatures with increasing x,
which is consistent with the increase in T0 estimated from
the analysis of Sm as mentioned above.
Shown in Figs. 3(a) and 3(b), respectively, are Δρ and

Cm=T divided by the absolute values at T0 as a function of
T=T0. The Δρ=jΔρðT0Þj data for x ¼ 1 follow the form
(black curve) predicted by the quadrupole Kondo lattice
model [29]. On the other hand, all Δρ=jΔρðT0Þj data for
0.024 ≤ x ≤ 0.44 agree well each other and follow

ffiffiffiffi
T

p
at

T=T0 ≤ 1, which is consistent with the T dependence
expected from the single-site quadrupole Kondo theory
[7]. Note that the sign of the coefficient A of

ffiffiffiffi
T

p
is positive,

FIG. 2. Temperature dependence of the differential electrical
resistivity ΔρðTÞ ¼ ρðTÞ − ρð3 KÞ normalized by the Pr content
x for x ¼ 0.024, 0.044, 0.085, 0.44 and 1. The magnetic field of
0.5 T was applied to kill the superconductivity. The inset shows
the raw data of ΔρðTÞ.

FIG. 3. Scaling plots of (a) Δρ and (b) Cm=T which are divided
by the values at the characteristic temperature T0 determined
from the temperature variations of Sm. Solid (red) curves of

ffiffiffiffi
T

p

(a) and − lnT (b) are predicted by the single-site quadrupole
Kondo model [7]. Dark (black) curves of (a) and (b) are
calculated with the quadrupole Kondo lattice model [30,31]
and the random two-level model [40,41], respectively. Inset:
(a) Δρ=jΔρðT0Þj data as a function of

ffiffiffiffiffiffiffiffiffiffiffi
T=T0

p
, which are

vertically offset for clarity. (b) Sm data as a function of T=T0.
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For concrete models, we consider
T2 (p- or t2g d-orbitals) - “molecular” orbitals

How to model conduction electrons ?

Local symmetry around Pr ion is Td

Conduction electron orbitals can be 
classified in terms of  

irreducible representation of Td

(Start) t d u s

Al # #Al1st n.n. #Al2nd n.n. #Al3rd n.n. #Al4th n.n.
1 ! 2, 8, 9 13, 16 3, 7, 10, 11 15
2 ! 1, 3, 10 13, 16 4, 8, 9, 12 14
3 ! 2, 4, 10 13, 14 1, 5, 11, 12 16
4 ! 3, 5, 11 13, 14 2, 6, 9, 10 15
5 ! 4, 6, 11 14, 15 3, 7, 9, 12 13
6 ! 5, 7, 12 14, 15 4, 8, 10, 11 16
7 ! 6, 8, 12 15, 16 1, 5, 9, 10 14
8 ! 1, 7, 9 15, 16 2, 6, 11, 12 13
9 ! 1, 8, 11 13, 15 2, 4, 5, 7 16
10 ! 2, 3, 12 14, 16 1, 4, 6, 7 13
11 ! 4, 5, 9 13, 15 1, 3, 6, 8 14
12 ! 6, 7, 10 14, 16 2, 3, 5, 8 15
13 ! 1, 2, 3, 4, 9, 11 5, 8, 10
14 ! 3, 4, 5, 6, 10, 12 2, 7, 11
15 ! 5, 6, 7, 8, 9, 11 1, 4, 12
16 ! 1, 2, 7, 8, 10, 12 3, 6, 9

Table 1: First-, second-, third-, fourth- nearest-neighbours for a given Al atom

From group theory, one knows that due to the symmetry of the cage the eigenvalues (and eigen-
states) are decoupled as the following irreducible representations of Td:

2A1 � E � T1 � 3T2

C Basis functions of Td representation

For the sake of completeness, we present the basis functions to the various representations of the
Td group. This chart is obtained from http://gernot-katzers-spice-pages.com/character_

tables/Td.html.
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Fermi pockets around  
zone center  

(quantum oscillations, S. Nagashima et al, 2014)



The “Kondo” model

A. Patri, I. Khait, YBK, PR Research 2, 013257 (2020)

Entangled fluctuations of both orbital and spin !

Perform RG computations up to 3rd order: 
two stable fixed points
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doublets. Defining pseudospin-1/2 operators ⌧x,y,z
A and

⌧
x,y,z
B for each of the decoupled doublets (Fig. 1(a): blue

and purple levels, respectively), Eq. 6 can be rewritten
as,

Htot = S
x (⌧x

A + ⌧
x
B) � S

y (⌧z
A + ⌧

z
B) + S

z (⌧y
A + ⌧

y
B) , (7)

where we present the form of the ~⌧A,B operators in Ap-
pendix B. This is precisely the form of the conventional
two-channel Kondo model at its fixed point, and thus
confirms our perturbative determination that fixed point
I has two-channel non-Fermi liquid behaviour.

B. Novel fixed point

Tuning the coupling constants to the novel fixed
point (II), the first term in Eq. 6 vanishes and
the remaining collection of coupling constants become⇣p

2K1p
3

+
p

2K2

⌘
! �1/4 and

�p
3K3

�
! �1/4. In-

terestingly, the remaining terms do not belong to a sin-
gle j manifold, but involve terms from both j = 3/2
and j = 1/2. This is unlike the above two-channel
model, which only involved conduction j = 3/2 states.
The terms can be organized into two decoupled triplet
of states: and (i)
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, where we again use the notation

of |j, mji. Performing another unitary rotation about the�� 1
2 ,

�1
2

↵
axis in the (ii) space, reduces the Kondo coupling

into the following elegant form,
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where �
a are the SU(3) Gell-Mann matri-

ces, m labels the two decoupled bases i.e.
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⌘
, where the negative

signs indicate the aforementioned final unitary trans-
formation. Equation 8 can be schematically visualized
in Fig. 1(b). Before examining the nature of this fixed
point in detail, we first consider the justification of its
existence from a strong-coupling limit analysis.

IV. INSTABILITY OF STRONG
COUPLING LIMIT

The strong-coupling limit provides a consistency ratio-
nale for the existence of the perturbatively obtained fixed
point. In the strong-coupling limit, the kinetic term can
be ignored, and the problem reduces to determining the
degeneracy of the ground state at the impurity site. If the
ground state is non-degenerate, this indicates the local
moment has been quenched and no further Kondo e↵ects
can occur. In the original Kondo model, this is the out-
come, which is in agreement with the picture of a forma-
tion of a Kondo singlet. If, on the other hand, the ground

state is degenerate, this indicates that even at strong cou-
pling there is still enough ‘freedom’ at the impurity site
to participate in further Kondo scattering events with
conduction electrons. This degeneracy thus indicates the
instability of the strongly coupled fixed point, and in-
dicates a renormalization group flow away from it and
towards an intermediate fixed point [47].

Focussing on the novel fixed point (II), the strong cou-
pling limit results in a four-fold degenerate ground state
(Appendix C). This four-fold ground state degeneracy
is larger than the two-fold degeneracy one obtains from
the two-channel Kondo model, which underlines the in-
creased quantum nature of the novel fixed point. In-
deed, even with the introduction of perturbations to the
strongly-coupled Hamiltonian (such as conduction tun-
nelling processes to/from the impurity), the ground state
retains (at least partially) its degeneracy. Thus, even
with perturbations the strongly coupled fixed point re-
tains su�cient degrees of freedom to scatter with con-
duction electrons and drive the system away from the
strongly coupled fixed point, and towards an intermedi-
ate fixed point.

V. CURRENT ALGEBRA APPROACH TO
NOVEL FIXED POINT

In the same spirit as the original Kondo problem (and
even rare-earth impurity systems [31]), we consider ra-
dial (s-wave) scattering events, which allows the three-
dimensional free-fermion model to be mapped to a chiral
one-dimensional problem [16],

H0 =

Z
1

�1

dx

X

�=1,2,3;p=1,2

 
†

L,�,p(x)(i@x) L,�,p(x) (9)

where x is the radial coordinate,  L,�,j denotes a left-
moving fermionic field with SU(3) triplet-space label �,
p channel index, and vF the Fermi velocity is set to 1. For
p = 1 and p = 2, � sums over the respective triplet sub-
space (i) and (ii), described in Sec. III B. For definiteness,
we consider the left-moving electrons as living on a circle
of length 2l, with the antiperiodic boundary conditions
 L(�l) = � L(l). In momentum space, this constrains
the allowed wavevectors to be k = ⇡

l (n + 1/2), where
n 2 Z � 0. The one-dimensionality of the problem natu-
rally encourages one to bosonize the free-fermion theory
of 2⇥3 di↵erent flavours of fermions, where each fermion
flavour carries its own U(1) charge, Qi, such that the to-
tal charge Q =

P6
i=1 Qi. Rewriting Eq. 9 in terms of a

U(1) and SU(2⇥3)1 = SU(6)1 bosonic currents constrains
the allowed values of highest state (p) of the SU(6)1 to
be equal to the total U(1) charge Q i.e. Q = p(mod 6)
[17]. We note that the subscript denotes the level of the
Kac-Moody (KM) algebra.

However, examining both kinetic term and Kondo cou-
pling suggests that the entire theory may be rewritten in
terms independent charge, SU(3) flavour and SU(2) spin
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~⌧B
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(a) Two-channel Kondo Fixed Point (b) Novel Fixed Point

FIG. 1. Schematic picture of Kondo Hamiltonians tuned to
each of the fixed points, with conduction electron transitions
amongst di↵erent |j,mji states via coupling to the multipolar
moments. (a) Two-channel Kondo fixed point, involving two
decoupled pairs of conduction electrons from j = 3/2 sector
(blue and purple). (b) Novel fixed point, involving two decou-
pled triplet of states from j = 1/2 and j = 3/2 conduction
electron levels (orange and green).

and (ii) Fixed point II: K1 =
p

12K2 = �2
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. Fixed point I was found to have the same expo-

nents for physical properties from perturbative RG as the
two-channel Kondo model, while fixed point II possessed
highly singular scaling characterized by a leading irrele-
vant operator of dimension 1 + �, where � = 1/4 is the
slope of �-function at the fixed point. We call this the

novel fixed point. The perturbative scaling can be eas-
ily understood by rewriting the beta-function from Ref.
33 in terms of a single coupling constant, gk, by fixing
the ratios of the original K1,2,3 couplings as that at the
fixed point of interest. For fixed point II, we can define
K1 = � 1

2
p
6
gk, K2 = � 1

12
p
2
gk, K3 = � 1

4
p
3
gk, such that

when gk ! 1, we arrive at the fixed point II. This leads
to the �-function,

dgk

d ln D
= �g

2
k

4
+

g
2
k

4
(5)

where D is the UV cuto↵. The fixed point is located at
g
⇤

k = 1, and the slope of the beta-function at the fixed
point is � = 1/4. Indeed this � appears in the lead-
ing specific heat and resistivity scaling exponents, as was
found in the original RG calculation in Ref. 33.

III. SPIN-ORBIT COUPLED BASIS FOR
CONDUCTION ELECTRONS

Though the cubic harmonics enables the symmetry na-
ture of the coupling to be easily verified, it does not give
immediate indication as to the underlying nature of the
fixed points. In order to shed light on this, we con-
sider double change of basis: (i) from cubic harmonics
to spherical harmonics, and then to (ii) spin-orbit cou-
pled basis by implementation of Clebsch-Gordon angular
momentum addition. The change of bases are delineated
in Appendix A. The above Kondo couplings can be re-
captured into the form,

Htot =

✓
�K1p

3
+ 2K2

◆"
S

x

✓����
3

2
,
1

2

�⌧
3

2
,
�3

2

����+
����
3

2
,
3

2

�⌧
3

2
,
�1

2

����+ h.c.

◆

+ S
y

✓����
3

2
,
�3

2

�⌧
3

2
,
�3

2

����+
����
3

2
,
3

2

�⌧
3

2
,
3

2

�����
����
3

2
,
1

2

�⌧
3

2
,
1

2

�����
����
3

2
,
�1

2

�⌧
3

2
,
�1

2

����

◆#

+

 p
2K1p
3

+
p

2K2

!"
S

x

✓����
3

2
,
3

2

�⌧
1

2
,
�1

2

�����
����
3

2
,
�3

2

�⌧
1

2
,
1

2

����

◆
+ S

y

✓����
3

2
,
�1

2

�⌧
1

2
,
�1

2

�����
����
3

2
,
1

2

�⌧
1

2
,
1

2

����

◆
+ h.c.

#

+
⇣p

3K3

⌘
S

z

"
i

����
3

2
,
�3

2

�⌧
3

2
,
1

2

����+ i

����
3

2
,
3

2

�⌧
3

2
,
�1

2

����+ h.c.

#
(6)

where we use ket (bra) notation of |j, mji (hj0, mj0 |) to

denote conduction electron creation c
†

j,mj
(annihilation

cj0,mj0 ) operators of total angular momentum j (j0) and
and z-projection mj (mj0); the impurity site-location
(x = 0) is dropped for brevity. Equation 6 sheds a re-
markable insight into the nature of the perturbative fixed
points.

A. Two-channel Kondo fixed point

First, we consider tuning of the coupling constants to
fixed point I. The second term in Eq. 6 vanishes and
the remaining collection of coupling constants become⇣
�K1p

3
+ 2K2

⌘
! 1/2 and

�p
3K3

�
! 1/2. The remain-

ing terms only involve the four j = 3/2 states, which
decouple to into two independent (time-reversal related)
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(a) Two-channel Kondo Fixed Point (b) Novel Fixed Point

FIG. 1. Schematic picture of Kondo Hamiltonians tuned to
each of the fixed points, with conduction electron transitions
amongst di↵erent |j,mji states via coupling to the multipolar
moments. (a) Two-channel Kondo fixed point, involving two
decoupled pairs of conduction electrons from j = 3/2 sector
(blue and purple). (b) Novel fixed point, involving two decou-
pled triplet of states from j = 1/2 and j = 3/2 conduction
electron levels (orange and green).

and (ii) Fixed point II: K1 =
p

12K2 = �2
p

3K
2
3 =

� 1
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p
6
. Fixed point I was found to have the same expo-

nents for physical properties from perturbative RG as the
two-channel Kondo model, while fixed point II possessed
highly singular scaling characterized by a leading irrele-
vant operator of dimension 1 + �, where � = 1/4 is the
slope of �-function at the fixed point. We call this the

novel fixed point. The perturbative scaling can be eas-
ily understood by rewriting the beta-function from Ref.
33 in terms of a single coupling constant, gk, by fixing
the ratios of the original K1,2,3 couplings as that at the
fixed point of interest. For fixed point II, we can define
K1 = � 1

2
p
6
gk, K2 = � 1

12
p
2
gk, K3 = � 1

4
p
3
gk, such that

when gk ! 1, we arrive at the fixed point II. This leads
to the �-function,

dgk

d ln D
= �g

2
k

4
+

g
2
k

4
(5)

where D is the UV cuto↵. The fixed point is located at
g
⇤

k = 1, and the slope of the beta-function at the fixed
point is � = 1/4. Indeed this � appears in the lead-
ing specific heat and resistivity scaling exponents, as was
found in the original RG calculation in Ref. 33.

III. SPIN-ORBIT COUPLED BASIS FOR
CONDUCTION ELECTRONS

Though the cubic harmonics enables the symmetry na-
ture of the coupling to be easily verified, it does not give
immediate indication as to the underlying nature of the
fixed points. In order to shed light on this, we con-
sider double change of basis: (i) from cubic harmonics
to spherical harmonics, and then to (ii) spin-orbit cou-
pled basis by implementation of Clebsch-Gordon angular
momentum addition. The change of bases are delineated
in Appendix A. The above Kondo couplings can be re-
captured into the form,

Htot =
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where we use ket (bra) notation of |j, mji (hj0, mj0 |) to

denote conduction electron creation c
†

j,mj
(annihilation

cj0,mj0 ) operators of total angular momentum j (j0) and
and z-projection mj (mj0); the impurity site-location
(x = 0) is dropped for brevity. Equation 6 sheds a re-
markable insight into the nature of the perturbative fixed
points.

A. Two-channel Kondo fixed point

First, we consider tuning of the coupling constants to
fixed point I. The second term in Eq. 6 vanishes and
the remaining collection of coupling constants become⇣
�K1p

3
+ 2K2

⌘
! 1/2 and

�p
3K3

�
! 1/2. The remain-

ing terms only involve the four j = 3/2 states, which
decouple to into two independent (time-reversal related)

conduction electron 
pseudospin for 

channel A
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(a) Two-channel Kondo Fixed Point (b) Novel Fixed Point

FIG. 1. Schematic picture of Kondo Hamiltonians tuned to
each of the fixed points, with conduction electron transitions
amongst di↵erent |j,mji states via coupling to the multipolar
moments. (a) Two-channel Kondo fixed point, involving two
decoupled pairs of conduction electrons from j = 3/2 sector
(blue and purple). (b) Novel fixed point, involving two decou-
pled triplet of states from j = 1/2 and j = 3/2 conduction
electron levels (orange and green).

and (ii) Fixed point II: K1 =
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. Fixed point I was found to have the same expo-

nents for physical properties from perturbative RG as the
two-channel Kondo model, while fixed point II possessed
highly singular scaling characterized by a leading irrele-
vant operator of dimension 1 + �, where � = 1/4 is the
slope of �-function at the fixed point. We call this the

novel fixed point. The perturbative scaling can be eas-
ily understood by rewriting the beta-function from Ref.
33 in terms of a single coupling constant, gk, by fixing
the ratios of the original K1,2,3 couplings as that at the
fixed point of interest. For fixed point II, we can define
K1 = � 1

2
p
6
gk, K2 = � 1

12
p
2
gk, K3 = � 1

4
p
3
gk, such that

when gk ! 1, we arrive at the fixed point II. This leads
to the �-function,

dgk

d ln D
= �g

2
k

4
+

g
2
k

4
(5)

where D is the UV cuto↵. The fixed point is located at
g
⇤

k = 1, and the slope of the beta-function at the fixed
point is � = 1/4. Indeed this � appears in the lead-
ing specific heat and resistivity scaling exponents, as was
found in the original RG calculation in Ref. 33.

III. SPIN-ORBIT COUPLED BASIS FOR
CONDUCTION ELECTRONS

Though the cubic harmonics enables the symmetry na-
ture of the coupling to be easily verified, it does not give
immediate indication as to the underlying nature of the
fixed points. In order to shed light on this, we con-
sider double change of basis: (i) from cubic harmonics
to spherical harmonics, and then to (ii) spin-orbit cou-
pled basis by implementation of Clebsch-Gordon angular
momentum addition. The change of bases are delineated
in Appendix A. The above Kondo couplings can be re-
captured into the form,
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where we use ket (bra) notation of |j, mji (hj0, mj0 |) to

denote conduction electron creation c
†

j,mj
(annihilation

cj0,mj0 ) operators of total angular momentum j (j0) and
and z-projection mj (mj0); the impurity site-location
(x = 0) is dropped for brevity. Equation 6 sheds a re-
markable insight into the nature of the perturbative fixed
points.

A. Two-channel Kondo fixed point

First, we consider tuning of the coupling constants to
fixed point I. The second term in Eq. 6 vanishes and
the remaining collection of coupling constants become⇣
�K1p

3
+ 2K2

⌘
! 1/2 and

�p
3K3

�
! 1/2. The remain-

ing terms only involve the four j = 3/2 states, which
decouple to into two independent (time-reversal related)
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(a) Two-channel Kondo Fixed Point (b) Novel Fixed Point

FIG. 1. Schematic picture of Kondo Hamiltonians tuned to
each of the fixed points, with conduction electron transitions
amongst di↵erent |j,mji states via coupling to the multipolar
moments. (a) Two-channel Kondo fixed point, involving two
decoupled pairs of conduction electrons from j = 3/2 sector
(blue and purple). (b) Novel fixed point, involving two decou-
pled triplet of states from j = 1/2 and j = 3/2 conduction
electron levels (orange and green).

and (ii) Fixed point II: K1 =
p

12K2 = �2
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6
. Fixed point I was found to have the same expo-

nents for physical properties from perturbative RG as the
two-channel Kondo model, while fixed point II possessed
highly singular scaling characterized by a leading irrele-
vant operator of dimension 1 + �, where � = 1/4 is the
slope of �-function at the fixed point. We call this the

novel fixed point. The perturbative scaling can be eas-
ily understood by rewriting the beta-function from Ref.
33 in terms of a single coupling constant, gk, by fixing
the ratios of the original K1,2,3 couplings as that at the
fixed point of interest. For fixed point II, we can define
K1 = � 1

2
p
6
gk, K2 = � 1

12
p
2
gk, K3 = � 1
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3
gk, such that

when gk ! 1, we arrive at the fixed point II. This leads
to the �-function,

dgk

d ln D
= �g

2
k

4
+

g
2
k

4
(5)

where D is the UV cuto↵. The fixed point is located at
g
⇤

k = 1, and the slope of the beta-function at the fixed
point is � = 1/4. Indeed this � appears in the lead-
ing specific heat and resistivity scaling exponents, as was
found in the original RG calculation in Ref. 33.

III. SPIN-ORBIT COUPLED BASIS FOR
CONDUCTION ELECTRONS

Though the cubic harmonics enables the symmetry na-
ture of the coupling to be easily verified, it does not give
immediate indication as to the underlying nature of the
fixed points. In order to shed light on this, we con-
sider double change of basis: (i) from cubic harmonics
to spherical harmonics, and then to (ii) spin-orbit cou-
pled basis by implementation of Clebsch-Gordon angular
momentum addition. The change of bases are delineated
in Appendix A. The above Kondo couplings can be re-
captured into the form,
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where we use ket (bra) notation of |j, mji (hj0, mj0 |) to

denote conduction electron creation c
†

j,mj
(annihilation

cj0,mj0 ) operators of total angular momentum j (j0) and
and z-projection mj (mj0); the impurity site-location
(x = 0) is dropped for brevity. Equation 6 sheds a re-
markable insight into the nature of the perturbative fixed
points.

A. Two-channel Kondo fixed point

First, we consider tuning of the coupling constants to
fixed point I. The second term in Eq. 6 vanishes and
the remaining collection of coupling constants become⇣
�K1p

3
+ 2K2

⌘
! 1/2 and

�p
3K3

�
! 1/2. The remain-

ing terms only involve the four j = 3/2 states, which
decouple to into two independent (time-reversal related)

Two channel Kondo model !

A. Patri, YBK, PRX, arXiv:2005.08973 (2020)

Cv / T lnT

⇢ /
p
T

conduction electron 
pseudospin for 

channel B

Only j=3/2 electrons are involved
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(a) Two-channel Kondo Fixed Point (b) Novel Fixed Point

FIG. 1. Schematic picture of Kondo Hamiltonians tuned to
each of the fixed points, with conduction electron transitions
amongst di↵erent |j,mji states via coupling to the multipolar
moments. (a) Two-channel Kondo fixed point, involving two
decoupled pairs of conduction electrons from j = 3/2 sector
(blue and purple). (b) Novel fixed point, involving two decou-
pled triplet of states from j = 1/2 and j = 3/2 conduction
electron levels (orange and green).

and (ii) Fixed point II: K1 =
p
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. Fixed point I was found to have the same expo-

nents for physical properties from perturbative RG as the
two-channel Kondo model, while fixed point II possessed
highly singular scaling characterized by a leading irrele-
vant operator of dimension 1 + �, where � = 1/4 is the
slope of �-function at the fixed point. We call this the

novel fixed point. The perturbative scaling can be eas-
ily understood by rewriting the beta-function from Ref.
33 in terms of a single coupling constant, gk, by fixing
the ratios of the original K1,2,3 couplings as that at the
fixed point of interest. For fixed point II, we can define
K1 = � 1

2
p
6
gk, K2 = � 1

12
p
2
gk, K3 = � 1

4
p
3
gk, such that

when gk ! 1, we arrive at the fixed point II. This leads
to the �-function,

dgk

d ln D
= �g

2
k

4
+

g
2
k

4
(5)

where D is the UV cuto↵. The fixed point is located at
g
⇤

k = 1, and the slope of the beta-function at the fixed
point is � = 1/4. Indeed this � appears in the lead-
ing specific heat and resistivity scaling exponents, as was
found in the original RG calculation in Ref. 33.

III. SPIN-ORBIT COUPLED BASIS FOR
CONDUCTION ELECTRONS

Though the cubic harmonics enables the symmetry na-
ture of the coupling to be easily verified, it does not give
immediate indication as to the underlying nature of the
fixed points. In order to shed light on this, we con-
sider double change of basis: (i) from cubic harmonics
to spherical harmonics, and then to (ii) spin-orbit cou-
pled basis by implementation of Clebsch-Gordon angular
momentum addition. The change of bases are delineated
in Appendix A. The above Kondo couplings can be re-
captured into the form,
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where we use ket (bra) notation of |j, mji (hj0, mj0 |) to

denote conduction electron creation c
†

j,mj
(annihilation

cj0,mj0 ) operators of total angular momentum j (j0) and
and z-projection mj (mj0); the impurity site-location
(x = 0) is dropped for brevity. Equation 6 sheds a re-
markable insight into the nature of the perturbative fixed
points.

A. Two-channel Kondo fixed point

First, we consider tuning of the coupling constants to
fixed point I. The second term in Eq. 6 vanishes and
the remaining collection of coupling constants become⇣
�K1p

3
+ 2K2

⌘
! 1/2 and

�p
3K3

�
! 1/2. The remain-

ing terms only involve the four j = 3/2 states, which
decouple to into two independent (time-reversal related)
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(a) Two-channel Kondo Fixed Point (b) Novel Fixed Point

FIG. 1. Schematic picture of Kondo Hamiltonians tuned to
each of the fixed points, with conduction electron transitions
amongst di↵erent |j,mji states via coupling to the multipolar
moments. (a) Two-channel Kondo fixed point, involving two
decoupled pairs of conduction electrons from j = 3/2 sector
(blue and purple). (b) Novel fixed point, involving two decou-
pled triplet of states from j = 1/2 and j = 3/2 conduction
electron levels (orange and green).

and (ii) Fixed point II: K1 =
p
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6
. Fixed point I was found to have the same expo-

nents for physical properties from perturbative RG as the
two-channel Kondo model, while fixed point II possessed
highly singular scaling characterized by a leading irrele-
vant operator of dimension 1 + �, where � = 1/4 is the
slope of �-function at the fixed point. We call this the

novel fixed point. The perturbative scaling can be eas-
ily understood by rewriting the beta-function from Ref.
33 in terms of a single coupling constant, gk, by fixing
the ratios of the original K1,2,3 couplings as that at the
fixed point of interest. For fixed point II, we can define
K1 = � 1

2
p
6
gk, K2 = � 1

12
p
2
gk, K3 = � 1

4
p
3
gk, such that

when gk ! 1, we arrive at the fixed point II. This leads
to the �-function,

dgk

d ln D
= �g

2
k

4
+

g
2
k

4
(5)

where D is the UV cuto↵. The fixed point is located at
g
⇤

k = 1, and the slope of the beta-function at the fixed
point is � = 1/4. Indeed this � appears in the lead-
ing specific heat and resistivity scaling exponents, as was
found in the original RG calculation in Ref. 33.

III. SPIN-ORBIT COUPLED BASIS FOR
CONDUCTION ELECTRONS

Though the cubic harmonics enables the symmetry na-
ture of the coupling to be easily verified, it does not give
immediate indication as to the underlying nature of the
fixed points. In order to shed light on this, we con-
sider double change of basis: (i) from cubic harmonics
to spherical harmonics, and then to (ii) spin-orbit cou-
pled basis by implementation of Clebsch-Gordon angular
momentum addition. The change of bases are delineated
in Appendix A. The above Kondo couplings can be re-
captured into the form,
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where we use ket (bra) notation of |j, mji (hj0, mj0 |) to

denote conduction electron creation c
†

j,mj
(annihilation

cj0,mj0 ) operators of total angular momentum j (j0) and
and z-projection mj (mj0); the impurity site-location
(x = 0) is dropped for brevity. Equation 6 sheds a re-
markable insight into the nature of the perturbative fixed
points.

A. Two-channel Kondo fixed point

First, we consider tuning of the coupling constants to
fixed point I. The second term in Eq. 6 vanishes and
the remaining collection of coupling constants become⇣
�K1p

3
+ 2K2

⌘
! 1/2 and

�p
3K3

�
! 1/2. The remain-

ing terms only involve the four j = 3/2 states, which
decouple to into two independent (time-reversal related)

Two channels

But each channel involves 
three flavors of conduction 
electrons - SU(3) ‘current’

This is not the usual
Kondo problem

A. Patri, YBK, PRX, arXiv:2005.08973 (2020)

All of j=3/2 and j=1/2 electrons are involved
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(a) Two-channel Kondo Fixed Point (b) Novel Fixed Point

FIG. 1. Schematic picture of Kondo Hamiltonians tuned to
each of the fixed points, with conduction electron transitions
amongst di↵erent |j,mji states via coupling to the multipolar
moments. (a) Two-channel Kondo fixed point, involving two
decoupled pairs of conduction electrons from j = 3/2 sector
(blue and purple). (b) Novel fixed point, involving two decou-
pled triplet of states from j = 1/2 and j = 3/2 conduction
electron levels (orange and green).

and (ii) Fixed point II: K1 =
p

12K2 = �2
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6
. Fixed point I was found to have the same expo-

nents for physical properties from perturbative RG as the
two-channel Kondo model, while fixed point II possessed
highly singular scaling characterized by a leading irrele-
vant operator of dimension 1 + �, where � = 1/4 is the
slope of �-function at the fixed point. We call this the

novel fixed point. The perturbative scaling can be eas-
ily understood by rewriting the beta-function from Ref.
33 in terms of a single coupling constant, gk, by fixing
the ratios of the original K1,2,3 couplings as that at the
fixed point of interest. For fixed point II, we can define
K1 = � 1

2
p
6
gk, K2 = � 1

12
p
2
gk, K3 = � 1

4
p
3
gk, such that

when gk ! 1, we arrive at the fixed point II. This leads
to the �-function,

dgk

d ln D
= �g

2
k

4
+

g
2
k

4
(5)

where D is the UV cuto↵. The fixed point is located at
g
⇤

k = 1, and the slope of the beta-function at the fixed
point is � = 1/4. Indeed this � appears in the lead-
ing specific heat and resistivity scaling exponents, as was
found in the original RG calculation in Ref. 33.

III. SPIN-ORBIT COUPLED BASIS FOR
CONDUCTION ELECTRONS

Though the cubic harmonics enables the symmetry na-
ture of the coupling to be easily verified, it does not give
immediate indication as to the underlying nature of the
fixed points. In order to shed light on this, we con-
sider double change of basis: (i) from cubic harmonics
to spherical harmonics, and then to (ii) spin-orbit cou-
pled basis by implementation of Clebsch-Gordon angular
momentum addition. The change of bases are delineated
in Appendix A. The above Kondo couplings can be re-
captured into the form,
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where we use ket (bra) notation of |j, mji (hj0, mj0 |) to

denote conduction electron creation c
†

j,mj
(annihilation

cj0,mj0 ) operators of total angular momentum j (j0) and
and z-projection mj (mj0); the impurity site-location
(x = 0) is dropped for brevity. Equation 6 sheds a re-
markable insight into the nature of the perturbative fixed
points.

A. Two-channel Kondo fixed point

First, we consider tuning of the coupling constants to
fixed point I. The second term in Eq. 6 vanishes and
the remaining collection of coupling constants become⇣
�K1p

3
+ 2K2

⌘
! 1/2 and

�p
3K3

�
! 1/2. The remain-

ing terms only involve the four j = 3/2 states, which
decouple to into two independent (time-reversal related)

3

S
y

<latexit sha1_base64="brvYJOz3wijmOnEVJBxJo8OFtKQ="></latexit><latexit sha1_base64="brvYJOz3wijmOnEVJBxJo8OFtKQ="></latexit><latexit sha1_base64="brvYJOz3wijmOnEVJBxJo8OFtKQ="></latexit><latexit sha1_base64="brvYJOz3wijmOnEVJBxJo8OFtKQ="></latexit>

S
z

<latexit sha1_base64="xXRFsk/CzhpxBDX8lzm6gEWwAnQ="></latexit><latexit sha1_base64="xXRFsk/CzhpxBDX8lzm6gEWwAnQ="></latexit><latexit sha1_base64="xXRFsk/CzhpxBDX8lzm6gEWwAnQ="></latexit><latexit sha1_base64="xXRFsk/CzhpxBDX8lzm6gEWwAnQ="></latexit>

S
y

<latexit sha1_base64="brvYJOz3wijmOnEVJBxJo8OFtKQ="></latexit><latexit sha1_base64="brvYJOz3wijmOnEVJBxJo8OFtKQ="></latexit><latexit sha1_base64="brvYJOz3wijmOnEVJBxJo8OFtKQ="></latexit><latexit sha1_base64="brvYJOz3wijmOnEVJBxJo8OFtKQ="></latexit>

S
z

<latexit sha1_base64="xXRFsk/CzhpxBDX8lzm6gEWwAnQ="></latexit><latexit sha1_base64="xXRFsk/CzhpxBDX8lzm6gEWwAnQ="></latexit><latexit sha1_base64="xXRFsk/CzhpxBDX8lzm6gEWwAnQ="></latexit><latexit sha1_base64="xXRFsk/CzhpxBDX8lzm6gEWwAnQ="></latexit>

����
3

2
,
3

2

�

<latexit sha1_base64="18UnOJYF7DTr7+H5QHGac4xPYtI="></latexit><latexit sha1_base64="18UnOJYF7DTr7+H5QHGac4xPYtI="></latexit><latexit sha1_base64="18UnOJYF7DTr7+H5QHGac4xPYtI="></latexit><latexit sha1_base64="18UnOJYF7DTr7+H5QHGac4xPYtI="></latexit>

����
3

2
,
1

2

�

<latexit sha1_base64="ZQ+VrmzgcOfQGM55DzcOer+nDyo="></latexit><latexit sha1_base64="ZQ+VrmzgcOfQGM55DzcOer+nDyo="></latexit><latexit sha1_base64="ZQ+VrmzgcOfQGM55DzcOer+nDyo="></latexit><latexit sha1_base64="ZQ+VrmzgcOfQGM55DzcOer+nDyo="></latexit>

����
3

2
,
�1

2

�

<latexit sha1_base64="GC/DBWnZHpSAJHdGG8MIKqAD15s="></latexit><latexit sha1_base64="GC/DBWnZHpSAJHdGG8MIKqAD15s="></latexit><latexit sha1_base64="GC/DBWnZHpSAJHdGG8MIKqAD15s="></latexit><latexit sha1_base64="GC/DBWnZHpSAJHdGG8MIKqAD15s="></latexit>

����
3

2
,
�3

2

�

<latexit sha1_base64="9cYr8USQ4S4fLjxT3X6rB91z8G0="></latexit><latexit sha1_base64="9cYr8USQ4S4fLjxT3X6rB91z8G0="></latexit><latexit sha1_base64="9cYr8USQ4S4fLjxT3X6rB91z8G0="></latexit><latexit sha1_base64="9cYr8USQ4S4fLjxT3X6rB91z8G0="></latexit>

����
1

2
,
�1

2

�

<latexit sha1_base64="WHCrbjK6gg5/QCDIW/Y/i4JcKBg="></latexit><latexit sha1_base64="WHCrbjK6gg5/QCDIW/Y/i4JcKBg="></latexit><latexit sha1_base64="WHCrbjK6gg5/QCDIW/Y/i4JcKBg="></latexit><latexit sha1_base64="WHCrbjK6gg5/QCDIW/Y/i4JcKBg="></latexit>

����
1

2
,
1

2

�

<latexit sha1_base64="hXqkaLGvlrmn6tg3ONaA4dW3SWE="></latexit><latexit sha1_base64="hXqkaLGvlrmn6tg3ONaA4dW3SWE="></latexit><latexit sha1_base64="hXqkaLGvlrmn6tg3ONaA4dW3SWE="></latexit><latexit sha1_base64="hXqkaLGvlrmn6tg3ONaA4dW3SWE="></latexit>

S
x

<latexit sha1_base64="wRU+cyD1Mv4a3wa/jAN5IheFGKY="></latexit><latexit sha1_base64="wRU+cyD1Mv4a3wa/jAN5IheFGKY="></latexit><latexit sha1_base64="wRU+cyD1Mv4a3wa/jAN5IheFGKY="></latexit><latexit sha1_base64="wRU+cyD1Mv4a3wa/jAN5IheFGKY="></latexit>

S
x

<latexit sha1_base64="wRU+cyD1Mv4a3wa/jAN5IheFGKY="></latexit><latexit sha1_base64="wRU+cyD1Mv4a3wa/jAN5IheFGKY="></latexit><latexit sha1_base64="wRU+cyD1Mv4a3wa/jAN5IheFGKY="></latexit><latexit sha1_base64="wRU+cyD1Mv4a3wa/jAN5IheFGKY="></latexit>

S
y

<latexit sha1_base64="brvYJOz3wijmOnEVJBxJo8OFtKQ="></latexit><latexit sha1_base64="brvYJOz3wijmOnEVJBxJo8OFtKQ="></latexit><latexit sha1_base64="brvYJOz3wijmOnEVJBxJo8OFtKQ="></latexit><latexit sha1_base64="brvYJOz3wijmOnEVJBxJo8OFtKQ="></latexit>

S
z

<latexit sha1_base64="xXRFsk/CzhpxBDX8lzm6gEWwAnQ="></latexit><latexit sha1_base64="xXRFsk/CzhpxBDX8lzm6gEWwAnQ="></latexit><latexit sha1_base64="xXRFsk/CzhpxBDX8lzm6gEWwAnQ="></latexit><latexit sha1_base64="xXRFsk/CzhpxBDX8lzm6gEWwAnQ="></latexit>

����
3

2
,
3

2

�

<latexit sha1_base64="18UnOJYF7DTr7+H5QHGac4xPYtI="></latexit><latexit sha1_base64="18UnOJYF7DTr7+H5QHGac4xPYtI="></latexit><latexit sha1_base64="18UnOJYF7DTr7+H5QHGac4xPYtI="></latexit><latexit sha1_base64="18UnOJYF7DTr7+H5QHGac4xPYtI="></latexit>

����
3

2
,
1

2

�

<latexit sha1_base64="ZQ+VrmzgcOfQGM55DzcOer+nDyo="></latexit><latexit sha1_base64="ZQ+VrmzgcOfQGM55DzcOer+nDyo="></latexit><latexit sha1_base64="ZQ+VrmzgcOfQGM55DzcOer+nDyo="></latexit><latexit sha1_base64="ZQ+VrmzgcOfQGM55DzcOer+nDyo="></latexit>

����
3

2
,
�1

2

�

<latexit sha1_base64="GC/DBWnZHpSAJHdGG8MIKqAD15s="></latexit><latexit sha1_base64="GC/DBWnZHpSAJHdGG8MIKqAD15s="></latexit><latexit sha1_base64="GC/DBWnZHpSAJHdGG8MIKqAD15s="></latexit><latexit sha1_base64="GC/DBWnZHpSAJHdGG8MIKqAD15s="></latexit>

����
3

2
,
�3

2

�

<latexit sha1_base64="9cYr8USQ4S4fLjxT3X6rB91z8G0="></latexit><latexit sha1_base64="9cYr8USQ4S4fLjxT3X6rB91z8G0="></latexit><latexit sha1_base64="9cYr8USQ4S4fLjxT3X6rB91z8G0="></latexit><latexit sha1_base64="9cYr8USQ4S4fLjxT3X6rB91z8G0="></latexit>

S
x

<latexit sha1_base64="wRU+cyD1Mv4a3wa/jAN5IheFGKY="></latexit><latexit sha1_base64="wRU+cyD1Mv4a3wa/jAN5IheFGKY="></latexit><latexit sha1_base64="wRU+cyD1Mv4a3wa/jAN5IheFGKY="></latexit><latexit sha1_base64="wRU+cyD1Mv4a3wa/jAN5IheFGKY="></latexit>

S
y

<latexit sha1_base64="brvYJOz3wijmOnEVJBxJo8OFtKQ="></latexit><latexit sha1_base64="brvYJOz3wijmOnEVJBxJo8OFtKQ="></latexit><latexit sha1_base64="brvYJOz3wijmOnEVJBxJo8OFtKQ="></latexit><latexit sha1_base64="brvYJOz3wijmOnEVJBxJo8OFtKQ="></latexit>

S
z

<latexit sha1_base64="xXRFsk/CzhpxBDX8lzm6gEWwAnQ="></latexit><latexit sha1_base64="xXRFsk/CzhpxBDX8lzm6gEWwAnQ="></latexit><latexit sha1_base64="xXRFsk/CzhpxBDX8lzm6gEWwAnQ="></latexit><latexit sha1_base64="xXRFsk/CzhpxBDX8lzm6gEWwAnQ="></latexit>

S
x

<latexit sha1_base64="wRU+cyD1Mv4a3wa/jAN5IheFGKY="></latexit><latexit sha1_base64="wRU+cyD1Mv4a3wa/jAN5IheFGKY="></latexit><latexit sha1_base64="wRU+cyD1Mv4a3wa/jAN5IheFGKY="></latexit><latexit sha1_base64="wRU+cyD1Mv4a3wa/jAN5IheFGKY="></latexit>

(a) Two-channel Kondo Fixed Point (b) Novel Fixed Point

FIG. 1. Schematic picture of Kondo Hamiltonians tuned to
each of the fixed points, with conduction electron transitions
amongst di↵erent |j,mji states via coupling to the multipolar
moments. (a) Two-channel Kondo fixed point, involving two
decoupled pairs of conduction electrons from j = 3/2 sector
(blue and purple). (b) Novel fixed point, involving two decou-
pled triplet of states from j = 1/2 and j = 3/2 conduction
electron levels (orange and green).
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. Fixed point I was found to have the same expo-

nents for physical properties from perturbative RG as the
two-channel Kondo model, while fixed point II possessed
highly singular scaling characterized by a leading irrele-
vant operator of dimension 1 + �, where � = 1/4 is the
slope of �-function at the fixed point. We call this the

novel fixed point. The perturbative scaling can be eas-
ily understood by rewriting the beta-function from Ref.
33 in terms of a single coupling constant, gk, by fixing
the ratios of the original K1,2,3 couplings as that at the
fixed point of interest. For fixed point II, we can define
K1 = � 1

2
p
6
gk, K2 = � 1
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p
2
gk, K3 = � 1
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gk, such that

when gk ! 1, we arrive at the fixed point II. This leads
to the �-function,

dgk

d ln D
= �g

2
k

4
+

g
2
k

4
(5)

where D is the UV cuto↵. The fixed point is located at
g
⇤

k = 1, and the slope of the beta-function at the fixed
point is � = 1/4. Indeed this � appears in the lead-
ing specific heat and resistivity scaling exponents, as was
found in the original RG calculation in Ref. 33.

