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Outline

• Galaxy redshift surveys
• Dynamical distortions: redshift-space distortions (RSD) 
• Geometric distortions: baryon acoustic oscillations (BAO)

• Kinetic Sunyaev-Zel’dovich (kSZ) effect
• Galaxy intrinsic alignment (IA)
• Fisher matrix forecast with galaxy clustering + IA + kSZ
• Geometric and dynamical constraints
• Cosmological parameter constraints
• Deep vs wide galaxy surveys

• IA in f(R) gravity simulations



Galaxy redshift surveys as geometric and 
dynamical probes

• In galaxy surveys, measurements of
baryon acoustic oscillations (BAO) and 
redshift-space distortions (RSD) embedded 
in the large-scale galaxy distribution 
enable us to constrain the growth and 
expansion history of the universe.

Figure	taken	from	BOSS	team
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RSD tells velocity field
(= speed of growth)

Squashed along LoSIsotropic

Real-space to redshift-space mapping
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f =	d lnδ/d ln a	=	Ωmγ

γ=0.556	(GR)		
γ=0.683(DGP	gravity)

v ~ dσ8/d ln a = fσ8
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a very large number of these random realizations we deduced
the 3D window function grid used for power spectrum esti-
mation.

3 CORRELATION FUNCTION

3.1 Measurements

The 2-point correlation function is a common method for
quantifying the clustering of a population of galaxies, in
which the distribution of pair separations in the dataset
is compared to that within random, unclustered catalogues
possessing the same selection function (Peebles 1980). In
the context of measuring baryon acoustic oscillations, the
correlation function has the advantage that the expected
signal of a preferred clustering scale is confined to a single,
narrow range of separations around 105 h−1 Mpc. Further-
more, small-scale non-linear effects, such as the distribution
of galaxies within dark matter haloes, do not influence the
correlation function on these large scales. One disadvantage
of this statistic is that measurements of the large-scale cor-
relation function are prone to systematic error because they
are very sensitive to the unknown mean density of the galaxy
population. However, such “integral constraint” effects re-
sult in a roughly constant offset in the large-scale correla-
tion function, which does not introduce a preferred scale
that could mimic the BAO signature.

In order to estimate the correlation function of each
WiggleZ survey region we first placed the angle/redshift cat-
alogues for the data and random sets on a grid of co-moving
co-ordinates, assuming a flat ΛCDMmodel with matter den-
sity Ωm = 0.27. We then measured the redshift-space 2-point
correlation function ξ(s) for each region using the Landy-
Szalay (1993) estimator:

ξ(s) =
DD(s)−DR(s) +RR(s)

RR(s)
, (2)

where DD(s), DR(s) and RR(s) are the data-data, data-
random and random-random weighted pair counts in sep-
aration bin s, each random catalogue containing the same
number of galaxies as the real dataset. In the construction
of the pair counts each data or random galaxy i is assigned
a weight wi = 1/(1 + niP0), where ni is the survey num-
ber density [in h3 Mpc−3] at the location of the ith galaxy,
and P0 = 5000 h−3 Mpc3 is a characteristic power spectrum
amplitude at the scales of interest. The survey number den-
sity distribution is established by averaging over a large en-
semble of random catalogues. The DR and RR pair counts
are determined by averaging over 10 random catalogues. We
measured the correlation function in 20 separation bins of
width 10h−1 Mpc between 10 and 180 h−1 Mpc, and de-
termined the covariance matrix of this measurement using
lognormal survey realizations as described below. We com-
bined the correlation function measurements in each bin for
the different survey regions using inverse-variance weighting
of each measurement (we note that this procedure produces
an almost identical result to combining the individual pair
counts).

The combined correlation function is plotted in Figure
2 and shows clear evidence for the baryon acoustic peak at
separation ∼ 105 h−1 Mpc. The effective redshift zeff of the

Figure 2. The combined redshift-space correlation function ξ(s)
for WiggleZ survey regions, plotted in the combination s2 ξ(s)
where s is the co-moving redshift-space separation. The best-
fitting clustering model (varying Ωmh2, α and b2) is overplot-
ted as the solid line. We also show as the dashed line the corre-
sponding “no-wiggles” reference model, constructed from a power
spectrum with the same clustering amplitude but lacking baryon
acoustic oscillations.

correlation function measurement is the weighted mean red-
shift of the galaxy pairs entering the calculation, where the
redshift of a pair is simply the average (z1 + z2)/2, and the
weighting is w1w2 where wi is defined above. We determined
zeff for the bin 100 < s < 110 h−1 Mpc, although it does not
vary significantly with separation. For the combined Wig-
gleZ survey measurement, we found zeff = 0.60.

We note that the correlation function measurements are
corrected for the effect of redshift blunders in the WiggleZ
data catalogue. These are fully quantified in Section 3.2 of
Blake et al. (2010), and can be well-approximated by a scale-
independent boost to the correlation function amplitude of
(1− fb)

−2, where fb ∼ 0.05 is the redshift blunder fraction
(which is separately measured for each WiggleZ region).

3.2 Uncertainties : lognormal realizations and

covariance matrix

We determined the covariance matrix of the correlation func-
tion measurement in each survey region using a large set of
lognormal realizations. Jack-knife errors, implemented by di-
viding the survey volume into many sub-regions, are a poor
approximation for the error in the large-scale correlation
function because the pair separations of interest are usually
comparable to the size of the sub-regions, which are then
not strictly independent. Furthermore, because the WiggleZ
dataset is not volume-limited and the galaxy number den-
sity varies with position, it is impossible to define a set of
sub-regions which are strictly equivalent.

Lognormal realizations are relatively cheap to generate
and provide a reasonably accurate galaxy clustering model
for the linear and quasi-linear scales which are important for
the modelling of baryon oscillations (Coles & Jones 1991).
We generated a set of realizations for each survey region
using the method described in Blake & Glazebrook (2003)
and Glazebrook & Blake (2005). In brief, we started with
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Cosmological distance indicators 15

With the current error bars claimed by each probe there exist a tension between local
measurements of H0 [e.g., Riess et al, 2018] and the value by the Planck team. When
completed, H0LiCOW will feature 5 lenses, with an accuracy on H0 of the order of
3% [Suyu et al, 2017], but reaching close to 1% precision is possible. This will be
enabled by working on several fronts simultaneously, by finding more lenses, mea-
suring up to 50 new time delays, and refining the lens modeling tools to mitigate
degeneracies between model parameters. Chapter 9 provides more details about the
(expected) future of quasar time delay cosmography.