III. SPIN-ORBIT COUPLED BASIS FOR
CONDUCTION ELECTRONS

Though the cubic harmonics enables the symmetry na-
ture of the coupling to be easily verified, it does not give
immediate indication as to the underlying nature of the
fixed points. In order to shed light on this, we con-
sider double change of basis: (i) from cubic harmonics
to spherical harmonics, and then to (ii) spin-orbit cou-
pled basis by implementation of Clebsch-Gordon angular
momentum addition. The change of bases are delineated
in Appendix A. The above Kondo couplings can be re-
captured into the form,
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where we use ket (bra) notation of |j, mji (hj0, mj0 |) to

denote conduction electron creation c
†

j,mj
(annihilation

cj0,mj0 ) operators of total angular momentum j (j0) and
and z-projection mj (mj0); the impurity site-location
(x = 0) is dropped for brevity. Equation 6 sheds a re-
markable insight into the nature of the perturbative fixed
points.

A. Two-channel Kondo fixed point

First, we consider tuning of the coupling constants to
fixed point I. The second term in Eq. 6 vanishes and
the remaining collection of coupling constants become⇣
�K1p

3
+ 2K2

⌘
! 1/2 and

�p
3K3

�
! 1/2. The remain-

ing terms only involve the four j = 3/2 states, which
decouple to into two independent (time-reversal related)

From the perturbative RG
Approaching the fixed 

point by fixing the ratios 
of the couplings

at the fixed point
dgk
dl

=
g2k
4

� g3k
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(a) Two-channel Kondo Fixed Point (b) Novel Fixed Point

FIG. 1. Schematic picture of Kondo Hamiltonians tuned to
each of the fixed points, with conduction electron transitions
amongst di↵erent |j,mji states via coupling to the multipolar
moments. (a) Two-channel Kondo fixed point, involving two
decoupled pairs of conduction electrons from j = 3/2 sector
(blue and purple). (b) Novel fixed point, involving two decou-
pled triplet of states from j = 1/2 and j = 3/2 conduction
electron levels (orange and green).

and (ii) Fixed point II: K1 =
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. Fixed point I was found to have the same expo-

nents for physical properties from perturbative RG as the
two-channel Kondo model, while fixed point II possessed
highly singular scaling characterized by a leading irrele-
vant operator of dimension 1 + �, where � = 1/4 is the
slope of �-function at the fixed point. We call this the

novel fixed point. The perturbative scaling can be eas-
ily understood by rewriting the beta-function from Ref.
33 in terms of a single coupling constant, gk, by fixing
the ratios of the original K1,2,3 couplings as that at the
fixed point of interest. For fixed point II, we can define
K1 = � 1
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gk, K2 = � 1
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gk, such that

when gk ! 1, we arrive at the fixed point II. This leads
to the �-function,

dgk

d ln D
= �g

2
k

4
+

g
2
k

4
(5)

where D is the UV cuto↵. The fixed point is located at
g
⇤

k = 1, and the slope of the beta-function at the fixed
point is � = 1/4. Indeed this � appears in the lead-
ing specific heat and resistivity scaling exponents, as was
found in the original RG calculation in Ref. 33.

III. SPIN-ORBIT COUPLED BASIS FOR
CONDUCTION ELECTRONS

Though the cubic harmonics enables the symmetry na-
ture of the coupling to be easily verified, it does not give
immediate indication as to the underlying nature of the
fixed points. In order to shed light on this, we con-
sider double change of basis: (i) from cubic harmonics
to spherical harmonics, and then to (ii) spin-orbit cou-
pled basis by implementation of Clebsch-Gordon angular
momentum addition. The change of bases are delineated
in Appendix A. The above Kondo couplings can be re-
captured into the form,
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where we use ket (bra) notation of |j, mji (hj0, mj0 |) to

denote conduction electron creation c
†

j,mj
(annihilation

cj0,mj0 ) operators of total angular momentum j (j0) and
and z-projection mj (mj0); the impurity site-location
(x = 0) is dropped for brevity. Equation 6 sheds a re-
markable insight into the nature of the perturbative fixed
points.

A. Two-channel Kondo fixed point

First, we consider tuning of the coupling constants to
fixed point I. The second term in Eq. 6 vanishes and
the remaining collection of coupling constants become⇣
�K1p

3
+ 2K2

⌘
! 1/2 and

�p
3K3

�
! 1/2. The remain-

ing terms only involve the four j = 3/2 states, which
decouple to into two independent (time-reversal related)
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(a) Two-channel Kondo Fixed Point (b) Novel Fixed Point

FIG. 1. Schematic picture of Kondo Hamiltonians tuned to
each of the fixed points, with conduction electron transitions
amongst di↵erent |j,mji states via coupling to the multipolar
moments. (a) Two-channel Kondo fixed point, involving two
decoupled pairs of conduction electrons from j = 3/2 sector
(blue and purple). (b) Novel fixed point, involving two decou-
pled triplet of states from j = 1/2 and j = 3/2 conduction
electron levels (orange and green).

and (ii) Fixed point II: K1 =
p

12K2 = �2
p

3K
2
3 =

� 1
2
p
6
. Fixed point I was found to have the same expo-

nents for physical properties from perturbative RG as the
two-channel Kondo model, while fixed point II possessed
highly singular scaling characterized by a leading irrele-
vant operator of dimension 1 + �, where � = 1/4 is the
slope of �-function at the fixed point. We call this the

novel fixed point. The perturbative scaling can be eas-
ily understood by rewriting the beta-function from Ref.
33 in terms of a single coupling constant, gk, by fixing
the ratios of the original K1,2,3 couplings as that at the
fixed point of interest. For fixed point II, we can define
K1 = � 1

2
p
6
gk, K2 = � 1

12
p
2
gk, K3 = � 1

4
p
3
gk, such that

when gk ! 1, we arrive at the fixed point II. This leads
to the �-function,

dgk

d ln D
= �g

2
k

4
+

g
2
k

4
(5)

where D is the UV cuto↵. The fixed point is located at
g
⇤

k = 1, and the slope of the beta-function at the fixed
point is � = 1/4. Indeed this � appears in the lead-
ing specific heat and resistivity scaling exponents, as was
found in the original RG calculation in Ref. 33.

III. SPIN-ORBIT COUPLED BASIS FOR
CONDUCTION ELECTRONS

Though the cubic harmonics enables the symmetry na-
ture of the coupling to be easily verified, it does not give
immediate indication as to the underlying nature of the
fixed points. In order to shed light on this, we con-
sider double change of basis: (i) from cubic harmonics
to spherical harmonics, and then to (ii) spin-orbit cou-
pled basis by implementation of Clebsch-Gordon angular
momentum addition. The change of bases are delineated
in Appendix A. The above Kondo couplings can be re-
captured into the form,
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where we use ket (bra) notation of |j, mji (hj0, mj0 |) to

denote conduction electron creation c
†

j,mj
(annihilation

cj0,mj0 ) operators of total angular momentum j (j0) and
and z-projection mj (mj0); the impurity site-location
(x = 0) is dropped for brevity. Equation 6 sheds a re-
markable insight into the nature of the perturbative fixed
points.

A. Two-channel Kondo fixed point

First, we consider tuning of the coupling constants to
fixed point I. The second term in Eq. 6 vanishes and
the remaining collection of coupling constants become⇣
�K1p

3
+ 2K2

⌘
! 1/2 and

�p
3K3

�
! 1/2. The remain-

ing terms only involve the four j = 3/2 states, which
decouple to into two independent (time-reversal related)

dimension of the leading irrelevant operator

Cv / T 2� = T 1/2 ⇢ / T� = T 1/4

⇡ �1

4
(gk � g⇤k)



Fixed point II

This is not an SU(3) Kondo problem …

True nature of this new fixed point ?

4

doublets. Defining pseudospin-1/2 operators ⌧x,y,z
A and

⌧
x,y,z
B for each of the decoupled doublets (Fig. 1(a): blue

and purple levels, respectively), Eq. 6 can be rewritten
as,

Htot = S
x (⌧x

A + ⌧
x
B) � S

y (⌧z
A + ⌧

z
B) + S

z (⌧y
A + ⌧

y
B) , (7)

where we present the form of the ~⌧A,B operators in Ap-
pendix B. This is precisely the form of the conventional
two-channel Kondo model at its fixed point, and thus
confirms our perturbative determination that fixed point
I has two-channel non-Fermi liquid behaviour.

B. Novel fixed point

Tuning the coupling constants to the novel fixed
point (II), the first term in Eq. 6 vanishes and
the remaining collection of coupling constants become⇣p

2K1p
3

+
p

2K2

⌘
! �1/4 and

�p
3K3

�
! �1/4. In-

terestingly, the remaining terms do not belong to a sin-
gle j manifold, but involve terms from both j = 3/2
and j = 1/2. This is unlike the above two-channel
model, which only involved conduction j = 3/2 states.
The terms can be organized into two decoupled triplet
of states: and (i)

��� 3
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, where we again use the notation

of |j, mji. Performing another unitary rotation about the�� 1
2 ,

�1
2

↵
axis in the (ii) space, reduces the Kondo coupling

into the following elegant form,

Hk =
X
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S
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where �
a are the SU(3) Gell-Mann matri-

ces, m labels the two decoupled bases i.e.

(i) ~ 
†

m=1 =
⇣
�c

†

3
2 , 32
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†

3
2 ,�1

2

, c
†
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2 ,�1
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and (ii)
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†

m=2 =
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c
†

3
2 ,� 3

2
, c

†

3
2 , 12

, c
†

1
2 , 12

⌘
, where the negative

signs indicate the aforementioned final unitary trans-
formation. Equation 8 can be schematically visualized
in Fig. 1(b). Before examining the nature of this fixed
point in detail, we first consider the justification of its
existence from a strong-coupling limit analysis.

IV. INSTABILITY OF STRONG
COUPLING LIMIT

The strong-coupling limit provides a consistency ratio-
nale for the existence of the perturbatively obtained fixed
point. In the strong-coupling limit, the kinetic term can
be ignored, and the problem reduces to determining the
degeneracy of the ground state at the impurity site. If the
ground state is non-degenerate, this indicates the local
moment has been quenched and no further Kondo e↵ects
can occur. In the original Kondo model, this is the out-
come, which is in agreement with the picture of a forma-
tion of a Kondo singlet. If, on the other hand, the ground

state is degenerate, this indicates that even at strong cou-
pling there is still enough ‘freedom’ at the impurity site
to participate in further Kondo scattering events with
conduction electrons. This degeneracy thus indicates the
instability of the strongly coupled fixed point, and in-
dicates a renormalization group flow away from it and
towards an intermediate fixed point [47].

Focussing on the novel fixed point (II), the strong cou-
pling limit results in a four-fold degenerate ground state
(Appendix C). This four-fold ground state degeneracy
is larger than the two-fold degeneracy one obtains from
the two-channel Kondo model, which underlines the in-
creased quantum nature of the novel fixed point. In-
deed, even with the introduction of perturbations to the
strongly-coupled Hamiltonian (such as conduction tun-
nelling processes to/from the impurity), the ground state
retains (at least partially) its degeneracy. Thus, even
with perturbations the strongly coupled fixed point re-
tains su�cient degrees of freedom to scatter with con-
duction electrons and drive the system away from the
strongly coupled fixed point, and towards an intermedi-
ate fixed point.

V. CURRENT ALGEBRA APPROACH TO
NOVEL FIXED POINT

In the same spirit as the original Kondo problem (and
even rare-earth impurity systems [31]), we consider ra-
dial (s-wave) scattering events, which allows the three-
dimensional free-fermion model to be mapped to a chiral
one-dimensional problem [16],

H0 =

Z
1

�1

dx

X

�=1,2,3;p=1,2

 
†

L,�,p(x)(i@x) L,�,p(x) (9)

where x is the radial coordinate,  L,�,j denotes a left-
moving fermionic field with SU(3) triplet-space label �,
p channel index, and vF the Fermi velocity is set to 1. For
p = 1 and p = 2, � sums over the respective triplet sub-
space (i) and (ii), described in Sec. III B. For definiteness,
we consider the left-moving electrons as living on a circle
of length 2l, with the antiperiodic boundary conditions
 L(�l) = � L(l). In momentum space, this constrains
the allowed wavevectors to be k = ⇡

l (n + 1/2), where
n 2 Z � 0. The one-dimensionality of the problem natu-
rally encourages one to bosonize the free-fermion theory
of 2⇥3 di↵erent flavours of fermions, where each fermion
flavour carries its own U(1) charge, Qi, such that the to-
tal charge Q =

P6
i=1 Qi. Rewriting Eq. 9 in terms of a

U(1) and SU(2⇥3)1 = SU(6)1 bosonic currents constrains
the allowed values of highest state (p) of the SU(6)1 to
be equal to the total U(1) charge Q i.e. Q = p(mod 6)
[17]. We note that the subscript denotes the level of the
Kac-Moody (KM) algebra.

However, examining both kinetic term and Kondo cou-
pling suggests that the entire theory may be rewritten in
terms independent charge, SU(3) flavour and SU(2) spin
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signs indicate the aforementioned final unitary trans-
formation. Equation 8 can be schematically visualized
in Fig. 1(b). Before examining the nature of this fixed
point in detail, we first consider the justification of its
existence from a strong-coupling limit analysis.

IV. INSTABILITY OF STRONG
COUPLING LIMIT

The strong-coupling limit provides a consistency ratio-
nale for the existence of the perturbatively obtained fixed
point. In the strong-coupling limit, the kinetic term can
be ignored, and the problem reduces to determining the
degeneracy of the ground state at the impurity site. If the
ground state is non-degenerate, this indicates the local
moment has been quenched and no further Kondo e↵ects
can occur. In the original Kondo model, this is the out-
come, which is in agreement with the picture of a forma-
tion of a Kondo singlet. If, on the other hand, the ground

state is degenerate, this indicates that even at strong cou-
pling there is still enough ‘freedom’ at the impurity site
to participate in further Kondo scattering events with
conduction electrons. This degeneracy thus indicates the
instability of the strongly coupled fixed point, and in-
dicates a renormalization group flow away from it and
towards an intermediate fixed point [47].

Focussing on the novel fixed point (II), the strong cou-
pling limit results in a four-fold degenerate ground state
(Appendix C). This four-fold ground state degeneracy
is larger than the two-fold degeneracy one obtains from
the two-channel Kondo model, which underlines the in-
creased quantum nature of the novel fixed point. In-
deed, even with the introduction of perturbations to the
strongly-coupled Hamiltonian (such as conduction tun-
nelling processes to/from the impurity), the ground state
retains (at least partially) its degeneracy. Thus, even
with perturbations the strongly coupled fixed point re-
tains su�cient degrees of freedom to scatter with con-
duction electrons and drive the system away from the
strongly coupled fixed point, and towards an intermedi-
ate fixed point.

V. CURRENT ALGEBRA APPROACH TO
NOVEL FIXED POINT

In the same spirit as the original Kondo problem (and
even rare-earth impurity systems [31]), we consider ra-
dial (s-wave) scattering events, which allows the three-
dimensional free-fermion model to be mapped to a chiral
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where x is the radial coordinate,  L,�,j denotes a left-
moving fermionic field with SU(3) triplet-space label �,
p channel index, and vF the Fermi velocity is set to 1. For
p = 1 and p = 2, � sums over the respective triplet sub-
space (i) and (ii), described in Sec. III B. For definiteness,
we consider the left-moving electrons as living on a circle
of length 2l, with the antiperiodic boundary conditions
 L(�l) = � L(l). In momentum space, this constrains
the allowed wavevectors to be k = ⇡

l (n + 1/2), where
n 2 Z � 0. The one-dimensionality of the problem natu-
rally encourages one to bosonize the free-fermion theory
of 2⇥3 di↵erent flavours of fermions, where each fermion
flavour carries its own U(1) charge, Qi, such that the to-
tal charge Q =

P6
i=1 Qi. Rewriting Eq. 9 in terms of a

U(1) and SU(2⇥3)1 = SU(6)1 bosonic currents constrains
the allowed values of highest state (p) of the SU(6)1 to
be equal to the total U(1) charge Q i.e. Q = p(mod 6)
[17]. We note that the subscript denotes the level of the
Kac-Moody (KM) algebra.

However, examining both kinetic term and Kondo cou-
pling suggests that the entire theory may be rewritten in
terms independent charge, SU(3) flavour and SU(2) spin
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in Fig. 1(b). Before examining the nature of this fixed
point in detail, we first consider the justification of its
existence from a strong-coupling limit analysis.

IV. INSTABILITY OF STRONG
COUPLING LIMIT

The strong-coupling limit provides a consistency ratio-
nale for the existence of the perturbatively obtained fixed
point. In the strong-coupling limit, the kinetic term can
be ignored, and the problem reduces to determining the
degeneracy of the ground state at the impurity site. If the
ground state is non-degenerate, this indicates the local
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(a) Two-channel Kondo Fixed Point (b) Novel Fixed Point

FIG. 1. Schematic picture of Kondo Hamiltonians tuned to
each of the fixed points, with conduction electron transitions
amongst di↵erent |j,mji states via coupling to the multipolar
moments. (a) Two-channel Kondo fixed point, involving two
decoupled pairs of conduction electrons from j = 3/2 sector
(blue and purple). (b) Novel fixed point, involving two decou-
pled triplet of states from j = 1/2 and j = 3/2 conduction
electron levels (orange and green).

and (ii) Fixed point II: K1 =
p

12K2 = �2
p

3K
2
3 =

� 1
2
p
6
. Fixed point I was found to have the same expo-

nents for physical properties from perturbative RG as the
two-channel Kondo model, while fixed point II possessed
highly singular scaling characterized by a leading irrele-
vant operator of dimension 1 + �, where � = 1/4 is the
slope of �-function at the fixed point. We call this the

novel fixed point. The perturbative scaling can be eas-
ily understood by rewriting the beta-function from Ref.
33 in terms of a single coupling constant, gk, by fixing
the ratios of the original K1,2,3 couplings as that at the
fixed point of interest. For fixed point II, we can define
K1 = � 1

2
p
6
gk, K2 = � 1

12
p
2
gk, K3 = � 1

4
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3
gk, such that

when gk ! 1, we arrive at the fixed point II. This leads
to the �-function,

dgk
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g
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(5)

where D is the UV cuto↵. The fixed point is located at
g
⇤

k = 1, and the slope of the beta-function at the fixed
point is � = 1/4. Indeed this � appears in the lead-
ing specific heat and resistivity scaling exponents, as was
found in the original RG calculation in Ref. 33.

III. SPIN-ORBIT COUPLED BASIS FOR
CONDUCTION ELECTRONS

Though the cubic harmonics enables the symmetry na-
ture of the coupling to be easily verified, it does not give
immediate indication as to the underlying nature of the
fixed points. In order to shed light on this, we con-
sider double change of basis: (i) from cubic harmonics
to spherical harmonics, and then to (ii) spin-orbit cou-
pled basis by implementation of Clebsch-Gordon angular
momentum addition. The change of bases are delineated
in Appendix A. The above Kondo couplings can be re-
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where we use ket (bra) notation of |j, mji (hj0, mj0 |) to

denote conduction electron creation c
†

j,mj
(annihilation

cj0,mj0 ) operators of total angular momentum j (j0) and
and z-projection mj (mj0); the impurity site-location
(x = 0) is dropped for brevity. Equation 6 sheds a re-
markable insight into the nature of the perturbative fixed
points.

A. Two-channel Kondo fixed point

First, we consider tuning of the coupling constants to
fixed point I. The second term in Eq. 6 vanishes and
the remaining collection of coupling constants become⇣
�K1p

3
+ 2K2

⌘
! 1/2 and

�p
3K3

�
! 1/2. The remain-

ing terms only involve the four j = 3/2 states, which
decouple to into two independent (time-reversal related)

dimension of the leading irrelevant operator

� =
2

4k + 2

k = 2

g⇤k = 2/5

� = 1/5

Exact k = 2

Cv/T / T�3/5

⇢ / T 1/5

k � 1Perturbative regime

g⇤k ! 2/k � ! 1/2k

k = 2 g⇤k ! 1 � ! 1/4

recover the perturbative results !

A. Patri, YBK, PRX, arXiv:2005.08973 (2020)



Current Algebra and Conformal Field Theory Solution
(Schematic)

Mapping to 1+1 dimensional (chiral) model

Consider δ-function interaction and s-wave scattering

x = 0

LL

C. Mapping to a One-Dimensional Model

The above discussion can be simplified if we map the model into a one dimensional one. We
assume a spherically symmetric ε("k),

ε(k) =
k2

2m
− εF ≈ vF (k − kF ), (1.11)

and a δ−function Kondo interaction. There is only s-wave scattering, i.e.

ψ("k) =
1√
4πk

ψ0(k) + higher harmonics,

H0 =

∫

dkψ†
0kψ0kε(k) + higher harmonics,

HINT = λvF ν

∫

dkdk′ψ†
0,k

"σ
2
ψ0,k′ · "S, (1.12)

where ν = k2
F /2π2vF is the density of states per spin. This can also be written in terms of radial

co-ordinate. We eliminate all modes except for a band width 2D: |k − kF | < D. Defining left and
right movers (incoming and outgoing waves),

ΨL,R(r) ≡
∫ ∧

−∧
dke±ikr ψ0(k + kF ), ⇒ ψL(0) = ψR(0), (1.13)

we have

H0 =
vF

2π

∫ ∞

0

dr(ψ†
Li

d
dr
ψL − ψ†

Ri
d
dr
ψR) (note the unconventional normalization),

HINT = vFλψL(0)†
"σ
2
ψL(0) · "S. (1.14)

Here we have redefined a dimensionless Kondo coupling, λ→ λν. Using the notation

ψL = ψL(x, τ ) = ψL(z = τ + ix), ψR(x, τ ) = ψR(z∗ = τ − ix), (1.15)

where τ is imaginary time and x = r, (and we set vF = 1) we have

〈ψL(z)ψ+
L (0)〉 =

1
z
, 〈ψR(z∗)ψ†

R(0)〉 =
1
z∗ . (1.16)

Alternatively, since

ψL(0, τ ) = ψR(0, τ ) ψL = ψL(z), ψR = ψR(z∗), (1.17)

we may consider ψR to be the continuation of ψL to the negative r-axis:

ψR(x, τ ) ≡ ψL(−x, τ ). (1.18)

Now we obtain a relativistic (1+1) dimensional field theory ( a “chiral” one, containing left-movers
only) interacting with the impurity at x = 0 with

H0 =
vF

2π

∫ ∞

−∞
dxψ†

Li
d
dx
ψL (1.19)

and HINT as in Eq. (1.14). See Figure (4).
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Current Algebra and Conformal Field Theory Solution
(Schematic)

Current algebra and conformal embedding

5

degrees of freedom. We define the following left-moving
non-Abelian currents in terms of the complex space-time
variable z ⌘ ⌧ + ix,

J(z) =
X

�={1,2,3}
p={1,2}

:  †

L,�,p L,�,p : (z) (10)

J
a(z) =

X

↵,�={1,2,3}
p={1,2}

:  †

L,↵,p

✓
�

a
↵�

2

◆
 L,�,p : (z) (11)

J
A(z) =

X

�={1,2,3}
p,q={1,2}

:  †

L,�,p

 
�

A
pq

2

!
 L,�,q : (z) (12)

where the three currents in Eq. 10, 11, 12 denote the
U(1) charge, SU(3) Gell-Mann, and SU(2) spin bosonic
currents, respectively, a = {1, 2, ...8} sums over the eight
SU(3) (Gell-Mann) generators and A = {x, y, z} sums
over the three SU(2) (Pauli) generators, and“: . . . :”
refers to normal ordering by point splitting i.e. :  †

 :
(z) ⌘ lim�!0

⇥
 
†(z � i�) (z) � h †(z � i�) (z)i

⇤
. In ef-

fect, bosonizing the theory with these non-abelian cur-
rents amounts to the decomposition of the irreps of the
su(6)1 in terms of irreps of su(3)2⇥su(2)3. This decom-
position (also known as conformal embedding [17, 36])
preserves the central charge, and importantly allows a re-
lationship to be established between the U(1) charge (Q)
and the irrep labels for su(3)2 and su(2)3. We present the
conformal branching rules of su(3)2� su(2)3 ⇢ su(6)1 in
Appendix F.

These bosonic currents satisfy the following respective
KM Algebra, which can be obtained (Appendix D) from
the mode expansions of the operator product expansions
(OPEs),
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are the structure constants of the su(3) and su(2) Lie al-
gebras respectively. We note that the normalization of
the highest root is set to 1 (the canonical convention) to
compute the above KM algebra. As seen, the SU(3) Gell-
Mann and SU(2) spin currents satisfy su(3)2 and su(2)3
KM algebra, respectively. Using these bosonic currents,
the kinetic term can thus be recaptured in the following
Sugawara form,
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The free-fermion theory is a U(1)⇥SU(3)2⇥SU(2)3 KM
invariant conformal field theory. The Kondo coupling of

Eq. 8 can also be rewritten in terms of these bosonic
currents,
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where we tune the ratio of the couplings such that the
perturbative fixed point is reached at g

⇤

k = 1.
The Sugawara form suggests that we may ‘complete

the square’ and absorb the Kondo coupling into the
free Hamiltonian (with the addition of a trivial energy
constant) by redefining a ‘shifted’ bosonic current. Of
course, this can only be done for certain special values
of the Kondo coupling constant, gk. In our case, when
g

c
k = 2/5, S
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/2 can be ‘absorbed’ into their respective
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2 ,
and the remaining currents are una↵ected i.e. J a = J

a

for a 6= {2, 4, 6} etc. Importantly, these ‘absorbed’ SU(3)
Gell-Mann currents satisfy the same su(3)2 KM algebra.
In the same spirit as A✏eck and Ludwig [23], we interpret
Eq. 18 as the e↵ective Hamiltonian and g

c
k = 2/(k+3) =

2/5 as the coupling constant at the infrared (IR) fixed
point. In that sense, both UV (gk = 0) and IR (gc

k = 2/5)
have the same U(1)⇥SU(3)2⇥SU(2)3 symmetry. Finally,
we notice that the IR coupling constant g

c
k reduces to the

the perturbative fixed point g
⇤

k in the limit of large k and
then setting k ! 2.

Interestingly, only select SU(3) generators have ab-
sorbed the SU(2) impurity, and one may notice that the
absorbed impurity comes with a factor of 1/2. This 1/2
factor is the crucial di↵erence in this model, as it relates
the {2-4-6} subalgebra of su(3) to the su(2) algebra which
have structure constants of f

246 = 1/2 and ✏
xyz = 1, re-

spectively. The inclusion of the 1/2 factor makes it pos-
sible to reimagine both the {2-4-6} subalgebra and S/2
as belonging to di↵erent irreducible representations of a
‘1/4-quantized’ su(2) Lie algebra.

VI. 1/4-QUANTIZED SU(2) LIE ALGEBRA

To understand this algebra, we define the generators of
the algebra as T2,4,6 such that they satisfy [T2, T4] = i

2T6,
in any representation. Drawing an analogy to typical
su(2), T6 is analogous to �

z
/2, and so we define the

highest T6 state |j̃i such that T6|j̃i = j̃|j̃i. In addition,
we define raising/lowering operators T

±, which raise and
lower the T6 eigenvalue by ±1/2 (as shown in Appendix
E). In the same spirit as su(2), the existence of a ‘lowest’
state constrains the allowed values of j̃ to be j̃ = `/4,
where ` 2 R; we refer to j̃ as ‘physical-spin’ labels. In
the more formal language of Lie algebras, the ‘physical-
spin’ label is related to the Dynkin labels, j̃ = �̃1/4 (asCharge Spin-Orbital Flavor(channel)
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where the three currents in Eq. 10, 11, 12 denote the
U(1) charge, SU(3) Gell-Mann, and SU(2) spin bosonic
currents, respectively, a = {1, 2, ...8} sums over the eight
SU(3) (Gell-Mann) generators and A = {x, y, z} sums
over the three SU(2) (Pauli) generators, and“: . . . :”
refers to normal ordering by point splitting i.e. :  †
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. In ef-

fect, bosonizing the theory with these non-abelian cur-
rents amounts to the decomposition of the irreps of the
su(6)1 in terms of irreps of su(3)2⇥su(2)3. This decom-
position (also known as conformal embedding [17, 36])
preserves the central charge, and importantly allows a re-
lationship to be established between the U(1) charge (Q)
and the irrep labels for su(3)2 and su(2)3. We present the
conformal branching rules of su(3)2� su(2)3 ⇢ su(6)1 in
Appendix F.

These bosonic currents satisfy the following respective
KM Algebra, which can be obtained (Appendix D) from
the mode expansions of the operator product expansions
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where we introduce the modes from the Laurent expan-
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are the structure constants of the su(3) and su(2) Lie al-
gebras respectively. We note that the normalization of
the highest root is set to 1 (the canonical convention) to
compute the above KM algebra. As seen, the SU(3) Gell-
Mann and SU(2) spin currents satisfy su(3)2 and su(2)3
KM algebra, respectively. Using these bosonic currents,
the kinetic term can thus be recaptured in the following
Sugawara form,
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The free-fermion theory is a U(1)⇥SU(3)2⇥SU(2)3 KM
invariant conformal field theory. The Kondo coupling of

Eq. 8 can also be rewritten in terms of these bosonic
currents,

HK = gk

✓
J
4(z)

S
x

2
+ J

6(z)
S

y

2
+ J

2(z)
S

z

2

◆
(17)

where we tune the ratio of the couplings such that the
perturbative fixed point is reached at g

⇤

k = 1.
The Sugawara form suggests that we may ‘complete

the square’ and absorb the Kondo coupling into the
free Hamiltonian (with the addition of a trivial energy
constant) by redefining a ‘shifted’ bosonic current. Of
course, this can only be done for certain special values
of the Kondo coupling constant, gk. In our case, when
g

c
k = 2/5, S

x,y,z
/2 can be ‘absorbed’ into their respective
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and the remaining currents are una↵ected i.e. J a = J

a

for a 6= {2, 4, 6} etc. Importantly, these ‘absorbed’ SU(3)
Gell-Mann currents satisfy the same su(3)2 KM algebra.
In the same spirit as A✏eck and Ludwig [23], we interpret
Eq. 18 as the e↵ective Hamiltonian and g

c
k = 2/(k+3) =

2/5 as the coupling constant at the infrared (IR) fixed
point. In that sense, both UV (gk = 0) and IR (gc

k = 2/5)
have the same U(1)⇥SU(3)2⇥SU(2)3 symmetry. Finally,
we notice that the IR coupling constant g

c
k reduces to the

the perturbative fixed point g
⇤

k in the limit of large k and
then setting k ! 2.

Interestingly, only select SU(3) generators have ab-
sorbed the SU(2) impurity, and one may notice that the
absorbed impurity comes with a factor of 1/2. This 1/2
factor is the crucial di↵erence in this model, as it relates
the {2-4-6} subalgebra of su(3) to the su(2) algebra which
have structure constants of f

246 = 1/2 and ✏
xyz = 1, re-

spectively. The inclusion of the 1/2 factor makes it pos-
sible to reimagine both the {2-4-6} subalgebra and S/2
as belonging to di↵erent irreducible representations of a
‘1/4-quantized’ su(2) Lie algebra.

VI. 1/4-QUANTIZED SU(2) LIE ALGEBRA

To understand this algebra, we define the generators of
the algebra as T2,4,6 such that they satisfy [T2, T4] = i

2T6,
in any representation. Drawing an analogy to typical
su(2), T6 is analogous to �

z
/2, and so we define the

highest T6 state |j̃i such that T6|j̃i = j̃|j̃i. In addition,
we define raising/lowering operators T

±, which raise and
lower the T6 eigenvalue by ±1/2 (as shown in Appendix
E). In the same spirit as su(2), the existence of a ‘lowest’
state constrains the allowed values of j̃ to be j̃ = `/4,
where ` 2 R; we refer to j̃ as ‘physical-spin’ labels. In
the more formal language of Lie algebras, the ‘physical-
spin’ label is related to the Dynkin labels, j̃ = �̃1/4 (as
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degrees of freedom. We define the following left-moving
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where the three currents in Eq. 10, 11, 12 denote the
U(1) charge, SU(3) Gell-Mann, and SU(2) spin bosonic
currents, respectively, a = {1, 2, ...8} sums over the eight
SU(3) (Gell-Mann) generators and A = {x, y, z} sums
over the three SU(2) (Pauli) generators, and“: . . . :”
refers to normal ordering by point splitting i.e. :  †

 :
(z) ⌘ lim�!0

⇥
 
†(z � i�) (z) � h †(z � i�) (z)i

⇤
. In ef-

fect, bosonizing the theory with these non-abelian cur-
rents amounts to the decomposition of the irreps of the
su(6)1 in terms of irreps of su(3)2⇥su(2)3. This decom-
position (also known as conformal embedding [17, 36])
preserves the central charge, and importantly allows a re-
lationship to be established between the U(1) charge (Q)
and the irrep labels for su(3)2 and su(2)3. We present the
conformal branching rules of su(3)2� su(2)3 ⇢ su(6)1 in
Appendix F.

These bosonic currents satisfy the following respective
KM Algebra, which can be obtained (Appendix D) from
the mode expansions of the operator product expansions
(OPEs),
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where we introduce the modes from the Laurent expan-
sion J

a(z) =
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J
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n etc., and f

abc and ✏
ABC

are the structure constants of the su(3) and su(2) Lie al-
gebras respectively. We note that the normalization of
the highest root is set to 1 (the canonical convention) to
compute the above KM algebra. As seen, the SU(3) Gell-
Mann and SU(2) spin currents satisfy su(3)2 and su(2)3
KM algebra, respectively. Using these bosonic currents,
the kinetic term can thus be recaptured in the following
Sugawara form,
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The free-fermion theory is a U(1)⇥SU(3)2⇥SU(2)3 KM
invariant conformal field theory. The Kondo coupling of

Eq. 8 can also be rewritten in terms of these bosonic
currents,
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where we tune the ratio of the couplings such that the
perturbative fixed point is reached at g

⇤

k = 1.
The Sugawara form suggests that we may ‘complete

the square’ and absorb the Kondo coupling into the
free Hamiltonian (with the addition of a trivial energy
constant) by redefining a ‘shifted’ bosonic current. Of
course, this can only be done for certain special values
of the Kondo coupling constant, gk. In our case, when
g

c
k = 2/5, S

x,y,z
/2 can be ‘absorbed’ into their respective
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4,6,2 currents to give the Sugawara form,
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where J 4 ⌘ J
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2 ,
and the remaining currents are una↵ected i.e. J a = J

a

for a 6= {2, 4, 6} etc. Importantly, these ‘absorbed’ SU(3)
Gell-Mann currents satisfy the same su(3)2 KM algebra.
In the same spirit as A✏eck and Ludwig [23], we interpret
Eq. 18 as the e↵ective Hamiltonian and g

c
k = 2/(k+3) =

2/5 as the coupling constant at the infrared (IR) fixed
point. In that sense, both UV (gk = 0) and IR (gc

k = 2/5)
have the same U(1)⇥SU(3)2⇥SU(2)3 symmetry. Finally,
we notice that the IR coupling constant g

c
k reduces to the

the perturbative fixed point g
⇤

k in the limit of large k and
then setting k ! 2.

Interestingly, only select SU(3) generators have ab-
sorbed the SU(2) impurity, and one may notice that the
absorbed impurity comes with a factor of 1/2. This 1/2
factor is the crucial di↵erence in this model, as it relates
the {2-4-6} subalgebra of su(3) to the su(2) algebra which
have structure constants of f

246 = 1/2 and ✏
xyz = 1, re-

spectively. The inclusion of the 1/2 factor makes it pos-
sible to reimagine both the {2-4-6} subalgebra and S/2
as belonging to di↵erent irreducible representations of a
‘1/4-quantized’ su(2) Lie algebra.

VI. 1/4-QUANTIZED SU(2) LIE ALGEBRA

To understand this algebra, we define the generators of
the algebra as T2,4,6 such that they satisfy [T2, T4] = i

2T6,
in any representation. Drawing an analogy to typical
su(2), T6 is analogous to �

z
/2, and so we define the

highest T6 state |j̃i such that T6|j̃i = j̃|j̃i. In addition,
we define raising/lowering operators T

±, which raise and
lower the T6 eigenvalue by ±1/2 (as shown in Appendix
E). In the same spirit as su(2), the existence of a ‘lowest’
state constrains the allowed values of j̃ to be j̃ = `/4,
where ` 2 R; we refer to j̃ as ‘physical-spin’ labels. In
the more formal language of Lie algebras, the ‘physical-
spin’ label is related to the Dynkin labels, j̃ = �̃1/4 (as
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where the three currents in Eq. 10, 11, 12 denote the
U(1) charge, SU(3) Gell-Mann, and SU(2) spin bosonic
currents, respectively, a = {1, 2, ...8} sums over the eight
SU(3) (Gell-Mann) generators and A = {x, y, z} sums
over the three SU(2) (Pauli) generators, and“: . . . :”
refers to normal ordering by point splitting i.e. :  †

 :
(z) ⌘ lim�!0
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†(z � i�) (z) � h †(z � i�) (z)i

⇤
. In ef-

fect, bosonizing the theory with these non-abelian cur-
rents amounts to the decomposition of the irreps of the
su(6)1 in terms of irreps of su(3)2⇥su(2)3. This decom-
position (also known as conformal embedding [17, 36])
preserves the central charge, and importantly allows a re-
lationship to be established between the U(1) charge (Q)
and the irrep labels for su(3)2 and su(2)3. We present the
conformal branching rules of su(3)2� su(2)3 ⇢ su(6)1 in
Appendix F.