2 Baryon Acoustic Oscillations

2.1 BAO as a standard ruler

The universe has been expanding, thus the universe in the earlier stage was much
smaller, denser and hotter than today. In such an early universe, electrons inter-
acted with photons via Compton scattering and with protons via Coulomb scatter-
ing. Thus, the three components acted as a mixed fluid [Peebles and Yu, 1970]. They
were in the equilibrium state due to the gravity of protons and pressure of photons,
and oscillated as sound modes. These oscillations are called baryon acoustic os-
cillations (BAO) (see Bassett and Hlozek [2010] and Weinberg et al [2013] for a
comprehensive review). It moved with the speed of sound cs = c

q
1

3(1+R) , where
the ratio of photon to baryon density is defined as 1/R = 4rr/3rb.

At recombination (z ⇠ 1100), photons decouple from the baryons and start to
free stream. We observe the photons as a map of cosmic microwave background
(CMB). The left panel of Fig. 5 shows the angular power spectrum of the latest data
of the CMB anisotropy probe, Planck satellite [Planck Collaboration et al, 2016a].
One can see a clear oscillation feature in the power spectrum, which is characterized
by the the sound horizon scale at recombination, expressed as [Eisenstein and Hu,
1998, Hu and Sugiyama, 1996]

rd =
Z •

z⇤

cs(z)

H(z)
dz, (7)

where z⇤ is the redshift at recombination. H(z) is the Hubble parameter,

H(z) = H0
⇥
Wm(1+ z)3 +Wr(1+ z)4 +WDE(1+ z)1+w

⇤1/2
. (8)

With standard cosmological models, rd ' 150Mpc.

z ~	1100
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Constant acoustic scale

Baryon acoustic oscillations (BAO)



Anisotropy of BAO

z ~	1100 z = 0z < 1

rd θ~150Mpc
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GR + Λ
Modified gravity

Subaru FastSound
[Okumura et al (2016)]
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Figure made by Ryu Makiya at ASIAA 
(PFS Cosmology WG chair)

f (z)

Observational constrants: 
Cosmological constant? Dark energy? Or modified gravity?

• f(z) constraints 
• H(z) marginalized or fixed

DESI
[expected constraints]

Subaru PFS           
[expected constraints]



Observational constrants: 
Cosmological constant? Dark energy? Or modified gravity?

• f – H diagram
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New measures to distinguish modified gravity models: 
fσ8 – H – α  diagram
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Matsumoto,	Okumura	&	Sasaki (2020) Ψ+	Φ =	- α	Φ



Three key quantities in galaxy surveys: 
H(z), DA(z) and f(z)

• Geometric	quantities	H(z),	DA(z)		:	Expansion	rate	of	the	Universe
• Dynamical	quantity				f(z)															 :	Growth	rate	of	the	Universe

Gravity/geometry Matter/energy𝑅!" −
1
2𝑔!"𝑅 =

8𝜋𝐺
𝑐# 𝑇!"
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• Galaxy redshift surveys
• Dynamical distortions: redshift-space distortions (RSD) 
• Geometric distortions: baryon acoustic oscillations (BAO)

• Kinetic Sunyaev-Zel’dovich (kSZ) effect
• Galaxy intrinsic alignment (IA)
• Fisher matrix forecast with galaxy clustering + IA + kSZ
• Geometric and dynamical constraints
• Cosmological parameter constraints
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• IA in f(R) gravity simulations



Direct measurement of velocities: 
Kinetic Sunyaev-Zeld’ovich (kSZ) effect

• Kinetic	SZ	(kSZ)	effect	(1980)
• Doppler	effect	of	cluster	bulk	velocity	w.r.t.	
CMB	rest	frame

• By	measuring	the	temperature	distortion,	
one	can	directly	measure	the	velocity	field	
of	galaxy	clusters, so it is a powerful
observable to test modified gravity
theories.
• However,	this	effect	is	very	tiny	and	hard	to	
measure	in	observation.

Cosmic microwave background

(v//	:	line-of-sight	velocity)



Direct measurement of velocities: 
Kinetic Sunyaev-Zeld’ovich (kSZ) effect

• Kinetic	SZ	(kSZ)	effect	(1980)
• First	detection	of	kSZ effect	(2012)

Cosmic microwave background

Observation (BOSS+ACT)
Simulation

separation [Mpc/h]

Hand+	(2012)



Large-scale velocity field probed via kSZ effect

• De	Bernardis et	al.	(2016)
• Configuration	space
• ACT	x	BOSS

• Sugiyama,	Okumura,	Spergel (2018)
• Fourier	space
• Planck	x	BOSS

𝑃!"#(𝑘) ∝ 𝑃$%(𝑘) ∝ 𝑃$$(𝑘)/𝑘

Okumura,	Seljak,	Vlah,	
Desjacques (2014)	
nonlinear	RSD	model

Linear	RSD	model
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Figure 5. Same H−DA and b−f planes as those of figure 4. The green and red ellipses are the same
as those plotted in figure 4. Additional confidence contours (blue regions) from the joint analysis of
the galaxy-only data set and the dipole of the pairwise kSZ power spectrum are shown. Compared
to the galaxy-only constraints, including both the dipole and octopole reduces the marginalized 1-σ
errors on H and f to ∼ 70% (from ∆H/H = 4.7% to 3.3%) and ∼ 60% (from ∆f/f = 14% to 8.6%),
respectively, for the same parameters as those in figure 4.

parameters, marginalized over all the other parameters: ∆θi ≥
(
F−1

)1/2
ii

. For simplicity, we
assume the same fiducial cosmology as that of the simulations (see section 5), and only allow
the following five parameters to vary: θ = {DA, H, f, b, τT}. The data set consists of XkSZ =
{P!=0, P!=2, P!=4, PkSZ,!=1, PkSZ,!=3}. The P! and PkSZ,! are the multi-pole moment of the
galaxy and relative pairwise kSZ power spectra. We use broadband information of the galaxy
and kSZ power spectra up to some quoted kmax. Therefore, we partially use information on
the Baryon Acoustic Oscillations (BAO) in galaxy clustering up to kmax. For comparison,
we also conduct a Fisher matrix analysis considering only the galaxy power spectrum data
set Xgalaxy = {P!=0, P!=2, P!=4} with the following four parameters θ = {DA, H, f, b}. In
what follows, we refer to the data sets XkSZ and Xgalaxy as “galaxy+kSZ” and “galaxy-
only”, respectively. We evaluate partial derivatives of the galaxy and kSZ power spectra
with respect to all parameters θi in appendix B. For plotting of confidence ellipses in the
Fisher analysis, we use the Python software “Fisher.py” that is available publicly [114].3