These bosonic currents satisfy the following respective
KM Algebra, which can be obtained (Appendix D) from
the mode expansions of the operator product expansions
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where we introduce the modes from the Laurent expan-
sion J
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are the structure constants of the su(3) and su(2) Lie al-
gebras respectively. We note that the normalization of
the highest root is set to 1 (the canonical convention) to
compute the above KM algebra. As seen, the SU(3) Gell-
Mann and SU(2) spin currents satisfy su(3)2 and su(2)3
KM algebra, respectively. Using these bosonic currents,
the kinetic term can thus be recaptured in the following
Sugawara form,
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The free-fermion theory is a U(1)⇥SU(3)2⇥SU(2)3 KM
invariant conformal field theory. The Kondo coupling of
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where we tune the ratio of the couplings such that the
perturbative fixed point is reached at g

⇤

k = 1.
The Sugawara form suggests that we may ‘complete

the square’ and absorb the Kondo coupling into the
free Hamiltonian (with the addition of a trivial energy
constant) by redefining a ‘shifted’ bosonic current. Of
course, this can only be done for certain special values
of the Kondo coupling constant, gk. In our case, when
g

c
k = 2/5, S

x,y,z
/2 can be ‘absorbed’ into their respective
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4,6,2 currents to give the Sugawara form,
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and the remaining currents are una↵ected i.e. J a = J

a

for a 6= {2, 4, 6} etc. Importantly, these ‘absorbed’ SU(3)
Gell-Mann currents satisfy the same su(3)2 KM algebra.
In the same spirit as A✏eck and Ludwig [23], we interpret
Eq. 18 as the e↵ective Hamiltonian and g

c
k = 2/(k+3) =

2/5 as the coupling constant at the infrared (IR) fixed
point. In that sense, both UV (gk = 0) and IR (gc

k = 2/5)
have the same U(1)⇥SU(3)2⇥SU(2)3 symmetry. Finally,
we notice that the IR coupling constant g

c
k reduces to the

the perturbative fixed point g
⇤

k in the limit of large k and
then setting k ! 2.

Interestingly, only select SU(3) generators have ab-
sorbed the SU(2) impurity, and one may notice that the
absorbed impurity comes with a factor of 1/2. This 1/2
factor is the crucial di↵erence in this model, as it relates
the {2-4-6} subalgebra of su(3) to the su(2) algebra which
have structure constants of f

246 = 1/2 and ✏
xyz = 1, re-

spectively. The inclusion of the 1/2 factor makes it pos-
sible to reimagine both the {2-4-6} subalgebra and S/2
as belonging to di↵erent irreducible representations of a
‘1/4-quantized’ su(2) Lie algebra.

VI. 1/4-QUANTIZED SU(2) LIE ALGEBRA

To understand this algebra, we define the generators of
the algebra as T2,4,6 such that they satisfy [T2, T4] = i

2T6,
in any representation. Drawing an analogy to typical
su(2), T6 is analogous to �

z
/2, and so we define the

highest T6 state |j̃i such that T6|j̃i = j̃|j̃i. In addition,
we define raising/lowering operators T

±, which raise and
lower the T6 eigenvalue by ±1/2 (as shown in Appendix
E). In the same spirit as su(2), the existence of a ‘lowest’
state constrains the allowed values of j̃ to be j̃ = `/4,
where ` 2 R; we refer to j̃ as ‘physical-spin’ labels. In
the more formal language of Lie algebras, the ‘physical-
spin’ label is related to the Dynkin labels, j̃ = �̃1/4 (as

Kondo coupling

But only three of eight generators of SU(3) are 
coupled to the impurity

We need a different conformal embedding …
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non-Abelian currents in terms of the complex space-time
variable z ⌘ ⌧ + ix,
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where the three currents in Eq. 10, 11, 12 denote the
U(1) charge, SU(3) Gell-Mann, and SU(2) spin bosonic
currents, respectively, a = {1, 2, ...8} sums over the eight
SU(3) (Gell-Mann) generators and A = {x, y, z} sums
over the three SU(2) (Pauli) generators, and“: . . . :”
refers to normal ordering by point splitting i.e. :  †

 :
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⇥
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⇤
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fect, bosonizing the theory with these non-abelian cur-
rents amounts to the decomposition of the irreps of the
su(6)1 in terms of irreps of su(3)2⇥su(2)3. This decom-
position (also known as conformal embedding [17, 36])
preserves the central charge, and importantly allows a re-
lationship to be established between the U(1) charge (Q)
and the irrep labels for su(3)2 and su(2)3. We present the
conformal branching rules of su(3)2� su(2)3 ⇢ su(6)1 in
Appendix F.

These bosonic currents satisfy the following respective
KM Algebra, which can be obtained (Appendix D) from
the mode expansions of the operator product expansions
(OPEs),
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where we introduce the modes from the Laurent expan-
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are the structure constants of the su(3) and su(2) Lie al-
gebras respectively. We note that the normalization of
the highest root is set to 1 (the canonical convention) to
compute the above KM algebra. As seen, the SU(3) Gell-
Mann and SU(2) spin currents satisfy su(3)2 and su(2)3
KM algebra, respectively. Using these bosonic currents,
the kinetic term can thus be recaptured in the following
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The free-fermion theory is a U(1)⇥SU(3)2⇥SU(2)3 KM
invariant conformal field theory. The Kondo coupling of
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where we tune the ratio of the couplings such that the
perturbative fixed point is reached at g

⇤

k = 1.
The Sugawara form suggests that we may ‘complete

the square’ and absorb the Kondo coupling into the
free Hamiltonian (with the addition of a trivial energy
constant) by redefining a ‘shifted’ bosonic current. Of
course, this can only be done for certain special values
of the Kondo coupling constant, gk. In our case, when
g

c
k = 2/5, S
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and the remaining currents are una↵ected i.e. J a = J
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for a 6= {2, 4, 6} etc. Importantly, these ‘absorbed’ SU(3)
Gell-Mann currents satisfy the same su(3)2 KM algebra.
In the same spirit as A✏eck and Ludwig [23], we interpret
Eq. 18 as the e↵ective Hamiltonian and g

c
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2/5 as the coupling constant at the infrared (IR) fixed
point. In that sense, both UV (gk = 0) and IR (gc
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have the same U(1)⇥SU(3)2⇥SU(2)3 symmetry. Finally,
we notice that the IR coupling constant g
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k in the limit of large k and
then setting k ! 2.

Interestingly, only select SU(3) generators have ab-
sorbed the SU(2) impurity, and one may notice that the
absorbed impurity comes with a factor of 1/2. This 1/2
factor is the crucial di↵erence in this model, as it relates
the {2-4-6} subalgebra of su(3) to the su(2) algebra which
have structure constants of f
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xyz = 1, re-

spectively. The inclusion of the 1/2 factor makes it pos-
sible to reimagine both the {2-4-6} subalgebra and S/2
as belonging to di↵erent irreducible representations of a
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highest T6 state |j̃i such that T6|j̃i = j̃|j̃i. In addition,
we define raising/lowering operators T
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lower the T6 eigenvalue by ±1/2 (as shown in Appendix
E). In the same spirit as su(2), the existence of a ‘lowest’
state constrains the allowed values of j̃ to be j̃ = `/4,
where ` 2 R; we refer to j̃ as ‘physical-spin’ labels. In
the more formal language of Lie algebras, the ‘physical-
spin’ label is related to the Dynkin labels, j̃ = �̃1/4 (as
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previously unidentified non-Fermi liquid state, it is im-
portant to develop a deeper understanding of the nature
of this fixed point.

Focusing on the novel fixed point, we first analyze the
strong coupling limit of the RG flow, where the coupling
constants are taken to be much larger than O(1), and
show that this strong coupling limit is unstable. This
strongly suggests that the intermediate coupling fixed
point found in the perturbative RG analysis is stable.
In order to obtain non-perturbative results, we employ
non-abelian bosonization, current algebra, and conformal
field theory approaches to examine the critical theory of
the novel fixed point. Using the conformal embedding
[17, 36], the free theory of conduction electrons can be
written as a U(1) ⇥ SU(3)2 ⇥ SU(2)3 Kac-Moody in-
variant conformal field theory. The multipolar local mo-
ment or the pseudo-spin-1/2 only couples to a sub-sector
(three of eight generators) of SU(3)2. These three gen-
erators form a closed algebra. We highlight that this is
not the 2-channel SU(3) Kondo model as only three gen-
erators are coupled to the multipolar local moment. It
is more useful to consider the coset construction SU(3)2
= [3-state Potts model] ⇥ fSU(2)8, where the multipolar

local moment then couples to the fSU(2)8 sector. Here
fSU(2)8 refers to SU(2)8 with a convenient normalization
of its generators. Considering the boundary conformal
field theory [37, 38], we find that the leading irrelevant

operator at the novel fixed point is present in the fSU(2)8
sector. If we consider a generalized model, U(1) ⇥ SU(3)k

⇥ SU(k)3, this would correspond to an operator belong-
ing to SU(2)4k. The scaling dimension of this operator is
1 + � with � = 2/(4k+2). The perturbative fixed point
corresponds to the large k limit, and hence � = 1/(2k).
With k = 2 (as in our case), this reproduces 1/4 in the
perturbative RG analysis. The corresponding exact scal-
ing dimension is � = 1/5 for k = 2. This leads to singular
behaviour for experimentally relevant quantities, such as
the specific heat coe�cient C/T ⇠ T

�1+2� = T
�3/5 and

the resistivity ⇢ ⇠ T
� = T

1/5. This represents a rare-
example of solvable non-Fermi liquid fixed points. In the
broader context, our work provides a concrete example
of the possibility of a wide variety of Kondo e↵ects, as
well as a myriad of non-Fermi liquids, that may arise in
rare-earth metallic compounds.

II. MICROSCOPIC MODEL

The combination of spin-orbit (SO) coupling and crys-
talline electric fields (CEFs) in rare-earth compounds al-
lows for the development of exotic higher-rank multipolar
moments. Taking a localized Pr3+ ion in a cubic envi-
ronment as a concrete example, the SO-coupled J = 4
multiplet of f

2 electrons is split by the CEF to give rise
to a low-lying non-Kramers �3g doublet [39]. This �3g

doublet can support time-reversal even quadrupolar mo-

ments O20 = 1
2 (3J
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2), O22 =
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y ), as well as a

time-reversal odd octupolar moment Txyz =
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6 JxJyJz,

where the overline represents a fully symmetrized prod-
uct. These multipolar moments can be e�ciently de-
scribed by the pseudospin-1/2 operator S = (Sx
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Embedding such multipolar moments in a metallic sys-
tem, the localized electronic configuration can fluctuate
from its f

2 ground state configuration (�3g) to excited
f
1 states (�7) via hybridization with the sea of conduc-

tion electrons. Group theoretically, this hybridization
process occurs only if the conduction electrons possess
the appropriate symmetry i.e. �c = �3g ⌦ �7 = �8,
where �c denotes the irrep of the conduction electron
states [31]. As described in a recent work [33], one way
to form this �8 irrep is from the combination of cubic p-
like orbitals equipped with spinor-1/2 degree of freedom,
�c = p ⌦ 1

2 = �8 � �6.
The natural, physical setting for such a construc-

tion is in the family of cubic rare-earth compounds,
Pr(Ti,V)2Al20 (PrIr2Zn20), where the Pr3+ ions are sub-
jected to a local Td symmetry by a surrounding cage of
Al (Zn) atoms [40–46]. Focussing on the choice of con-
duction p electron orbitals, the Td symmetry-permitting
couplings of the conduction electrons to a local moment
(located at impurity site x = 0) are,
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where cP,↵ denotes the conduction electron annihilation
operator at site-0, orbital P and spin ↵, and an implicit
summation over conduction spin-indices ↵, � = {", #}.
We note that this construction is based on symmetries,
and hence is broadly applicable to cubic (Td) systems.
We note that in terms of cubic harmonics these terms
can be easily be seen as satisfying the Td symmetry. In
particular, we note that since S

x has a x
2 � y

2 symme-
try, it respectively couples to x

2 � y
2 charge densities in

Eq. 2 and currents in Eq. 3. We stress that in the Td

point group x and yz transform identically, and corre-
spondingly for the cyclic permutations. Thus, Eq. 2 and
3 have the same symmetry structure.

As studied in Ref. 33, performing third order perturba-
tive renormalization group calculations leads to two non-
trivial fixed points (each of these come as a pair, which
are related by a canonical transformation of the pseu-
dospin) (i) Fixed point I: K1 = �
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portant to develop a deeper understanding of the nature
of this fixed point.

Focusing on the novel fixed point, we first analyze the
strong coupling limit of the RG flow, where the coupling
constants are taken to be much larger than O(1), and
show that this strong coupling limit is unstable. This
strongly suggests that the intermediate coupling fixed
point found in the perturbative RG analysis is stable.
In order to obtain non-perturbative results, we employ
non-abelian bosonization, current algebra, and conformal
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the novel fixed point. Using the conformal embedding
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With k = 2 (as in our case), this reproduces 1/4 in the
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well as a myriad of non-Fermi liquids, that may arise in
rare-earth metallic compounds.

II. MICROSCOPIC MODEL

The combination of spin-orbit (SO) coupling and crys-
talline electric fields (CEFs) in rare-earth compounds al-
lows for the development of exotic higher-rank multipolar
moments. Taking a localized Pr3+ ion in a cubic envi-
ronment as a concrete example, the SO-coupled J = 4
multiplet of f
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Embedding such multipolar moments in a metallic sys-
tem, the localized electronic configuration can fluctuate
from its f

2 ground state configuration (�3g) to excited
f
1 states (�7) via hybridization with the sea of conduc-

tion electrons. Group theoretically, this hybridization
process occurs only if the conduction electrons possess
the appropriate symmetry i.e. �c = �3g ⌦ �7 = �8,
where �c denotes the irrep of the conduction electron
states [31]. As described in a recent work [33], one way
to form this �8 irrep is from the combination of cubic p-
like orbitals equipped with spinor-1/2 degree of freedom,
�c = p ⌦ 1

2 = �8 � �6.
The natural, physical setting for such a construc-

tion is in the family of cubic rare-earth compounds,
Pr(Ti,V)2Al20 (PrIr2Zn20), where the Pr3+ ions are sub-
jected to a local Td symmetry by a surrounding cage of
Al (Zn) atoms [40–46]. Focussing on the choice of con-
duction p electron orbitals, the Td symmetry-permitting
couplings of the conduction electrons to a local moment
(located at impurity site x = 0) are,
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where cP,↵ denotes the conduction electron annihilation
operator at site-0, orbital P and spin ↵, and an implicit
summation over conduction spin-indices ↵, � = {", #}.
We note that this construction is based on symmetries,
and hence is broadly applicable to cubic (Td) systems.
We note that in terms of cubic harmonics these terms
can be easily be seen as satisfying the Td symmetry. In
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previously unidentified non-Fermi liquid state, it is im-
portant to develop a deeper understanding of the nature
of this fixed point.

Focusing on the novel fixed point, we first analyze the
strong coupling limit of the RG flow, where the coupling
constants are taken to be much larger than O(1), and
show that this strong coupling limit is unstable. This
strongly suggests that the intermediate coupling fixed
point found in the perturbative RG analysis is stable.
In order to obtain non-perturbative results, we employ
non-abelian bosonization, current algebra, and conformal
field theory approaches to examine the critical theory of
the novel fixed point. Using the conformal embedding
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2 ground state configuration (�3g) to excited
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process occurs only if the conduction electrons possess
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like orbitals equipped with spinor-1/2 degree of freedom,
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tion is in the family of cubic rare-earth compounds,
Pr(Ti,V)2Al20 (PrIr2Zn20), where the Pr3+ ions are sub-
jected to a local Td symmetry by a surrounding cage of
Al (Zn) atoms [40–46]. Focussing on the choice of con-
duction p electron orbitals, the Td symmetry-permitting
couplings of the conduction electrons to a local moment
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where cP,↵ denotes the conduction electron annihilation
operator at site-0, orbital P and spin ↵, and an implicit
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dospin) (i) Fixed point I: K1 = �

p
3K2 = K3 = 1

2
p
3
,

Kondo coupling imposes (conformally invariant) 
boundary conditions on the currents

Rearrangement of the conformal towers

Boundary CFT (John Cardy)

Affleck + Ludwig (1991)

Charge Spin-Orbital Flavor(channel)

Bulk free theory
Conformal embedding
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HBose Kondo =

3

of of the symmetry group are listed in Appendix B.

A. Multipolar moments

Generally speaking, on the site of a local moment,
the wave functions of a particular ionic configuration
are constrained to an e↵ective ground state by Hund’s
rules. These ground states are then split by the local
crystalline electric field. The consequence of these re-
strictions is the formation of localized anisotropic charge
and magnetization densities, leading to multipolar mo-
ments. In the case of a rare-earth Pr3+ ion subjected
to a tetrahedral (Td) crystal field, the spin-orbit cou-
pled J = 4 multiplet of the 4f2 electrons is split to
give rise to a low-lying and energetically well-isolated �3

non-Kramers doublet [24]; the doublet states are listed
in Appendix A. This �3 doublet supports both time-

reversal even quadrupolar moments {O22 =
p
3
2 (J2

x
�J2

y
),

O20 = 1
2 (3J

2
z
�J2)} as well as a time-reversal odd octupo-

lar moment {Txyz =
p
15
6 JxJyJz}; we use the Stevens

operators to describe the multipolar moments and the
overline indicates a full symmetrization. These moments
can be compactly represented by the pseudospin-1/2 op-
erator S, the components of which are given by

Sx = �
1

4
O22, Sy = �

1

4
O20, Sz =

1

3
p
5
Txyz, (1)

and satisfy a canonically normalized su(2) algebra
[Si, Sj ] = i✏ijkSk. Further details of this pseudospin-
1/2 object are described in Appendix A. Note that, al-
though the multipolar moments are written in terms of
pseudospin-1/2 operators, their transformations under
rotations in Td and time reversal reflect the underlying
multipolar attributes.

B. Fermi-Kondo couplings

Electrons hopping on Frank-Kasper cage can be
thought of as molecular orbitals centred at the Pr ion.
It is these molecular orbitals which we couple to the lo-
cal multipolar moments described in the previous section.
Since these are classifiable according to irreps of Td, we
pick a the T2 representation. The basis functions of this
representation can be chosen as the p-orbitals x, y, z (al-
ternatively, the T2g orbitals {xy, yz, zx} yield an identical
model and results). We therefore consider three bands,
assumed to be degenerate, constructed from these local
orbitals; see Eq. (2). The most general Kondo Hamilto-
nians coupling of these conduction bands with the local
multipolar moments respecting the local Td symmetry
and time-reversal are enumerated in Eqs. (3)-(5):
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HO = KOc
†
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�x
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�6
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↵�
�4
ab

+ �z

↵�
�1
ab

⌘
Szc0b� .

(5)

The subscript 0 on the conduction electron operators in-
dicates that this interaction occurs only on the impu-
rity site, which is taken to be the origin. The Latin
indices sum over orbitals a, b = x, y, z, and the Greek
indices sum over spins ↵,� =", #. �i are the standard
Pauli matrices, and �j are the 3 ⇥ 3 Gell-Mann matri-
ces, listed in Appendix C. For the conduction electrons,
we assume a constant density of states near the Fermi
surface,

P
k �(! � Ek) = N0 between �D < ! < D.

The pseudospin S represents the multipolar moments,
with Sx,y and Sz standing for the quadrupolar and oc-
tupolar moments respectively. In order to perform the
many-body perturbation theory later in this work, we
rewrite the local moment S in terms of Abrikosov pseud-
ofermions:

S =
X

↵�

f†
↵

~�↵�

2
f� (6)

where we constrain the occupation of the impurity to
be

P
↵
f†
↵
f↵ = 1. In order to impose this physical con-

straint, we introduce a chemical potential for the pseud-
ofermion by adding �

P
�
f†
�
f� to the Hamiltonian, and

take the limit � ! 1 at the end of the calculation
[60, 71].

C. Bose-Kondo couplings

In the full Kondo lattice, the local Kondo Hamiltonian
of Eqs. (3)-(5) appears at each lattice site. Through this
Kondo interaction, an e↵ective interaction between local
moments is generated, known as the RKKY interaction
[72–74]. In the Bose-Fermi Kondo model, this RKKY
interaction is represented by the coupling of the local
moment to a bosonic bath. The procedure to generate
the most general symmetry allowed RKKY-type interac-
tion is described in Appendix D. The resulting kinetic
term for bosons and the Bose-Kondo coupling are given
in Eqs. (7),(8) respectively,

HB

0 =
X

k

h
⌦Qk(�

x†
k �x

k + �y†
k �y

k) + ⌦Ok�
z†
k �z

k

i
, (7)

Hg = gQ(S
x�x

0 + Sy�y

0) + gOS
z�z

0. (8)

Here, ⌦Qk and ⌦Ok are the dispersions of the bosonic
baths coupled to the quadrupole and octupole moments,
respectively. To set up the controlled RG calculation, we
introduce an ✏ expansion with dimensional regularization
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take the limit � ! 1 at the end of the calculation
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C. Bose-Kondo couplings

In the full Kondo lattice, the local Kondo Hamiltonian
of Eqs. (3)-(5) appears at each lattice site. Through this
Kondo interaction, an e↵ective interaction between local
moments is generated, known as the RKKY interaction
[72–74]. In the Bose-Fermi Kondo model, this RKKY
interaction is represented by the coupling of the local
moment to a bosonic bath. The procedure to generate
the most general symmetry allowed RKKY-type interac-
tion is described in Appendix D. The resulting kinetic
term for bosons and the Bose-Kondo coupling are given
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FIG. 1. Schematic diagram for quantum phase transitions be-
tween non-Fermi liquid phases and multipolar ordered phases.
F1± and F2± stand for the multipolar and 2-channel Kondo
fixed points, respectively. BQ and BO stand for the quadrupo-
lar and octupolar ordered fixed points, respectively, and CQO

is a critical point between BQ and BO. C
Q(O)
1± and CQ(O)

2± are
critical points between F1± and BQ(O), and F2± and BQ(O),
respectively. Critical points have dashed lines, and stable
fixed points have solid lines; gray circles are outside of the
perturbative regime. The fixed point values are listed in Ta-
ble I.

quadrupolar ordered phase, as presented in the RG flow
diagrams and schematic diagram in Fig. 2-1. The transi-
tion from the non-Fermi liquid phases to the quadrupolar
ordered phase is accompanied by the destruction of the
Kondo e↵ect such that the Kondo coupling flows to zero
in the quadrupolar ordered phases, representing a small
Fermi surface state. To distinguish the critical points
and non-Fermi liquid phases experimentally, we compute
the zero temperature quadrupolar �Q(⌧) ⇠ ⌧��Q and
octupolar �O(⌧) ⇠ ⌧��O susceptibilities with the expo-
nents �Q and �O (see Eq. (24) and (25)), where ⌧ is
the imaginary time. It is shown that the octupolar sus-
ceptibility has di↵erent scaling behavior around the non-
Fermi liquids and critical fixed points in the second or-
der of ✏, which are summarized in Table I. Finally, we
propose how the multipolar susceptibilities can be mea-
sured experimentally by the use of ultrasound measure-
ments in the presence of a magnetic field. The temper-
ature scaling of the multipolar susceptibility is given by
�0
i
(|!/T | ⌧ 1) ⇠ T 2�i�2 and �0

i
(|!/T | � 1) ⇠ T �i�3, re-

spectively, where i = Q,O stand for quadrupolar and
octupolar, respectively. The elastic constants are di-
rectly related to the multipolar susceptibilties, such as
�(C11�C12) / �0

Q
and �C44 / h2�0

O
where �Cij is the

variation of the elastic constant Cij and h is the magnetic
field. That is, we can obtain the multipolar susceptibil-
ity exponent by measuring the temperature dependence
of the elastic constants in the presence of the magnetic
field using ultrasonic measurements. Our result suggests
that major departures from the classic Doniach picture
of heavy fermions are possible in the presence of multiple
spin-orbital entangled channels of conduction electrons
hybridizing with higher-rank multipolar moments.

The remainder of the paper is organized as follows. In
Section II, we describe modelling the multipolar Kondo
lattice in terms of a multipolar Bose-Fermi Kondo model.
In Section III, we perform a renormalization group anal-
ysis of our multipolar Bose-Fermi Kondo model to iden-
tify the phases and phase transitions in the model. In
Section IV, we comment on how these phases can be dis-
tinguished experimentally, and in Section V we discuss
the implications and possible extensions of our work.

II. MODELS

We start by describing the microscopic origin of the
multipolar moment, and then describe how to construct
conduction orbitals. Then, we couple the multipolar im-
purity to the conduction orbitalsm which constitutes the
(Fermi) Kondo coupling. The Bose-Kondo coupling can
then be derived from the Fermi-Kondo coupling by pre-
tending as though there are other local moments to inter-
act with, but then replacing these other moments with
a Weiss mean field; this Weiss mean field becomes the
bosonic bath. Since the setting of interest is the prase-
doymium cubic compounds Pr(Ti, V)2Al20, we need to
consider the local symmetry of the Pr3+ moment. Here,
a Pr3+ ion rests at the centre of a Frank-Kasper cage,
which is composed of (Ti, V) and Al. Despite the com-
plicated nature of the cage, its point group symmetry is
simply the tetrahedral group Td. This means that we can
classify the wave function of an electron hopping on the
cage according to the irreducible representations of Td.
We allow the most general interactions according to the
local Td symmetry and time-reversal; the details of of the
symmetry group are listed in Appendix B.

A. Multipolar moments

Generally speaking, on the site of a local moment,
the wave functions of a particular ionic configuration
are constrained to an e↵ective ground state by Hund’s
rules. These ground states are then split by the local
crystalline electric field. The consequence of these re-
strictions is the formation of localized anisotropic charge
and magnetization densities, leading to multipolar mo-
ments. In the case of a rare-earth Pr3+ ion subjected
to a tetrahedral (Td) crystal field, the spin-orbit cou-
pled J = 4 multiplet of the 4f2 electrons is split to
give rise to a low-lying and energetically well-isolated �3

non-Kramers doublet [13]; the doublet states are listed
in Appendix A. This �3 doublet supports both time-
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overline indicates a full symmetrization. These moments
can be compactly represented by the pseudospin-1/2 op-
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quadrupolar ordered phase, as presented in the RG flow
diagrams and schematic diagram in Fig. 2-1. The transi-
tion from the non-Fermi liquid phases to the quadrupolar
ordered phase is accompanied by the destruction of the
Kondo e↵ect such that the Kondo coupling flows to zero
in the quadrupolar ordered phases, representing a small
Fermi surface state. To distinguish the critical points
and non-Fermi liquid phases experimentally, we compute
the zero temperature quadrupolar �Q(⌧) ⇠ ⌧��Q and
octupolar �O(⌧) ⇠ ⌧��O susceptibilities with the expo-
nents �Q and �O (see Eq. (24) and (25)), where ⌧ is
the imaginary time. It is shown that the octupolar sus-
ceptibility has di↵erent scaling behavior around the non-
Fermi liquids and critical fixed points in the second or-
der of ✏, which are summarized in Table I. Finally, we
propose how the multipolar susceptibilities can be mea-
sured experimentally by the use of ultrasound measure-
ments in the presence of a magnetic field. The temper-
ature scaling of the multipolar susceptibility is given by
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variation of the elastic constant Cij and h is the magnetic
field. That is, we can obtain the multipolar susceptibil-
ity exponent by measuring the temperature dependence
of the elastic constants in the presence of the magnetic
field using ultrasonic measurements. Our result suggests
that major departures from the classic Doniach picture
of heavy fermions are possible in the presence of multiple
spin-orbital entangled channels of conduction electrons
hybridizing with higher-rank multipolar moments.

The remainder of the paper is organized as follows. In
Section II, we describe modelling the multipolar Kondo
lattice in terms of a multipolar Bose-Fermi Kondo model.
In Section III, we perform a renormalization group anal-
ysis of our multipolar Bose-Fermi Kondo model to iden-
tify the phases and phase transitions in the model. In
Section IV, we comment on how these phases can be dis-
tinguished experimentally, and in Section V we discuss
the implications and possible extensions of our work.

II. MODELS

We start by describing the microscopic origin of the
multipolar moment, and then describe how to construct
conduction orbitals. Then, we couple the multipolar im-
purity to the conduction orbitalsm which constitutes the
(Fermi) Kondo coupling. The Bose-Kondo coupling can
then be derived from the Fermi-Kondo coupling by pre-
tending as though there are other local moments to inter-
act with, but then replacing these other moments with
a Weiss mean field; this Weiss mean field becomes the
bosonic bath. Since the setting of interest is the prase-
doymium cubic compounds Pr(Ti, V)2Al20, we need to
consider the local symmetry of the Pr3+ moment. Here,
a Pr3+ ion rests at the centre of a Frank-Kasper cage,
which is composed of (Ti, V) and Al. Despite the com-
plicated nature of the cage, its point group symmetry is
simply the tetrahedral group Td. This means that we can
classify the wave function of an electron hopping on the
cage according to the irreducible representations of Td.
We allow the most general interactions according to the
local Td symmetry and time-reversal; the details of of the
symmetry group are listed in Appendix B.

A. Multipolar moments

Generally speaking, on the site of a local moment,
the wave functions of a particular ionic configuration
are constrained to an e↵ective ground state by Hund’s
rules. These ground states are then split by the local
crystalline electric field. The consequence of these re-
strictions is the formation of localized anisotropic charge
and magnetization densities, leading to multipolar mo-
ments. In the case of a rare-earth Pr3+ ion subjected
to a tetrahedral (Td) crystal field, the spin-orbit cou-
pled J = 4 multiplet of the 4f2 electrons is split to
give rise to a low-lying and energetically well-isolated �3

non-Kramers doublet [13]; the doublet states are listed
in Appendix A. This �3 doublet supports both time-
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FIG. 1. Schematic diagram for quantum phase transitions be-
tween non-Fermi liquid phases and multipolar ordered phases.
F1± and F2± stand for the multipolar and 2-channel Kondo
fixed points, respectively. BQ and BO stand for the quadrupo-
lar and octupolar ordered fixed points, respectively, and CQO

is a critical point between BQ and BO. C
Q(O)
1± and CQ(O)

2± are
critical points between F1± and BQ(O), and F2± and BQ(O),
respectively. Critical points have dashed lines, and stable
fixed points have solid lines; gray circles are outside of the
perturbative regime. The fixed point values are listed in Ta-
ble I.

quadrupolar ordered phase, as presented in the RG flow
diagrams and schematic diagram in Fig. 2-1. The transi-
tion from the non-Fermi liquid phases to the quadrupolar
ordered phase is accompanied by the destruction of the
Kondo e↵ect such that the Kondo coupling flows to zero
in the quadrupolar ordered phases, representing a small
Fermi surface state. To distinguish the critical points
and non-Fermi liquid phases experimentally, we compute
the zero temperature quadrupolar �Q(⌧) ⇠ ⌧��Q and
octupolar �O(⌧) ⇠ ⌧��O susceptibilities with the expo-
nents �Q and �O (see Eq. (24) and (25)), where ⌧ is
the imaginary time. It is shown that the octupolar sus-
ceptibility has di↵erent scaling behavior around the non-
Fermi liquids and critical fixed points in the second or-
der of ✏, which are summarized in Table I. Finally, we
propose how the multipolar susceptibilities can be mea-
sured experimentally by the use of ultrasound measure-
ments in the presence of a magnetic field. The temper-
ature scaling of the multipolar susceptibility is given by
�0
i
(|!/T | ⌧ 1) ⇠ T 2�i�2 and �0

i
(|!/T | � 1) ⇠ T �i�3, re-

spectively, where i = Q,O stand for quadrupolar and
octupolar, respectively. The elastic constants are di-
rectly related to the multipolar susceptibilties, such as
�(C11�C12) / �0

Q
and �C44 / h2�0

O
where �Cij is the

variation of the elastic constant Cij and h is the magnetic
field. That is, we can obtain the multipolar susceptibil-
ity exponent by measuring the temperature dependence
of the elastic constants in the presence of the magnetic
field using ultrasonic measurements. Our result suggests
that major departures from the classic Doniach picture
of heavy fermions are possible in the presence of multiple
spin-orbital entangled channels of conduction electrons
hybridizing with higher-rank multipolar moments.

The remainder of the paper is organized as follows. In
Section II, we describe modelling the multipolar Kondo
lattice in terms of a multipolar Bose-Fermi Kondo model.
In Section III, we perform a renormalization group anal-
ysis of our multipolar Bose-Fermi Kondo model to iden-
tify the phases and phase transitions in the model. In
Section IV, we comment on how these phases can be dis-
tinguished experimentally, and in Section V we discuss
the implications and possible extensions of our work.

II. MODELS

We start by describing the microscopic origin of the
multipolar moment, and then describe how to construct
conduction orbitals. Then, we couple the multipolar im-
purity to the conduction orbitalsm which constitutes the
(Fermi) Kondo coupling. The Bose-Kondo coupling can
then be derived from the Fermi-Kondo coupling by pre-
tending as though there are other local moments to inter-
act with, but then replacing these other moments with
a Weiss mean field; this Weiss mean field becomes the
bosonic bath. Since the setting of interest is the prase-
doymium cubic compounds Pr(Ti, V)2Al20, we need to
consider the local symmetry of the Pr3+ moment. Here,
a Pr3+ ion rests at the centre of a Frank-Kasper cage,
which is composed of (Ti, V) and Al. Despite the com-
plicated nature of the cage, its point group symmetry is
simply the tetrahedral group Td. This means that we can
classify the wave function of an electron hopping on the
cage according to the irreducible representations of Td.
We allow the most general interactions according to the
local Td symmetry and time-reversal; the details of of the
symmetry group are listed in Appendix B.

A. Multipolar moments

Generally speaking, on the site of a local moment,
the wave functions of a particular ionic configuration
are constrained to an e↵ective ground state by Hund’s
rules. These ground states are then split by the local
crystalline electric field. The consequence of these re-
strictions is the formation of localized anisotropic charge
and magnetization densities, leading to multipolar mo-
ments. In the case of a rare-earth Pr3+ ion subjected
to a tetrahedral (Td) crystal field, the spin-orbit cou-
pled J = 4 multiplet of the 4f2 electrons is split to
give rise to a low-lying and energetically well-isolated �3

non-Kramers doublet [13]; the doublet states are listed
in Appendix A. This �3 doublet supports both time-
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Novel 
multipolar 

Kondo

2-channel 
Kondo

Renormalization Group Analysis

<latexit sha1_base64="WKPGw/Zt8u/RZ2T72fPdQo++mBc=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBg5TdIupFKHrxZgv2A9qlZNNsG5pN1iQrlKV/wosHRbz6d7z5b0zbPWjrg4HHezPMzAtizrRx3W8nt7K6tr6R3yxsbe/s7hX3D5paJorQBpFcqnaANeVM0IZhhtN2rCiOAk5bweh26reeqNJMigczjqkf4YFgISPYWKnN0DWqn6H7XrHklt0Z0DLxMlKCDLVe8avblySJqDCEY607nhsbP8XKMMLppNBNNI0xGeEB7VgqcES1n87unaATq/RRKJUtYdBM/T2R4kjrcRTYzgiboV70puJ/Xicx4ZWfMhEnhgoyXxQmHBmJps+jPlOUGD62BBPF7K2IDLHCxNiICjYEb/HlZdKslL2LcqV+XqreZHHk4QiO4RQ8uIQq3EENGkCAwzO8wpvz6Lw4787HvDXnZDOH8AfO5w/+OY6j</latexit>

i = Q,O

Quadrupolar susceptibility

Octupolar susceptibility

<latexit sha1_base64="YgNZO7pjYZSPqbHCci042yv0lj8=">AAACDXicbVC7TsMwFHV4lvIKMLJYFKR2aJVUCBgrWBiL1JfUhMhx3daqHUe2g1RF/QEWfoWFAYRY2dn4G9w2A7QcydLROffq+pwwZlRpx/m2VlbX1jc2c1v57Z3dvX374LClRCIxaWLBhOyESBFGI9LUVDPSiSVBPGSkHY5upn77gUhFRdTQ45j4HA0i2qcYaSMF9qmHhzSgsNgoQS+WItYCNu7TctEtewPEOQpoaRLYBafizACXiZuRAshQD+wvrydwwkmkMUNKdV0n1n6KpKaYkUneSxSJER6hAekaGiFOlJ/O0kzgmVF6sC+keZGGM/X3Roq4UmMemkmO9FAtelPxP6+b6P6Vn9IoTjSJ8PxQP2HQRJ5WA3tUEqzZ2BCEJTV/hXiIJMLaFJg3JbiLkZdJq1pxLyrVu/NC7TqrIweOwQkoAhdcghq4BXXQBBg8gmfwCt6sJ+vFerc+5qMrVrZzBP7A+vwBzUWaJA==</latexit>

�i(T ) / T�(1��i)

Critical point Critical point

RKKY Quadrupolar Ordering (Small FS)

(Large FS)
(Large FS)



2

CQO

BQ

BO

F2±F1±

CQ

2±CQ

1±

CO
2±CO

1±

1

FIG. 1. Schematic diagram for quantum phase transitions be-
tween non-Fermi liquid phases and multipolar ordered phases.
F1± and F2± stand for the multipolar and 2-channel Kondo
fixed points, respectively. BQ and BO stand for the quadrupo-
lar and octupolar ordered fixed points, respectively, and CQO

is a critical point between BQ and BO. C
Q(O)
1± and CQ(O)

2± are
critical points between F1± and BQ(O), and F2± and BQ(O),
respectively. Critical points have dashed lines, and stable
fixed points have solid lines; gray circles are outside of the
perturbative regime. The fixed point values are listed in Ta-
ble I.

quadrupolar ordered phase, as presented in the RG flow
diagrams and schematic diagram in Fig. 2-1. The transi-
tion from the non-Fermi liquid phases to the quadrupolar
ordered phase is accompanied by the destruction of the
Kondo e↵ect such that the Kondo coupling flows to zero
in the quadrupolar ordered phases, representing a small
Fermi surface state. To distinguish the critical points
and non-Fermi liquid phases experimentally, we compute
the zero temperature quadrupolar �Q(⌧) ⇠ ⌧��Q and
octupolar �O(⌧) ⇠ ⌧��O susceptibilities with the expo-
nents �Q and �O (see Eq. (24) and (25)), where ⌧ is
the imaginary time. It is shown that the octupolar sus-
ceptibility has di↵erent scaling behavior around the non-
Fermi liquids and critical fixed points in the second or-
der of ✏, which are summarized in Table I. Finally, we
propose how the multipolar susceptibilities can be mea-
sured experimentally by the use of ultrasound measure-
ments in the presence of a magnetic field. The temper-
ature scaling of the multipolar susceptibility is given by
�0
i
(|!/T | ⌧ 1) ⇠ T 2�i�2 and �0

i
(|!/T | � 1) ⇠ T �i�3, re-

spectively, where i = Q,O stand for quadrupolar and
octupolar, respectively. The elastic constants are di-
rectly related to the multipolar susceptibilties, such as
�(C11�C12) / �0

Q
and �C44 / h2�0

O
where �Cij is the

variation of the elastic constant Cij and h is the magnetic
field. That is, we can obtain the multipolar susceptibil-
ity exponent by measuring the temperature dependence
of the elastic constants in the presence of the magnetic
field using ultrasonic measurements. Our result suggests
that major departures from the classic Doniach picture
of heavy fermions are possible in the presence of multiple
spin-orbital entangled channels of conduction electrons
hybridizing with higher-rank multipolar moments.

The remainder of the paper is organized as follows. In
Section II, we describe modelling the multipolar Kondo
lattice in terms of a multipolar Bose-Fermi Kondo model.
In Section III, we perform a renormalization group anal-
ysis of our multipolar Bose-Fermi Kondo model to iden-
tify the phases and phase transitions in the model. In
Section IV, we comment on how these phases can be dis-
tinguished experimentally, and in Section V we discuss
the implications and possible extensions of our work.

II. MODELS

We start by describing the microscopic origin of the
multipolar moment, and then describe how to construct
conduction orbitals. Then, we couple the multipolar im-
purity to the conduction orbitalsm which constitutes the
(Fermi) Kondo coupling. The Bose-Kondo coupling can
then be derived from the Fermi-Kondo coupling by pre-
tending as though there are other local moments to inter-
act with, but then replacing these other moments with
a Weiss mean field; this Weiss mean field becomes the
bosonic bath. Since the setting of interest is the prase-
doymium cubic compounds Pr(Ti, V)2Al20, we need to
consider the local symmetry of the Pr3+ moment. Here,
a Pr3+ ion rests at the centre of a Frank-Kasper cage,
which is composed of (Ti, V) and Al. Despite the com-
plicated nature of the cage, its point group symmetry is
simply the tetrahedral group Td. This means that we can
classify the wave function of an electron hopping on the
cage according to the irreducible representations of Td.
We allow the most general interactions according to the
local Td symmetry and time-reversal; the details of of the
symmetry group are listed in Appendix B.

A. Multipolar moments

Generally speaking, on the site of a local moment,
the wave functions of a particular ionic configuration
are constrained to an e↵ective ground state by Hund’s
rules. These ground states are then split by the local
crystalline electric field. The consequence of these re-
strictions is the formation of localized anisotropic charge
and magnetization densities, leading to multipolar mo-
ments. In the case of a rare-earth Pr3+ ion subjected
to a tetrahedral (Td) crystal field, the spin-orbit cou-
pled J = 4 multiplet of the 4f2 electrons is split to
give rise to a low-lying and energetically well-isolated �3

non-Kramers doublet [13]; the doublet states are listed
in Appendix A. This �3 doublet supports both time-
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i = Q,O
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the deformation free energy in the cubic lattice, respec-
tively, hi is the magnetic field (i = x, y, z), the super-
script 0 stands for the bare value of the elastic constants,
and sQ and sO are the couplings between the multipolar
moments and lattice strain tensors. From second-order
perturbation theory, we can get the following corrections
to the bare elastic constants,

(C11 � C12) = (C0
11 � C0

12)� (s2
Q
)�0

Q
, (31)

C44 = C0
44 � (s2

O
h2)�0

O
, (32)

where h is the magnetic field. The octupolar suscep-
tibility is therefore only detectable when measured in
the presence of both strain and magnetic field simulta-
neously. As a result, the multipolar susceptibility can be
observed by measuring the temperature dependence of
the elastic constants (C11 � C12) and C44 via ultrasonic
measurements.

V. CONCLUSIONS

Inspired by experiments on Pr(Ti, V)2Al20 [39–41], we
have studied the multipolar Bose-Fermi Kondo model in
this setting of a non-Kramers doublet carrying quadrupo-
lar and octupolar moments coupled to p-orbital electrons
in the presence of a tetrahedral crystal field. By using
an RG analysis on our model, we find not only two non-
Fermi liquid phases and a quadrupolar ordered phase, but
also two quantum critical points between the non-Fermi
liquid phases and quadrupolar ordered phase. To distin-
guish between each of these non-Fermi liquid phases and
quantum critical points, we compute the multipolar sus-
ceptibility exponents at zero temperature and show that
the octupolar susceptibility exponent is di↵erent at sec-
ond order in ✏ at all of these fixed points. Furthermore,
we obtain the temperature scaling behavior of the mul-
tipolar susceptibility, and explain how the quadrupolar
and octupolar susceptibilities are related to the elastic
constants (C11 �C12) and C44, respectively. We propose
that measurement of the temperature dependence of the
elastic constants (C11�C12) and C44 using through an ul-
trasonic measurement in the presence of a magnetic field
can be used to distinguish the non-Fermi liquid phases
and quantum critical points experimentally.

Possible directions for future work could include apply-
ing the work to a variety of other heavy fermion systems.
For example, several Yb and Ce compounds exhibit lo-
cal moments with very high degeneracies, which enables
the formation of a large number of multipolar moments
[50–54]. Another direction could be to verify our results
from the (extended) dynamical mean field theory per-
spective. One subtlety is that the ✏Q, ✏O parameters in
the bosonic bath density of states should be determined
self-consistently. We did not address this detail in our
work, but in a full dynamical mean field treatment, this
would be taken into account explicitly. Furthermore, in
the extended scheme we may even be able to predict or-

dering wave vectors [55].
More generally, our results are indicative of the large

variety of multipolar ordered phases and exotic electronic
states found in rare-earth metallic systems. The root of
the multipolar moments, unusual Kondo couplings, and
anisotropic RKKY interactions is the strong spin-orbit
coupling and crystal electric field e↵ects, which, as we
have shown, can lead to a myriad of quantum critical be-
haviors beyond the Landau paradigm of symmetry break-
ing. This suggests there may be new classes of quantum
critical points relating Kondo destruction, multipolar or-
dering, and non-Fermi liquids in multipolar Kondo lat-
tice systems, and that they are experimentally accessible.
This opens new doors for exploring the landscape of mul-
tipolar quantum matter.
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Appendix A: Non Kramers doublet microscopic
enviroment

In a vacuum, a Pr3+ ion forms a spin J = 4 system
by Hund’s rules. In the presence of a tetrahedral crystal
field, these 9 degenerate states are split, and the resulting
ground state in the Pr(V,Ti)2Al20 compounds is a non-
Kramers �3 doublet spanned by the following two states:
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To determine which multipolar moments are supported
by these wave functions, we can compute the matrix ele-

ments of Stevens operators in the doublet {|�(1)
3 i , |�(2)

3 i}.
In this doublet, we find that, defining a di↵erent basis
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Measurement via elastic constants (ultrasound)
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FIG. 1. Schematic diagram for quantum phase transitions be-
tween non-Fermi liquid phases and multipolar ordered phases.
F1± and F2± stand for the multipolar and 2-channel Kondo
fixed points, respectively. BQ and BO stand for the quadrupo-
lar and octupolar ordered fixed points, respectively, and CQO

is a critical point between BQ and BO. C
Q(O)
1± and CQ(O)

2± are
critical points between F1± and BQ(O), and F2± and BQ(O),
respectively. Critical points have dashed lines, and stable
fixed points have solid lines; gray circles are outside of the
perturbative regime. The fixed point values are listed in Ta-
ble I.

quadrupolar ordered phase, as presented in the RG flow
diagrams and schematic diagram in Fig. 2-1. The transi-
tion from the non-Fermi liquid phases to the quadrupolar
ordered phase is accompanied by the destruction of the
Kondo e↵ect such that the Kondo coupling flows to zero
in the quadrupolar ordered phases, representing a small
Fermi surface state. To distinguish the critical points
and non-Fermi liquid phases experimentally, we compute
the zero temperature quadrupolar �Q(⌧) ⇠ ⌧��Q and
octupolar �O(⌧) ⇠ ⌧��O susceptibilities with the expo-
nents �Q and �O (see Eq. (24) and (25)), where ⌧ is
the imaginary time. It is shown that the octupolar sus-
ceptibility has di↵erent scaling behavior around the non-
Fermi liquids and critical fixed points in the second or-
der of ✏, which are summarized in Table I. Finally, we
propose how the multipolar susceptibilities can be mea-
sured experimentally by the use of ultrasound measure-
ments in the presence of a magnetic field. The temper-
ature scaling of the multipolar susceptibility is given by
�0
i
(|!/T | ⌧ 1) ⇠ T 2�i�2 and �0

i
(|!/T | � 1) ⇠ T �i�3, re-

spectively, where i = Q,O stand for quadrupolar and
octupolar, respectively. The elastic constants are di-
rectly related to the multipolar susceptibilties, such as
�(C11�C12) / �0

Q
and �C44 / h2�0

O
where �Cij is the

variation of the elastic constant Cij and h is the magnetic
field. That is, we can obtain the multipolar susceptibil-
ity exponent by measuring the temperature dependence
of the elastic constants in the presence of the magnetic
field using ultrasonic measurements. Our result suggests
that major departures from the classic Doniach picture
of heavy fermions are possible in the presence of multiple
spin-orbital entangled channels of conduction electrons
hybridizing with higher-rank multipolar moments.

The remainder of the paper is organized as follows. In
Section II, we describe modelling the multipolar Kondo
lattice in terms of a multipolar Bose-Fermi Kondo model.
In Section III, we perform a renormalization group anal-
ysis of our multipolar Bose-Fermi Kondo model to iden-
tify the phases and phase transitions in the model. In
Section IV, we comment on how these phases can be dis-
tinguished experimentally, and in Section V we discuss
the implications and possible extensions of our work.

II. MODELS

We start by describing the microscopic origin of the
multipolar moment, and then describe how to construct
conduction orbitals. Then, we couple the multipolar im-
purity to the conduction orbitalsm which constitutes the
(Fermi) Kondo coupling. The Bose-Kondo coupling can
then be derived from the Fermi-Kondo coupling by pre-
tending as though there are other local moments to inter-
act with, but then replacing these other moments with
a Weiss mean field; this Weiss mean field becomes the
bosonic bath. Since the setting of interest is the prase-
doymium cubic compounds Pr(Ti, V)2Al20, we need to
consider the local symmetry of the Pr3+ moment. Here,
a Pr3+ ion rests at the centre of a Frank-Kasper cage,
which is composed of (Ti, V) and Al. Despite the com-
plicated nature of the cage, its point group symmetry is
simply the tetrahedral group Td. This means that we can
classify the wave function of an electron hopping on the
cage according to the irreducible representations of Td.
We allow the most general interactions according to the
local Td symmetry and time-reversal; the details of of the
symmetry group are listed in Appendix B.

A. Multipolar moments

Generally speaking, on the site of a local moment,
the wave functions of a particular ionic configuration
are constrained to an e↵ective ground state by Hund’s
rules. These ground states are then split by the local
crystalline electric field. The consequence of these re-
strictions is the formation of localized anisotropic charge
and magnetization densities, leading to multipolar mo-
ments. In the case of a rare-earth Pr3+ ion subjected
to a tetrahedral (Td) crystal field, the spin-orbit cou-
pled J = 4 multiplet of the 4f2 electrons is split to
give rise to a low-lying and energetically well-isolated �3

non-Kramers doublet [13]; the doublet states are listed
in Appendix A. This �3 doublet supports both time-

reversal even quadrupolar moments {O22 =
p
3
2 (J2

x
�J2

y
),

O20 = 1
2 (3J

2
z
�J2)} as well as a time-reversal odd octupo-

lar moment {Txyz =
p
15
6 JxJyJz}; we use the Stevens

operators to describe the multipolar moments and the
overline indicates a full symmetrization. These moments
can be compactly represented by the pseudospin-1/2 op-
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i = Q,O

7

the deformation free energy in the cubic lattice, respec-
tively, hi is the magnetic field (i = x, y, z), the super-
script 0 stands for the bare value of the elastic constants,
and sQ and sO are the couplings between the multipolar
moments and lattice strain tensors. From second-order
perturbation theory, we can get the following corrections
to the bare elastic constants,

(C11 � C12) = (C0
11 � C0

12)� (s2
Q
)�0

Q
, (31)

C44 = C0
44 � (s2

O
h2)�0

O
, (32)

where h is the magnetic field. The octupolar suscep-
tibility is therefore only detectable when measured in
the presence of both strain and magnetic field simulta-
neously. As a result, the multipolar susceptibility can be
observed by measuring the temperature dependence of
the elastic constants (C11 � C12) and C44 via ultrasonic
measurements.

V. CONCLUSIONS

Inspired by experiments on Pr(Ti, V)2Al20 [39–41], we
have studied the multipolar Bose-Fermi Kondo model in
this setting of a non-Kramers doublet carrying quadrupo-
lar and octupolar moments coupled to p-orbital electrons
in the presence of a tetrahedral crystal field. By using
an RG analysis on our model, we find not only two non-
Fermi liquid phases and a quadrupolar ordered phase, but
also two quantum critical points between the non-Fermi
liquid phases and quadrupolar ordered phase. To distin-
guish between each of these non-Fermi liquid phases and
quantum critical points, we compute the multipolar sus-
ceptibility exponents at zero temperature and show that
the octupolar susceptibility exponent is di↵erent at sec-
ond order in ✏ at all of these fixed points. Furthermore,
we obtain the temperature scaling behavior of the mul-
tipolar susceptibility, and explain how the quadrupolar
and octupolar susceptibilities are related to the elastic
constants (C11 �C12) and C44, respectively. We propose
that measurement of the temperature dependence of the
elastic constants (C11�C12) and C44 using through an ul-
trasonic measurement in the presence of a magnetic field
can be used to distinguish the non-Fermi liquid phases
and quantum critical points experimentally.

Possible directions for future work could include apply-
ing the work to a variety of other heavy fermion systems.
For example, several Yb and Ce compounds exhibit lo-
cal moments with very high degeneracies, which enables
the formation of a large number of multipolar moments
[50–54]. Another direction could be to verify our results
from the (extended) dynamical mean field theory per-
spective. One subtlety is that the ✏Q, ✏O parameters in
the bosonic bath density of states should be determined
self-consistently. We did not address this detail in our
work, but in a full dynamical mean field treatment, this
would be taken into account explicitly. Furthermore, in
the extended scheme we may even be able to predict or-

dering wave vectors [55].
More generally, our results are indicative of the large

variety of multipolar ordered phases and exotic electronic
states found in rare-earth metallic systems. The root of
the multipolar moments, unusual Kondo couplings, and
anisotropic RKKY interactions is the strong spin-orbit
coupling and crystal electric field e↵ects, which, as we
have shown, can lead to a myriad of quantum critical be-
haviors beyond the Landau paradigm of symmetry break-
ing. This suggests there may be new classes of quantum
critical points relating Kondo destruction, multipolar or-
dering, and non-Fermi liquids in multipolar Kondo lat-
tice systems, and that they are experimentally accessible.
This opens new doors for exploring the landscape of mul-
tipolar quantum matter.
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Appendix A: Non Kramers doublet microscopic
enviroment

In a vacuum, a Pr3+ ion forms a spin J = 4 system
by Hund’s rules. In the presence of a tetrahedral crystal
field, these 9 degenerate states are split, and the resulting
ground state in the Pr(V,Ti)2Al20 compounds is a non-
Kramers �3 doublet spanned by the following two states:

|�(1)
3 i =

1

2

r
7

6
|4i �

1

2

r
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3
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1
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r
7

6
|�4i , (A1)

|�(2)
3 i =

1
p
2
|2i+

1
p
2
|�2i . (A2)

To determine which multipolar moments are supported
by these wave functions, we can compute the matrix ele-

ments of Stevens operators in the doublet {|�(1)
3 i , |�(2)

3 i}.
In this doublet, we find that, defining a di↵erent basis

|"i =
1
p
2

⇣
|�(1)

3 i+ i |�(2)
3 i

⌘
, (A3)

|#i =
1
p
2
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3 i+ |�(2)
3 i

⌘
, (A4)

we find that
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Measurement via elastic constants (ultrasound)
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Ce3+ [Xe]4f1 J=5/2

In cubic systems, two lowest Kramers doublet are degenerate, 
which makes 4-fold degenerate Γ8 CEF level

Ce3Pd20Si6 S. Paschen et al (2008)

A

B

Fig. 1. Crystal structure and ordered phases of the heavy fermion com-
pound Ce3Pd20Si6. (A) Cubic crystal structure of space group Fm3̄m (25) with
the 2 Ce sites 4a (Ce1, red) and 8c (Ce2, blue), both with cubic point symme-
try, forming a face-centered cubic lattice of lattice parameter a = 12.275 Å
(26) and a simple cubic lattice of half the lattice parameter, respectively.
The polyhedra around Ce1 are made up of Si and Pd and those around
Ce2 of Pd only. This structure persists down to at least 40 mK, as shown
by high-resolution neutron diffraction measurements (27). (B) Temperature–
magnetic-field phase diagram for fields B =µ0H applied along [0 0 1]. The
phase boundaries are determined from specific heat data by Ono et al. (28)
(TIII Ono, TII Ono, and TII0 Ono refer to anomalies upon entering phases III,
II, and II’, respectively), and our magnetostriction [�(B)max and �(B)min mark
the positions of the maxima and minima in �(B) (SI Appendix, Fig. S1B)] and
thermal expansion data [↵(B)max and ↵(B)min mark the positions of the max-
ima and minima of ↵(T) (SI Appendix, Fig. S1C)]. Phase I is paramagnetic,
and the order of phases II and III was identified as AFQ and AFM order of
moments on the 8c cite, respectively; the nature of the order of phase II’
remains to be identified (24). Neutron scattering has not detected any order
associated with the 4a site (24). Phase III is isotropic with respect to the field
direction, but phase II extends to fields above 10 T for fields along [1 1 0]
and [1 1 1] (28). Thus, it is advantageous to study Bk[0 0 1], as done in the
present work.

with ordering wave vector [1 1 1] at TQ ⇠ 0.4 K; with fur-
ther decreasing temperature, the dipolar (magnetic) moments
undergo antiferromagnetic (AFM) ordering, with the ordering
wave vector [0 0 0.8] at TN ⇠ 0.25 K, as shown by recent neutron

scattering experiments (24). Both orders are due to Ce atoms on
the crystallographic 8c site.

As typical for heavy fermion systems, the many-body ground
state is readily tunable by external parameters such as magnetic
field. Previous work on Ce3Pd20Si6 polycrystals (15) indeed
revealed the suppression of TN at a critical field BN. Quan-
tum criticality was revealed by electrical resistivity and specific
heat measurements; the temperature dependencies were found
to be different from the expectations (29) of the conventional
theory based on order parameter fluctuations. Measurements
of magnetotransport revealed a jump of the Hall coefficient
and magnetoresistance in the zero-temperature limit across BN,
which implicates a sudden reconstruction from large to small
Fermi surface with decreasing field, as expected for a localization
transition of Kondo destruction type (15). When single crystals
became available (SI Appendix, section S1), the phase diagram
was mapped out for different field orientations (28). The AFM
transition is suppressed isotropically, implying that the quan-
tum critical behavior at BN observed in polycrystals captures the
behavior of the single crystals. By contrast, the AFQ transition
is suppressed anisotropically (24, 28). The study of the inter-
play between spin and orbital degrees of freedom thus requires
measurements on single crystals, which we carry out in the
present work.

We chose to apply a magnetic field along the crystallographic
[0 0 1] direction, which suppresses the AFQ phase at a relatively
small field BQ (SI Appendix, section S2). The temperature–
magnetic-field phase diagram for this direction is shown in
Fig. 1B. The AFM phase (phase III) is suppressed at BN ⇠ 0.8 T,
whereas the AFQ phase (phase II) is suppressed at BQ ⇠ 2 T.
Both phase transitions have been found to be continuous by neu-
tron scattering experiments (24). The continuous nature of the
transition at BQ is also evidenced by the phase transition anoma-
lies in specific heat (28), magnetostriction (SI Appendix, Fig. S1 A

and B), and thermal expansion data (SI Appendix, Fig. S1C). The
notion (15) that the Fermi surface is large at B >BN appears to
have 2 implications. First, no further jump is to be expected at
larger fields. Indeed, it has been taken for granted that electron
localization takes place only once even in the case with multiple
degrees of freedom. Second, the quantum critical behavior at BQ

should be very different from that near BN.
Surprisingly, we find strange-metal behavior near BQ that is

strikingly similar to that near BN, as illustrated by the power-law
exponent a of the temperature-dependent electrical resistivity
(⇢= ⇢0 +A

0 ·T a) in the quantum critical fans anchored at BQ

and BN, respectively (Fig. 2A). Indeed, at BQ, the electrical
resistivity ⇢ is linear in temperature down to very low temper-
atures (Fig. 2B), and the specific heat coefficient c/T shows
a logarithmic divergence (Fig. 2C, right axis). In addition, the
thermal expansion coefficient ↵/T shows a stronger than loga-
rithmic divergence (Fig. 2C, left axis), consistent with a diverging
Grüneisen parameter �⇠↵/c. At fields away from BQ, Fermi
liquid (FL) behavior, with the form ⇢= ⇢0 +A ·T 2, is recov-
ered in the electrical resistivity (Fig. 2B, at temperatures below
the arrows). The A coefficient, extracted from the respective FL
regimes (SI Appendix, Fig. S2), is strongly enhanced toward BN

and BQ (Fig. 2D). To further characterize the behavior near
BQ, we have measured the isothermal field dependence of the
electrical resistivity (Fig. 3 A–C) and the Hall resistivity (Fig. 3
D–F) across this critical field. They reveal cross-over signatures
which can be quantified following the procedures established
previously (10, 14, 15) (SI Appendix, section S3). The character-
istic parameters extracted from the analysis at each temperature
are the full width at half maximum (FWHM) of the cross-over
(Fig. 3G), the cross-over height �A (Fig. 3H), and the cross-
over field B

⇤ or, equivalently, the field-dependent cross-over
temperature scale T

⇤ (Fig. 4A). The pure power-law behavior
of the FWHM is seen as a straight line in a double-logarithmic
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Fig. 1. Crystal structure and ordered phases of the heavy fermion com-
pound Ce3Pd20Si6. (A) Cubic crystal structure of space group Fm3̄m (25) with
the 2 Ce sites 4a (Ce1, red) and 8c (Ce2, blue), both with cubic point symme-
try, forming a face-centered cubic lattice of lattice parameter a = 12.275 Å
(26) and a simple cubic lattice of half the lattice parameter, respectively.
The polyhedra around Ce1 are made up of Si and Pd and those around
Ce2 of Pd only. This structure persists down to at least 40 mK, as shown
by high-resolution neutron diffraction measurements (27). (B) Temperature–
magnetic-field phase diagram for fields B =µ0H applied along [0 0 1]. The
phase boundaries are determined from specific heat data by Ono et al. (28)
(TIII Ono, TII Ono, and TII0 Ono refer to anomalies upon entering phases III,
II, and II’, respectively), and our magnetostriction [�(B)max and �(B)min mark
the positions of the maxima and minima in �(B) (SI Appendix, Fig. S1B)] and
thermal expansion data [↵(B)max and ↵(B)min mark the positions of the max-
ima and minima of ↵(T) (SI Appendix, Fig. S1C)]. Phase I is paramagnetic,
and the order of phases II and III was identified as AFQ and AFM order of
moments on the 8c cite, respectively; the nature of the order of phase II’
remains to be identified (24). Neutron scattering has not detected any order
associated with the 4a site (24). Phase III is isotropic with respect to the field
direction, but phase II extends to fields above 10 T for fields along [1 1 0]
and [1 1 1] (28). Thus, it is advantageous to study Bk[0 0 1], as done in the
present work.

with ordering wave vector [1 1 1] at TQ ⇠ 0.4 K; with fur-
ther decreasing temperature, the dipolar (magnetic) moments
undergo antiferromagnetic (AFM) ordering, with the ordering
wave vector [0 0 0.8] at TN ⇠ 0.25 K, as shown by recent neutron

scattering experiments (24). Both orders are due to Ce atoms on
the crystallographic 8c site.

As typical for heavy fermion systems, the many-body ground
state is readily tunable by external parameters such as magnetic
field. Previous work on Ce3Pd20Si6 polycrystals (15) indeed
revealed the suppression of TN at a critical field BN. Quan-
tum criticality was revealed by electrical resistivity and specific
heat measurements; the temperature dependencies were found
to be different from the expectations (29) of the conventional
theory based on order parameter fluctuations. Measurements
of magnetotransport revealed a jump of the Hall coefficient
and magnetoresistance in the zero-temperature limit across BN,
which implicates a sudden reconstruction from large to small
Fermi surface with decreasing field, as expected for a localization
transition of Kondo destruction type (15). When single crystals
became available (SI Appendix, section S1), the phase diagram
was mapped out for different field orientations (28). The AFM
transition is suppressed isotropically, implying that the quan-
tum critical behavior at BN observed in polycrystals captures the
behavior of the single crystals. By contrast, the AFQ transition
is suppressed anisotropically (24, 28). The study of the inter-
play between spin and orbital degrees of freedom thus requires
measurements on single crystals, which we carry out in the
present work.

We chose to apply a magnetic field along the crystallographic
[0 0 1] direction, which suppresses the AFQ phase at a relatively
small field BQ (SI Appendix, section S2). The temperature–
magnetic-field phase diagram for this direction is shown in
Fig. 1B. The AFM phase (phase III) is suppressed at BN ⇠ 0.8 T,
whereas the AFQ phase (phase II) is suppressed at BQ ⇠ 2 T.
Both phase transitions have been found to be continuous by neu-
tron scattering experiments (24). The continuous nature of the
transition at BQ is also evidenced by the phase transition anoma-
lies in specific heat (28), magnetostriction (SI Appendix, Fig. S1 A

and B), and thermal expansion data (SI Appendix, Fig. S1C). The
notion (15) that the Fermi surface is large at B >BN appears to
have 2 implications. First, no further jump is to be expected at
larger fields. Indeed, it has been taken for granted that electron
localization takes place only once even in the case with multiple
degrees of freedom. Second, the quantum critical behavior at BQ

should be very different from that near BN.
Surprisingly, we find strange-metal behavior near BQ that is

strikingly similar to that near BN, as illustrated by the power-law
exponent a of the temperature-dependent electrical resistivity
(⇢= ⇢0 +A

0 ·T a) in the quantum critical fans anchored at BQ

and BN, respectively (Fig. 2A). Indeed, at BQ, the electrical
resistivity ⇢ is linear in temperature down to very low temper-
atures (Fig. 2B), and the specific heat coefficient c/T shows
a logarithmic divergence (Fig. 2C, right axis). In addition, the
thermal expansion coefficient ↵/T shows a stronger than loga-
rithmic divergence (Fig. 2C, left axis), consistent with a diverging
Grüneisen parameter �⇠↵/c. At fields away from BQ, Fermi
liquid (FL) behavior, with the form ⇢= ⇢0 +A ·T 2, is recov-
ered in the electrical resistivity (Fig. 2B, at temperatures below
the arrows). The A coefficient, extracted from the respective FL
regimes (SI Appendix, Fig. S2), is strongly enhanced toward BN

and BQ (Fig. 2D). To further characterize the behavior near
BQ, we have measured the isothermal field dependence of the
electrical resistivity (Fig. 3 A–C) and the Hall resistivity (Fig. 3
D–F) across this critical field. They reveal cross-over signatures
which can be quantified following the procedures established
previously (10, 14, 15) (SI Appendix, section S3). The character-
istic parameters extracted from the analysis at each temperature
are the full width at half maximum (FWHM) of the cross-over
(Fig. 3G), the cross-over height �A (Fig. 3H), and the cross-
over field B

⇤ or, equivalently, the field-dependent cross-over
temperature scale T

⇤ (Fig. 4A). The pure power-law behavior
of the FWHM is seen as a straight line in a double-logarithmic
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Fig. 2. Signatures of quantum criticality at the border of the AFQ phase in
Ce3Pd20Si6. (A) Contour plot of the resistivity exponent a of ⇢= ⇢0 + A

0 · T
a

in the temperature–magnetic-field phase diagram for B =µ0Hk[0 0 1]. To
match the critical fields of our electrical resistivity sample, the fields of
the phase transition lines (symbols) in Fig. 1B were slightly rescaled (SI

Appendix, section S1). (B) Temperature-dependent electrical resistivity for
selected magnetic fields B =µ0Hk[0 0 1]. Curves with fields above 1.5 T are
successively shifted downward by 3 µ⌦cm for better readability. The arrows
indicate the temperatures down to which linear-in-T behavior is observed,
suggesting a critical field close to 1.73 T. (C) Thermal expansion coefficient
(left) and specific heat coefficient (right) vs. temperature near the respective

plot (Fig. 3G); it extrapolates to infinite sharpness in the
zero-temperature limit and thus a jump in the Fermi surface. The
power is 1 within error bars (Fig. 3 legend) for both the magne-
toresistance and the Hall cross-over at BQ, similar to what was
previously found for the quantum critical point (QCP) at the bor-
der of the AFM phase in both Ce3Pd20Si6 (15) and YbRh2Si2
(10, 14). Note that, in the low-temperature limit, the change
�n in the effective charge carrier concentration across BQ, esti-
mated using a simple spherical Fermi-surface 1-band approach,
is sizeable: It is about 0.35 electrons per Ce atom at the 8c
site (Fig. 3H).

While a change in Fermi surface per se could come from a
Lifshitz transition, our observations near BQ (and BN) are very
different. Lifshitz transitions for 3D Fermi surfaces, as observed
in the high-field regime of YbRh2Si2 (31), take place in the
Fermi-liquid part of the phase diagram (32) and give rise to
only smooth evolutions of the Hall coefficient. Instead, strange-
metal behavior accompanied by a sizeable jump of the Fermi
surface is the hallmark of unconventional quantum criticality
driven by Kondo destruction. The question, then, is how mul-
tiple stages of Kondo destruction may arise under the tuning
of a single control parameter. We consider a multipolar Kondo
model that contains a lattice of local moments with a 4-fold
degeneracy (classified as �8 by the crystalline point group sym-
metry; SI Appendix, section S4), whose spin and orbital states
are described by � and ⌧ , respectively, and conduction elec-
trons, ck�⌧ , as sketched in Fig. 4D. The �8 moments are Kondo
coupled to the conduction electrons, and the coupling con-
stants J

K with =�, ⌧ ,m , respectively, describe the interaction
of �, ⌧ , and �⌦ ⌧ with the conduction-electron counterparts.
The local moments also interact with each other by the RKKY
exchange interactions I


ij between sites i and j which, for the

purpose of computational feasibility, we have chosen to be of
Ising type (SI Appendix, section S5). In the extended dynam-
ical mean-field theory (SI Appendix, section S5), this will be
described in terms of the coupling between the local moments
and bosonic baths �, with coupling constants g. We are
then led to analyze the multipolar Bose–Fermi Kondo (BFK)
model as an effective model for the Kondo lattice, which is
described by the Hamiltonian (see SI Appendix, section S5 for
more details)

HBFK =HK +HBK +HB0(��, �⌧ , �m), [1]

with HBK = g� �z �� + g⌧ ⌧
z �⌧ + gm (�z ⌦ ⌧ z )�m . Here, HK

describes the Kondo coupling between the local spin–orbital
moments and the conduction electrons. In addition, HBK

expresses the Bose–Kondo coupling between the local moments
and the bosonic baths whose dynamics are specified by HB0. For
the pure (fermionic) Kondo part, our model corresponds to an
exactly screened Kondo problem (33), and is SU(4) symmetric
when J


K is the same for =�, ⌧ ,m . Even when the SU(4) sym-

metry is broken, the system flows to the exactly screened (Fermi
liquid) SU(4) Kondo fixed point (34, 35). The model in the pres-
ence of bosonic Kondo couplings has not been studied before.
Based on what is known for the SU(2) Bose–Fermi Kondo model
(36, 37), we expect that the overall phase diagram of the present
model with different kinds of symmetries in the SU(4) space
is captured by the calculations with SU(4)-symmetric Kondo
couplings and Ising-anisotropic bosonic couplings (SI Appendix,
section S4). We have determined the zero-temperature phase

critical fields BQ (which are close to 1.95 T for the thermal expansion sam-
ple and 1.75 T for the specific heat sample [SI Appendix, section S1]). (D) A

coefficient of the FL part (main text) of the electrical resistivity vs. applied
magnetic field B =µ0H. The error bars represent standard deviations of the
fit. Inset expands the field range around BQ, revealing the divergence of A.
Lines are guides to the eyes.
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F0
1
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c + D&O + Q + O

FS

c + D&O

FS

+Q

c

FS

+Q and D&O

FIG. 5. A schematic diagram for quantum phase transition
with two-stage Kondo destruction. The blue, red, and green
circles in the upper panel stand for the fermionic Kondo phase
F 0
1, partially Kondo-destroyed phase P , and magnetically or-

dered phase BM , respectively. F 0
1 has nonzero Kondo cou-

plings (K 6= 0,K0
6= 0) and zero bosonic bath couplings

(g = 0, g0 = 0), so it corresponds to the Kondo phase,
and the conduction electrons (c) hybridize with mixed dipo-
lar/octupolar moments (D&O), quadrupolar moments (Q),
and octupolar moments (O), and has largest Fermi surface
during F 0

1, P , and BM , which is denoted by ‘c+D&O+Q+O’
and large-sized blue circle with ‘FS’, respectively. After phase
transition from F 0

1 to P , a part of the Kondo couplings be-
comes zero (K0 = 0 but K 6= 0), so the quadrupolar and
octupolar moments are decoupled from the conduction elec-
trons and the Kondo e↵ect is partially destroyed, but still
shows the Kondo e↵ect because there remain the Kondo cou-
plings which represent the hybridization between the remain-
ing mixed dipolar/octupolar moments and conduction elec-
trons. And due to that, P has a smaller Fermi surface than
F 0
1. These are denoted by c + D&O and red medium-sized

circle with ‘FS’, respectively. Furthermore, the decoupled
quadrupolar moments form the quadrupolar ordering denoted
by +Q in the last line, from g0 6= 0 associated with irrep. of
K0. After the phase transition from P to BM , all of the
Kondo couplings become zero (K = 0,K0 = 0). Then, all
the multipolar moments are decoupled from the conduction
electrons, so the Kondo e↵ect is completely destroyed and it
has the smallest Fermi surface. This is denoted by c and the
small-sized green circle with ‘FS’. Also since it has another
nonzero bosonic bath coupling (g 6= 0) associated with K,
which means BM has additional mixed multipolar ordering.
As a result, BM has both of the mixed dipolar/octupolar and
quadrupolar moments. This is denoted by ‘+Q+D&O’ in the
last line.

as coexistence between quadrupolar and dipolar ordering
because the octupoles in T1 are not distinguishable from
the dipoles. We also remind the reader that BM exists
for 0 < ✏ < 1/4, which is wider than B1 and B2. There-
fore, if 0 < ✏ < 1/8, we have the possibilities for both of
single and two-stage Kondo destruction phase transition,
but there is only the two-stage Kondo destruction phase
transition if 1/8 < ✏ < 1/4.

C. Multipolar Susceptibilities

In addition to the qualitative signature of Fermi sur-
face reconstruction, the multipolar susceptibility expo-
nent can be used to quantitatively identify the fixed
points. The multipolar susceptibility is defined by

�i(⌧) = hT⌧S
j(⌧)Sj(0)i ⇠

✓
⌧0
|⌧ |

◆�i

, (10)

where �i is the multipolar susceptibility exponent, i =
a,E, 2+, A, b, 2� for each multipolar moments in the
same irrep., the Sj operators are listed in Table II, ⌧ is
imaginary time, and ⌧ � ⌧0 with the cuto↵ ⌧0 = 1/⇤ ⇠

1/µ. In Table II, Sj operators in the same section give
us the same multipolar susceptiblity, i.e. S1,2,3, S4,5,
S6,7,8, S9, S10,11,12, and S13,14,15 give us �a, �E , �2+,
�A, �b, and �2�, respectively. From the beta functions,
we can compute the multipolar susceptibility exponent.
Depending on the fixed point values of the bosonic cou-
plings, the multipolar susceptibility exponent is given by
[65, 66, 86]:

�i =

8
>><

>>:

✏+


2

gi

dgi
d lnµ

�

f.p.

, g⇤i 6= 0,

✏+ 2


@

@gi

dgi
d lnµ

�

f.p.

, g⇤i = 0,
(11)

where f.p. stands for evaluation at the fixed point. Here,
�i becomes ✏ to all orders of ✏ by definition of the fixed
point, (dgi/d lnµ)f.p. = 0 when g⇤i 6= 0 [65, 66]. In the
other case where g⇤i = 0, �i is valid up to ✏2 order. We
present the multipolar susceptibility exponents for each
fixed point up to ✏2 order, in the case that the fixed
point values depend on ✏. By assuming the multipolar
moments to be primary fields with conformal dimension
�i/2, the finite temperature scaling of the multipolar sus-
ceptibility is given by [66, 86, 87]

�0
i(!, T ) ⇠

(
T �i�1

⇣
1 + CRe1

�
!
T

�2⌘
, |!/T | ⌧ 1,

!�i�1, |!/T | � 1,
(12)

�00
i (!, T ) ⇠

(
T �i�1

�
!
T

�
, |!/T | ⌧ 1,

!�i�1, |!/T | � 1,
, (13)

where �i(!, T ) = �0
i(!, T )+ i�00

i (!, T ). The temperature
scaling of the multipolar susceptiblity can be measured
by observing the temperature dependence of elastic con-
stants in through ultrasound measurements in an exter-
nal magnetic field [30, 32, 86, 88].

D. Measurement of Multipolar Susceptibility

The susceptibility exponents listed in the previous sec-
tion are not all measureable by conventional probes. It is

3

the Fermi surface shrinks as local moments decouple from
the conduction electrons. We will take this explanatory
approach in the remainder of the paper. Let us briefly
expand on the di↵erent types of phases we can observe in
the model, which are described by stable fixed points of
the RG flow. We ask the reader to refer to Fig. 1 while
reading this section. First, phases labelled by Fi are the
Fermi-Kondo phases, which have some nonzero Fermi-
Kondo couplings but all zero Bose-Kondo couplings (blue
and indigo phases in Fig. 1). These phases have the
largest Fermi surface, and no magnetic ordering. Second,
we find one phase labelled P which is a partially Kondo-
destroyed phase (red phase in Fig. 1). Here, fewer of
the Fermi-Kondo couplings are nonzero, but importantly
there is also a nonzero Bose-Kondo coupling. This means
that there is a medium sized Fermi surface, which coex-
ists with magnetic ordering. Third, there are the fully
Kondo destroyed phases, denoted by Bi (green, yellow,
orange phases in Fig. 1). Here, all of the Fermi-Kondo
couplings are zero, but there are nonzero Bose-Kondo
couplings and therefore correspond to magnetically or-
dered phases. In this final case, the local moments are
completely decoupled from the conduction electrons and
the Fermi surface is the smallest.

The model, which is derived in Section III has two
components, the Fermi-Kondo part and the Bose-Kondo
part. In the Fermi-Kondo model, we uncover numer-
ous Fermi-liquid and non-Fermi-liquid Kondo phases la-
belled by Fi, where the conduction electrons are actively
coupled with the local multipolar moments; this signi-
fies phases with a large Fermi surface. In Fig. 1, F b

1 and
F3 are two examples of such fixed points. Let us re-
visit the other phase mentioned in the introduction, F b

1 .
This is a Kondo phase where all of the dipolar/octupolar
{21Jx,y,z�2T ↵

x,y,z}, quadrupolar {J
2
x�J

2
y , 3J

2
z �J

2
} mo-

ments, and pure octupolar moments {JxJyJz} are par-
ticipating in the formation of the Fermi surface. When
passing through the critical point CFP , at P the pure
octupolar moments decouple from the Fermi surface but
do not undergo ordering. The quadrupolar moments also
no longer participate in the Fermi surface, but they expe-
rience ordering, indicated by a flow to nonzero coupling
between the {J2

x � J2
y , 3J

2
z � J2

} moments and bosonic
bath. The dipolar/octupolar moments remain a part of
the Fermi surface, so P has a medium-sized Fermi sur-
face. The quadrupolar ordering at P is only possible be-
cause the parent phase F b

1 had the quadrupolar moments
hybridizing with conduction electrons and participating
in the Fermi surface; one must start with a Kondo ef-
fect in order to destroy it. The second phase transition
passes through the critical point CBP and destroys the
dipolar/octupolar moments as well, leading to the coexis-
tence of dipolar/octupolar ordering with the quadrupolar
ordering inherited from P . Now, at BM , the Fermi sur-
face is made up purely of conduction electrons and the
local moments are either ordered, as is the case for the
quadrupolar and dipolar/octupolar moments, or behave
as spectators, as is the case for the pure octupolar mo-

ments.
Now that we have arrived at BM , we note from Fig. 1

that there are two other magnetically ordered phases pos-
sible (B1 and B2). These are the three magnetically or-
dered phases of the Bose-Kondo model, where the Kondo
e↵ect has been fully destroyed so the Fermi surface is
at its smallest. The three phases are a mixed dipo-
lar/octupolar (⇠ �6Ji + 7T ↵

i ) ordered phase B1, a pure
octupolar (T �

i ) ordered phase B2, and finally the previ-
ously described phase BM with coexistence of quadrupo-
lar (⇠ J2

x � J2
y , 3J

2
z � J2) and mixed dipolar/octupolar

(⇠ �21Ji + 2T ↵
i ) orderings, (see Table I). We also find

three critical points C12,M1,M2 describing phase transi-
tions between the magnetically ordered phases. These
other magnetically ordered phases may be experimen-
tally accessible by tuning other external parameters such
as pressure.