In figure 4 we show the constraints possible on all pairs of parameters in our Fisher ma-
trix analysis, assuming perfect knowledge of all the other parameters. We show the parameter
constraints from the galaxy+kSZ (red regions) and galaxy-only (green regions) data sets. In
this figure, it is intended to compare constraints from the galaxy-only and galaxy+kSZ mea-
surements, but is not meant to provide complete forecasts for future surveys. Note that the
constraints shown here are for a volume of V = 1 h−3Gpc3, where the constraints scale as
(h−3Gpc3/V )1/2. Since the S/N for the relative pairwise kSZ power spectrum becomes flat
around kmax ∼ 0.1 hMpc−1, we focus on kmax = 0.1 hMpc−1. We assume that the inverse S/N
per galaxy, RN = 10. This is consistent with forecasts for the CMB-S4 survey. These plots can

3http://www.stsci.edu/∼dcoe/Fisher/.
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kSZ measurements enhance the science return 
from galaxy redshift surveys

• Sugiyama,	Okumura,	Spergel (2017)
• CMB-S4	x	DESI
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Intrinsic alignment (IA) of galaxy/halo shapes

Dark matter 
halos

Satellite 
subhalo
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Intrinsic ellipticity auto correlation (II) of elliptical galaxies 
and the host halos

measurement for 
ellipticals of SDSS

Galaxy pair separation [Mpc/h]
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Cross-correlation function between ellipticity and density 
(GI)

measurement for 
ellipticals of SDSS

Galaxy pair separation [Mpc/h]
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Linear alignment (LA) model

• First-principle approach to compute IA is difficult
• Consider a model relating linear tidal field with galaxy/halo shape

• ΨP: (Linear) Newton potential
• C1 has to be determined by 

observation/simulation      
(this parameter absorbs 
misalignment and other 
uncertainties)

Catelan, Kamionkowski & Blandford (2001)
Hirata & Seljak (2004)

5

that the IA of the momentum correlation will vanish at
large scales.

Finally, assuming the Gaussian random fields, we can

derive for the density-weighted pairwise velocity disper-
sion,
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While we have angular dependences of cos (2✓), cos (4✓)
and cos (6✓), there is no linear-level contribution to IA in
the velocity dispersion.

C. Linear alignment model

One of the simplest models for the ellipticities/orienta-
tions of elliptical galaxies or halos is the linear alignment
(LA) model. In the LA model, the intrinsic ellipticity
(Eq. (1)) is assumed to follow the linear relation with
the Newtonian potential,  P , [4, 6],

�(+,⇥)(x) = � C1

4⇡G

�
r2

x
�r2

y
, 2rxry

�
S[ P ], (22)

where G is the Newtonian gravitational constant and C1

parameterizes the strength of IA. S is a smoothing filter
that cuts o↵ fluctuations on halo scales. The x- and y-
axes are taken to be on the plane of the sky, and thus the
z-axis is along the line-of-sight. The potential is related
to the density field via the Poisson equation,

 P (k) = �4⇡G
⇢̄(z)

D̄(z)
a
2
k
�2

�(k), (23)

where ⇢̄(z) is the mean density of the universe and
D̄(z) / (1 + z)D(z).

Denoting the density-weighted intrinsic ellipticity us-
ing tilde, e�(+,⇥) = (1 + �A)�(+,⇥), its Fourier transform
is described as,
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where �D(k) is the Dirac delta function. With this ex-
pression, the cross-correlation function between the den-

sity field and the ellipticity is given by:
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k), and r? and rk are the separation perpendicular and
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k). Likewise, the
velocity-ellipticity correlation is obtained as
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D. Linear theory limit

Under the linear theory, the density-density, density-
velocity, and velocity-velocity correlation functions are
given simply by:
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where ✓(x) = � r·v
aHf

is the velocity divergence, P✓✓ is
its power spectrum, and P�✓ is the cross spectrum of
the density and velocity divergence. In the linear theory
limit, P✓✓ = P�✓ = P��. bA is the linear bias parameter
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Testing galaxy-ellipticity correlation in LA 
model with observations

• LA model predicts the 
measurement of IA of the 
SDSS DR6 Luminous red 
galaxies by Okumura & Jing 
(2009)
• But this is the projected 

correlation function, not full 
3D correlation.

Blazek, McQuinn & Seljak (2011)

𝛿𝑒!"



So far, most of the studies on IAs have focused on the
alignments of the major axes of galaxies relative to the
overdensity field, such as the gravitational shear-intrinsic
ellipticity (GI) correlation [6] and alignment density
correlation function [48,49]. However, it is of fundamental
importance to consider the IA relative to the cosmic
velocity field for various reasons. Now the velocity field
at cosmic scales can be measured through several ways,
such as peculiar velocity [50] and kinematic Sunyaev-
Zel’dovich (kSZ) [51,52] surveys. Since the velocity field
in Fourier space is expressed as vðkÞ ∝ ðik=k2ÞδðkÞ in
linear theory, one expects that the velocity correlation
signal is amplified compared to the density counterpart
on large scales due to the prefactor of k=k2. This trend has
been seen in the measured pairwise velocity power spec-
trum in kSZ surveys [53,54]. References [55,56] have
studied how the large-scale velocity field is affected by the
presence of primordial non-Gaussianity. A method to
improve the local non-Gaussianity constraints has been
proposed with the velocity information from the kSZ
tomography [57]. In addition, it has been demonstrated
that velocities of infalling objects around clusters can be
potentially used to constrain modified gravity models
[58–60].
In the short article [61], we have simultaneously ana-

lyzed the large-scale IA> 100 h−1 Mpc in real and redshift
space and boundaries of massive dark-matter halos at
∼1 h−1Mpc using the phase-space information. The article
is unpublished and only the section on the splashback
radius has been significantly extended and published in
Ref. [62]. In this paper, we extend the section on the large-
scale IA in Ref. [61] and present the detailed study of IA
effects with the density and velocity fields. We introduce
the velocity-intrinsic ellipticity (VI) correlation function as
a natural extension of the GI correlation to phase space. We
then define the alignment velocity correlation statistics,
namely the alignment density-momentum and momentum-
momentum correlation functions, as well as the pairwise
velocity statistics, the alignment pairwise mean infall
momentum and density-weighted pairwise velocity dis-
persion. We derive comprehensive expressions for these
statistics in the linear regime by averaging the joint
probability distribution of density, velocity and ellipticity
fields. We obtain their explicit forms by utilizing the linear
tidal alignment (LA) model where the intrinsic ellipticity of
a galaxy is a linear function of the tidal field. The derived
alignment velocity statistics are tested by comparing with
the measurements from N-body simulations over a broad
range of scales, from the quasinonlinear regime to scales
beyond 100 h−1 Mpc.
This paper is organized as follows. In Sec. II, we briefly