In the full Bose-Fermi Kondo model, we not only find
the F b

1  CFP ! P  CBP ! BM pathway of quan-
tum phase transitions, but also quantum critical points
between B1,2 and Kondo phases, for example, F3 (fur-
ther examples are given in Sec. VA). At F3, all of the
15 multipolar moments participate in the formation of
a large Fermi surface. This means that, a priori, any
magnetic order is possible since there are many Kondo
e↵ects available to be destroyed. The analysis reveals
however that only B1 (dipolar/octupolar) and B2 (pure
octupolar) are stable. Since all of the Fermi-Kondo cou-
plings completely vanish at multipolar ordered phases
B1,2, they have a small Fermi surface. This is schemati-
cally represented in the Fig. 1. These critical points in-
dicate that our model contains the quantum phase tran-
sitions, F3  C1,2 ! B1,2, associated with single Kondo
destruction in addition to the two-stage Kondo destruc-
tion, depending on the microscopic details (which deter-
mine the initial conditions of the RG flow). The full
schematic diagram is presented in Fig. 1. Further fixed
points and transitions are listed in the main text.

III. CONSTRUCTION OF
SYMMETRY-ALLOWED MODELS

In this section, we begin with the description of
the multipolar moments supported in the quartet CEF
ground state of the Ce3+ ions. We then explain how to
construct the conduction electron orbitals that couple to
such multipolar moments. This leads to the Fermi-Kondo
models, which can then be used to derive the most gen-
eral bilinear RKKY interactions between multipolar mo-
ments in the parent lattice problem. Replacing one of the
multipolar moment operators in the bilinear interactions
by a dynamical bosonic field, we arrive at the Fermi-Bose
Kondo problem. We consider the local symmetry at the
Ce3+ ion site in Ce3Pd20(Si, Ge)6. For this family of
materials specifically, there are two crystallographically
distinct sites for Ce ions: the 4a and 8c sites [55, 70, 71].
The magnetically active Ce ions occupy the 8c sites and

2

In this work, motivated by experiments on Ce3Pd20Si6,
we construct a multipolar Kondo lattice model of the 15
multipolar moments of the Ce3+ quartet (3 dipoles, 5
quadrupoles, 7 octupoles) coupled to p-wave conduction
electrons, which may be regarded as molecular orbitals of
the surrounding Pd16 cage. For simplicity, we consider
a multipolar Bose-Fermi Kondo model which is the lo-
cal approximation of the multipolar Kondo lattice model
wherein the RKKY magnetic fluctuations are replaced by
a dynamical bosonic bath [64–69]; the model now con-
sists of the 15 multipolar moments coupled to both the
fermionic (conduction electrons) and bosonic (RKKY)
baths via the Fermi-Kondo and Bose-Kondo couplings,
respectively. This model facilitates a study of the com-
petition between the Kondo e↵ect and magnetic order-
ing. Our goal is to determine the permissible types of
magnetic order and Kondo destruction pathways purely
on the basis of local symmetry. Specifically, we want to
determine which local moments participate in the Fermi
surface and which local moments are ordered and de-
couple from the conduction electrons in each part of the
zero temperature phase diagram. We carry out a pertur-
bative renormalization group (RG) analysis to two loop
order by using an ✏ expansion, with the density of states

Fb
1

CFP P CBP BM

c + D&O + Q + O

FS

c + D&O

FS

+Q

c

FS

+Q and D&O

CM1

CM2

C12

B1
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C1

F3

C2

c

FS

+D&O or O

c + D&O + Q + O
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FIG. 1. Schematic picture of relevant examples of phases and
quantum phase transitions in our Fermi-Bose Kondo model.
The colored circles are stable phases, the grey circles with
dashed boundary are critical points, and the black arrows
indicate the RG flow. F b

1 and F3 indicate Kondo phases
where the local moments participate in the Fermi surface and
enlarge it; we denote the contents of the Fermi surface by
‘c+D&O+Q+O’. Here, c represents the conduction electrons,
and D&O, Q, and O represent dipolar/octupolar moments,
quadrupolar moments, pure octupolar moments, respectively.
BM , B1, B2 are magnetically ordered phases where the indi-
cated local moments order and Kondo e↵ect is destroyed; no
local moments participate in the Fermi surface. P is a par-
tially destroyed Kondo phase, where there is both magnetic
order due to Q local moments decoupled from the conduction
electrons as well as D&O moments participating (presented
as ‘c+D&O’) in the Fermi surface. Below the schematic, the
first row presents which multipolar moments participate in
the Fermi surface. In the second row, the colored lines indi-
cate the size of the Fermi surface and how it shrinks as the
Kondo e↵ect is destroyed. In the third row, Q, O, and D&O
stand for the types of multipolar ordering at each fixed point.

of the bosonic bath scaling as ⇠ |!|1�✏.
Our primary result is the identification of two con-

secutive quantum phase transitions. In the first tran-
sition, the system starts in a phase with coexisting
quadrupolar ({J2

x�J2
y , 3J

2
z �J2

}) and dipolar/octupolar
({�21Jx,y,z + 2T ↵

x,y,z}, see Table II) order, and none of
the local moments hybridize with the conduction bands.
Then, the system transitions to a phase wherein the dipo-
lar/octupolar moments are hybridized into the Fermi
surface, causing its enlargement; the quadrupolar mo-
ments remain ordered and decoupled from the conduc-
tion bands. The second phase transition occurs as the
quadrupolar moments are also hybridized into the Fermi
surface, leading to a phase with an even larger Fermi
surface. We emphasize that none of the ordered phases
in our model correspond to spin or multipolar density
waves, so the conduction electrons do not participate in
the ordering. Experimental results on Ce3Pd20Si6 also
show such a sequential Fermi surface reconstruction with
a coexisting antiferromagnetic/antiferroquadrupolar or-
der transitioning to a pure antiferroquadrupolar order
transitioning to a other ordered phase, with the Fermi
surface enlarging at both stages as the external magnetic
field strength is increased [55, 56]. This remarkable result
demonstrates that, purely on the basis of local symme-
try, profound conclusions can be drawn about the nature
of magnetic ordering and Fermi surface reconstruction in
the parent Kondo lattice problem.
The remainder of the paper is organized as follows.

Because our paper is very long and the analysis highly
technical, a highlight of some key results is presented in
Section II. Here, we expand on our aforementioned pri-
mary result, further explain physical interpretations, and
introduce some other phases and phase transitions that
our model exhibits. In Section III, we explain the micro-
scopic origin of the quartet local moment and derive its
couplings to the conduction electrons and bosonic bath.
In Section IV, we perform the RG analysis and describe
the stable phases and critical points of our models, enu-
merating further results not described in Section II. Sec-
tion V contains further comments on the observed phase
transitions, and finally in Section VI we discuss broad ap-
plications of our work and implications for other heavy
fermion compounds.

II. HIGHLIGHTS OF THE KEY RESULTS

In this section, we will expand on the consecutive quan-
tum phase transitions mentioned in the introduction, as
well as discuss some additional results of the model. The
consecutive quantum phase transitions described in the
introduction were discussed going from small Fermi sur-
face to large Fermi surface to line up with the experimen-
tal procedure of starting at zero magnetic field and in-
creasing it from there. However, we find it more intuitive
to go in the reverse direction and start from a system with
a large Fermi surface and tune the parameters such that

2

In this work, motivated by experiments on Ce3Pd20Si6,
we construct a multipolar Kondo lattice model of the 15
multipolar moments of the Ce3+ quartet (3 dipoles, 5
quadrupoles, 7 octupoles) coupled to p-wave conduction
electrons, which may be regarded as molecular orbitals of
the surrounding Pd16 cage. For simplicity, we consider
a multipolar Bose-Fermi Kondo model which is the lo-
cal approximation of the multipolar Kondo lattice model
wherein the RKKY magnetic fluctuations are replaced by
a dynamical bosonic bath [64–69]; the model now con-
sists of the 15 multipolar moments coupled to both the
fermionic (conduction electrons) and bosonic (RKKY)
baths via the Fermi-Kondo and Bose-Kondo couplings,
respectively. This model facilitates a study of the com-
petition between the Kondo e↵ect and magnetic order-
ing. Our goal is to determine the permissible types of
magnetic order and Kondo destruction pathways purely
on the basis of local symmetry. Specifically, we want to
determine which local moments participate in the Fermi
surface and which local moments are ordered and de-
couple from the conduction electrons in each part of the
zero temperature phase diagram. We carry out a pertur-
bative renormalization group (RG) analysis to two loop
order by using an ✏ expansion, with the density of states
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FIG. 1. Schematic picture of relevant examples of phases and
quantum phase transitions in our Fermi-Bose Kondo model.
The colored circles are stable phases, the grey circles with
dashed boundary are critical points, and the black arrows
indicate the RG flow. F b

1 and F3 indicate Kondo phases
where the local moments participate in the Fermi surface and
enlarge it; we denote the contents of the Fermi surface by
‘c+D&O+Q+O’. Here, c represents the conduction electrons,
and D&O, Q, and O represent dipolar/octupolar moments,
quadrupolar moments, pure octupolar moments, respectively.
BM , B1, B2 are magnetically ordered phases where the indi-
cated local moments order and Kondo e↵ect is destroyed; no
local moments participate in the Fermi surface. P is a par-
tially destroyed Kondo phase, where there is both magnetic
order due to Q local moments decoupled from the conduction
electrons as well as D&O moments participating (presented
as ‘c+D&O’) in the Fermi surface. Below the schematic, the
first row presents which multipolar moments participate in
the Fermi surface. In the second row, the colored lines indi-
cate the size of the Fermi surface and how it shrinks as the
Kondo e↵ect is destroyed. In the third row, Q, O, and D&O
stand for the types of multipolar ordering at each fixed point.

of the bosonic bath scaling as ⇠ |!|1�✏.
Our primary result is the identification of two con-

secutive quantum phase transitions. In the first tran-
sition, the system starts in a phase with coexisting
quadrupolar ({J2

x�J2
y , 3J

2
z �J2

}) and dipolar/octupolar
({�21Jx,y,z + 2T ↵

x,y,z}, see Table II) order, and none of
the local moments hybridize with the conduction bands.
Then, the system transitions to a phase wherein the dipo-
lar/octupolar moments are hybridized into the Fermi
surface, causing its enlargement; the quadrupolar mo-
ments remain ordered and decoupled from the conduc-
tion bands. The second phase transition occurs as the
quadrupolar moments are also hybridized into the Fermi
surface, leading to a phase with an even larger Fermi
surface. We emphasize that none of the ordered phases
in our model correspond to spin or multipolar density
waves, so the conduction electrons do not participate in
the ordering. Experimental results on Ce3Pd20Si6 also
show such a sequential Fermi surface reconstruction with
a coexisting antiferromagnetic/antiferroquadrupolar or-
der transitioning to a pure antiferroquadrupolar order
transitioning to a other ordered phase, with the Fermi
surface enlarging at both stages as the external magnetic
field strength is increased [55, 56]. This remarkable result
demonstrates that, purely on the basis of local symme-
try, profound conclusions can be drawn about the nature
of magnetic ordering and Fermi surface reconstruction in
the parent Kondo lattice problem.
The remainder of the paper is organized as follows.

Because our paper is very long and the analysis highly
technical, a highlight of some key results is presented in
Section II. Here, we expand on our aforementioned pri-
mary result, further explain physical interpretations, and
introduce some other phases and phase transitions that
our model exhibits. In Section III, we explain the micro-
scopic origin of the quartet local moment and derive its
couplings to the conduction electrons and bosonic bath.
In Section IV, we perform the RG analysis and describe
the stable phases and critical points of our models, enu-
merating further results not described in Section II. Sec-
tion V contains further comments on the observed phase
transitions, and finally in Section VI we discuss broad ap-
plications of our work and implications for other heavy
fermion compounds.

II. HIGHLIGHTS OF THE KEY RESULTS

In this section, we will expand on the consecutive quan-
tum phase transitions mentioned in the introduction, as
well as discuss some additional results of the model. The
consecutive quantum phase transitions described in the
introduction were discussed going from small Fermi sur-
face to large Fermi surface to line up with the experimen-
tal procedure of starting at zero magnetic field and in-
creasing it from there. However, we find it more intuitive
to go in the reverse direction and start from a system with
a large Fermi surface and tune the parameters such that
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In this work, motivated by experiments on Ce3Pd20Si6,
we construct a multipolar Kondo lattice model of the 15
multipolar moments of the Ce3+ quartet (3 dipoles, 5
quadrupoles, 7 octupoles) coupled to p-wave conduction
electrons, which may be regarded as molecular orbitals of
the surrounding Pd16 cage. For simplicity, we consider
a multipolar Bose-Fermi Kondo model which is the lo-
cal approximation of the multipolar Kondo lattice model
wherein the RKKY magnetic fluctuations are replaced by
a dynamical bosonic bath [64–69]; the model now con-
sists of the 15 multipolar moments coupled to both the
fermionic (conduction electrons) and bosonic (RKKY)
baths via the Fermi-Kondo and Bose-Kondo couplings,
respectively. This model facilitates a study of the com-
petition between the Kondo e↵ect and magnetic order-
ing. Our goal is to determine the permissible types of
magnetic order and Kondo destruction pathways purely
on the basis of local symmetry. Specifically, we want to
determine which local moments participate in the Fermi
surface and which local moments are ordered and de-
couple from the conduction electrons in each part of the
zero temperature phase diagram. We carry out a pertur-
bative renormalization group (RG) analysis to two loop
order by using an ✏ expansion, with the density of states
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quantum phase transitions in our Fermi-Bose Kondo model.
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dashed boundary are critical points, and the black arrows
indicate the RG flow. F b

1 and F3 indicate Kondo phases
where the local moments participate in the Fermi surface and
enlarge it; we denote the contents of the Fermi surface by
‘c+D&O+Q+O’. Here, c represents the conduction electrons,
and D&O, Q, and O represent dipolar/octupolar moments,
quadrupolar moments, pure octupolar moments, respectively.
BM , B1, B2 are magnetically ordered phases where the indi-
cated local moments order and Kondo e↵ect is destroyed; no
local moments participate in the Fermi surface. P is a par-
tially destroyed Kondo phase, where there is both magnetic
order due to Q local moments decoupled from the conduction
electrons as well as D&O moments participating (presented
as ‘c+D&O’) in the Fermi surface. Below the schematic, the
first row presents which multipolar moments participate in
the Fermi surface. In the second row, the colored lines indi-
cate the size of the Fermi surface and how it shrinks as the
Kondo e↵ect is destroyed. In the third row, Q, O, and D&O
stand for the types of multipolar ordering at each fixed point.
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x,y,z}, see Table II) order, and none of
the local moments hybridize with the conduction bands.
Then, the system transitions to a phase wherein the dipo-
lar/octupolar moments are hybridized into the Fermi
surface, causing its enlargement; the quadrupolar mo-
ments remain ordered and decoupled from the conduc-
tion bands. The second phase transition occurs as the
quadrupolar moments are also hybridized into the Fermi
surface, leading to a phase with an even larger Fermi
surface. We emphasize that none of the ordered phases
in our model correspond to spin or multipolar density
waves, so the conduction electrons do not participate in
the ordering. Experimental results on Ce3Pd20Si6 also
show such a sequential Fermi surface reconstruction with
a coexisting antiferromagnetic/antiferroquadrupolar or-
der transitioning to a pure antiferroquadrupolar order
transitioning to a other ordered phase, with the Fermi
surface enlarging at both stages as the external magnetic
field strength is increased [55, 56]. This remarkable result
demonstrates that, purely on the basis of local symme-
try, profound conclusions can be drawn about the nature
of magnetic ordering and Fermi surface reconstruction in
the parent Kondo lattice problem.
The remainder of the paper is organized as follows.

Because our paper is very long and the analysis highly
technical, a highlight of some key results is presented in
Section II. Here, we expand on our aforementioned pri-
mary result, further explain physical interpretations, and
introduce some other phases and phase transitions that
our model exhibits. In Section III, we explain the micro-
scopic origin of the quartet local moment and derive its
couplings to the conduction electrons and bosonic bath.
In Section IV, we perform the RG analysis and describe
the stable phases and critical points of our models, enu-
merating further results not described in Section II. Sec-
tion V contains further comments on the observed phase
transitions, and finally in Section VI we discuss broad ap-
plications of our work and implications for other heavy
fermion compounds.

II. HIGHLIGHTS OF THE KEY RESULTS

In this section, we will expand on the consecutive quan-
tum phase transitions mentioned in the introduction, as
well as discuss some additional results of the model. The
consecutive quantum phase transitions described in the
introduction were discussed going from small Fermi sur-
face to large Fermi surface to line up with the experimen-
tal procedure of starting at zero magnetic field and in-
creasing it from there. However, we find it more intuitive
to go in the reverse direction and start from a system with
a large Fermi surface and tune the parameters such that
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multipolar moments of the Ce3+ quartet (3 dipoles, 5
quadrupoles, 7 octupoles) coupled to p-wave conduction
electrons, which may be regarded as molecular orbitals of
the surrounding Pd16 cage. For simplicity, we consider
a multipolar Bose-Fermi Kondo model which is the lo-
cal approximation of the multipolar Kondo lattice model
wherein the RKKY magnetic fluctuations are replaced by
a dynamical bosonic bath [64–69]; the model now con-
sists of the 15 multipolar moments coupled to both the
fermionic (conduction electrons) and bosonic (RKKY)
baths via the Fermi-Kondo and Bose-Kondo couplings,
respectively. This model facilitates a study of the com-
petition between the Kondo e↵ect and magnetic order-
ing. Our goal is to determine the permissible types of
magnetic order and Kondo destruction pathways purely
on the basis of local symmetry. Specifically, we want to
determine which local moments participate in the Fermi
surface and which local moments are ordered and de-
couple from the conduction electrons in each part of the
zero temperature phase diagram. We carry out a pertur-
bative renormalization group (RG) analysis to two loop
order by using an ✏ expansion, with the density of states
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FIG. 1. Schematic picture of relevant examples of phases and
quantum phase transitions in our Fermi-Bose Kondo model.
The colored circles are stable phases, the grey circles with
dashed boundary are critical points, and the black arrows
indicate the RG flow. F b

1 and F3 indicate Kondo phases
where the local moments participate in the Fermi surface and
enlarge it; we denote the contents of the Fermi surface by
‘c+D&O+Q+O’. Here, c represents the conduction electrons,
and D&O, Q, and O represent dipolar/octupolar moments,
quadrupolar moments, pure octupolar moments, respectively.
BM , B1, B2 are magnetically ordered phases where the indi-
cated local moments order and Kondo e↵ect is destroyed; no
local moments participate in the Fermi surface. P is a par-
tially destroyed Kondo phase, where there is both magnetic
order due to Q local moments decoupled from the conduction
electrons as well as D&O moments participating (presented
as ‘c+D&O’) in the Fermi surface. Below the schematic, the
first row presents which multipolar moments participate in
the Fermi surface. In the second row, the colored lines indi-
cate the size of the Fermi surface and how it shrinks as the
Kondo e↵ect is destroyed. In the third row, Q, O, and D&O
stand for the types of multipolar ordering at each fixed point.
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Our primary result is the identification of two con-

secutive quantum phase transitions. In the first tran-
sition, the system starts in a phase with coexisting
quadrupolar ({J2
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x,y,z}, see Table II) order, and none of
the local moments hybridize with the conduction bands.
Then, the system transitions to a phase wherein the dipo-
lar/octupolar moments are hybridized into the Fermi
surface, causing its enlargement; the quadrupolar mo-
ments remain ordered and decoupled from the conduc-
tion bands. The second phase transition occurs as the
quadrupolar moments are also hybridized into the Fermi
surface, leading to a phase with an even larger Fermi
surface. We emphasize that none of the ordered phases
in our model correspond to spin or multipolar density
waves, so the conduction electrons do not participate in
the ordering. Experimental results on Ce3Pd20Si6 also
show such a sequential Fermi surface reconstruction with
a coexisting antiferromagnetic/antiferroquadrupolar or-
der transitioning to a pure antiferroquadrupolar order
transitioning to a other ordered phase, with the Fermi
surface enlarging at both stages as the external magnetic
field strength is increased [55, 56]. This remarkable result
demonstrates that, purely on the basis of local symme-
try, profound conclusions can be drawn about the nature
of magnetic ordering and Fermi surface reconstruction in
the parent Kondo lattice problem.
The remainder of the paper is organized as follows.

Because our paper is very long and the analysis highly
technical, a highlight of some key results is presented in
Section II. Here, we expand on our aforementioned pri-
mary result, further explain physical interpretations, and
introduce some other phases and phase transitions that
our model exhibits. In Section III, we explain the micro-
scopic origin of the quartet local moment and derive its
couplings to the conduction electrons and bosonic bath.
In Section IV, we perform the RG analysis and describe
the stable phases and critical points of our models, enu-
merating further results not described in Section II. Sec-
tion V contains further comments on the observed phase
transitions, and finally in Section VI we discuss broad ap-
plications of our work and implications for other heavy
fermion compounds.

II. HIGHLIGHTS OF THE KEY RESULTS

In this section, we will expand on the consecutive quan-
tum phase transitions mentioned in the introduction, as
well as discuss some additional results of the model. The
consecutive quantum phase transitions described in the
introduction were discussed going from small Fermi sur-
face to large Fermi surface to line up with the experimen-
tal procedure of starting at zero magnetic field and in-
creasing it from there. However, we find it more intuitive
to go in the reverse direction and start from a system with
a large Fermi surface and tune the parameters such that
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In this work, motivated by experiments on Ce3Pd20Si6,
we construct a multipolar Kondo lattice model of the 15
multipolar moments of the Ce3+ quartet (3 dipoles, 5
quadrupoles, 7 octupoles) coupled to p-wave conduction
electrons, which may be regarded as molecular orbitals of
the surrounding Pd16 cage. For simplicity, we consider
a multipolar Bose-Fermi Kondo model which is the lo-
cal approximation of the multipolar Kondo lattice model
wherein the RKKY magnetic fluctuations are replaced by
a dynamical bosonic bath [64–69]; the model now con-
sists of the 15 multipolar moments coupled to both the
fermionic (conduction electrons) and bosonic (RKKY)
baths via the Fermi-Kondo and Bose-Kondo couplings,
respectively. This model facilitates a study of the com-
petition between the Kondo e↵ect and magnetic order-
ing. Our goal is to determine the permissible types of
magnetic order and Kondo destruction pathways purely
on the basis of local symmetry. Specifically, we want to
determine which local moments participate in the Fermi
surface and which local moments are ordered and de-
couple from the conduction electrons in each part of the
zero temperature phase diagram. We carry out a pertur-
bative renormalization group (RG) analysis to two loop
order by using an ✏ expansion, with the density of states
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FIG. 1. Schematic picture of relevant examples of phases and
quantum phase transitions in our Fermi-Bose Kondo model.
The colored circles are stable phases, the grey circles with
dashed boundary are critical points, and the black arrows
indicate the RG flow. F b

1 and F3 indicate Kondo phases
where the local moments participate in the Fermi surface and
enlarge it; we denote the contents of the Fermi surface by
‘c+D&O+Q+O’. Here, c represents the conduction electrons,
and D&O, Q, and O represent dipolar/octupolar moments,
quadrupolar moments, pure octupolar moments, respectively.
BM , B1, B2 are magnetically ordered phases where the indi-
cated local moments order and Kondo e↵ect is destroyed; no
local moments participate in the Fermi surface. P is a par-
tially destroyed Kondo phase, where there is both magnetic
order due to Q local moments decoupled from the conduction
electrons as well as D&O moments participating (presented
as ‘c+D&O’) in the Fermi surface. Below the schematic, the
first row presents which multipolar moments participate in
the Fermi surface. In the second row, the colored lines indi-
cate the size of the Fermi surface and how it shrinks as the
Kondo e↵ect is destroyed. In the third row, Q, O, and D&O
stand for the types of multipolar ordering at each fixed point.
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the local moments hybridize with the conduction bands.
Then, the system transitions to a phase wherein the dipo-
lar/octupolar moments are hybridized into the Fermi
surface, causing its enlargement; the quadrupolar mo-
ments remain ordered and decoupled from the conduc-
tion bands. The second phase transition occurs as the
quadrupolar moments are also hybridized into the Fermi
surface, leading to a phase with an even larger Fermi
surface. We emphasize that none of the ordered phases
in our model correspond to spin or multipolar density
waves, so the conduction electrons do not participate in
the ordering. Experimental results on Ce3Pd20Si6 also
show such a sequential Fermi surface reconstruction with
a coexisting antiferromagnetic/antiferroquadrupolar or-
der transitioning to a pure antiferroquadrupolar order
transitioning to a other ordered phase, with the Fermi
surface enlarging at both stages as the external magnetic
field strength is increased [55, 56]. This remarkable result
demonstrates that, purely on the basis of local symme-
try, profound conclusions can be drawn about the nature
of magnetic ordering and Fermi surface reconstruction in
the parent Kondo lattice problem.
The remainder of the paper is organized as follows.

Because our paper is very long and the analysis highly
technical, a highlight of some key results is presented in
Section II. Here, we expand on our aforementioned pri-
mary result, further explain physical interpretations, and
introduce some other phases and phase transitions that
our model exhibits. In Section III, we explain the micro-
scopic origin of the quartet local moment and derive its
couplings to the conduction electrons and bosonic bath.
In Section IV, we perform the RG analysis and describe
the stable phases and critical points of our models, enu-
merating further results not described in Section II. Sec-
tion V contains further comments on the observed phase
transitions, and finally in Section VI we discuss broad ap-
plications of our work and implications for other heavy
fermion compounds.

II. HIGHLIGHTS OF THE KEY RESULTS

In this section, we will expand on the consecutive quan-
tum phase transitions mentioned in the introduction, as
well as discuss some additional results of the model. The
consecutive quantum phase transitions described in the
introduction were discussed going from small Fermi sur-
face to large Fermi surface to line up with the experimen-
tal procedure of starting at zero magnetic field and in-
creasing it from there. However, we find it more intuitive
to go in the reverse direction and start from a system with
a large Fermi surface and tune the parameters such that
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multipolar moments of the Ce3+ quartet (3 dipoles, 5
quadrupoles, 7 octupoles) coupled to p-wave conduction
electrons, which may be regarded as molecular orbitals of
the surrounding Pd16 cage. For simplicity, we consider
a multipolar Bose-Fermi Kondo model which is the lo-
cal approximation of the multipolar Kondo lattice model
wherein the RKKY magnetic fluctuations are replaced by
a dynamical bosonic bath [64–69]; the model now con-
sists of the 15 multipolar moments coupled to both the
fermionic (conduction electrons) and bosonic (RKKY)
baths via the Fermi-Kondo and Bose-Kondo couplings,
respectively. This model facilitates a study of the com-
petition between the Kondo e↵ect and magnetic order-
ing. Our goal is to determine the permissible types of
magnetic order and Kondo destruction pathways purely
on the basis of local symmetry. Specifically, we want to
determine which local moments participate in the Fermi
surface and which local moments are ordered and de-
couple from the conduction electrons in each part of the
zero temperature phase diagram. We carry out a pertur-
bative renormalization group (RG) analysis to two loop
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FIG. 1. Schematic picture of relevant examples of phases and
quantum phase transitions in our Fermi-Bose Kondo model.
The colored circles are stable phases, the grey circles with
dashed boundary are critical points, and the black arrows
indicate the RG flow. F b

1 and F3 indicate Kondo phases
where the local moments participate in the Fermi surface and
enlarge it; we denote the contents of the Fermi surface by
‘c+D&O+Q+O’. Here, c represents the conduction electrons,
and D&O, Q, and O represent dipolar/octupolar moments,
quadrupolar moments, pure octupolar moments, respectively.
BM , B1, B2 are magnetically ordered phases where the indi-
cated local moments order and Kondo e↵ect is destroyed; no
local moments participate in the Fermi surface. P is a par-
tially destroyed Kondo phase, where there is both magnetic
order due to Q local moments decoupled from the conduction
electrons as well as D&O moments participating (presented
as ‘c+D&O’) in the Fermi surface. Below the schematic, the
first row presents which multipolar moments participate in
the Fermi surface. In the second row, the colored lines indi-
cate the size of the Fermi surface and how it shrinks as the
Kondo e↵ect is destroyed. In the third row, Q, O, and D&O
stand for the types of multipolar ordering at each fixed point.
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the local moments hybridize with the conduction bands.
Then, the system transitions to a phase wherein the dipo-
lar/octupolar moments are hybridized into the Fermi
surface, causing its enlargement; the quadrupolar mo-
ments remain ordered and decoupled from the conduc-
tion bands. The second phase transition occurs as the
quadrupolar moments are also hybridized into the Fermi
surface, leading to a phase with an even larger Fermi
surface. We emphasize that none of the ordered phases
in our model correspond to spin or multipolar density
waves, so the conduction electrons do not participate in
the ordering. Experimental results on Ce3Pd20Si6 also
show such a sequential Fermi surface reconstruction with
a coexisting antiferromagnetic/antiferroquadrupolar or-
der transitioning to a pure antiferroquadrupolar order
transitioning to a other ordered phase, with the Fermi
surface enlarging at both stages as the external magnetic
field strength is increased [55, 56]. This remarkable result
demonstrates that, purely on the basis of local symme-
try, profound conclusions can be drawn about the nature
of magnetic ordering and Fermi surface reconstruction in
the parent Kondo lattice problem.
The remainder of the paper is organized as follows.

Because our paper is very long and the analysis highly
technical, a highlight of some key results is presented in
Section II. Here, we expand on our aforementioned pri-
mary result, further explain physical interpretations, and
introduce some other phases and phase transitions that
our model exhibits. In Section III, we explain the micro-
scopic origin of the quartet local moment and derive its
couplings to the conduction electrons and bosonic bath.
In Section IV, we perform the RG analysis and describe
the stable phases and critical points of our models, enu-
merating further results not described in Section II. Sec-
tion V contains further comments on the observed phase
transitions, and finally in Section VI we discuss broad ap-
plications of our work and implications for other heavy
fermion compounds.
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In this section, we will expand on the consecutive quan-
tum phase transitions mentioned in the introduction, as
well as discuss some additional results of the model. The
consecutive quantum phase transitions described in the
introduction were discussed going from small Fermi sur-
face to large Fermi surface to line up with the experimen-
tal procedure of starting at zero magnetic field and in-
creasing it from there. However, we find it more intuitive
to go in the reverse direction and start from a system with
a large Fermi surface and tune the parameters such that
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the Fermi surface shrinks as local moments decouple from
the conduction electrons. We will take this explanatory
approach in the remainder of the paper. Let us briefly
expand on the di↵erent types of phases we can observe in
the model, which are described by stable fixed points of
the RG flow. We ask the reader to refer to Fig. 1 while
reading this section. First, phases labelled by Fi are the
Fermi-Kondo phases, which have some nonzero Fermi-
Kondo couplings but all zero Bose-Kondo couplings (blue
and indigo phases in Fig. 1). These phases have the
largest Fermi surface, and no magnetic ordering. Second,
we find one phase labelled P which is a partially Kondo-
destroyed phase (red phase in Fig. 1). Here, fewer of
the Fermi-Kondo couplings are nonzero, but importantly
there is also a nonzero Bose-Kondo coupling. This means
that there is a medium sized Fermi surface, which coex-
ists with magnetic ordering. Third, there are the fully
Kondo destroyed phases, denoted by Bi (green, yellow,
orange phases in Fig. 1). Here, all of the Fermi-Kondo
couplings are zero, but there are nonzero Bose-Kondo
couplings and therefore correspond to magnetically or-
dered phases. In this final case, the local moments are
completely decoupled from the conduction electrons and
the Fermi surface is the smallest.

The model, which is derived in Section III has two
components, the Fermi-Kondo part and the Bose-Kondo
part. In the Fermi-Kondo model, we uncover numer-
ous Fermi-liquid and non-Fermi-liquid Kondo phases la-
belled by Fi, where the conduction electrons are actively
coupled with the local multipolar moments; this signi-
fies phases with a large Fermi surface. In Fig. 1, F b

1 and
F3 are two examples of such fixed points. Let us re-
visit the other phase mentioned in the introduction, F b

1 .
This is a Kondo phase where all of the dipolar/octupolar
{21Jx,y,z�2T ↵

x,y,z}, quadrupolar {J
2
x�J

2
y , 3J

2
z �J

2
} mo-

ments, and pure octupolar moments {JxJyJz} are par-
ticipating in the formation of the Fermi surface. When
passing through the critical point CFP , at P the pure
octupolar moments decouple from the Fermi surface but
do not undergo ordering. The quadrupolar moments also
no longer participate in the Fermi surface, but they expe-
rience ordering, indicated by a flow to nonzero coupling
between the {J2

x � J2
y , 3J

2
z � J2

} moments and bosonic
bath. The dipolar/octupolar moments remain a part of
the Fermi surface, so P has a medium-sized Fermi sur-
face. The quadrupolar ordering at P is only possible be-
cause the parent phase F b

1 had the quadrupolar moments
hybridizing with conduction electrons and participating
in the Fermi surface; one must start with a Kondo ef-
fect in order to destroy it. The second phase transition
passes through the critical point CBP and destroys the
dipolar/octupolar moments as well, leading to the coexis-
tence of dipolar/octupolar ordering with the quadrupolar
ordering inherited from P . Now, at BM , the Fermi sur-
face is made up purely of conduction electrons and the
local moments are either ordered, as is the case for the
quadrupolar and dipolar/octupolar moments, or behave
as spectators, as is the case for the pure octupolar mo-

ments.
Now that we have arrived at BM , we note from Fig. 1

that there are two other magnetically ordered phases pos-
sible (B1 and B2). These are the three magnetically or-
dered phases of the Bose-Kondo model, where the Kondo
e↵ect has been fully destroyed so the Fermi surface is
at its smallest. The three phases are a mixed dipo-
lar/octupolar (⇠ �6Ji + 7T ↵

i ) ordered phase B1, a pure
octupolar (T �

i ) ordered phase B2, and finally the previ-
ously described phase BM with coexistence of quadrupo-
lar (⇠ J2

x � J2
y , 3J

2
z � J2) and mixed dipolar/octupolar

(⇠ �21Ji + 2T ↵
i ) orderings, (see Table I). We also find

three critical points C12,M1,M2 describing phase transi-
tions between the magnetically ordered phases. These
other magnetically ordered phases may be experimen-
tally accessible by tuning other external parameters such
as pressure.

In the full Bose-Fermi Kondo model, we not only find
the F b

1  CFP ! P  CBP ! BM pathway of quan-
tum phase transitions, but also quantum critical points
between B1,2 and Kondo phases, for example, F3 (fur-
ther examples are given in Sec. VA). At F3, all of the
15 multipolar moments participate in the formation of
a large Fermi surface. This means that, a priori, any
magnetic order is possible since there are many Kondo
e↵ects available to be destroyed. The analysis reveals
however that only B1 (dipolar/octupolar) and B2 (pure
octupolar) are stable. Since all of the Fermi-Kondo cou-
plings completely vanish at multipolar ordered phases
B1,2, they have a small Fermi surface. This is schemati-
cally represented in the Fig. 1. These critical points in-
dicate that our model contains the quantum phase tran-
sitions, F3  C1,2 ! B1,2, associated with single Kondo
destruction in addition to the two-stage Kondo destruc-
tion, depending on the microscopic details (which deter-
mine the initial conditions of the RG flow). The full
schematic diagram is presented in Fig. 1. Further fixed
points and transitions are listed in the main text.

III. CONSTRUCTION OF
SYMMETRY-ALLOWED MODELS

In this section, we begin with the description of
the multipolar moments supported in the quartet CEF
ground state of the Ce3+ ions. We then explain how to
construct the conduction electron orbitals that couple to
such multipolar moments. This leads to the Fermi-Kondo
models, which can then be used to derive the most gen-
eral bilinear RKKY interactions between multipolar mo-
ments in the parent lattice problem. Replacing one of the
multipolar moment operators in the bilinear interactions
by a dynamical bosonic field, we arrive at the Fermi-Bose
Kondo problem. We consider the local symmetry at the
Ce3+ ion site in Ce3Pd20(Si, Ge)6. For this family of
materials specifically, there are two crystallographically
distinct sites for Ce ions: the 4a and 8c sites [55, 70, 71].
The magnetically active Ce ions occupy the 8c sites and
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FIG. 5. A schematic diagram for quantum phase transition
with two-stage Kondo destruction. The blue, red, and green
circles in the upper panel stand for the fermionic Kondo phase
F 0
1, partially Kondo-destroyed phase P , and magnetically or-

dered phase BM , respectively. F 0
1 has nonzero Kondo cou-

plings (K 6= 0,K0
6= 0) and zero bosonic bath couplings

(g = 0, g0 = 0), so it corresponds to the Kondo phase,
and the conduction electrons (c) hybridize with mixed dipo-
lar/octupolar moments (D&O), quadrupolar moments (Q),
and octupolar moments (O), and has largest Fermi surface
during F 0

1, P , and BM , which is denoted by ‘c+D&O+Q+O’
and large-sized blue circle with ‘FS’, respectively. After phase
transition from F 0

1 to P , a part of the Kondo couplings be-
comes zero (K0 = 0 but K 6= 0), so the quadrupolar and
octupolar moments are decoupled from the conduction elec-
trons and the Kondo e↵ect is partially destroyed, but still
shows the Kondo e↵ect because there remain the Kondo cou-
plings which represent the hybridization between the remain-
ing mixed dipolar/octupolar moments and conduction elec-
trons. And due to that, P has a smaller Fermi surface than
F 0
1. These are denoted by c + D&O and red medium-sized

circle with ‘FS’, respectively. Furthermore, the decoupled
quadrupolar moments form the quadrupolar ordering denoted
by +Q in the last line, from g0 6= 0 associated with irrep. of
K0. After the phase transition from P to BM , all of the
Kondo couplings become zero (K = 0,K0 = 0). Then, all
the multipolar moments are decoupled from the conduction
electrons, so the Kondo e↵ect is completely destroyed and it
has the smallest Fermi surface. This is denoted by c and the
small-sized green circle with ‘FS’. Also since it has another
nonzero bosonic bath coupling (g 6= 0) associated with K,
which means BM has additional mixed multipolar ordering.
As a result, BM has both of the mixed dipolar/octupolar and
quadrupolar moments. This is denoted by ‘+Q+D&O’ in the
last line.

as coexistence between quadrupolar and dipolar ordering
because the octupoles in T1 are not distinguishable from
the dipoles. We also remind the reader that BM exists
for 0 < ✏ < 1/4, which is wider than B1 and B2. There-
fore, if 0 < ✏ < 1/8, we have the possibilities for both of
single and two-stage Kondo destruction phase transition,
but there is only the two-stage Kondo destruction phase
transition if 1/8 < ✏ < 1/4.

C. Multipolar Susceptibilities

In addition to the qualitative signature of Fermi sur-
face reconstruction, the multipolar susceptibility expo-
nent can be used to quantitatively identify the fixed
points. The multipolar susceptibility is defined by

�i(⌧) = hT⌧S
j(⌧)Sj(0)i ⇠

✓
⌧0
|⌧ |

◆�i

, (10)

where �i is the multipolar susceptibility exponent, i =
a,E, 2+, A, b, 2� for each multipolar moments in the
same irrep., the Sj operators are listed in Table II, ⌧ is
imaginary time, and ⌧ � ⌧0 with the cuto↵ ⌧0 = 1/⇤ ⇠

1/µ. In Table II, Sj operators in the same section give
us the same multipolar susceptiblity, i.e. S1,2,3, S4,5,
S6,7,8, S9, S10,11,12, and S13,14,15 give us �a, �E , �2+,
�A, �b, and �2�, respectively. From the beta functions,
we can compute the multipolar susceptibility exponent.
Depending on the fixed point values of the bosonic cou-
plings, the multipolar susceptibility exponent is given by
[65, 66, 86]:

�i =

8
>><

>>:
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gi

dgi
d lnµ

�

f.p.

, g⇤i 6= 0,
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@

@gi
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d lnµ

�

f.p.

, g⇤i = 0,
(11)

where f.p. stands for evaluation at the fixed point. Here,
�i becomes ✏ to all orders of ✏ by definition of the fixed
point, (dgi/d lnµ)f.p. = 0 when g⇤i 6= 0 [65, 66]. In the
other case where g⇤i = 0, �i is valid up to ✏2 order. We
present the multipolar susceptibility exponents for each
fixed point up to ✏2 order, in the case that the fixed
point values depend on ✏. By assuming the multipolar
moments to be primary fields with conformal dimension
�i/2, the finite temperature scaling of the multipolar sus-
ceptibility is given by [66, 86, 87]

�0
i(!, T ) ⇠

(
T �i�1

⇣
1 + CRe1

�
!
T

�2⌘
, |!/T | ⌧ 1,

!�i�1, |!/T | � 1,
(12)

�00
i (!, T ) ⇠

(
T �i�1

�
!
T

�
, |!/T | ⌧ 1,

!�i�1, |!/T | � 1,
, (13)

where �i(!, T ) = �0
i(!, T )+ i�00

i (!, T ). The temperature
scaling of the multipolar susceptiblity can be measured
by observing the temperature dependence of elastic con-
stants in through ultrasound measurements in an exter-
nal magnetic field [30, 32, 86, 88].

D. Measurement of Multipolar Susceptibility

The susceptibility exponents listed in the previous sec-
tion are not all measureable by conventional probes. It is
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the Fermi surface shrinks as local moments decouple from
the conduction electrons. We will take this explanatory
approach in the remainder of the paper. Let us briefly
expand on the di↵erent types of phases we can observe in
the model, which are described by stable fixed points of
the RG flow. We ask the reader to refer to Fig. 1 while
reading this section. First, phases labelled by Fi are the
Fermi-Kondo phases, which have some nonzero Fermi-
Kondo couplings but all zero Bose-Kondo couplings (blue
and indigo phases in Fig. 1). These phases have the
largest Fermi surface, and no magnetic ordering. Second,
we find one phase labelled P which is a partially Kondo-
destroyed phase (red phase in Fig. 1). Here, fewer of
the Fermi-Kondo couplings are nonzero, but importantly
there is also a nonzero Bose-Kondo coupling. This means
that there is a medium sized Fermi surface, which coex-
ists with magnetic ordering. Third, there are the fully
Kondo destroyed phases, denoted by Bi (green, yellow,
orange phases in Fig. 1). Here, all of the Fermi-Kondo
couplings are zero, but there are nonzero Bose-Kondo
couplings and therefore correspond to magnetically or-
dered phases. In this final case, the local moments are
completely decoupled from the conduction electrons and
the Fermi surface is the smallest.

The model, which is derived in Section III has two
components, the Fermi-Kondo part and the Bose-Kondo
part. In the Fermi-Kondo model, we uncover numer-
ous Fermi-liquid and non-Fermi-liquid Kondo phases la-
belled by Fi, where the conduction electrons are actively
coupled with the local multipolar moments; this signi-
fies phases with a large Fermi surface. In Fig. 1, F b

1 and
F3 are two examples of such fixed points. Let us re-
visit the other phase mentioned in the introduction, F b

1 .
This is a Kondo phase where all of the dipolar/octupolar
{21Jx,y,z�2T ↵

x,y,z}, quadrupolar {J
2
x�J

2
y , 3J

2
z �J

2
} mo-

ments, and pure octupolar moments {JxJyJz} are par-
ticipating in the formation of the Fermi surface. When
passing through the critical point CFP , at P the pure
octupolar moments decouple from the Fermi surface but
do not undergo ordering. The quadrupolar moments also
no longer participate in the Fermi surface, but they expe-
rience ordering, indicated by a flow to nonzero coupling
between the {J2

x � J2
y , 3J

2
z � J2

} moments and bosonic
bath. The dipolar/octupolar moments remain a part of
the Fermi surface, so P has a medium-sized Fermi sur-
face. The quadrupolar ordering at P is only possible be-
cause the parent phase F b

1 had the quadrupolar moments
hybridizing with conduction electrons and participating
in the Fermi surface; one must start with a Kondo ef-
fect in order to destroy it. The second phase transition
passes through the critical point CBP and destroys the
dipolar/octupolar moments as well, leading to the coexis-
tence of dipolar/octupolar ordering with the quadrupolar
ordering inherited from P . Now, at BM , the Fermi sur-
face is made up purely of conduction electrons and the
local moments are either ordered, as is the case for the
quadrupolar and dipolar/octupolar moments, or behave
as spectators, as is the case for the pure octupolar mo-

ments.
Now that we have arrived at BM , we note from Fig. 1

that there are two other magnetically ordered phases pos-
sible (B1 and B2). These are the three magnetically or-
dered phases of the Bose-Kondo model, where the Kondo
e↵ect has been fully destroyed so the Fermi surface is
at its smallest. The three phases are a mixed dipo-
lar/octupolar (⇠ �6Ji + 7T ↵

i ) ordered phase B1, a pure
octupolar (T �

i ) ordered phase B2, and finally the previ-
ously described phase BM with coexistence of quadrupo-
lar (⇠ J2

x � J2
y , 3J

2
z � J2) and mixed dipolar/octupolar

(⇠ �21Ji + 2T ↵
i ) orderings, (see Table I). We also find

three critical points C12,M1,M2 describing phase transi-
tions between the magnetically ordered phases. These
other magnetically ordered phases may be experimen-
tally accessible by tuning other external parameters such
as pressure.

In the full Bose-Fermi Kondo model, we not only find
the F b

1  CFP ! P  CBP ! BM pathway of quan-
tum phase transitions, but also quantum critical points
between B1,2 and Kondo phases, for example, F3 (fur-
ther examples are given in Sec. VA). At F3, all of the
15 multipolar moments participate in the formation of
a large Fermi surface. This means that, a priori, any
magnetic order is possible since there are many Kondo
e↵ects available to be destroyed. The analysis reveals
however that only B1 (dipolar/octupolar) and B2 (pure
octupolar) are stable. Since all of the Fermi-Kondo cou-
plings completely vanish at multipolar ordered phases
B1,2, they have a small Fermi surface. This is schemati-
cally represented in the Fig. 1. These critical points in-
dicate that our model contains the quantum phase tran-
sitions, F3  C1,2 ! B1,2, associated with single Kondo
destruction in addition to the two-stage Kondo destruc-
tion, depending on the microscopic details (which deter-
mine the initial conditions of the RG flow). The full
schematic diagram is presented in Fig. 1. Further fixed
points and transitions are listed in the main text.

III. CONSTRUCTION OF
SYMMETRY-ALLOWED MODELS

In this section, we begin with the description of
the multipolar moments supported in the quartet CEF
ground state of the Ce3+ ions. We then explain how to
construct the conduction electron orbitals that couple to
such multipolar moments. This leads to the Fermi-Kondo
models, which can then be used to derive the most gen-
eral bilinear RKKY interactions between multipolar mo-
ments in the parent lattice problem. Replacing one of the
multipolar moment operators in the bilinear interactions
by a dynamical bosonic field, we arrive at the Fermi-Bose
Kondo problem. We consider the local symmetry at the
Ce3+ ion site in Ce3Pd20(Si, Ge)6. For this family of
materials specifically, there are two crystallographically
distinct sites for Ce ions: the 4a and 8c sites [55, 70, 71].
The magnetically active Ce ions occupy the 8c sites and
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In this work, motivated by experiments on Ce3Pd20Si6,
we construct a multipolar Kondo lattice model of the 15
multipolar moments of the Ce3+ quartet (3 dipoles, 5
quadrupoles, 7 octupoles) coupled to p-wave conduction
electrons, which may be regarded as molecular orbitals of
the surrounding Pd16 cage. For simplicity, we consider
a multipolar Bose-Fermi Kondo model which is the lo-
cal approximation of the multipolar Kondo lattice model
wherein the RKKY magnetic fluctuations are replaced by
a dynamical bosonic bath [64–69]; the model now con-
sists of the 15 multipolar moments coupled to both the
fermionic (conduction electrons) and bosonic (RKKY)
baths via the Fermi-Kondo and Bose-Kondo couplings,
respectively. This model facilitates a study of the com-
petition between the Kondo e↵ect and magnetic order-
ing. Our goal is to determine the permissible types of
magnetic order and Kondo destruction pathways purely
on the basis of local symmetry. Specifically, we want to
determine which local moments participate in the Fermi
surface and which local moments are ordered and de-
couple from the conduction electrons in each part of the
zero temperature phase diagram. We carry out a pertur-
bative renormalization group (RG) analysis to two loop
order by using an ✏ expansion, with the density of states
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FIG. 1. Schematic picture of relevant examples of phases and
quantum phase transitions in our Fermi-Bose Kondo model.
The colored circles are stable phases, the grey circles with
dashed boundary are critical points, and the black arrows
indicate the RG flow. F b

1 and F3 indicate Kondo phases
where the local moments participate in the Fermi surface and
enlarge it; we denote the contents of the Fermi surface by
‘c+D&O+Q+O’. Here, c represents the conduction electrons,
and D&O, Q, and O represent dipolar/octupolar moments,
quadrupolar moments, pure octupolar moments, respectively.
BM , B1, B2 are magnetically ordered phases where the indi-
cated local moments order and Kondo e↵ect is destroyed; no
local moments participate in the Fermi surface. P is a par-
tially destroyed Kondo phase, where there is both magnetic
order due to Q local moments decoupled from the conduction
electrons as well as D&O moments participating (presented
as ‘c+D&O’) in the Fermi surface. Below the schematic, the
first row presents which multipolar moments participate in
the Fermi surface. In the second row, the colored lines indi-
cate the size of the Fermi surface and how it shrinks as the
Kondo e↵ect is destroyed. In the third row, Q, O, and D&O
stand for the types of multipolar ordering at each fixed point.

of the bosonic bath scaling as ⇠ |!|1�✏.
Our primary result is the identification of two con-

secutive quantum phase transitions. In the first tran-
sition, the system starts in a phase with coexisting
quadrupolar ({J2

x�J2
y , 3J

2
z �J2

}) and dipolar/octupolar
({�21Jx,y,z + 2T ↵

x,y,z}, see Table II) order, and none of
the local moments hybridize with the conduction bands.
Then, the system transitions to a phase wherein the dipo-
lar/octupolar moments are hybridized into the Fermi
surface, causing its enlargement; the quadrupolar mo-
ments remain ordered and decoupled from the conduc-
tion bands. The second phase transition occurs as the
quadrupolar moments are also hybridized into the Fermi
surface, leading to a phase with an even larger Fermi
surface. We emphasize that none of the ordered phases
in our model correspond to spin or multipolar density
waves, so the conduction electrons do not participate in
the ordering. Experimental results on Ce3Pd20Si6 also
show such a sequential Fermi surface reconstruction with
a coexisting antiferromagnetic/antiferroquadrupolar or-
der transitioning to a pure antiferroquadrupolar order
transitioning to a other ordered phase, with the Fermi
surface enlarging at both stages as the external magnetic
field strength is increased [55, 56]. This remarkable result
demonstrates that, purely on the basis of local symme-
try, profound conclusions can be drawn about the nature
of magnetic ordering and Fermi surface reconstruction in
the parent Kondo lattice problem.
The remainder of the paper is organized as follows.

Because our paper is very long and the analysis highly
technical, a highlight of some key results is presented in
Section II. Here, we expand on our aforementioned pri-
mary result, further explain physical interpretations, and
introduce some other phases and phase transitions that
our model exhibits. In Section III, we explain the micro-
scopic origin of the quartet local moment and derive its
couplings to the conduction electrons and bosonic bath.
In Section IV, we perform the RG analysis and describe
the stable phases and critical points of our models, enu-
merating further results not described in Section II. Sec-
tion V contains further comments on the observed phase
transitions, and finally in Section VI we discuss broad ap-
plications of our work and implications for other heavy
fermion compounds.

II. HIGHLIGHTS OF THE KEY RESULTS

In this section, we will expand on the consecutive quan-
tum phase transitions mentioned in the introduction, as
well as discuss some additional results of the model. The
consecutive quantum phase transitions described in the
introduction were discussed going from small Fermi sur-
face to large Fermi surface to line up with the experimen-
tal procedure of starting at zero magnetic field and in-
creasing it from there. However, we find it more intuitive
to go in the reverse direction and start from a system with
a large Fermi surface and tune the parameters such that
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In this work, motivated by experiments on Ce3Pd20Si6,
we construct a multipolar Kondo lattice model of the 15
multipolar moments of the Ce3+ quartet (3 dipoles, 5
quadrupoles, 7 octupoles) coupled to p-wave conduction
electrons, which may be regarded as molecular orbitals of
the surrounding Pd16 cage. For simplicity, we consider
a multipolar Bose-Fermi Kondo model which is the lo-
cal approximation of the multipolar Kondo lattice model
wherein the RKKY magnetic fluctuations are replaced by
a dynamical bosonic bath [64–69]; the model now con-
sists of the 15 multipolar moments coupled to both the
fermionic (conduction electrons) and bosonic (RKKY)
baths via the Fermi-Kondo and Bose-Kondo couplings,
respectively. This model facilitates a study of the com-
petition between the Kondo e↵ect and magnetic order-
ing. Our goal is to determine the permissible types of
magnetic order and Kondo destruction pathways purely
on the basis of local symmetry. Specifically, we want to
determine which local moments participate in the Fermi
surface and which local moments are ordered and de-
couple from the conduction electrons in each part of the
zero temperature phase diagram. We carry out a pertur-
bative renormalization group (RG) analysis to two loop
order by using an ✏ expansion, with the density of states
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FIG. 1. Schematic picture of relevant examples of phases and
quantum phase transitions in our Fermi-Bose Kondo model.
The colored circles are stable phases, the grey circles with
dashed boundary are critical points, and the black arrows
indicate the RG flow. F b

1 and F3 indicate Kondo phases
where the local moments participate in the Fermi surface and
enlarge it; we denote the contents of the Fermi surface by
‘c+D&O+Q+O’. Here, c represents the conduction electrons,
and D&O, Q, and O represent dipolar/octupolar moments,
quadrupolar moments, pure octupolar moments, respectively.
BM , B1, B2 are magnetically ordered phases where the indi-
cated local moments order and Kondo e↵ect is destroyed; no
local moments participate in the Fermi surface. P is a par-
tially destroyed Kondo phase, where there is both magnetic
order due to Q local moments decoupled from the conduction
electrons as well as D&O moments participating (presented
as ‘c+D&O’) in the Fermi surface. Below the schematic, the
first row presents which multipolar moments participate in
the Fermi surface. In the second row, the colored lines indi-
cate the size of the Fermi surface and how it shrinks as the
Kondo e↵ect is destroyed. In the third row, Q, O, and D&O
stand for the types of multipolar ordering at each fixed point.

of the bosonic bath scaling as ⇠ |!|1�✏.
Our primary result is the identification of two con-

secutive quantum phase transitions. In the first tran-
sition, the system starts in a phase with coexisting
quadrupolar ({J2

x�J2
y , 3J

2
z �J2

}) and dipolar/octupolar
({�21Jx,y,z + 2T ↵

x,y,z}, see Table II) order, and none of
the local moments hybridize with the conduction bands.
Then, the system transitions to a phase wherein the dipo-
lar/octupolar moments are hybridized into the Fermi
surface, causing its enlargement; the quadrupolar mo-
ments remain ordered and decoupled from the conduc-
tion bands. The second phase transition occurs as the
quadrupolar moments are also hybridized into the Fermi
surface, leading to a phase with an even larger Fermi
surface. We emphasize that none of the ordered phases
in our model correspond to spin or multipolar density
waves, so the conduction electrons do not participate in
the ordering. Experimental results on Ce3Pd20Si6 also
show such a sequential Fermi surface reconstruction with
a coexisting antiferromagnetic/antiferroquadrupolar or-
der transitioning to a pure antiferroquadrupolar order
transitioning to a other ordered phase, with the Fermi
surface enlarging at both stages as the external magnetic
field strength is increased [55, 56]. This remarkable result
demonstrates that, purely on the basis of local symme-
try, profound conclusions can be drawn about the nature
of magnetic ordering and Fermi surface reconstruction in
the parent Kondo lattice problem.
The remainder of the paper is organized as follows.

Because our paper is very long and the analysis highly
technical, a highlight of some key results is presented in
Section II. Here, we expand on our aforementioned pri-
mary result, further explain physical interpretations, and
introduce some other phases and phase transitions that
our model exhibits. In Section III, we explain the micro-
scopic origin of the quartet local moment and derive its
couplings to the conduction electrons and bosonic bath.
In Section IV, we perform the RG analysis and describe
the stable phases and critical points of our models, enu-
merating further results not described in Section II. Sec-
tion V contains further comments on the observed phase
transitions, and finally in Section VI we discuss broad ap-
plications of our work and implications for other heavy
fermion compounds.

II. HIGHLIGHTS OF THE KEY RESULTS

In this section, we will expand on the consecutive quan-
tum phase transitions mentioned in the introduction, as
well as discuss some additional results of the model. The
consecutive quantum phase transitions described in the
introduction were discussed going from small Fermi sur-
face to large Fermi surface to line up with the experimen-
tal procedure of starting at zero magnetic field and in-
creasing it from there. However, we find it more intuitive
to go in the reverse direction and start from a system with
a large Fermi surface and tune the parameters such that

Hybridization
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In this work, motivated by experiments on Ce3Pd20Si6,
we construct a multipolar Kondo lattice model of the 15
multipolar moments of the Ce3+ quartet (3 dipoles, 5
quadrupoles, 7 octupoles) coupled to p-wave conduction
electrons, which may be regarded as molecular orbitals of
the surrounding Pd16 cage. For simplicity, we consider
a multipolar Bose-Fermi Kondo model which is the lo-
cal approximation of the multipolar Kondo lattice model
wherein the RKKY magnetic fluctuations are replaced by
a dynamical bosonic bath [64–69]; the model now con-
sists of the 15 multipolar moments coupled to both the
fermionic (conduction electrons) and bosonic (RKKY)
baths via the Fermi-Kondo and Bose-Kondo couplings,
respectively. This model facilitates a study of the com-
petition between the Kondo e↵ect and magnetic order-
ing. Our goal is to determine the permissible types of
magnetic order and Kondo destruction pathways purely
on the basis of local symmetry. Specifically, we want to
determine which local moments participate in the Fermi
surface and which local moments are ordered and de-
couple from the conduction electrons in each part of the
zero temperature phase diagram. We carry out a pertur-
bative renormalization group (RG) analysis to two loop
order by using an ✏ expansion, with the density of states
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FIG. 1. Schematic picture of relevant examples of phases and
quantum phase transitions in our Fermi-Bose Kondo model.
The colored circles are stable phases, the grey circles with
dashed boundary are critical points, and the black arrows
indicate the RG flow. F b

1 and F3 indicate Kondo phases
where the local moments participate in the Fermi surface and
enlarge it; we denote the contents of the Fermi surface by
‘c+D&O+Q+O’. Here, c represents the conduction electrons,
and D&O, Q, and O represent dipolar/octupolar moments,
quadrupolar moments, pure octupolar moments, respectively.
BM , B1, B2 are magnetically ordered phases where the indi-
cated local moments order and Kondo e↵ect is destroyed; no
local moments participate in the Fermi surface. P is a par-
tially destroyed Kondo phase, where there is both magnetic
order due to Q local moments decoupled from the conduction
electrons as well as D&O moments participating (presented
as ‘c+D&O’) in the Fermi surface. Below the schematic, the
first row presents which multipolar moments participate in
the Fermi surface. In the second row, the colored lines indi-
cate the size of the Fermi surface and how it shrinks as the
Kondo e↵ect is destroyed. In the third row, Q, O, and D&O
stand for the types of multipolar ordering at each fixed point.

of the bosonic bath scaling as ⇠ |!|1�✏.
Our primary result is the identification of two con-

secutive quantum phase transitions. In the first tran-
sition, the system starts in a phase with coexisting
quadrupolar ({J2

x�J2
y , 3J

2
z �J2

}) and dipolar/octupolar
({�21Jx,y,z + 2T ↵

x,y,z}, see Table II) order, and none of
the local moments hybridize with the conduction bands.
Then, the system transitions to a phase wherein the dipo-
lar/octupolar moments are hybridized into the Fermi
surface, causing its enlargement; the quadrupolar mo-
ments remain ordered and decoupled from the conduc-
tion bands. The second phase transition occurs as the
quadrupolar moments are also hybridized into the Fermi
surface, leading to a phase with an even larger Fermi
surface. We emphasize that none of the ordered phases
in our model correspond to spin or multipolar density
waves, so the conduction electrons do not participate in
the ordering. Experimental results on Ce3Pd20Si6 also
show such a sequential Fermi surface reconstruction with
a coexisting antiferromagnetic/antiferroquadrupolar or-
der transitioning to a pure antiferroquadrupolar order
transitioning to a other ordered phase, with the Fermi
surface enlarging at both stages as the external magnetic
field strength is increased [55, 56]. This remarkable result
demonstrates that, purely on the basis of local symme-
try, profound conclusions can be drawn about the nature
of magnetic ordering and Fermi surface reconstruction in
the parent Kondo lattice problem.
The remainder of the paper is organized as follows.

Because our paper is very long and the analysis highly
technical, a highlight of some key results is presented in
Section II. Here, we expand on our aforementioned pri-
mary result, further explain physical interpretations, and
introduce some other phases and phase transitions that
our model exhibits. In Section III, we explain the micro-
scopic origin of the quartet local moment and derive its
couplings to the conduction electrons and bosonic bath.
In Section IV, we perform the RG analysis and describe
the stable phases and critical points of our models, enu-
merating further results not described in Section II. Sec-
tion V contains further comments on the observed phase
transitions, and finally in Section VI we discuss broad ap-
plications of our work and implications for other heavy
fermion compounds.

II. HIGHLIGHTS OF THE KEY RESULTS

In this section, we will expand on the consecutive quan-
tum phase transitions mentioned in the introduction, as
well as discuss some additional results of the model. The
consecutive quantum phase transitions described in the
introduction were discussed going from small Fermi sur-
face to large Fermi surface to line up with the experimen-
tal procedure of starting at zero magnetic field and in-
creasing it from there. However, we find it more intuitive
to go in the reverse direction and start from a system with
a large Fermi surface and tune the parameters such that
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In this work, motivated by experiments on Ce3Pd20Si6,
we construct a multipolar Kondo lattice model of the 15
multipolar moments of the Ce3+ quartet (3 dipoles, 5
quadrupoles, 7 octupoles) coupled to p-wave conduction
electrons, which may be regarded as molecular orbitals of
the surrounding Pd16 cage. For simplicity, we consider
a multipolar Bose-Fermi Kondo model which is the lo-
cal approximation of the multipolar Kondo lattice model
wherein the RKKY magnetic fluctuations are replaced by
a dynamical bosonic bath [64–69]; the model now con-
sists of the 15 multipolar moments coupled to both the
fermionic (conduction electrons) and bosonic (RKKY)
baths via the Fermi-Kondo and Bose-Kondo couplings,
respectively. This model facilitates a study of the com-
petition between the Kondo e↵ect and magnetic order-
ing. Our goal is to determine the permissible types of
magnetic order and Kondo destruction pathways purely
on the basis of local symmetry. Specifically, we want to
determine which local moments participate in the Fermi
surface and which local moments are ordered and de-
couple from the conduction electrons in each part of the
zero temperature phase diagram. We carry out a pertur-
bative renormalization group (RG) analysis to two loop
order by using an ✏ expansion, with the density of states
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electrons as well as D&O moments participating (presented
as ‘c+D&O’) in the Fermi surface. Below the schematic, the
first row presents which multipolar moments participate in
the Fermi surface. In the second row, the colored lines indi-
cate the size of the Fermi surface and how it shrinks as the
Kondo e↵ect is destroyed. In the third row, Q, O, and D&O
stand for the types of multipolar ordering at each fixed point.
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the local moments hybridize with the conduction bands.
Then, the system transitions to a phase wherein the dipo-
lar/octupolar moments are hybridized into the Fermi
surface, causing its enlargement; the quadrupolar mo-
ments remain ordered and decoupled from the conduc-
tion bands. The second phase transition occurs as the
quadrupolar moments are also hybridized into the Fermi
surface, leading to a phase with an even larger Fermi
surface. We emphasize that none of the ordered phases
in our model correspond to spin or multipolar density
waves, so the conduction electrons do not participate in
the ordering. Experimental results on Ce3Pd20Si6 also
show such a sequential Fermi surface reconstruction with
a coexisting antiferromagnetic/antiferroquadrupolar or-
der transitioning to a pure antiferroquadrupolar order
transitioning to a other ordered phase, with the Fermi
surface enlarging at both stages as the external magnetic
field strength is increased [55, 56]. This remarkable result
demonstrates that, purely on the basis of local symme-
try, profound conclusions can be drawn about the nature
of magnetic ordering and Fermi surface reconstruction in
the parent Kondo lattice problem.
The remainder of the paper is organized as follows.

Because our paper is very long and the analysis highly
technical, a highlight of some key results is presented in
Section II. Here, we expand on our aforementioned pri-
mary result, further explain physical interpretations, and
introduce some other phases and phase transitions that
our model exhibits. In Section III, we explain the micro-
scopic origin of the quartet local moment and derive its
couplings to the conduction electrons and bosonic bath.
In Section IV, we perform the RG analysis and describe
the stable phases and critical points of our models, enu-
merating further results not described in Section II. Sec-
tion V contains further comments on the observed phase
transitions, and finally in Section VI we discuss broad ap-
plications of our work and implications for other heavy
fermion compounds.
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In this section, we will expand on the consecutive quan-
tum phase transitions mentioned in the introduction, as
well as discuss some additional results of the model. The
consecutive quantum phase transitions described in the
introduction were discussed going from small Fermi sur-
face to large Fermi surface to line up with the experimen-
tal procedure of starting at zero magnetic field and in-
creasing it from there. However, we find it more intuitive
to go in the reverse direction and start from a system with
a large Fermi surface and tune the parameters such that
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lar/octupolar moments are hybridized into the Fermi
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ments remain ordered and decoupled from the conduc-
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quadrupolar moments are also hybridized into the Fermi
surface, leading to a phase with an even larger Fermi
surface. We emphasize that none of the ordered phases
in our model correspond to spin or multipolar density
waves, so the conduction electrons do not participate in
the ordering. Experimental results on Ce3Pd20Si6 also
show such a sequential Fermi surface reconstruction with
a coexisting antiferromagnetic/antiferroquadrupolar or-
der transitioning to a pure antiferroquadrupolar order
transitioning to a other ordered phase, with the Fermi
surface enlarging at both stages as the external magnetic
field strength is increased [55, 56]. This remarkable result
demonstrates that, purely on the basis of local symme-
try, profound conclusions can be drawn about the nature
of magnetic ordering and Fermi surface reconstruction in
the parent Kondo lattice problem.
The remainder of the paper is organized as follows.

Because our paper is very long and the analysis highly
technical, a highlight of some key results is presented in
Section II. Here, we expand on our aforementioned pri-
mary result, further explain physical interpretations, and
introduce some other phases and phase transitions that
our model exhibits. In Section III, we explain the micro-
scopic origin of the quartet local moment and derive its
couplings to the conduction electrons and bosonic bath.
In Section IV, we perform the RG analysis and describe
the stable phases and critical points of our models, enu-
merating further results not described in Section II. Sec-
tion V contains further comments on the observed phase
transitions, and finally in Section VI we discuss broad ap-
plications of our work and implications for other heavy
fermion compounds.
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tal procedure of starting at zero magnetic field and in-
creasing it from there. However, we find it more intuitive
to go in the reverse direction and start from a system with
a large Fermi surface and tune the parameters such that
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multipolar moments of the Ce3+ quartet (3 dipoles, 5
quadrupoles, 7 octupoles) coupled to p-wave conduction
electrons, which may be regarded as molecular orbitals of
the surrounding Pd16 cage. For simplicity, we consider
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cal approximation of the multipolar Kondo lattice model
wherein the RKKY magnetic fluctuations are replaced by
a dynamical bosonic bath [64–69]; the model now con-
sists of the 15 multipolar moments coupled to both the
fermionic (conduction electrons) and bosonic (RKKY)
baths via the Fermi-Kondo and Bose-Kondo couplings,
respectively. This model facilitates a study of the com-
petition between the Kondo e↵ect and magnetic order-
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surface, causing its enlargement; the quadrupolar mo-
ments remain ordered and decoupled from the conduc-
tion bands. The second phase transition occurs as the
quadrupolar moments are also hybridized into the Fermi
surface, leading to a phase with an even larger Fermi
surface. We emphasize that none of the ordered phases
in our model correspond to spin or multipolar density
waves, so the conduction electrons do not participate in
the ordering. Experimental results on Ce3Pd20Si6 also
show such a sequential Fermi surface reconstruction with
a coexisting antiferromagnetic/antiferroquadrupolar or-
der transitioning to a pure antiferroquadrupolar order
transitioning to a other ordered phase, with the Fermi
surface enlarging at both stages as the external magnetic
field strength is increased [55, 56]. This remarkable result
demonstrates that, purely on the basis of local symme-
try, profound conclusions can be drawn about the nature
of magnetic ordering and Fermi surface reconstruction in
the parent Kondo lattice problem.
The remainder of the paper is organized as follows.

Because our paper is very long and the analysis highly
technical, a highlight of some key results is presented in
Section II. Here, we expand on our aforementioned pri-
mary result, further explain physical interpretations, and
introduce some other phases and phase transitions that
our model exhibits. In Section III, we explain the micro-
scopic origin of the quartet local moment and derive its
couplings to the conduction electrons and bosonic bath.
In Section IV, we perform the RG analysis and describe
the stable phases and critical points of our models, enu-
merating further results not described in Section II. Sec-
tion V contains further comments on the observed phase
transitions, and finally in Section VI we discuss broad ap-
plications of our work and implications for other heavy
fermion compounds.
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tum phase transitions mentioned in the introduction, as
well as discuss some additional results of the model. The
consecutive quantum phase transitions described in the
introduction were discussed going from small Fermi sur-
face to large Fermi surface to line up with the experimen-
tal procedure of starting at zero magnetic field and in-
creasing it from there. However, we find it more intuitive
to go in the reverse direction and start from a system with
a large Fermi surface and tune the parameters such that
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the Fermi surface shrinks as local moments decouple from
the conduction electrons. We will take this explanatory
approach in the remainder of the paper. Let us briefly
expand on the di↵erent types of phases we can observe in
the model, which are described by stable fixed points of
the RG flow. We ask the reader to refer to Fig. 1 while
reading this section. First, phases labelled by Fi are the
Fermi-Kondo phases, which have some nonzero Fermi-
Kondo couplings but all zero Bose-Kondo couplings (blue
and indigo phases in Fig. 1). These phases have the
largest Fermi surface, and no magnetic ordering. Second,
we find one phase labelled P which is a partially Kondo-
destroyed phase (red phase in Fig. 1). Here, fewer of
the Fermi-Kondo couplings are nonzero, but importantly
there is also a nonzero Bose-Kondo coupling. This means
that there is a medium sized Fermi surface, which coex-
ists with magnetic ordering. Third, there are the fully
Kondo destroyed phases, denoted by Bi (green, yellow,
orange phases in Fig. 1). Here, all of the Fermi-Kondo
couplings are zero, but there are nonzero Bose-Kondo
couplings and therefore correspond to magnetically or-
dered phases. In this final case, the local moments are
completely decoupled from the conduction electrons and
the Fermi surface is the smallest.

The model, which is derived in Section III has two
components, the Fermi-Kondo part and the Bose-Kondo
part. In the Fermi-Kondo model, we uncover numer-
ous Fermi-liquid and non-Fermi-liquid Kondo phases la-
belled by Fi, where the conduction electrons are actively
coupled with the local multipolar moments; this signi-
fies phases with a large Fermi surface. In Fig. 1, F b

1 and
F3 are two examples of such fixed points. Let us re-
visit the other phase mentioned in the introduction, F b

1 .
This is a Kondo phase where all of the dipolar/octupolar
{21Jx,y,z�2T ↵

x,y,z}, quadrupolar {J
2
x�J

2
y , 3J

2
z �J

2
} mo-

ments, and pure octupolar moments {JxJyJz} are par-
ticipating in the formation of the Fermi surface. When
passing through the critical point CFP , at P the pure
octupolar moments decouple from the Fermi surface but
do not undergo ordering. The quadrupolar moments also
no longer participate in the Fermi surface, but they expe-
rience ordering, indicated by a flow to nonzero coupling
between the {J2

x � J2
y , 3J

2
z � J2

} moments and bosonic
bath. The dipolar/octupolar moments remain a part of
the Fermi surface, so P has a medium-sized Fermi sur-
face. The quadrupolar ordering at P is only possible be-
cause the parent phase F b

1 had the quadrupolar moments
hybridizing with conduction electrons and participating
in the Fermi surface; one must start with a Kondo ef-
fect in order to destroy it. The second phase transition
passes through the critical point CBP and destroys the
dipolar/octupolar moments as well, leading to the coexis-
tence of dipolar/octupolar ordering with the quadrupolar
ordering inherited from P . Now, at BM , the Fermi sur-
face is made up purely of conduction electrons and the
local moments are either ordered, as is the case for the
quadrupolar and dipolar/octupolar moments, or behave
as spectators, as is the case for the pure octupolar mo-

ments.
Now that we have arrived at BM , we note from Fig. 1

that there are two other magnetically ordered phases pos-
sible (B1 and B2). These are the three magnetically or-
dered phases of the Bose-Kondo model, where the Kondo
e↵ect has been fully destroyed so the Fermi surface is
at its smallest. The three phases are a mixed dipo-
lar/octupolar (⇠ �6Ji + 7T ↵

i ) ordered phase B1, a pure
octupolar (T �

i ) ordered phase B2, and finally the previ-
ously described phase BM with coexistence of quadrupo-
lar (⇠ J2

x � J2
y , 3J

2
z � J2) and mixed dipolar/octupolar

(⇠ �21Ji + 2T ↵
i ) orderings, (see Table I). We also find

three critical points C12,M1,M2 describing phase transi-
tions between the magnetically ordered phases. These
other magnetically ordered phases may be experimen-
tally accessible by tuning other external parameters such
as pressure.

In the full Bose-Fermi Kondo model, we not only find
the F b

1  CFP ! P  CBP ! BM pathway of quan-
tum phase transitions, but also quantum critical points
between B1,2 and Kondo phases, for example, F3 (fur-
ther examples are given in Sec. VA). At F3, all of the
15 multipolar moments participate in the formation of
a large Fermi surface. This means that, a priori, any
magnetic order is possible since there are many Kondo
e↵ects available to be destroyed. The analysis reveals
however that only B1 (dipolar/octupolar) and B2 (pure
octupolar) are stable. Since all of the Fermi-Kondo cou-
plings completely vanish at multipolar ordered phases
B1,2, they have a small Fermi surface. This is schemati-
cally represented in the Fig. 1. These critical points in-
dicate that our model contains the quantum phase tran-
sitions, F3  C1,2 ! B1,2, associated with single Kondo
destruction in addition to the two-stage Kondo destruc-
tion, depending on the microscopic details (which deter-
mine the initial conditions of the RG flow). The full
schematic diagram is presented in Fig. 1. Further fixed
points and transitions are listed in the main text.

III. CONSTRUCTION OF
SYMMETRY-ALLOWED MODELS

In this section, we begin with the description of
the multipolar moments supported in the quartet CEF
ground state of the Ce3+ ions. We then explain how to
construct the conduction electron orbitals that couple to
such multipolar moments. This leads to the Fermi-Kondo
models, which can then be used to derive the most gen-
eral bilinear RKKY interactions between multipolar mo-
ments in the parent lattice problem. Replacing one of the
multipolar moment operators in the bilinear interactions
by a dynamical bosonic field, we arrive at the Fermi-Bose
Kondo problem. We consider the local symmetry at the
Ce3+ ion site in Ce3Pd20(Si, Ge)6. For this family of
materials specifically, there are two crystallographically
distinct sites for Ce ions: the 4a and 8c sites [55, 70, 71].
The magnetically active Ce ions occupy the 8c sites and
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FIG. 5. A schematic diagram for quantum phase transition
with two-stage Kondo destruction. The blue, red, and green
circles in the upper panel stand for the fermionic Kondo phase
F 0
1, partially Kondo-destroyed phase P , and magnetically or-

dered phase BM , respectively. F 0
1 has nonzero Kondo cou-

plings (K 6= 0,K0
6= 0) and zero bosonic bath couplings

(g = 0, g0 = 0), so it corresponds to the Kondo phase,
and the conduction electrons (c) hybridize with mixed dipo-
lar/octupolar moments (D&O), quadrupolar moments (Q),
and octupolar moments (O), and has largest Fermi surface
during F 0

1, P , and BM , which is denoted by ‘c+D&O+Q+O’
and large-sized blue circle with ‘FS’, respectively. After phase
transition from F 0

1 to P , a part of the Kondo couplings be-
comes zero (K0 = 0 but K 6= 0), so the quadrupolar and
octupolar moments are decoupled from the conduction elec-
trons and the Kondo e↵ect is partially destroyed, but still
shows the Kondo e↵ect because there remain the Kondo cou-
plings which represent the hybridization between the remain-
ing mixed dipolar/octupolar moments and conduction elec-
trons. And due to that, P has a smaller Fermi surface than
F 0
1. These are denoted by c + D&O and red medium-sized

circle with ‘FS’, respectively. Furthermore, the decoupled
quadrupolar moments form the quadrupolar ordering denoted
by +Q in the last line, from g0 6= 0 associated with irrep. of
K0. After the phase transition from P to BM , all of the
Kondo couplings become zero (K = 0,K0 = 0). Then, all
the multipolar moments are decoupled from the conduction
electrons, so the Kondo e↵ect is completely destroyed and it
has the smallest Fermi surface. This is denoted by c and the
small-sized green circle with ‘FS’. Also since it has another
nonzero bosonic bath coupling (g 6= 0) associated with K,
which means BM has additional mixed multipolar ordering.
As a result, BM has both of the mixed dipolar/octupolar and
quadrupolar moments. This is denoted by ‘+Q+D&O’ in the
last line.

as coexistence between quadrupolar and dipolar ordering
because the octupoles in T1 are not distinguishable from
the dipoles. We also remind the reader that BM exists
for 0 < ✏ < 1/4, which is wider than B1 and B2. There-
fore, if 0 < ✏ < 1/8, we have the possibilities for both of
single and two-stage Kondo destruction phase transition,
but there is only the two-stage Kondo destruction phase
transition if 1/8 < ✏ < 1/4.