review the statistics for IA with the density field, and then
extend to those for IAwith the velocity field. We derive the
theoretical predictions for the density and velocity IA
statistics in Sec. III. Section IV describes the N-body

simulations as well as the measurements of the IA statistics.
In Sec. V we compare the derived theoretical predictions to
the N-body measurements. We demonstrate that features of
BAOs can indeed be seen in the velocity IA statistics in
Sec. VI. Our conclusions are given in Sec. VII. The
Appendix provides useful analytic formulas for deriving
the theoretical predictions of the IA statistics for the
Gaussian random fields.
Throughout the paper, the following cosmological

parameters are assumed [63]: Ωm ¼ 1 −ΩΛ ¼ 0.315,
Ωb ¼ 0.0492, h ¼ 0.673, ns ¼ 0.965, and σ8 ¼ 0.8309.

II. INTRINSIC ALIGNMENT STATISTICS

In this section we introduce the statistics used in this
paper to quantify the IAs. They were presented in
Refs. [61,62], but here we provide a more detailed
derivation and explanation of the derived expressions.
Throughout this paper, we consider the IA statistics in
real space, taking the distant-observer or plane-parallel
limit. An extension of including redshift-space distortions
is rather straightforward, and will be reported in future
work. Our notations for the quantities used to define the
statistics are illustrated in Fig. 1. We are particularly
interested in the statistical correlation of the quantities
associated with a pair of objects A and B, taking special
care with their relative orientation. In Fig. 1, the objects B
are supposed to be halo or galaxy/cluster, and we assume
that their shapes are measured on the celestial sphere.
Based on this figure, we define various alignment statistics,
which are all summarized in Table I.

FIG. 1. Illustration of quantities used in this paper. The z axis is
the observer’s line of sight and the x-y plane corresponds to the
celestial sphere.
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µ). Sometimes the superscript I is added

to �+,⇥ to distinguish intrinsic ellipticities from the cos-
mic shear components in weak lensing surveys. However,
we omit it because lensing is not considered in this paper.

The II correlation of galaxies has four components, and
one of the four, ⇠++, is defined as (Heavens et al. 2000;
Croft & Metzler 2000)

1 + ⇠++(r) = h[1 + �g(x1)][1 + �g(x2)]�+(x1)�+(x2)i ,(2)

where r = x2 � x1. The other components, such as ⇠⇥⇥
and ⇠+⇥, are defined in the same way by replacing two
and one �+ in Equation (2) with �⇥, respectively. By
combining ⇠++ an ⇠⇥⇥, we can also define ⇠±(r) as

⇠±(r) = ⇠++(r) ± ⇠⇥⇥(r). (3)

The cross-correlation functions of density and elliptic-
ity fields, namely GI correlations, are defined as (Hirata
& Seljak 2004)

1 + ⇠gi(r) = h[1 + �g(x1)][1 + �g(x2)]�i(x2)i , (4)

where i = {+, ⇥}. Since the distances to objects are
measured through redshift in galaxy surveys, the density
field is a↵ected by their velocities, known as redshift-
space distortions (RSDs) (Kaiser 1987; Hamilton 1998).
Thus, the superscripts R and S are added to ⇠g+ to de-
note the GI correlation in real and redshift space, respec-
tively.

We also consider the velocity alignment statistic cor-
responding to the GI correlation, the density-weighted,
velocity-intrinsic ellipticity (VI) correlation (Okumura
et al. 2019b),

⇠vi(r) =
⌦
[1 + �g(x1)][1 + �g(x2)]vk(x1)�i(x2)

↵
, (5)

where i = {+, ⇥} and vk denotes the line-of-sight com-
ponent of the velocity field, vk(x) ⌘ v(x) · x̂ (hat denotes
a unit vector). As is the case with the ellipticity field,
the velocity field is not a↵ected by RSDs in linear theory,
⇠
S
v+ = ⇠

R
v+ (Okumura et al. 2014, 2017).

All the statistics above are anisotropic even in real
space because observable shapes of galaxies are the line-
of-sight projection. Moreover, RSDs induce further
anisotropies to the the GI correlation function. Thus, we
consider the multipole moments of the correlation func-
tions (Hamilton 1992):

X`(r) =
2` + 1

2

Z 1

�1
dµX(r)P`(µ), (6)

where X is any of the statistics introduced above, and
µ is the directional cosine between the vector r and the
line-of-sight direction x̂. Below, we use r? and rk to ex-
press respectively the separations perpendicular and par-
allel to the line-of-sight direction. These are related to r

and µ through r
2 = r

2
? + r

2
k and µ = rk/r. Throughout

this paper we assume the distant-observer approxima-
tion, and particularly take z-axis to be the line-of-sight
direction so that x̂1 = x̂2 ⌘ x̂.

3. LINEAR ALIGNMENT MODEL

The most commonly used model for IA studies on large
scales is the LA model (Catelan et al. 2001; Hirata & Sel-
jak 2004). In this model, the intrinsic ellipticity (Equa-
tion (1)) is assumed to follow the linear relation with the

Newtonian potential,  P ,

�(+,⇥)(x) = � C1

4⇡G

�
r2

x � r2
y, 2rxry

�
 P , (7)

where G is the Newtonian gravitational constant, C1 pa-
rameterizes the strength of IA. The observed ellipticity
field is density-weighted, [1+�g(x)]�(+,⇥)(x) (Section 2).
However, the density-weighting term �g(x)�(x) is sub-
dominant on large scales and is usually ignored. We also
do not consider this term because we are interested in
the large-scale behaviors. In Fourier space, Equation (7)
becomes

�(+,⇥)(k)=� eC1

�
k
2
x � k

2
y, 2kxky

�

k2
�(k), (8)

where eC1(z) ⌘ a
2
C1⇢̄(z)/D̄(z), ⇢̄ is the mean mass den-

sity of the Universe, D̄ / (1 + z)D(z), and D(z) is the
linear growth factor.

The 3-dimensional cross-correlation function between
the density field and the ellipticity is given in the LA
model as (Okumura et al. 2019b)

⇠g+(r)= eC1bg cos (2�)

Z 1

0

k?dk?
2⇡2

J2(k?r?)

⇥
Z 1

0
dkk

k
2
?

k2
P��(k) cos (kkrk), (9)

where k
2
? = k

2
x + k

2
y, kk = kz, � is the azimuthal angle of

the projected separation vector on the celestial sphere,
measured from the x-axis, J2 is the Bessel function with
second order, P�� is the auto power spectrum of density
and bg is the linear galaxy bias parameter. Likewise, the
II and VI correlation functions are expressed using the
Bessel function function (see Blazek et al. (2011) and
Okumura et al. (2019b), respectively). Here and in what
follows, we keep the �-dependence explicitly for clarity
and completeness when a statistic is newly derived, and
we set � = 0 when the multipole moments are further
derived.

4. NEW FORMULAS FOR IA STATISTICS WITH
LINEAR ALIGNMENT MODEL

In this section we present formulas of the IA statistics,
namely the GI, II and VI correlation functions in the
LA model. We also show the results of the numerical
calculations at z = 0.3, for which we set the parameter
fC1 to fC1/a

2 = 1.5, as determined by Okumura et al.
(2019b) for dark matter halos with the mass greater than
1014 M�.

For later convenience, we newly introduce a quantity

⌅(n)
XY,`(r) defined by

⌅(n)
XY,`(r) = (aHf)n

Z 1

0

k
2�n

dk

2⇡2
PXY (k)j`(kr), (10)

where XY = {��, �⇥,⇥⇥}, ⇥ is the velocity-divergence
field defined by ⇥(x) = �r ·v/(aHf), H(a) is the Hub-
ble parameter and f is the linear growth rate, given by
f ⌘ d ln D/d ln a. The quantities P�⇥ and P⇥⇥ are the
cross power spectrum of density and velocity divergence
and the auto spectrum of the latter, respectively. In the
linear theory limit, P�� = P�⇥ = P⇥⇥.

H-1(z)

DA(z)



So far, most of the studies on IAs have focused on the
alignments of the major axes of galaxies relative to the
overdensity field, such as the gravitational shear-intrinsic
ellipticity (GI) correlation [6] and alignment density
correlation function [48,49]. However, it is of fundamental
importance to consider the IA relative to the cosmic
velocity field for various reasons. Now the velocity field
at cosmic scales can be measured through several ways,
such as peculiar velocity [50] and kinematic Sunyaev-
Zel’dovich (kSZ) [51,52] surveys. Since the velocity field
in Fourier space is expressed as vðkÞ ∝ ðik=k2ÞδðkÞ in
linear theory, one expects that the velocity correlation
signal is amplified compared to the density counterpart
on large scales due to the prefactor of k=k2. This trend has
been seen in the measured pairwise velocity power spec-
trum in kSZ surveys [53,54]. References [55,56] have
studied how the large-scale velocity field is affected by the
presence of primordial non-Gaussianity. A method to
improve the local non-Gaussianity constraints has been
proposed with the velocity information from the kSZ
tomography [57]. In addition, it has been demonstrated
that velocities of infalling objects around clusters can be
potentially used to constrain modified gravity models
[58–60].
In the short article [61], we have simultaneously ana-

lyzed the large-scale IA> 100 h−1 Mpc in real and redshift
space and boundaries of massive dark-matter halos at
∼1 h−1Mpc using the phase-space information. The article
is unpublished and only the section on the splashback
radius has been significantly extended and published in
Ref. [62]. In this paper, we extend the section on the large-
scale IA in Ref. [61] and present the detailed study of IA
effects with the density and velocity fields. We introduce
the velocity-intrinsic ellipticity (VI) correlation function as
a natural extension of the GI correlation to phase space. We
then define the alignment velocity correlation statistics,
namely the alignment density-momentum and momentum-
momentum correlation functions, as well as the pairwise
velocity statistics, the alignment pairwise mean infall
momentum and density-weighted pairwise velocity dis-
persion. We derive comprehensive expressions for these
statistics in the linear regime by averaging the joint
probability distribution of density, velocity and ellipticity
fields. We obtain their explicit forms by utilizing the linear
tidal alignment (LA) model where the intrinsic ellipticity of
a galaxy is a linear function of the tidal field. The derived
alignment velocity statistics are tested by comparing with
the measurements from N-body simulations over a broad
range of scales, from the quasinonlinear regime to scales
beyond 100 h−1 Mpc.
This paper is organized as follows. In Sec. II, we briefly

review the statistics for IA with the density field, and then
extend to those for IAwith the velocity field. We derive the
theoretical predictions for the density and velocity IA
statistics in Sec. III. Section IV describes the N-body

simulations as well as the measurements of the IA statistics.
In Sec. V we compare the derived theoretical predictions to
the N-body measurements. We demonstrate that features of
BAOs can indeed be seen in the velocity IA statistics in
Sec. VI. Our conclusions are given in Sec. VII. The
Appendix provides useful analytic formulas for deriving
the theoretical predictions of the IA statistics for the
Gaussian random fields.
Throughout the paper, the following cosmological

parameters are assumed [63]: Ωm ¼ 1 −ΩΛ ¼ 0.315,
Ωb ¼ 0.0492, h ¼ 0.673, ns ¼ 0.965, and σ8 ¼ 0.8309.

II. INTRINSIC ALIGNMENT STATISTICS

In this section we introduce the statistics used in this
paper to quantify the IAs. They were presented in
Refs. [61,62], but here we provide a more detailed
derivation and explanation of the derived expressions.
Throughout this paper, we consider the IA statistics in
real space, taking the distant-observer or plane-parallel
limit. An extension of including redshift-space distortions
is rather straightforward, and will be reported in future
work. Our notations for the quantities used to define the
statistics are illustrated in Fig. 1. We are particularly
interested in the statistical correlation of the quantities
associated with a pair of objects A and B, taking special
care with their relative orientation. In Fig. 1, the objects B
are supposed to be halo or galaxy/cluster, and we assume
that their shapes are measured on the celestial sphere.
Based on this figure, we define various alignment statistics,
which are all summarized in Table I.

FIG. 1. Illustration of quantities used in this paper. The z axis is
the observer’s line of sight and the x-y plane corresponds to the
celestial sphere.
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mic shear components in weak lensing surveys. However,
we omit it because lensing is not considered in this paper.