C. Multipolar Susceptibilities

In addition to the qualitative signature of Fermi sur-
face reconstruction, the multipolar susceptibility expo-
nent can be used to quantitatively identify the fixed
points. The multipolar susceptibility is defined by

�i(⌧) = hT⌧S
j(⌧)Sj(0)i ⇠

✓
⌧0
|⌧ |

◆�i

, (10)

where �i is the multipolar susceptibility exponent, i =
a,E, 2+, A, b, 2� for each multipolar moments in the
same irrep., the Sj operators are listed in Table II, ⌧ is
imaginary time, and ⌧ � ⌧0 with the cuto↵ ⌧0 = 1/⇤ ⇠

1/µ. In Table II, Sj operators in the same section give
us the same multipolar susceptiblity, i.e. S1,2,3, S4,5,
S6,7,8, S9, S10,11,12, and S13,14,15 give us �a, �E , �2+,
�A, �b, and �2�, respectively. From the beta functions,
we can compute the multipolar susceptibility exponent.
Depending on the fixed point values of the bosonic cou-
plings, the multipolar susceptibility exponent is given by
[65, 66, 86]:
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where f.p. stands for evaluation at the fixed point. Here,
�i becomes ✏ to all orders of ✏ by definition of the fixed
point, (dgi/d lnµ)f.p. = 0 when g⇤i 6= 0 [65, 66]. In the
other case where g⇤i = 0, �i is valid up to ✏2 order. We
present the multipolar susceptibility exponents for each
fixed point up to ✏2 order, in the case that the fixed
point values depend on ✏. By assuming the multipolar
moments to be primary fields with conformal dimension
�i/2, the finite temperature scaling of the multipolar sus-
ceptibility is given by [66, 86, 87]
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, (13)

where �i(!, T ) = �0
i(!, T )+ i�00

i (!, T ). The temperature
scaling of the multipolar susceptiblity can be measured
by observing the temperature dependence of elastic con-
stants in through ultrasound measurements in an exter-
nal magnetic field [30, 32, 86, 88].

D. Measurement of Multipolar Susceptibility

The susceptibility exponents listed in the previous sec-
tion are not all measureable by conventional probes. It is
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the Fermi surface shrinks as local moments decouple from
the conduction electrons. We will take this explanatory
approach in the remainder of the paper. Let us briefly
expand on the di↵erent types of phases we can observe in
the model, which are described by stable fixed points of
the RG flow. We ask the reader to refer to Fig. 1 while
reading this section. First, phases labelled by Fi are the
Fermi-Kondo phases, which have some nonzero Fermi-
Kondo couplings but all zero Bose-Kondo couplings (blue
and indigo phases in Fig. 1). These phases have the
largest Fermi surface, and no magnetic ordering. Second,
we find one phase labelled P which is a partially Kondo-
destroyed phase (red phase in Fig. 1). Here, fewer of
the Fermi-Kondo couplings are nonzero, but importantly
there is also a nonzero Bose-Kondo coupling. This means
that there is a medium sized Fermi surface, which coex-
ists with magnetic ordering. Third, there are the fully
Kondo destroyed phases, denoted by Bi (green, yellow,
orange phases in Fig. 1). Here, all of the Fermi-Kondo
couplings are zero, but there are nonzero Bose-Kondo
couplings and therefore correspond to magnetically or-
dered phases. In this final case, the local moments are
completely decoupled from the conduction electrons and
the Fermi surface is the smallest.

The model, which is derived in Section III has two
components, the Fermi-Kondo part and the Bose-Kondo
part. In the Fermi-Kondo model, we uncover numer-
ous Fermi-liquid and non-Fermi-liquid Kondo phases la-
belled by Fi, where the conduction electrons are actively
coupled with the local multipolar moments; this signi-
fies phases with a large Fermi surface. In Fig. 1, F b

1 and
F3 are two examples of such fixed points. Let us re-
visit the other phase mentioned in the introduction, F b

1 .
This is a Kondo phase where all of the dipolar/octupolar
{21Jx,y,z�2T ↵

x,y,z}, quadrupolar {J
2
x�J

2
y , 3J

2
z �J

2
} mo-

ments, and pure octupolar moments {JxJyJz} are par-
ticipating in the formation of the Fermi surface. When
passing through the critical point CFP , at P the pure
octupolar moments decouple from the Fermi surface but
do not undergo ordering. The quadrupolar moments also
no longer participate in the Fermi surface, but they expe-
rience ordering, indicated by a flow to nonzero coupling
between the {J2

x � J2
y , 3J

2
z � J2

} moments and bosonic
bath. The dipolar/octupolar moments remain a part of
the Fermi surface, so P has a medium-sized Fermi sur-
face. The quadrupolar ordering at P is only possible be-
cause the parent phase F b

1 had the quadrupolar moments
hybridizing with conduction electrons and participating
in the Fermi surface; one must start with a Kondo ef-
fect in order to destroy it. The second phase transition
passes through the critical point CBP and destroys the
dipolar/octupolar moments as well, leading to the coexis-
tence of dipolar/octupolar ordering with the quadrupolar
ordering inherited from P . Now, at BM , the Fermi sur-
face is made up purely of conduction electrons and the
local moments are either ordered, as is the case for the
quadrupolar and dipolar/octupolar moments, or behave
as spectators, as is the case for the pure octupolar mo-

ments.
Now that we have arrived at BM , we note from Fig. 1

that there are two other magnetically ordered phases pos-
sible (B1 and B2). These are the three magnetically or-
dered phases of the Bose-Kondo model, where the Kondo
e↵ect has been fully destroyed so the Fermi surface is
at its smallest. The three phases are a mixed dipo-
lar/octupolar (⇠ �6Ji + 7T ↵

i ) ordered phase B1, a pure
octupolar (T �

i ) ordered phase B2, and finally the previ-
ously described phase BM with coexistence of quadrupo-
lar (⇠ J2

x � J2
y , 3J

2
z � J2) and mixed dipolar/octupolar

(⇠ �21Ji + 2T ↵
i ) orderings, (see Table I). We also find

three critical points C12,M1,M2 describing phase transi-
tions between the magnetically ordered phases. These
other magnetically ordered phases may be experimen-
tally accessible by tuning other external parameters such
as pressure.

In the full Bose-Fermi Kondo model, we not only find
the F b

1  CFP ! P  CBP ! BM pathway of quan-
tum phase transitions, but also quantum critical points
between B1,2 and Kondo phases, for example, F3 (fur-
ther examples are given in Sec. VA). At F3, all of the
15 multipolar moments participate in the formation of
a large Fermi surface. This means that, a priori, any
magnetic order is possible since there are many Kondo
e↵ects available to be destroyed. The analysis reveals
however that only B1 (dipolar/octupolar) and B2 (pure
octupolar) are stable. Since all of the Fermi-Kondo cou-
plings completely vanish at multipolar ordered phases
B1,2, they have a small Fermi surface. This is schemati-
cally represented in the Fig. 1. These critical points in-
dicate that our model contains the quantum phase tran-
sitions, F3  C1,2 ! B1,2, associated with single Kondo
destruction in addition to the two-stage Kondo destruc-
tion, depending on the microscopic details (which deter-
mine the initial conditions of the RG flow). The full
schematic diagram is presented in Fig. 1. Further fixed
points and transitions are listed in the main text.

III. CONSTRUCTION OF
SYMMETRY-ALLOWED MODELS

In this section, we begin with the description of
the multipolar moments supported in the quartet CEF
ground state of the Ce3+ ions. We then explain how to
construct the conduction electron orbitals that couple to
such multipolar moments. This leads to the Fermi-Kondo
models, which can then be used to derive the most gen-
eral bilinear RKKY interactions between multipolar mo-
ments in the parent lattice problem. Replacing one of the
multipolar moment operators in the bilinear interactions
by a dynamical bosonic field, we arrive at the Fermi-Bose
Kondo problem. We consider the local symmetry at the
Ce3+ ion site in Ce3Pd20(Si, Ge)6. For this family of
materials specifically, there are two crystallographically
distinct sites for Ce ions: the 4a and 8c sites [55, 70, 71].
The magnetically active Ce ions occupy the 8c sites and
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In this work, motivated by experiments on Ce3Pd20Si6,
we construct a multipolar Kondo lattice model of the 15
multipolar moments of the Ce3+ quartet (3 dipoles, 5
quadrupoles, 7 octupoles) coupled to p-wave conduction
electrons, which may be regarded as molecular orbitals of
the surrounding Pd16 cage. For simplicity, we consider
a multipolar Bose-Fermi Kondo model which is the lo-
cal approximation of the multipolar Kondo lattice model
wherein the RKKY magnetic fluctuations are replaced by
a dynamical bosonic bath [64–69]; the model now con-
sists of the 15 multipolar moments coupled to both the
fermionic (conduction electrons) and bosonic (RKKY)
baths via the Fermi-Kondo and Bose-Kondo couplings,
respectively. This model facilitates a study of the com-
petition between the Kondo e↵ect and magnetic order-
ing. Our goal is to determine the permissible types of
magnetic order and Kondo destruction pathways purely
on the basis of local symmetry. Specifically, we want to
determine which local moments participate in the Fermi
surface and which local moments are ordered and de-
couple from the conduction electrons in each part of the
zero temperature phase diagram. We carry out a pertur-
bative renormalization group (RG) analysis to two loop
order by using an ✏ expansion, with the density of states
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FIG. 1. Schematic picture of relevant examples of phases and
quantum phase transitions in our Fermi-Bose Kondo model.
The colored circles are stable phases, the grey circles with
dashed boundary are critical points, and the black arrows
indicate the RG flow. F b

1 and F3 indicate Kondo phases
where the local moments participate in the Fermi surface and
enlarge it; we denote the contents of the Fermi surface by
‘c+D&O+Q+O’. Here, c represents the conduction electrons,
and D&O, Q, and O represent dipolar/octupolar moments,
quadrupolar moments, pure octupolar moments, respectively.
BM , B1, B2 are magnetically ordered phases where the indi-
cated local moments order and Kondo e↵ect is destroyed; no
local moments participate in the Fermi surface. P is a par-
tially destroyed Kondo phase, where there is both magnetic
order due to Q local moments decoupled from the conduction
electrons as well as D&O moments participating (presented
as ‘c+D&O’) in the Fermi surface. Below the schematic, the
first row presents which multipolar moments participate in
the Fermi surface. In the second row, the colored lines indi-
cate the size of the Fermi surface and how it shrinks as the
Kondo e↵ect is destroyed. In the third row, Q, O, and D&O
stand for the types of multipolar ordering at each fixed point.

of the bosonic bath scaling as ⇠ |!|1�✏.
Our primary result is the identification of two con-

secutive quantum phase transitions. In the first tran-
sition, the system starts in a phase with coexisting
quadrupolar ({J2

x�J2
y , 3J

2
z �J2

}) and dipolar/octupolar
({�21Jx,y,z + 2T ↵

x,y,z}, see Table II) order, and none of
the local moments hybridize with the conduction bands.
Then, the system transitions to a phase wherein the dipo-
lar/octupolar moments are hybridized into the Fermi
surface, causing its enlargement; the quadrupolar mo-
ments remain ordered and decoupled from the conduc-
tion bands. The second phase transition occurs as the
quadrupolar moments are also hybridized into the Fermi
surface, leading to a phase with an even larger Fermi
surface. We emphasize that none of the ordered phases
in our model correspond to spin or multipolar density
waves, so the conduction electrons do not participate in
the ordering. Experimental results on Ce3Pd20Si6 also
show such a sequential Fermi surface reconstruction with
a coexisting antiferromagnetic/antiferroquadrupolar or-
der transitioning to a pure antiferroquadrupolar order
transitioning to a other ordered phase, with the Fermi
surface enlarging at both stages as the external magnetic
field strength is increased [55, 56]. This remarkable result
demonstrates that, purely on the basis of local symme-
try, profound conclusions can be drawn about the nature
of magnetic ordering and Fermi surface reconstruction in
the parent Kondo lattice problem.
The remainder of the paper is organized as follows.

Because our paper is very long and the analysis highly
technical, a highlight of some key results is presented in
Section II. Here, we expand on our aforementioned pri-
mary result, further explain physical interpretations, and
introduce some other phases and phase transitions that
our model exhibits. In Section III, we explain the micro-
scopic origin of the quartet local moment and derive its
couplings to the conduction electrons and bosonic bath.
In Section IV, we perform the RG analysis and describe
the stable phases and critical points of our models, enu-
merating further results not described in Section II. Sec-
tion V contains further comments on the observed phase
transitions, and finally in Section VI we discuss broad ap-
plications of our work and implications for other heavy
fermion compounds.

II. HIGHLIGHTS OF THE KEY RESULTS

In this section, we will expand on the consecutive quan-
tum phase transitions mentioned in the introduction, as
well as discuss some additional results of the model. The
consecutive quantum phase transitions described in the
introduction were discussed going from small Fermi sur-
face to large Fermi surface to line up with the experimen-
tal procedure of starting at zero magnetic field and in-
creasing it from there. However, we find it more intuitive
to go in the reverse direction and start from a system with
a large Fermi surface and tune the parameters such that
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In this work, motivated by experiments on Ce3Pd20Si6,
we construct a multipolar Kondo lattice model of the 15
multipolar moments of the Ce3+ quartet (3 dipoles, 5
quadrupoles, 7 octupoles) coupled to p-wave conduction
electrons, which may be regarded as molecular orbitals of
the surrounding Pd16 cage. For simplicity, we consider
a multipolar Bose-Fermi Kondo model which is the lo-
cal approximation of the multipolar Kondo lattice model
wherein the RKKY magnetic fluctuations are replaced by
a dynamical bosonic bath [64–69]; the model now con-
sists of the 15 multipolar moments coupled to both the
fermionic (conduction electrons) and bosonic (RKKY)
baths via the Fermi-Kondo and Bose-Kondo couplings,
respectively. This model facilitates a study of the com-
petition between the Kondo e↵ect and magnetic order-
ing. Our goal is to determine the permissible types of
magnetic order and Kondo destruction pathways purely
on the basis of local symmetry. Specifically, we want to
determine which local moments participate in the Fermi
surface and which local moments are ordered and de-
couple from the conduction electrons in each part of the
zero temperature phase diagram. We carry out a pertur-
bative renormalization group (RG) analysis to two loop
order by using an ✏ expansion, with the density of states
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FIG. 1. Schematic picture of relevant examples of phases and
quantum phase transitions in our Fermi-Bose Kondo model.
The colored circles are stable phases, the grey circles with
dashed boundary are critical points, and the black arrows
indicate the RG flow. F b

1 and F3 indicate Kondo phases
where the local moments participate in the Fermi surface and
enlarge it; we denote the contents of the Fermi surface by
‘c+D&O+Q+O’. Here, c represents the conduction electrons,
and D&O, Q, and O represent dipolar/octupolar moments,
quadrupolar moments, pure octupolar moments, respectively.
BM , B1, B2 are magnetically ordered phases where the indi-
cated local moments order and Kondo e↵ect is destroyed; no
local moments participate in the Fermi surface. P is a par-
tially destroyed Kondo phase, where there is both magnetic
order due to Q local moments decoupled from the conduction
electrons as well as D&O moments participating (presented
as ‘c+D&O’) in the Fermi surface. Below the schematic, the
first row presents which multipolar moments participate in
the Fermi surface. In the second row, the colored lines indi-
cate the size of the Fermi surface and how it shrinks as the
Kondo e↵ect is destroyed. In the third row, Q, O, and D&O
stand for the types of multipolar ordering at each fixed point.

of the bosonic bath scaling as ⇠ |!|1�✏.
Our primary result is the identification of two con-

secutive quantum phase transitions. In the first tran-
sition, the system starts in a phase with coexisting
quadrupolar ({J2

x�J2
y , 3J

2
z �J2

}) and dipolar/octupolar
({�21Jx,y,z + 2T ↵

x,y,z}, see Table II) order, and none of
the local moments hybridize with the conduction bands.
Then, the system transitions to a phase wherein the dipo-
lar/octupolar moments are hybridized into the Fermi
surface, causing its enlargement; the quadrupolar mo-
ments remain ordered and decoupled from the conduc-
tion bands. The second phase transition occurs as the
quadrupolar moments are also hybridized into the Fermi
surface, leading to a phase with an even larger Fermi
surface. We emphasize that none of the ordered phases
in our model correspond to spin or multipolar density
waves, so the conduction electrons do not participate in
the ordering. Experimental results on Ce3Pd20Si6 also
show such a sequential Fermi surface reconstruction with
a coexisting antiferromagnetic/antiferroquadrupolar or-
der transitioning to a pure antiferroquadrupolar order
transitioning to a other ordered phase, with the Fermi
surface enlarging at both stages as the external magnetic
field strength is increased [55, 56]. This remarkable result
demonstrates that, purely on the basis of local symme-
try, profound conclusions can be drawn about the nature
of magnetic ordering and Fermi surface reconstruction in
the parent Kondo lattice problem.
The remainder of the paper is organized as follows.

Because our paper is very long and the analysis highly
technical, a highlight of some key results is presented in
Section II. Here, we expand on our aforementioned pri-
mary result, further explain physical interpretations, and
introduce some other phases and phase transitions that
our model exhibits. In Section III, we explain the micro-
scopic origin of the quartet local moment and derive its
couplings to the conduction electrons and bosonic bath.
In Section IV, we perform the RG analysis and describe
the stable phases and critical points of our models, enu-
merating further results not described in Section II. Sec-
tion V contains further comments on the observed phase
transitions, and finally in Section VI we discuss broad ap-
plications of our work and implications for other heavy
fermion compounds.

II. HIGHLIGHTS OF THE KEY RESULTS

In this section, we will expand on the consecutive quan-
tum phase transitions mentioned in the introduction, as
well as discuss some additional results of the model. The
consecutive quantum phase transitions described in the
introduction were discussed going from small Fermi sur-
face to large Fermi surface to line up with the experimen-
tal procedure of starting at zero magnetic field and in-
creasing it from there. However, we find it more intuitive
to go in the reverse direction and start from a system with
a large Fermi surface and tune the parameters such that
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In this work, motivated by experiments on Ce3Pd20Si6,
we construct a multipolar Kondo lattice model of the 15
multipolar moments of the Ce3+ quartet (3 dipoles, 5
quadrupoles, 7 octupoles) coupled to p-wave conduction
electrons, which may be regarded as molecular orbitals of
the surrounding Pd16 cage. For simplicity, we consider
a multipolar Bose-Fermi Kondo model which is the lo-
cal approximation of the multipolar Kondo lattice model
wherein the RKKY magnetic fluctuations are replaced by
a dynamical bosonic bath [64–69]; the model now con-
sists of the 15 multipolar moments coupled to both the
fermionic (conduction electrons) and bosonic (RKKY)
baths via the Fermi-Kondo and Bose-Kondo couplings,
respectively. This model facilitates a study of the com-
petition between the Kondo e↵ect and magnetic order-
ing. Our goal is to determine the permissible types of
magnetic order and Kondo destruction pathways purely
on the basis of local symmetry. Specifically, we want to
determine which local moments participate in the Fermi
surface and which local moments are ordered and de-
couple from the conduction electrons in each part of the
zero temperature phase diagram. We carry out a pertur-
bative renormalization group (RG) analysis to two loop
order by using an ✏ expansion, with the density of states
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FIG. 1. Schematic picture of relevant examples of phases and
quantum phase transitions in our Fermi-Bose Kondo model.
The colored circles are stable phases, the grey circles with
dashed boundary are critical points, and the black arrows
indicate the RG flow. F b

1 and F3 indicate Kondo phases
where the local moments participate in the Fermi surface and
enlarge it; we denote the contents of the Fermi surface by
‘c+D&O+Q+O’. Here, c represents the conduction electrons,
and D&O, Q, and O represent dipolar/octupolar moments,
quadrupolar moments, pure octupolar moments, respectively.
BM , B1, B2 are magnetically ordered phases where the indi-
cated local moments order and Kondo e↵ect is destroyed; no
local moments participate in the Fermi surface. P is a par-
tially destroyed Kondo phase, where there is both magnetic
order due to Q local moments decoupled from the conduction
electrons as well as D&O moments participating (presented
as ‘c+D&O’) in the Fermi surface. Below the schematic, the
first row presents which multipolar moments participate in
the Fermi surface. In the second row, the colored lines indi-
cate the size of the Fermi surface and how it shrinks as the
Kondo e↵ect is destroyed. In the third row, Q, O, and D&O
stand for the types of multipolar ordering at each fixed point.

of the bosonic bath scaling as ⇠ |!|1�✏.
Our primary result is the identification of two con-

secutive quantum phase transitions. In the first tran-
sition, the system starts in a phase with coexisting
quadrupolar ({J2

x�J2
y , 3J

2
z �J2

}) and dipolar/octupolar
({�21Jx,y,z + 2T ↵

x,y,z}, see Table II) order, and none of
the local moments hybridize with the conduction bands.
Then, the system transitions to a phase wherein the dipo-
lar/octupolar moments are hybridized into the Fermi
surface, causing its enlargement; the quadrupolar mo-
ments remain ordered and decoupled from the conduc-
tion bands. The second phase transition occurs as the
quadrupolar moments are also hybridized into the Fermi
surface, leading to a phase with an even larger Fermi
surface. We emphasize that none of the ordered phases
in our model correspond to spin or multipolar density
waves, so the conduction electrons do not participate in
the ordering. Experimental results on Ce3Pd20Si6 also
show such a sequential Fermi surface reconstruction with
a coexisting antiferromagnetic/antiferroquadrupolar or-
der transitioning to a pure antiferroquadrupolar order
transitioning to a other ordered phase, with the Fermi
surface enlarging at both stages as the external magnetic
field strength is increased [55, 56]. This remarkable result
demonstrates that, purely on the basis of local symme-
try, profound conclusions can be drawn about the nature
of magnetic ordering and Fermi surface reconstruction in
the parent Kondo lattice problem.
The remainder of the paper is organized as follows.

Because our paper is very long and the analysis highly
technical, a highlight of some key results is presented in
Section II. Here, we expand on our aforementioned pri-
mary result, further explain physical interpretations, and
introduce some other phases and phase transitions that
our model exhibits. In Section III, we explain the micro-
scopic origin of the quartet local moment and derive its
couplings to the conduction electrons and bosonic bath.
In Section IV, we perform the RG analysis and describe
the stable phases and critical points of our models, enu-
merating further results not described in Section II. Sec-
tion V contains further comments on the observed phase
transitions, and finally in Section VI we discuss broad ap-
plications of our work and implications for other heavy
fermion compounds.
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In this section, we will expand on the consecutive quan-
tum phase transitions mentioned in the introduction, as
well as discuss some additional results of the model. The
consecutive quantum phase transitions described in the
introduction were discussed going from small Fermi sur-
face to large Fermi surface to line up with the experimen-
tal procedure of starting at zero magnetic field and in-
creasing it from there. However, we find it more intuitive
to go in the reverse direction and start from a system with
a large Fermi surface and tune the parameters such that
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multipolar moments of the Ce3+ quartet (3 dipoles, 5
quadrupoles, 7 octupoles) coupled to p-wave conduction
electrons, which may be regarded as molecular orbitals of
the surrounding Pd16 cage. For simplicity, we consider
a multipolar Bose-Fermi Kondo model which is the lo-
cal approximation of the multipolar Kondo lattice model
wherein the RKKY magnetic fluctuations are replaced by
a dynamical bosonic bath [64–69]; the model now con-
sists of the 15 multipolar moments coupled to both the
fermionic (conduction electrons) and bosonic (RKKY)
baths via the Fermi-Kondo and Bose-Kondo couplings,
respectively. This model facilitates a study of the com-
petition between the Kondo e↵ect and magnetic order-
ing. Our goal is to determine the permissible types of
magnetic order and Kondo destruction pathways purely
on the basis of local symmetry. Specifically, we want to
determine which local moments participate in the Fermi
surface and which local moments are ordered and de-
couple from the conduction electrons in each part of the
zero temperature phase diagram. We carry out a pertur-
bative renormalization group (RG) analysis to two loop
order by using an ✏ expansion, with the density of states

Fb
1

CFP P CBP BM

c + D&O + Q + O

FS

c + D&O

FS

+Q

c

FS

+Q and D&O

CM1

CM2

C12

B1

B2

C1

F3

C2

c

FS

+D&O or O

c + D&O + Q + O

FS

FIG. 1. Schematic picture of relevant examples of phases and
quantum phase transitions in our Fermi-Bose Kondo model.
The colored circles are stable phases, the grey circles with
dashed boundary are critical points, and the black arrows
indicate the RG flow. F b

1 and F3 indicate Kondo phases
where the local moments participate in the Fermi surface and
enlarge it; we denote the contents of the Fermi surface by
‘c+D&O+Q+O’. Here, c represents the conduction electrons,
and D&O, Q, and O represent dipolar/octupolar moments,
quadrupolar moments, pure octupolar moments, respectively.
BM , B1, B2 are magnetically ordered phases where the indi-
cated local moments order and Kondo e↵ect is destroyed; no
local moments participate in the Fermi surface. P is a par-
tially destroyed Kondo phase, where there is both magnetic
order due to Q local moments decoupled from the conduction
electrons as well as D&O moments participating (presented
as ‘c+D&O’) in the Fermi surface. Below the schematic, the
first row presents which multipolar moments participate in
the Fermi surface. In the second row, the colored lines indi-
cate the size of the Fermi surface and how it shrinks as the
Kondo e↵ect is destroyed. In the third row, Q, O, and D&O
stand for the types of multipolar ordering at each fixed point.
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Our primary result is the identification of two con-
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sition, the system starts in a phase with coexisting
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x,y,z}, see Table II) order, and none of
the local moments hybridize with the conduction bands.
Then, the system transitions to a phase wherein the dipo-
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surface, causing its enlargement; the quadrupolar mo-
ments remain ordered and decoupled from the conduc-
tion bands. The second phase transition occurs as the
quadrupolar moments are also hybridized into the Fermi
surface, leading to a phase with an even larger Fermi
surface. We emphasize that none of the ordered phases
in our model correspond to spin or multipolar density
waves, so the conduction electrons do not participate in
the ordering. Experimental results on Ce3Pd20Si6 also
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a coexisting antiferromagnetic/antiferroquadrupolar or-
der transitioning to a pure antiferroquadrupolar order
transitioning to a other ordered phase, with the Fermi
surface enlarging at both stages as the external magnetic
field strength is increased [55, 56]. This remarkable result
demonstrates that, purely on the basis of local symme-
try, profound conclusions can be drawn about the nature
of magnetic ordering and Fermi surface reconstruction in
the parent Kondo lattice problem.
The remainder of the paper is organized as follows.

Because our paper is very long and the analysis highly
technical, a highlight of some key results is presented in
Section II. Here, we expand on our aforementioned pri-
mary result, further explain physical interpretations, and
introduce some other phases and phase transitions that
our model exhibits. In Section III, we explain the micro-
scopic origin of the quartet local moment and derive its
couplings to the conduction electrons and bosonic bath.
In Section IV, we perform the RG analysis and describe
the stable phases and critical points of our models, enu-
merating further results not described in Section II. Sec-
tion V contains further comments on the observed phase
transitions, and finally in Section VI we discuss broad ap-
plications of our work and implications for other heavy
fermion compounds.

II. HIGHLIGHTS OF THE KEY RESULTS

In this section, we will expand on the consecutive quan-
tum phase transitions mentioned in the introduction, as
well as discuss some additional results of the model. The
consecutive quantum phase transitions described in the
introduction were discussed going from small Fermi sur-
face to large Fermi surface to line up with the experimen-
tal procedure of starting at zero magnetic field and in-
creasing it from there. However, we find it more intuitive
to go in the reverse direction and start from a system with
a large Fermi surface and tune the parameters such that
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In this work, motivated by experiments on Ce3Pd20Si6,
we construct a multipolar Kondo lattice model of the 15
multipolar moments of the Ce3+ quartet (3 dipoles, 5
quadrupoles, 7 octupoles) coupled to p-wave conduction
electrons, which may be regarded as molecular orbitals of
the surrounding Pd16 cage. For simplicity, we consider
a multipolar Bose-Fermi Kondo model which is the lo-
cal approximation of the multipolar Kondo lattice model
wherein the RKKY magnetic fluctuations are replaced by
a dynamical bosonic bath [64–69]; the model now con-
sists of the 15 multipolar moments coupled to both the
fermionic (conduction electrons) and bosonic (RKKY)
baths via the Fermi-Kondo and Bose-Kondo couplings,
respectively. This model facilitates a study of the com-
petition between the Kondo e↵ect and magnetic order-
ing. Our goal is to determine the permissible types of
magnetic order and Kondo destruction pathways purely
on the basis of local symmetry. Specifically, we want to
determine which local moments participate in the Fermi
surface and which local moments are ordered and de-
couple from the conduction electrons in each part of the
zero temperature phase diagram. We carry out a pertur-
bative renormalization group (RG) analysis to two loop
order by using an ✏ expansion, with the density of states

Fb
1

CFP P CBP BM

c + D&O + Q + O

FS

c + D&O

FS

+Q

c

FS

+Q and D&O

CM1

CM2

C12

B1

B2

C1

F3

C2

c

FS

+D&O or O

c + D&O + Q + O

FS
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quantum phase transitions in our Fermi-Bose Kondo model.
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indicate the RG flow. F b

1 and F3 indicate Kondo phases
where the local moments participate in the Fermi surface and
enlarge it; we denote the contents of the Fermi surface by
‘c+D&O+Q+O’. Here, c represents the conduction electrons,
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quadrupolar moments are also hybridized into the Fermi
surface, leading to a phase with an even larger Fermi
surface. We emphasize that none of the ordered phases
in our model correspond to spin or multipolar density
waves, so the conduction electrons do not participate in
the ordering. Experimental results on Ce3Pd20Si6 also
show such a sequential Fermi surface reconstruction with
a coexisting antiferromagnetic/antiferroquadrupolar or-
der transitioning to a pure antiferroquadrupolar order
transitioning to a other ordered phase, with the Fermi
surface enlarging at both stages as the external magnetic
field strength is increased [55, 56]. This remarkable result
demonstrates that, purely on the basis of local symme-
try, profound conclusions can be drawn about the nature
of magnetic ordering and Fermi surface reconstruction in
the parent Kondo lattice problem.
The remainder of the paper is organized as follows.

Because our paper is very long and the analysis highly
technical, a highlight of some key results is presented in
Section II. Here, we expand on our aforementioned pri-
mary result, further explain physical interpretations, and
introduce some other phases and phase transitions that
our model exhibits. In Section III, we explain the micro-
scopic origin of the quartet local moment and derive its
couplings to the conduction electrons and bosonic bath.
In Section IV, we perform the RG analysis and describe
the stable phases and critical points of our models, enu-
merating further results not described in Section II. Sec-
tion V contains further comments on the observed phase
transitions, and finally in Section VI we discuss broad ap-
plications of our work and implications for other heavy
fermion compounds.
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a large Fermi surface and tune the parameters such that

2

In this work, motivated by experiments on Ce3Pd20Si6,
we construct a multipolar Kondo lattice model of the 15
multipolar moments of the Ce3+ quartet (3 dipoles, 5
quadrupoles, 7 octupoles) coupled to p-wave conduction
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tially destroyed Kondo phase, where there is both magnetic
order due to Q local moments decoupled from the conduction
electrons as well as D&O moments participating (presented
as ‘c+D&O’) in the Fermi surface. Below the schematic, the
first row presents which multipolar moments participate in
the Fermi surface. In the second row, the colored lines indi-
cate the size of the Fermi surface and how it shrinks as the
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ments remain ordered and decoupled from the conduc-
tion bands. The second phase transition occurs as the
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surface, leading to a phase with an even larger Fermi
surface. We emphasize that none of the ordered phases
in our model correspond to spin or multipolar density
waves, so the conduction electrons do not participate in
the ordering. Experimental results on Ce3Pd20Si6 also
show such a sequential Fermi surface reconstruction with
a coexisting antiferromagnetic/antiferroquadrupolar or-
der transitioning to a pure antiferroquadrupolar order
transitioning to a other ordered phase, with the Fermi
surface enlarging at both stages as the external magnetic
field strength is increased [55, 56]. This remarkable result
demonstrates that, purely on the basis of local symme-
try, profound conclusions can be drawn about the nature
of magnetic ordering and Fermi surface reconstruction in
the parent Kondo lattice problem.
The remainder of the paper is organized as follows.

Because our paper is very long and the analysis highly
technical, a highlight of some key results is presented in
Section II. Here, we expand on our aforementioned pri-
mary result, further explain physical interpretations, and
introduce some other phases and phase transitions that
our model exhibits. In Section III, we explain the micro-
scopic origin of the quartet local moment and derive its
couplings to the conduction electrons and bosonic bath.
In Section IV, we perform the RG analysis and describe
the stable phases and critical points of our models, enu-
merating further results not described in Section II. Sec-
tion V contains further comments on the observed phase
transitions, and finally in Section VI we discuss broad ap-
plications of our work and implications for other heavy
fermion compounds.
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In this section, we will expand on the consecutive quan-
tum phase transitions mentioned in the introduction, as
well as discuss some additional results of the model. The
consecutive quantum phase transitions described in the
introduction were discussed going from small Fermi sur-
face to large Fermi surface to line up with the experimen-
tal procedure of starting at zero magnetic field and in-
creasing it from there. However, we find it more intuitive
to go in the reverse direction and start from a system with
a large Fermi surface and tune the parameters such that
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the Fermi surface shrinks as local moments decouple from
the conduction electrons. We will take this explanatory
approach in the remainder of the paper. Let us briefly
expand on the di↵erent types of phases we can observe in
the model, which are described by stable fixed points of
the RG flow. We ask the reader to refer to Fig. 1 while
reading this section. First, phases labelled by Fi are the
Fermi-Kondo phases, which have some nonzero Fermi-
Kondo couplings but all zero Bose-Kondo couplings (blue
and indigo phases in Fig. 1). These phases have the
largest Fermi surface, and no magnetic ordering. Second,
we find one phase labelled P which is a partially Kondo-
destroyed phase (red phase in Fig. 1). Here, fewer of
the Fermi-Kondo couplings are nonzero, but importantly
there is also a nonzero Bose-Kondo coupling. This means
that there is a medium sized Fermi surface, which coex-
ists with magnetic ordering. Third, there are the fully
Kondo destroyed phases, denoted by Bi (green, yellow,
orange phases in Fig. 1). Here, all of the Fermi-Kondo
couplings are zero, but there are nonzero Bose-Kondo
couplings and therefore correspond to magnetically or-
dered phases. In this final case, the local moments are
completely decoupled from the conduction electrons and
the Fermi surface is the smallest.

The model, which is derived in Section III has two
components, the Fermi-Kondo part and the Bose-Kondo
part. In the Fermi-Kondo model, we uncover numer-
ous Fermi-liquid and non-Fermi-liquid Kondo phases la-
belled by Fi, where the conduction electrons are actively
coupled with the local multipolar moments; this signi-
fies phases with a large Fermi surface. In Fig. 1, F b

1 and
F3 are two examples of such fixed points. Let us re-
visit the other phase mentioned in the introduction, F b

1 .
This is a Kondo phase where all of the dipolar/octupolar
{21Jx,y,z�2T ↵

x,y,z}, quadrupolar {J
2
x�J

2
y , 3J

2
z �J

2
} mo-

ments, and pure octupolar moments {JxJyJz} are par-
ticipating in the formation of the Fermi surface. When
passing through the critical point CFP , at P the pure
octupolar moments decouple from the Fermi surface but
do not undergo ordering. The quadrupolar moments also
no longer participate in the Fermi surface, but they expe-
rience ordering, indicated by a flow to nonzero coupling
between the {J2

x � J2
y , 3J

2
z � J2

} moments and bosonic
bath. The dipolar/octupolar moments remain a part of
the Fermi surface, so P has a medium-sized Fermi sur-
face. The quadrupolar ordering at P is only possible be-
cause the parent phase F b

1 had the quadrupolar moments
hybridizing with conduction electrons and participating
in the Fermi surface; one must start with a Kondo ef-
fect in order to destroy it. The second phase transition
passes through the critical point CBP and destroys the
dipolar/octupolar moments as well, leading to the coexis-
tence of dipolar/octupolar ordering with the quadrupolar
ordering inherited from P . Now, at BM , the Fermi sur-
face is made up purely of conduction electrons and the
local moments are either ordered, as is the case for the
quadrupolar and dipolar/octupolar moments, or behave
as spectators, as is the case for the pure octupolar mo-

ments.
Now that we have arrived at BM , we note from Fig. 1

that there are two other magnetically ordered phases pos-
sible (B1 and B2). These are the three magnetically or-
dered phases of the Bose-Kondo model, where the Kondo
e↵ect has been fully destroyed so the Fermi surface is
at its smallest. The three phases are a mixed dipo-
lar/octupolar (⇠ �6Ji + 7T ↵

i ) ordered phase B1, a pure
octupolar (T �

i ) ordered phase B2, and finally the previ-
ously described phase BM with coexistence of quadrupo-
lar (⇠ J2

x � J2
y , 3J

2
z � J2) and mixed dipolar/octupolar

(⇠ �21Ji + 2T ↵
i ) orderings, (see Table I). We also find

three critical points C12,M1,M2 describing phase transi-
tions between the magnetically ordered phases. These
other magnetically ordered phases may be experimen-
tally accessible by tuning other external parameters such
as pressure.

In the full Bose-Fermi Kondo model, we not only find
the F b

1  CFP ! P  CBP ! BM pathway of quan-
tum phase transitions, but also quantum critical points
between B1,2 and Kondo phases, for example, F3 (fur-
ther examples are given in Sec. VA). At F3, all of the
15 multipolar moments participate in the formation of
a large Fermi surface. This means that, a priori, any
magnetic order is possible since there are many Kondo
e↵ects available to be destroyed. The analysis reveals
however that only B1 (dipolar/octupolar) and B2 (pure
octupolar) are stable. Since all of the Fermi-Kondo cou-
plings completely vanish at multipolar ordered phases
B1,2, they have a small Fermi surface. This is schemati-
cally represented in the Fig. 1. These critical points in-
dicate that our model contains the quantum phase tran-
sitions, F3  C1,2 ! B1,2, associated with single Kondo
destruction in addition to the two-stage Kondo destruc-
tion, depending on the microscopic details (which deter-
mine the initial conditions of the RG flow). The full
schematic diagram is presented in Fig. 1. Further fixed
points and transitions are listed in the main text.