The II correlation of galaxies has four components, and
one of the four, ⇠++, is defined as (Heavens et al. 2000;
Croft & Metzler 2000)

1 + ⇠++(r) = h[1 + �g(x1)][1 + �g(x2)]�+(x1)�+(x2)i ,(2)

where r = x2 � x1. The other components, such as ⇠⇥⇥
and ⇠+⇥, are defined in the same way by replacing two
and one �+ in Equation (2) with �⇥, respectively. By
combining ⇠++ an ⇠⇥⇥, we can also define ⇠±(r) as

⇠±(r) = ⇠++(r) ± ⇠⇥⇥(r). (3)

The cross-correlation functions of density and elliptic-
ity fields, namely GI correlations, are defined as (Hirata
& Seljak 2004)

1 + ⇠gi(r) = h[1 + �g(x1)][1 + �g(x2)]�i(x2)i , (4)

where i = {+, ⇥}. Since the distances to objects are
measured through redshift in galaxy surveys, the density
field is a↵ected by their velocities, known as redshift-
space distortions (RSDs) (Kaiser 1987; Hamilton 1998).
Thus, the superscripts R and S are added to ⇠g+ to de-
note the GI correlation in real and redshift space, respec-
tively.

We also consider the velocity alignment statistic cor-
responding to the GI correlation, the density-weighted,
velocity-intrinsic ellipticity (VI) correlation (Okumura
et al. 2019b),

⇠vi(r) =
⌦
[1 + �g(x1)][1 + �g(x2)]vk(x1)�i(x2)

↵
, (5)

where i = {+, ⇥} and vk denotes the line-of-sight com-
ponent of the velocity field, vk(x) ⌘ v(x) · x̂ (hat denotes
a unit vector). As is the case with the ellipticity field,
the velocity field is not a↵ected by RSDs in linear theory,
⇠
S
v+ = ⇠

R
v+ (Okumura et al. 2014, 2017).

All the statistics above are anisotropic even in real
space because observable shapes of galaxies are the line-
of-sight projection. Moreover, RSDs induce further
anisotropies to the the GI correlation function. Thus, we
consider the multipole moments of the correlation func-
tions (Hamilton 1992):

X`(r) =
2` + 1

2

Z 1

�1
dµX(r)P`(µ), (6)

where X is any of the statistics introduced above, and
µ is the directional cosine between the vector r and the
line-of-sight direction x̂. Below, we use r? and rk to ex-
press respectively the separations perpendicular and par-
allel to the line-of-sight direction. These are related to r

and µ through r
2 = r

2
? + r

2
k and µ = rk/r. Throughout

this paper we assume the distant-observer approxima-
tion, and particularly take z-axis to be the line-of-sight
direction so that x̂1 = x̂2 ⌘ x̂.

3. LINEAR ALIGNMENT MODEL

The most commonly used model for IA studies on large
scales is the LA model (Catelan et al. 2001; Hirata & Sel-
jak 2004). In this model, the intrinsic ellipticity (Equa-
tion (1)) is assumed to follow the linear relation with the

Newtonian potential,  P ,

�(+,⇥)(x) = � C1

4⇡G

�
r2

x � r2
y, 2rxry

�
 P , (7)

where G is the Newtonian gravitational constant, C1 pa-
rameterizes the strength of IA. The observed ellipticity
field is density-weighted, [1+�g(x)]�(+,⇥)(x) (Section 2).
However, the density-weighting term �g(x)�(x) is sub-
dominant on large scales and is usually ignored. We also
do not consider this term because we are interested in
the large-scale behaviors. In Fourier space, Equation (7)
becomes

�(+,⇥)(k)=� eC1

�
k
2
x � k

2
y, 2kxky
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k2
�(k), (8)

where eC1(z) ⌘ a
2
C1⇢̄(z)/D̄(z), ⇢̄ is the mean mass den-

sity of the Universe, D̄ / (1 + z)D(z), and D(z) is the
linear growth factor.

The 3-dimensional cross-correlation function between
the density field and the ellipticity is given in the LA
model as (Okumura et al. 2019b)

⇠g+(r)= eC1bg cos (2�)
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where k
2
? = k

2
x + k

2
y, kk = kz, � is the azimuthal angle of

the projected separation vector on the celestial sphere,
measured from the x-axis, J2 is the Bessel function with
second order, P�� is the auto power spectrum of density
and bg is the linear galaxy bias parameter. Likewise, the
II and VI correlation functions are expressed using the
Bessel function function (see Blazek et al. (2011) and
Okumura et al. (2019b), respectively). Here and in what
follows, we keep the �-dependence explicitly for clarity
and completeness when a statistic is newly derived, and
we set � = 0 when the multipole moments are further
derived.

4. NEW FORMULAS FOR IA STATISTICS WITH
LINEAR ALIGNMENT MODEL

In this section we present formulas of the IA statistics,
namely the GI, II and VI correlation functions in the
LA model. We also show the results of the numerical
calculations at z = 0.3, for which we set the parameter
fC1 to fC1/a

2 = 1.5, as determined by Okumura et al.
(2019b) for dark matter halos with the mass greater than
1014 M�.

For later convenience, we newly introduce a quantity

⌅(n)
XY,`(r) defined by

⌅(n)
XY,`(r) = (aHf)n

Z 1

0

k
2�n

dk

2⇡2
PXY (k)j`(kr), (10)

where XY = {��, �⇥,⇥⇥}, ⇥ is the velocity-divergence
field defined by ⇥(x) = �r ·v/(aHf), H(a) is the Hub-
ble parameter and f is the linear growth rate, given by
f ⌘ d ln D/d ln a. The quantities P�⇥ and P⇥⇥ are the
cross power spectrum of density and velocity divergence
and the auto spectrum of the latter, respectively. In the
linear theory limit, P�� = P�⇥ = P⇥⇥.
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Figure 1. Left panel: GI correlation function as a function of separations perpendicular and parallel to the line of sight in real space
r2⇠R�+ (left) and in redshift space r2⇠S�+ (right). The di↵erence between the left and right hand sides is due to RSDs. Middle panel: Two

II correlation functions, r2⇠+ (left) and r2⇠� (right). Right panel: VI correlation function r⇠v+. The BAO scale, r ' 100 h�1 Mpc, is
denoted by the dashed gray circles in all the panels. All the statistics are calculated at z = 0.3.