III. CONSTRUCTION OF
SYMMETRY-ALLOWED MODELS

In this section, we begin with the description of
the multipolar moments supported in the quartet CEF
ground state of the Ce3+ ions. We then explain how to
construct the conduction electron orbitals that couple to
such multipolar moments. This leads to the Fermi-Kondo
models, which can then be used to derive the most gen-
eral bilinear RKKY interactions between multipolar mo-
ments in the parent lattice problem. Replacing one of the
multipolar moment operators in the bilinear interactions
by a dynamical bosonic field, we arrive at the Fermi-Bose
Kondo problem. We consider the local symmetry at the
Ce3+ ion site in Ce3Pd20(Si, Ge)6. For this family of
materials specifically, there are two crystallographically
distinct sites for Ce ions: the 4a and 8c sites [55, 70, 71].
The magnetically active Ce ions occupy the 8c sites and
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FIG. 5. A schematic diagram for quantum phase transition
with two-stage Kondo destruction. The blue, red, and green
circles in the upper panel stand for the fermionic Kondo phase
F 0
1, partially Kondo-destroyed phase P , and magnetically or-

dered phase BM , respectively. F 0
1 has nonzero Kondo cou-

plings (K 6= 0,K0
6= 0) and zero bosonic bath couplings

(g = 0, g0 = 0), so it corresponds to the Kondo phase,
and the conduction electrons (c) hybridize with mixed dipo-
lar/octupolar moments (D&O), quadrupolar moments (Q),
and octupolar moments (O), and has largest Fermi surface
during F 0

1, P , and BM , which is denoted by ‘c+D&O+Q+O’
and large-sized blue circle with ‘FS’, respectively. After phase
transition from F 0

1 to P , a part of the Kondo couplings be-
comes zero (K0 = 0 but K 6= 0), so the quadrupolar and
octupolar moments are decoupled from the conduction elec-
trons and the Kondo e↵ect is partially destroyed, but still
shows the Kondo e↵ect because there remain the Kondo cou-
plings which represent the hybridization between the remain-
ing mixed dipolar/octupolar moments and conduction elec-
trons. And due to that, P has a smaller Fermi surface than
F 0
1. These are denoted by c + D&O and red medium-sized

circle with ‘FS’, respectively. Furthermore, the decoupled
quadrupolar moments form the quadrupolar ordering denoted
by +Q in the last line, from g0 6= 0 associated with irrep. of
K0. After the phase transition from P to BM , all of the
Kondo couplings become zero (K = 0,K0 = 0). Then, all
the multipolar moments are decoupled from the conduction
electrons, so the Kondo e↵ect is completely destroyed and it
has the smallest Fermi surface. This is denoted by c and the
small-sized green circle with ‘FS’. Also since it has another
nonzero bosonic bath coupling (g 6= 0) associated with K,
which means BM has additional mixed multipolar ordering.
As a result, BM has both of the mixed dipolar/octupolar and
quadrupolar moments. This is denoted by ‘+Q+D&O’ in the
last line.

as coexistence between quadrupolar and dipolar ordering
because the octupoles in T1 are not distinguishable from
the dipoles. We also remind the reader that BM exists
for 0 < ✏ < 1/4, which is wider than B1 and B2. There-
fore, if 0 < ✏ < 1/8, we have the possibilities for both of
single and two-stage Kondo destruction phase transition,
but there is only the two-stage Kondo destruction phase
transition if 1/8 < ✏ < 1/4.

C. Multipolar Susceptibilities

In addition to the qualitative signature of Fermi sur-
face reconstruction, the multipolar susceptibility expo-
nent can be used to quantitatively identify the fixed
points. The multipolar susceptibility is defined by

�i(⌧) = hT⌧S
j(⌧)Sj(0)i ⇠

✓
⌧0
|⌧ |

◆�i

, (10)

where �i is the multipolar susceptibility exponent, i =
a,E, 2+, A, b, 2� for each multipolar moments in the
same irrep., the Sj operators are listed in Table II, ⌧ is
imaginary time, and ⌧ � ⌧0 with the cuto↵ ⌧0 = 1/⇤ ⇠

1/µ. In Table II, Sj operators in the same section give
us the same multipolar susceptiblity, i.e. S1,2,3, S4,5,
S6,7,8, S9, S10,11,12, and S13,14,15 give us �a, �E , �2+,
�A, �b, and �2�, respectively. From the beta functions,
we can compute the multipolar susceptibility exponent.
Depending on the fixed point values of the bosonic cou-
plings, the multipolar susceptibility exponent is given by
[65, 66, 86]:

�i =

8
>><

>>:

✏+
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gi

dgi
d lnµ

�

f.p.

, g⇤i 6= 0,

✏+ 2


@

@gi

dgi
d lnµ

�

f.p.

, g⇤i = 0,
(11)

where f.p. stands for evaluation at the fixed point. Here,
�i becomes ✏ to all orders of ✏ by definition of the fixed
point, (dgi/d lnµ)f.p. = 0 when g⇤i 6= 0 [65, 66]. In the
other case where g⇤i = 0, �i is valid up to ✏2 order. We
present the multipolar susceptibility exponents for each
fixed point up to ✏2 order, in the case that the fixed
point values depend on ✏. By assuming the multipolar
moments to be primary fields with conformal dimension
�i/2, the finite temperature scaling of the multipolar sus-
ceptibility is given by [66, 86, 87]

�0
i(!, T ) ⇠

(
T �i�1

⇣
1 + CRe1

�
!
T

�2⌘
, |!/T | ⌧ 1,

!�i�1, |!/T | � 1,
(12)

�00
i (!, T ) ⇠

(
T �i�1

�
!
T

�
, |!/T | ⌧ 1,

!�i�1, |!/T | � 1,
, (13)

where �i(!, T ) = �0
i(!, T )+ i�00

i (!, T ). The temperature
scaling of the multipolar susceptiblity can be measured
by observing the temperature dependence of elastic con-
stants in through ultrasound measurements in an exter-
nal magnetic field [30, 32, 86, 88].

D. Measurement of Multipolar Susceptibility

The susceptibility exponents listed in the previous sec-
tion are not all measureable by conventional probes. It is
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Fig. 1. Crystal structure and ordered phases of the heavy fermion com-
pound Ce3Pd20Si6. (A) Cubic crystal structure of space group Fm3̄m (25) with
the 2 Ce sites 4a (Ce1, red) and 8c (Ce2, blue), both with cubic point symme-
try, forming a face-centered cubic lattice of lattice parameter a = 12.275 Å
(26) and a simple cubic lattice of half the lattice parameter, respectively.
The polyhedra around Ce1 are made up of Si and Pd and those around
Ce2 of Pd only. This structure persists down to at least 40 mK, as shown
by high-resolution neutron diffraction measurements (27). (B) Temperature–
magnetic-field phase diagram for fields B =µ0H applied along [0 0 1]. The
phase boundaries are determined from specific heat data by Ono et al. (28)
(TIII Ono, TII Ono, and TII0 Ono refer to anomalies upon entering phases III,
II, and II’, respectively), and our magnetostriction [�(B)max and �(B)min mark
the positions of the maxima and minima in �(B) (SI Appendix, Fig. S1B)] and
thermal expansion data [↵(B)max and ↵(B)min mark the positions of the max-
ima and minima of ↵(T) (SI Appendix, Fig. S1C)]. Phase I is paramagnetic,
and the order of phases II and III was identified as AFQ and AFM order of
moments on the 8c cite, respectively; the nature of the order of phase II’
remains to be identified (24). Neutron scattering has not detected any order
associated with the 4a site (24). Phase III is isotropic with respect to the field
direction, but phase II extends to fields above 10 T for fields along [1 1 0]
and [1 1 1] (28). Thus, it is advantageous to study Bk[0 0 1], as done in the
present work.

with ordering wave vector [1 1 1] at TQ ⇠ 0.4 K; with fur-
ther decreasing temperature, the dipolar (magnetic) moments
undergo antiferromagnetic (AFM) ordering, with the ordering
wave vector [0 0 0.8] at TN ⇠ 0.25 K, as shown by recent neutron

scattering experiments (24). Both orders are due to Ce atoms on
the crystallographic 8c site.

As typical for heavy fermion systems, the many-body ground
state is readily tunable by external parameters such as magnetic
field. Previous work on Ce3Pd20Si6 polycrystals (15) indeed
revealed the suppression of TN at a critical field BN. Quan-
tum criticality was revealed by electrical resistivity and specific
heat measurements; the temperature dependencies were found
to be different from the expectations (29) of the conventional
theory based on order parameter fluctuations. Measurements
of magnetotransport revealed a jump of the Hall coefficient
and magnetoresistance in the zero-temperature limit across BN,
which implicates a sudden reconstruction from large to small
Fermi surface with decreasing field, as expected for a localization
transition of Kondo destruction type (15). When single crystals
became available (SI Appendix, section S1), the phase diagram
was mapped out for different field orientations (28). The AFM
transition is suppressed isotropically, implying that the quan-
tum critical behavior at BN observed in polycrystals captures the
behavior of the single crystals. By contrast, the AFQ transition
is suppressed anisotropically (24, 28). The study of the inter-
play between spin and orbital degrees of freedom thus requires
measurements on single crystals, which we carry out in the
present work.

We chose to apply a magnetic field along the crystallographic
[0 0 1] direction, which suppresses the AFQ phase at a relatively
small field BQ (SI Appendix, section S2). The temperature–
magnetic-field phase diagram for this direction is shown in
Fig. 1B. The AFM phase (phase III) is suppressed at BN ⇠ 0.8 T,
whereas the AFQ phase (phase II) is suppressed at BQ ⇠ 2 T.
Both phase transitions have been found to be continuous by neu-
tron scattering experiments (24). The continuous nature of the
transition at BQ is also evidenced by the phase transition anoma-
lies in specific heat (28), magnetostriction (SI Appendix, Fig. S1 A

and B), and thermal expansion data (SI Appendix, Fig. S1C). The
notion (15) that the Fermi surface is large at B >BN appears to
have 2 implications. First, no further jump is to be expected at
larger fields. Indeed, it has been taken for granted that electron
localization takes place only once even in the case with multiple
degrees of freedom. Second, the quantum critical behavior at BQ

should be very different from that near BN.
Surprisingly, we find strange-metal behavior near BQ that is

strikingly similar to that near BN, as illustrated by the power-law
exponent a of the temperature-dependent electrical resistivity
(⇢= ⇢0 +A

0 ·T a) in the quantum critical fans anchored at BQ

and BN, respectively (Fig. 2A). Indeed, at BQ, the electrical
resistivity ⇢ is linear in temperature down to very low temper-
atures (Fig. 2B), and the specific heat coefficient c/T shows
a logarithmic divergence (Fig. 2C, right axis). In addition, the
thermal expansion coefficient ↵/T shows a stronger than loga-
rithmic divergence (Fig. 2C, left axis), consistent with a diverging
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the Fermi surface shrinks as local moments decouple from
the conduction electrons. We will take this explanatory
approach in the remainder of the paper. Let us briefly
expand on the di↵erent types of phases we can observe in
the model, which are described by stable fixed points of
the RG flow. We ask the reader to refer to Fig. 1 while
reading this section. First, phases labelled by Fi are the
Fermi-Kondo phases, which have some nonzero Fermi-
Kondo couplings but all zero Bose-Kondo couplings (blue
and indigo phases in Fig. 1). These phases have the
largest Fermi surface, and no magnetic ordering. Second,
we find one phase labelled P which is a partially Kondo-
destroyed phase (red phase in Fig. 1). Here, fewer of
the Fermi-Kondo couplings are nonzero, but importantly
there is also a nonzero Bose-Kondo coupling. This means
that there is a medium sized Fermi surface, which coex-
ists with magnetic ordering. Third, there are the fully
Kondo destroyed phases, denoted by Bi (green, yellow,
orange phases in Fig. 1). Here, all of the Fermi-Kondo
couplings are zero, but there are nonzero Bose-Kondo
couplings and therefore correspond to magnetically or-
dered phases. In this final case, the local moments are
completely decoupled from the conduction electrons and
the Fermi surface is the smallest.

The model, which is derived in Section III has two
components, the Fermi-Kondo part and the Bose-Kondo
part. In the Fermi-Kondo model, we uncover numer-
ous Fermi-liquid and non-Fermi-liquid Kondo phases la-
belled by Fi, where the conduction electrons are actively
coupled with the local multipolar moments; this signi-
fies phases with a large Fermi surface. In Fig. 1, F b

1 and
F3 are two examples of such fixed points. Let us re-
visit the other phase mentioned in the introduction, F b

1 .
This is a Kondo phase where all of the dipolar/octupolar
{21Jx,y,z�2T ↵

x,y,z}, quadrupolar {J
2
x�J

2
y , 3J

2
z �J

2
} mo-

ments, and pure octupolar moments {JxJyJz} are par-
ticipating in the formation of the Fermi surface. When
passing through the critical point CFP , at P the pure
octupolar moments decouple from the Fermi surface but
do not undergo ordering. The quadrupolar moments also
no longer participate in the Fermi surface, but they expe-
rience ordering, indicated by a flow to nonzero coupling
between the {J2

x � J2
y , 3J

2
z � J2

} moments and bosonic
bath. The dipolar/octupolar moments remain a part of
the Fermi surface, so P has a medium-sized Fermi sur-
face. The quadrupolar ordering at P is only possible be-
cause the parent phase F b

1 had the quadrupolar moments
hybridizing with conduction electrons and participating
in the Fermi surface; one must start with a Kondo ef-
fect in order to destroy it. The second phase transition
passes through the critical point CBP and destroys the
dipolar/octupolar moments as well, leading to the coexis-
tence of dipolar/octupolar ordering with the quadrupolar
ordering inherited from P . Now, at BM , the Fermi sur-
face is made up purely of conduction electrons and the
local moments are either ordered, as is the case for the
quadrupolar and dipolar/octupolar moments, or behave
as spectators, as is the case for the pure octupolar mo-

ments.
Now that we have arrived at BM , we note from Fig. 1

that there are two other magnetically ordered phases pos-
sible (B1 and B2). These are the three magnetically or-
dered phases of the Bose-Kondo model, where the Kondo
e↵ect has been fully destroyed so the Fermi surface is
at its smallest. The three phases are a mixed dipo-
lar/octupolar (⇠ �6Ji + 7T ↵

i ) ordered phase B1, a pure
octupolar (T �

i ) ordered phase B2, and finally the previ-
ously described phase BM with coexistence of quadrupo-
lar (⇠ J2

x � J2
y , 3J

2
z � J2) and mixed dipolar/octupolar

(⇠ �21Ji + 2T ↵
i ) orderings, (see Table I). We also find

three critical points C12,M1,M2 describing phase transi-
tions between the magnetically ordered phases. These
other magnetically ordered phases may be experimen-
tally accessible by tuning other external parameters such
as pressure.

In the full Bose-Fermi Kondo model, we not only find
the F b

1  CFP ! P  CBP ! BM pathway of quan-
tum phase transitions, but also quantum critical points
between B1,2 and Kondo phases, for example, F3 (fur-
ther examples are given in Sec. VA). At F3, all of the
15 multipolar moments participate in the formation of
a large Fermi surface. This means that, a priori, any
magnetic order is possible since there are many Kondo
e↵ects available to be destroyed. The analysis reveals
however that only B1 (dipolar/octupolar) and B2 (pure
octupolar) are stable. Since all of the Fermi-Kondo cou-
plings completely vanish at multipolar ordered phases
B1,2, they have a small Fermi surface. This is schemati-
cally represented in the Fig. 1. These critical points in-
dicate that our model contains the quantum phase tran-
sitions, F3  C1,2 ! B1,2, associated with single Kondo
destruction in addition to the two-stage Kondo destruc-
tion, depending on the microscopic details (which deter-
mine the initial conditions of the RG flow). The full
schematic diagram is presented in Fig. 1. Further fixed
points and transitions are listed in the main text.

III. CONSTRUCTION OF
SYMMETRY-ALLOWED MODELS

In this section, we begin with the description of
the multipolar moments supported in the quartet CEF
ground state of the Ce3+ ions. We then explain how to
construct the conduction electron orbitals that couple to
such multipolar moments. This leads to the Fermi-Kondo
models, which can then be used to derive the most gen-
eral bilinear RKKY interactions between multipolar mo-
ments in the parent lattice problem. Replacing one of the
multipolar moment operators in the bilinear interactions
by a dynamical bosonic field, we arrive at the Fermi-Bose
Kondo problem. We consider the local symmetry at the
Ce3+ ion site in Ce3Pd20(Si, Ge)6. For this family of
materials specifically, there are two crystallographically
distinct sites for Ce ions: the 4a and 8c sites [55, 70, 71].
The magnetically active Ce ions occupy the 8c sites and
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In this work, motivated by experiments on Ce3Pd20Si6,
we construct a multipolar Kondo lattice model of the 15
multipolar moments of the Ce3+ quartet (3 dipoles, 5
quadrupoles, 7 octupoles) coupled to p-wave conduction
electrons, which may be regarded as molecular orbitals of
the surrounding Pd16 cage. For simplicity, we consider
a multipolar Bose-Fermi Kondo model which is the lo-
cal approximation of the multipolar Kondo lattice model
wherein the RKKY magnetic fluctuations are replaced by
a dynamical bosonic bath [64–69]; the model now con-
sists of the 15 multipolar moments coupled to both the
fermionic (conduction electrons) and bosonic (RKKY)
baths via the Fermi-Kondo and Bose-Kondo couplings,
respectively. This model facilitates a study of the com-
petition between the Kondo e↵ect and magnetic order-
ing. Our goal is to determine the permissible types of
magnetic order and Kondo destruction pathways purely
on the basis of local symmetry. Specifically, we want to
determine which local moments participate in the Fermi
surface and which local moments are ordered and de-
couple from the conduction electrons in each part of the
zero temperature phase diagram. We carry out a pertur-
bative renormalization group (RG) analysis to two loop
order by using an ✏ expansion, with the density of states
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FIG. 1. Schematic picture of relevant examples of phases and
quantum phase transitions in our Fermi-Bose Kondo model.
The colored circles are stable phases, the grey circles with
dashed boundary are critical points, and the black arrows
indicate the RG flow. F b

1 and F3 indicate Kondo phases
where the local moments participate in the Fermi surface and
enlarge it; we denote the contents of the Fermi surface by
‘c+D&O+Q+O’. Here, c represents the conduction electrons,
and D&O, Q, and O represent dipolar/octupolar moments,
quadrupolar moments, pure octupolar moments, respectively.
BM , B1, B2 are magnetically ordered phases where the indi-
cated local moments order and Kondo e↵ect is destroyed; no
local moments participate in the Fermi surface. P is a par-
tially destroyed Kondo phase, where there is both magnetic
order due to Q local moments decoupled from the conduction
electrons as well as D&O moments participating (presented
as ‘c+D&O’) in the Fermi surface. Below the schematic, the
first row presents which multipolar moments participate in
the Fermi surface. In the second row, the colored lines indi-
cate the size of the Fermi surface and how it shrinks as the
Kondo e↵ect is destroyed. In the third row, Q, O, and D&O
stand for the types of multipolar ordering at each fixed point.

of the bosonic bath scaling as ⇠ |!|1�✏.
Our primary result is the identification of two con-

secutive quantum phase transitions. In the first tran-
sition, the system starts in a phase with coexisting
quadrupolar ({J2

x�J2
y , 3J

2
z �J2

}) and dipolar/octupolar
({�21Jx,y,z + 2T ↵

x,y,z}, see Table II) order, and none of
the local moments hybridize with the conduction bands.
Then, the system transitions to a phase wherein the dipo-
lar/octupolar moments are hybridized into the Fermi
surface, causing its enlargement; the quadrupolar mo-
ments remain ordered and decoupled from the conduc-
tion bands. The second phase transition occurs as the
quadrupolar moments are also hybridized into the Fermi
surface, leading to a phase with an even larger Fermi
surface. We emphasize that none of the ordered phases
in our model correspond to spin or multipolar density
waves, so the conduction electrons do not participate in
the ordering. Experimental results on Ce3Pd20Si6 also
show such a sequential Fermi surface reconstruction with
a coexisting antiferromagnetic/antiferroquadrupolar or-
der transitioning to a pure antiferroquadrupolar order
transitioning to a other ordered phase, with the Fermi
surface enlarging at both stages as the external magnetic
field strength is increased [55, 56]. This remarkable result
demonstrates that, purely on the basis of local symme-
try, profound conclusions can be drawn about the nature
of magnetic ordering and Fermi surface reconstruction in
the parent Kondo lattice problem.
The remainder of the paper is organized as follows.

Because our paper is very long and the analysis highly
technical, a highlight of some key results is presented in
Section II. Here, we expand on our aforementioned pri-
mary result, further explain physical interpretations, and
introduce some other phases and phase transitions that
our model exhibits. In Section III, we explain the micro-
scopic origin of the quartet local moment and derive its
couplings to the conduction electrons and bosonic bath.
In Section IV, we perform the RG analysis and describe
the stable phases and critical points of our models, enu-
merating further results not described in Section II. Sec-
tion V contains further comments on the observed phase
transitions, and finally in Section VI we discuss broad ap-
plications of our work and implications for other heavy
fermion compounds.

II. HIGHLIGHTS OF THE KEY RESULTS

In this section, we will expand on the consecutive quan-
tum phase transitions mentioned in the introduction, as
well as discuss some additional results of the model. The
consecutive quantum phase transitions described in the
introduction were discussed going from small Fermi sur-
face to large Fermi surface to line up with the experimen-
tal procedure of starting at zero magnetic field and in-
creasing it from there. However, we find it more intuitive
to go in the reverse direction and start from a system with
a large Fermi surface and tune the parameters such that
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surface and which local moments are ordered and de-
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zero temperature phase diagram. We carry out a pertur-
bative renormalization group (RG) analysis to two loop
order by using an ✏ expansion, with the density of states
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cated local moments order and Kondo e↵ect is destroyed; no
local moments participate in the Fermi surface. P is a par-
tially destroyed Kondo phase, where there is both magnetic
order due to Q local moments decoupled from the conduction
electrons as well as D&O moments participating (presented
as ‘c+D&O’) in the Fermi surface. Below the schematic, the
first row presents which multipolar moments participate in
the Fermi surface. In the second row, the colored lines indi-
cate the size of the Fermi surface and how it shrinks as the
Kondo e↵ect is destroyed. In the third row, Q, O, and D&O
stand for the types of multipolar ordering at each fixed point.
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Our primary result is the identification of two con-

secutive quantum phase transitions. In the first tran-
sition, the system starts in a phase with coexisting
quadrupolar ({J2
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}) and dipolar/octupolar
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x,y,z}, see Table II) order, and none of
the local moments hybridize with the conduction bands.
Then, the system transitions to a phase wherein the dipo-
lar/octupolar moments are hybridized into the Fermi
surface, causing its enlargement; the quadrupolar mo-
ments remain ordered and decoupled from the conduc-
tion bands. The second phase transition occurs as the
quadrupolar moments are also hybridized into the Fermi
surface, leading to a phase with an even larger Fermi
surface. We emphasize that none of the ordered phases
in our model correspond to spin or multipolar density
waves, so the conduction electrons do not participate in
the ordering. Experimental results on Ce3Pd20Si6 also
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a coexisting antiferromagnetic/antiferroquadrupolar or-
der transitioning to a pure antiferroquadrupolar order
transitioning to a other ordered phase, with the Fermi
surface enlarging at both stages as the external magnetic
field strength is increased [55, 56]. This remarkable result
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try, profound conclusions can be drawn about the nature
of magnetic ordering and Fermi surface reconstruction in
the parent Kondo lattice problem.
The remainder of the paper is organized as follows.

Because our paper is very long and the analysis highly
technical, a highlight of some key results is presented in
Section II. Here, we expand on our aforementioned pri-
mary result, further explain physical interpretations, and
introduce some other phases and phase transitions that
our model exhibits. In Section III, we explain the micro-
scopic origin of the quartet local moment and derive its
couplings to the conduction electrons and bosonic bath.
In Section IV, we perform the RG analysis and describe
the stable phases and critical points of our models, enu-
merating further results not described in Section II. Sec-
tion V contains further comments on the observed phase
transitions, and finally in Section VI we discuss broad ap-
plications of our work and implications for other heavy
fermion compounds.
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creasing it from there. However, we find it more intuitive
to go in the reverse direction and start from a system with
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tially destroyed Kondo phase, where there is both magnetic
order due to Q local moments decoupled from the conduction
electrons as well as D&O moments participating (presented
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first row presents which multipolar moments participate in
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cate the size of the Fermi surface and how it shrinks as the
Kondo e↵ect is destroyed. In the third row, Q, O, and D&O
stand for the types of multipolar ordering at each fixed point.
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merating further results not described in Section II. Sec-
tion V contains further comments on the observed phase
transitions, and finally in Section VI we discuss broad ap-
plications of our work and implications for other heavy
fermion compounds.
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In this section, we will expand on the consecutive quan-
tum phase transitions mentioned in the introduction, as
well as discuss some additional results of the model. The
consecutive quantum phase transitions described in the
introduction were discussed going from small Fermi sur-
face to large Fermi surface to line up with the experimen-
tal procedure of starting at zero magnetic field and in-
creasing it from there. However, we find it more intuitive
to go in the reverse direction and start from a system with
a large Fermi surface and tune the parameters such that
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electrons, which may be regarded as molecular orbitals of
the surrounding Pd16 cage. For simplicity, we consider
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wherein the RKKY magnetic fluctuations are replaced by
a dynamical bosonic bath [64–69]; the model now con-
sists of the 15 multipolar moments coupled to both the
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baths via the Fermi-Kondo and Bose-Kondo couplings,
respectively. This model facilitates a study of the com-
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ing. Our goal is to determine the permissible types of
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on the basis of local symmetry. Specifically, we want to
determine which local moments participate in the Fermi
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where the local moments participate in the Fermi surface and
enlarge it; we denote the contents of the Fermi surface by
‘c+D&O+Q+O’. Here, c represents the conduction electrons,
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cated local moments order and Kondo e↵ect is destroyed; no
local moments participate in the Fermi surface. P is a par-
tially destroyed Kondo phase, where there is both magnetic
order due to Q local moments decoupled from the conduction
electrons as well as D&O moments participating (presented
as ‘c+D&O’) in the Fermi surface. Below the schematic, the
first row presents which multipolar moments participate in
the Fermi surface. In the second row, the colored lines indi-
cate the size of the Fermi surface and how it shrinks as the
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stand for the types of multipolar ordering at each fixed point.
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a coexisting antiferromagnetic/antiferroquadrupolar or-
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demonstrates that, purely on the basis of local symme-
try, profound conclusions can be drawn about the nature
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where f.p. stands for evaluation at the fixed point. Here,
�i becomes ✏ to all orders of ✏ by definition of the fixed
point; (dgi/d lnµ)f.p. = 0 when g⇤i 6= 0 [65, 66]. In the
other case where g⇤i = 0, �i is computed up to ✏2 order.
By assuming that the multipolar moments are primary
fields with conformal dimension �i/2, the finite temper-
ature scaling of the multipolar susceptibility is given by
[66, 87, 88]

�0
i(!, T ) ⇠

(
T �i�1

⇣
1 + CRe1

�
!
T

�2⌘
, |!/T | ⌧ 1,

!�i�1, |!/T | � 1,
(12)

�00
i (!, T ) ⇠

(
T �i�1

�
!
T

�
, |!/T | ⌧ 1,

!�i�1, |!/T | � 1,
, (13)

where �i(!, T ) = �0
i(!, T ) + i�00

i (!, T ) and CRe1 is a real
constant. The temperature scaling of the multipolar sus-
ceptiblity can be measured by observing the temperature
dependence of elastic constants through ultrasound mea-
surements in an external magnetic field [30, 32, 87, 89].

D. Ultrasound Measurement of Multipolar
Susceptibility

The susceptibility exponents listed in the previous sec-
tion include both dipolar and multipolar susceptibilities.
Although the dipolar susceptibilities can be detected by
conventional techniques, the purely multipolar suscepti-
bilities require elastic measurements. One way to achieve
this is through ultrasound experiments. The symmetry
allowed free energy produces a linear coupling between
strain and quadrupolar moments, which facilitates a rela-
tionship between elastic constants and quadrupolar sus-
ceptibilities. Furthermore, in the presence of an external
magnetic field, a product of magnetic field and strain
couples linearly to octupolar moments, adding octupolar
susceptibility corrections to the elastic constants. The
symmetry allowed elastic energy is then [30, 89]

F =
C0

11 � C0
12

2
(✏2µ + ✏2⌫) +

C0
44

2
(✏2xy + ✏2yz + ✏2zx)

+
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11 + 2C0
12

2
✏2B � sE(✏µO22 + ✏⌫O20)

� sATxyz(hx✏yz + hy✏zx + hz✏xy)
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� s2�(T
�
x hx(✏yy � ✏zz) + T

�
y hy(✏zz � ✏xx)

+ T
�
z hz(✏xx � ✏yy)), (14)

where ✏⌫ ⌘ (2✏zz � ✏xx � ✏yy)/
p
6, ✏µ ⌘ (✏xx � ✏yy)/

p
2,

and ✏B = (✏xx + ✏yy + ✏zz)/
p
3. Under the assumption

that we apply the magnetic field along the z-direction
and that the field is su�ciently small such that the cubic
symmetry is negligibly a↵ected, the renormalized elastic
constants are then given by second order perturbation

theory as:

(C11 � C12) = (C0
11 � C0

12)� (s2E)�
0
E � 2(s22�h

2
z)�

0
2�,
(15)

C44 = C0
44 � (s22+)�

0
2+ � (s2Ah

2
z)�

0
A, (16)

where hz is the magnetic field along z-direction. Similar
formulae may be obtained for magnetic fields applied in
di↵erent directions. We see that the multipolar suscep-
tibilities �0

E and �0
2+ can both be measured without an

external magnetic field. Once these are determined, the
susceptibilities �0

A and �0
2� can then be found. In the

case of the susceptibilities �a and �b, they contain both
dipolar and octupolar moments. However, these octupo-
lar moments are not practically distinguishable from the
dipolar moments due to being in the same irrep. as the
dipolar moments. Thus, they couple to the magnetic field
linearly, and can be measured by conventional magnetic
susceptibility probes such as neutron scattering.

VI. DISCUSSIONS

In this work, we provided a detailed perturba-
tive renormalization group analysis of the Fermi-Bose
Kondo model describing a quartet of local states from
Ce3Pd20(Si, Ge)6 [54] coupled to 3 bands of p-wave con-
duction electrons. We find numerous Fermi and non-
Fermi liquid fixed points of the Fermi-Kondo impurity
problem, which correspond to phases with local moments
hybridizing with the conduction electrons and thereby
enlarging the Fermi surface. We also find three mag-
netically ordered phases in the Bose-Kondo problem,
wherein the Kondo e↵ect is fully destroyed and local
moments are ordered and decoupled from the Fermi
surface. One of these phases is particularly relevant
to recent experiments, and exhibits the coexistence of
quadrupolar {J2

x � J2
y , 3J

2
z � J2

} and dipolar/octupolar

{�Jx,y,z+
2
21T

↵
x,y,z} order. This is similar to the low tem-

perature and zero magnetic field phase of Ce3Pd20Si6,
which has coexistence of antiferromagnetic {Jz} and an-
tiferroquadrupolar {3J2

z � J2
} order [56, 62, 90].

Connected to this magnetically ordered phase is a
partially Kondo destroyed phase wherein the dipo-
lar/octupolar moments hybridize with and enlarge the
Fermi surface, whereas the quadrupolar moments remain
ordered and decoupled from the conduction electrons.
This partially Kondo destroyed phase is potentially re-
lated to the quadrupolar ordered phase observed in the
experiment at low temperatures for magnetic fields be-
tween 1T and 2T [55]. Our results show a further phase
transition to a paramagnetic phase, where the quadrupo-
lar moments also get hybridized with the Fermi surface
and enlarge it a second time. Interestingly, all of these
phases are also observed at zero magnetic field as a func-
tion of temperature. Experimentally, additional recon-
struction of the Fermi surface is observed above 2T. How-
ever, this unidentified phase above 2T is not connected
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Irrep. Notation In terms of Stevens Moment
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TABLE II. The multipolar moments used in the Hamiltoni-
ans, expressed in terms of J = 5/2 Stevens operators. The
operators Si, i = 1, . . . , 15 are 4⇥ 4 traceless Hermitian ma-
trices projected to acting on the quartet ground state. The
linear combinations and normalizations are chosen such that
tr(⇤i⇤j) = �ij where ⇤i is the traceless 4⇥ 4 matrix defined
by Si =

P4
⇢,⌧=1(f

†
⇢⇤

i
⇢⌧f⌧ ). We redefine and classify the six

T1 moments as T1a and T1b [54]. In the moment column, we
indicate if the moment is a mixed dipolar/octupolar (D&O),
quadrupolar (Q), or pure octupolar (O).

KA, and two T2� irrep. couplings K2(↵,�)�. The coupling
constants are summarized in Table III. The Hamiltonians
are quite lengthy and thus are relegated to Appendix D.

In order to later perform the RG analysis, we write the
multipolar spin operators in terms of Abrikosov pseudo-
fermions. This is done by writing the operators as
Si =

P4
⇢,⌧=1(f

†
⇢⇤

i
⇢⌧f⌧ ), with ⇤i being a 4 ⇥ 4 traceless

Hermitian matrix which corresponds to the specific form
of the multipolar operator. Note that the rescalings and
linear combinations ensure that tr(⇤i⇤j) = �ij . In or-
der to restrict the Hilbert space of the impurity states
to the original 4 states, we impose the single occupation
condition

P4
⇢=1 f

†
⇢f⇢ = 1. To ensure that the condition

is satisfied, we introduce a chemical potential � for the
pseudofermion, which is taken to � ! 1 at the end of
the calculation [65].

Irrep. Ki gi Moments

T1a Ka(1,2,3,4) ga S1, S2, S3

E KE(a,b) gE S4, S5

T2+ K2(↵,�)+ g2+ S6, S7, S8

A2 KA gA S9

T1b Kb(1,2,3,4) gb S10, S11, S12

T2� K2(↵,�)� g2� S13, S14, S15

TABLE III. Table of Fermi-Kondo couplings and bosonic bath
couplings classified by irreducible representations. Ki are the
Kondo couplings and gi are the bosonic bath couplings. We
have 15 Fermi-Kondo couplings and 6 Bose Kondo couplings.
We also denote which multipolar moments the coupling con-
stants correspond to.

C. Bose-Kondo couplings

In the case of a lattice of multipolar moments, the spin
bilinear RKKY interaction is induced by the conduction
electrons. Capturing such an interaction in the Bose-
Fermi Kondo model is done by introducing a bosonic
bath, which can be thought of as a dynamical Weiss
mean field. The details of deriving the symmetry-allowed
bosonic couplings for the model are given in Appendix E.
The result of the derivation is 6 couplings between the
bosonic bath and local moment, which are ga, gE , g2+,
gA, gb, and g2� for local moments in the irreps. T1a, E,
T2+, A2, T1b, and T2�, respectively. The coupling con-
stants are summarized in Table III. The Hamiltonian for
the kinetic part of the bosonic bath is shown here

HB
0 =

X

i,k

⌦k�
i†
k �

i
k, (2)

where we assume that all flavors are degenerate. The
index i = 1, . . . , 15 runs over all bosonic baths, and ⌦k

is the dispersion of the bosonic fields. In order to per-
form the RG analysis, we set up an ✏ expansion, where ✏
controls the sub-linearity of the spectral function of the
bosonic bath:

X

k

[�(! � ⌦k)� �(! + ⌦k)] =
N2

1

2
|!|1�✏sgn(!). (3)

Because we assumed that all flavors of the bosonic bath
were degenerate, they also all have the same ✏ controlling
their densities of states.

To construct the full Fermi-Bose Kondo model, we sim-
ply add all the terms of the Fermi-Kondo contributions
in Eqs. (1), (D1)-(D15) and Bose-Kondo contributions
in Eqs. (2), (E1)-(E6). This yields a model with a grand
total of 15 + 6 = 21 coupling constants.
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Because we assumed that all flavors of the bosonic bath
were degenerate, they also all have the same ✏ controlling
their densities of states.

To construct the full Fermi-Bose Kondo model, we sim-
ply add all the terms of the Fermi-Kondo contributions
in Eqs. (1), (D1)-(D15) and Bose-Kondo contributions
in Eqs. (2), (E1)-(E6). This yields a model with a grand
total of 15 + 6 = 21 coupling constants.
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Irrep. Notation In terms of Stevens Moment

T1a S1
�

1
15Jx + 7

90T
↵
x D&O

T1a S2
�

1
15Jy +

7
90T

↵
y D&O

T1a S3
�

1
15Jz +

7
90T

↵
z D&O

E S4 1
8O22 Q

E S5 1
8O20 Q

T2+ S6 1
2Oyz Q

T2+ S7 1
2Ozx Q

T2+ S8 1
2Oxy Q

A2 S9 1
9
p
5
Txyz O

T1b S10
�

7
15Jx + 2

45T
↵
x D&O

T1b S11
�

7
15Jy +

2
45T

↵
y D&O

T1b S12
�

7
15Jz +

2
45T

↵
z D&O

T2� S13 1
6
p
5
T

�
x O

T2� S14 1
6
p
5
T

�
y O

T2� S15 1
6
p
5
T

�
z O

TABLE II. The multipolar moments used in the Hamiltoni-
ans, expressed in terms of J = 5/2 Stevens operators. The
operators Si, i = 1, . . . , 15 are 4⇥ 4 traceless Hermitian ma-
trices projected to acting on the quartet ground state. The
linear combinations and normalizations are chosen such that
tr(⇤i⇤j) = �ij where ⇤i is the traceless 4⇥ 4 matrix defined
by Si =

P4
⇢,⌧=1(f

†
⇢⇤

i
⇢⌧f⌧ ). We redefine and classify the six

T1 moments as T1a and T1b [54]. In the moment column, we
indicate if the moment is a mixed dipolar/octupolar (D&O),
quadrupolar (Q), or pure octupolar (O).

KA, and two T2� irrep. couplings K2(↵,�)�. The coupling
constants are summarized in Table III. The Hamiltonians
are quite lengthy and thus are relegated to Appendix D.

In order to later perform the RG analysis, we write the
multipolar spin operators in terms of Abrikosov pseudo-
fermions. This is done by writing the operators as
Si =

P4
⇢,⌧=1(f

†
⇢⇤

i
⇢⌧f⌧ ), with ⇤i being a 4 ⇥ 4 traceless

Hermitian matrix which corresponds to the specific form
of the multipolar operator. Note that the rescalings and
linear combinations ensure that tr(⇤i⇤j) = �ij . In or-
der to restrict the Hilbert space of the impurity states
to the original 4 states, we impose the single occupation
condition

P4
⇢=1 f

†
⇢f⇢ = 1. To ensure that the condition

is satisfied, we introduce a chemical potential � for the
pseudofermion, which is taken to � ! 1 at the end of
the calculation [65].

Irrep. Ki gi Moments

T1a Ka(1,2,3,4) ga S1, S2, S3

E KE(a,b) gE S4, S5

T2+ K2(↵,�)+ g2+ S6, S7, S8

A2 KA gA S9

T1b Kb(1,2,3,4) gb S10, S11, S12

T2� K2(↵,�)� g2� S13, S14, S15

TABLE III. Table of Fermi-Kondo couplings and bosonic bath
couplings classified by irreducible representations. Ki are the
Kondo couplings and gi are the bosonic bath couplings. We
have 15 Fermi-Kondo couplings and 6 Bose Kondo couplings.
We also denote which multipolar moments the coupling con-
stants correspond to.

C. Bose-Kondo couplings

In the case of a lattice of multipolar moments, the spin
bilinear RKKY interaction is induced by the conduction
electrons. Capturing such an interaction in the Bose-
Fermi Kondo model is done by introducing a bosonic
bath, which can be thought of as a dynamical Weiss
mean field. The details of deriving the symmetry-allowed
bosonic couplings for the model are given in Appendix E.
The result of the derivation is 6 couplings between the
bosonic bath and local moment, which are ga, gE , g2+,
gA, gb, and g2� for local moments in the irreps. T1a, E,
T2+, A2, T1b, and T2�, respectively. The coupling con-
stants are summarized in Table III. The Hamiltonian for
the kinetic part of the bosonic bath is shown here

HB
0 =

X

i,k

⌦k�
i†
k �

i
k, (2)

where we assume that all flavors are degenerate. The
index i = 1, . . . , 15 runs over all bosonic baths, and ⌦k

is the dispersion of the bosonic fields. In order to per-
form the RG analysis, we set up an ✏ expansion, where ✏
controls the sub-linearity of the spectral function of the
bosonic bath:

X

k

[�(! � ⌦k)� �(! + ⌦k)] =
N2

1

2
|!|1�✏sgn(!). (3)

Because we assumed that all flavors of the bosonic bath
were degenerate, they also all have the same ✏ controlling
their densities of states.

To construct the full Fermi-Bose Kondo model, we sim-
ply add all the terms of the Fermi-Kondo contributions
in Eqs. (1), (D1)-(D15) and Bose-Kondo contributions
in Eqs. (2), (E1)-(E6). This yields a model with a grand
total of 15 + 6 = 21 coupling constants.
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