4.1. GI correlation

The conventional expression of alignment statistics
in the LA model, such as Equation (9) for the GI
correlation, was derived by adopting cylindrical coor-
dinates. We rewrite all the angular dependences in
Fourier space by the spherical harmonics, e.g., (k2

x �
k
2
y)/k

2 =
p

2/3 (y2,2(k̂) � y2,�2(k̂)) where y`m(k̂) ⌘p
4⇡/(2` + 1)Y`m(k̂) is a normalized spherical harmonic

function, and utilize its orthogonality condition. The
angular integral then can be analytically performed. We
find that the GI correlation function in real space is re-
duced to a much simpler form:

⇠
R
g+(r) = eC1bg cos (2�)(1 � µ

2)⌅(0)
��,2(r). (11)

This is equivalent to Equation (9), but here the angular
dependence is explicitly given. Similarly, ⇠

R
g⇥ is described

by replacing cos (2�) in Equation (11) with sin (2�).
The resulting GI correlation function as a function

of r = (r?, rk) is shown in the left half of the left
panel in Figure 1. Here for simplicity we plot Equa-
tion (11) with bg = 1, which corresponds to the cross-
correlation between matter density and galaxy ellipticity
fields, ⇠

R
�+(r) = ⇠

R
g+(r)/bg. The ridge structures seen

around r ' 100 h
�1 Mpc are the baryon acoustic oscil-

lation (BAO) features (Sunyaev & Zeldovich 1970; Pee-
bles & Yu 1970; Eisenstein et al. 2005). Similarly to the
correlation function of the density field, the feature ap-
pears as a “BAO ring” (Matsubara 2004; Okumura et al.
2008), but interestingly, it shows up as a dip in the GI
correlation rather than a peak (Okumura et al. 2019b).

Obviously, the multipoles components of Equation
(11), ⇠

R
g+,`(r), become non-zero only if ` = 0 or ` = 2,

and

⇠
R
g+,0(r) = �⇠

R
g+,2(r) =

2

3
eC1bg⌅

(0)
��,2(r). (12)

This is shown as the red dashed curve in the upper-left
panel of Figure 2. It is equivalent with the red curve in
Figure 2 of Okumura et al. (2019b). The quadrupole-to-
monopole ratio being �1 is a natural consequence of the
LA model.

Figure 2. Multipole moments of correlation functions. The
upper-left panel shows the GI correlation function in real space
(dashed) and in redshift space (dotted), while the upper-right panel
presents the VI correlation function. The bottom panels show the
two components of the II correlation functions, ⇠+ (lower-left) and
⇠� (lower-right). The GI and II correlations are multiplied by r2,
while the VI correlation is multiplied by r and a factor of 10. All
the statistics are calculated at z = 0.3.

Next, let us extend the real-space formulation of
the GI correlation to redshift space. We consider the
Kaiser’s RSD model (Kaiser 1987), �

S
g (k) = �

R
g (k) +
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to �+,⇥ to distinguish intrinsic ellipticities from the cos-
mic shear components in weak lensing surveys. However,
we omit it because lensing is not considered in this paper.

The II correlation of galaxies has four components, and
one of the four, ⇠++, is defined as (Heavens et al. 2000;
Croft & Metzler 2000)

1 + ⇠++(r) = h[1 + �g(x1)][1 + �g(x2)]�+(x1)�+(x2)i ,(2)

where r = x2 � x1. The other components, such as ⇠⇥⇥
and ⇠+⇥, are defined in the same way by replacing two
and one �+ in Equation (2) with �⇥, respectively. By
combining ⇠++ an ⇠⇥⇥, we can also define ⇠±(r) as

⇠±(r) = ⇠++(r) ± ⇠⇥⇥(r). (3)

The cross-correlation functions of density and elliptic-
ity fields, namely GI correlations, are defined as (Hirata
& Seljak 2004)

1 + ⇠gi(r) = h[1 + �g(x1)][1 + �g(x2)]�i(x2)i , (4)

where i = {+, ⇥}. Since the distances to objects are
measured through redshift in galaxy surveys, the density
field is a↵ected by their velocities, known as redshift-
space distortions (RSDs) (Kaiser 1987; Hamilton 1998).
Thus, the superscripts R and S are added to ⇠g+ to de-
note the GI correlation in real and redshift space, respec-
tively.

We also consider the velocity alignment statistic cor-
responding to the GI correlation, the density-weighted,
velocity-intrinsic ellipticity (VI) correlation (Okumura
et al. 2019b),

⇠vi(r) =
⌦
[1 + �g(x1)][1 + �g(x2)]vk(x1)�i(x2)

↵
, (5)

where i = {+, ⇥} and vk denotes the line-of-sight com-
ponent of the velocity field, vk(x) ⌘ v(x) · x̂ (hat denotes
a unit vector). As is the case with the ellipticity field,
the velocity field is not a↵ected by RSDs in linear theory,
⇠
S
v+ = ⇠

R
v+ (Okumura et al. 2014, 2017).

All the statistics above are anisotropic even in real
space because observable shapes of galaxies are the line-
of-sight projection. Moreover, RSDs induce further
anisotropies to the the GI correlation function. Thus, we
consider the multipole moments of the correlation func-
tions (Hamilton 1992):

X`(r) =
2` + 1

2
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dµX(r)P`(µ), (6)

where X is any of the statistics introduced above, and
µ is the directional cosine between the vector r and the
line-of-sight direction x̂. Below, we use r? and rk to ex-
press respectively the separations perpendicular and par-
allel to the line-of-sight direction. These are related to r

and µ through r
2 = r

2
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2
k and µ = rk/r. Throughout

this paper we assume the distant-observer approxima-
tion, and particularly take z-axis to be the line-of-sight
direction so that x̂1 = x̂2 ⌘ x̂.

3. LINEAR ALIGNMENT MODEL

The most commonly used model for IA studies on large
scales is the LA model (Catelan et al. 2001; Hirata & Sel-
jak 2004). In this model, the intrinsic ellipticity (Equa-
tion (1)) is assumed to follow the linear relation with the

Newtonian potential,  P ,
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where G is the Newtonian gravitational constant, C1 pa-
rameterizes the strength of IA. The observed ellipticity
field is density-weighted, [1+�g(x)]�(+,⇥)(x) (Section 2).
However, the density-weighting term �g(x)�(x) is sub-
dominant on large scales and is usually ignored. We also
do not consider this term because we are interested in
the large-scale behaviors. In Fourier space, Equation (7)
becomes

�(+,⇥)(k)=� eC1

�
k
2
x � k

2
y, 2kxky

�

k2
�(k), (8)

where eC1(z) ⌘ a
2
C1⇢̄(z)/D̄(z), ⇢̄ is the mean mass den-

sity of the Universe, D̄ / (1 + z)D(z), and D(z) is the
linear growth factor.

The 3-dimensional cross-correlation function between
the density field and the ellipticity is given in the LA
model as (Okumura et al. 2019b)

⇠g+(r)= eC1bg cos (2�)

Z 1

0

k?dk?
2⇡2

J2(k?r?)

⇥
Z 1

0
dkk

k
2
?

k2
P��(k) cos (kkrk), (9)

where k
2
? = k

2
x + k

2
y, kk = kz, � is the azimuthal angle of

the projected separation vector on the celestial sphere,
measured from the x-axis, J2 is the Bessel function with
second order, P�� is the auto power spectrum of density
and bg is the linear galaxy bias parameter. Likewise, the
II and VI correlation functions are expressed using the
Bessel function function (see Blazek et al. (2011) and
Okumura et al. (2019b), respectively). Here and in what
follows, we keep the �-dependence explicitly for clarity
and completeness when a statistic is newly derived, and
we set � = 0 when the multipole moments are further
derived.

4. NEW FORMULAS FOR IA STATISTICS WITH
LINEAR ALIGNMENT MODEL

In this section we present formulas of the IA statistics,
namely the GI, II and VI correlation functions in the
LA model. We also show the results of the numerical
calculations at z = 0.3, for which we set the parameter
fC1 to fC1/a

2 = 1.5, as determined by Okumura et al.
(2019b) for dark matter halos with the mass greater than
1014 M�.

For later convenience, we newly introduce a quantity

⌅(n)
XY,`(r) defined by

⌅(n)
XY,`(r) = (aHf)n

Z 1

0

k
2�n

dk

2⇡2
PXY (k)j`(kr), (10)

where XY = {��, �⇥,⇥⇥}, ⇥ is the velocity-divergence
field defined by ⇥(x) = �r ·v/(aHf), H(a) is the Hub-
ble parameter and f is the linear growth rate, given by
f ⌘ d ln D/d ln a. The quantities P�⇥ and P⇥⇥ are the
cross power spectrum of density and velocity divergence
and the auto spectrum of the latter, respectively. In the
linear theory limit, P�� = P�⇥ = P⇥⇥.

3

Figure 1. Left panel: GI correlation function as a function of separations perpendicular and parallel to the line of sight in real space
r2⇠R�+ (left) and in redshift space r2⇠S�+ (right). The di↵erence between the left and right hand sides is due to RSDs. Middle panel: Two

II correlation functions, r2⇠+ (left) and r2⇠� (right). Right panel: VI correlation function r⇠v+. The BAO scale, r ' 100 h�1 Mpc, is
denoted by the dashed gray circles in all the panels. All the statistics are calculated at z = 0.3.

4.1. GI correlation

The conventional expression of alignment statistics
in the LA model, such as Equation (9) for the GI
correlation, was derived by adopting cylindrical coor-
dinates. We rewrite all the angular dependences in
Fourier space by the spherical harmonics, e.g., (k2

x �
k
2
y)/k

2 =
p

2/3 (y2,2(k̂) � y2,�2(k̂)) where y`m(k̂) ⌘p
4⇡/(2` + 1)Y`m(k̂) is a normalized spherical harmonic

function, and utilize its orthogonality condition. The
angular integral then can be analytically performed. We
find that the GI correlation function in real space is re-
duced to a much simpler form:

⇠
R
g+(r) = eC1bg cos (2�)(1 � µ

2)⌅(0)
��,2(r). (11)

This is equivalent to Equation (9), but here the angular
dependence is explicitly given. Similarly, ⇠

R
g⇥ is described

by replacing cos (2�) in Equation (11) with sin (2�).
The resulting GI correlation function as a function

of r = (r?, rk) is shown in the left half of the left
panel in Figure 1. Here for simplicity we plot Equa-
tion (11) with bg = 1, which corresponds to the cross-
correlation between matter density and galaxy ellipticity
fields, ⇠

R
�+(r) = ⇠

R
g+(r)/bg. The ridge structures seen

around r ' 100 h
�1 Mpc are the baryon acoustic oscil-

lation (BAO) features (Sunyaev & Zeldovich 1970; Pee-
bles & Yu 1970; Eisenstein et al. 2005). Similarly to the
correlation function of the density field, the feature ap-
pears as a “BAO ring” (Matsubara 2004; Okumura et al.
2008), but interestingly, it shows up as a dip in the GI
correlation rather than a peak (Okumura et al. 2019b).

Obviously, the multipoles components of Equation
(11), ⇠

R
g+,`(r), become non-zero only if ` = 0 or ` = 2,

and

⇠
R
g+,0(r) = �⇠

R
g+,2(r) =

2

3
eC1bg⌅

(0)
��,2(r). (12)

This is shown as the red dashed curve in the upper-left
panel of Figure 2. It is equivalent with the red curve in
Figure 2 of Okumura et al. (2019b). The quadrupole-to-
monopole ratio being �1 is a natural consequence of the
LA model.

Figure 2. Multipole moments of correlation functions. The
upper-left panel shows the GI correlation function in real space
(dashed) and in redshift space (dotted), while the upper-right panel
presents the VI correlation function. The bottom panels show the
two components of the II correlation functions, ⇠+ (lower-left) and
⇠� (lower-right). The GI and II correlations are multiplied by r2,
while the VI correlation is multiplied by r and a factor of 10. All
the statistics are calculated at z = 0.3.

Next, let us extend the real-space formulation of
the GI correlation to redshift space. We consider the
Kaiser’s RSD model (Kaiser 1987), �

S
g (k) = �

R
g (k) +
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cylindrical coordinates. We rewrite all the angular dependences
in Fourier space by the spherical harmonics, e.g. (k2

x − k2
y)/k2 =√

2/3 [y2,2(k̂) − y2,−2(k̂)] where y!m(k̂) ≡
√

4π/(2! + 1)Y!m(k̂) is
a normalized spherical harmonic function, and utilize its orthog-
onality condition. The angular integral then can be analytically
performed. We find that the GI correlation function in real space is
reduced to a much simpler form:

ξR
g+(r) = C̃1bg cos (2φ)(1 − µ2)%(0)

δδ,2(r). (11)

This is equivalent to equation (9), but here the angular dependence
is explicitly given. Similarly, ξR

g× is described by replacing cos (2φ)
in equation (11) with sin (2φ).

The resulting GI correlation function as a function of r = (r⊥, r‖)
is shown in the left half of the left-hand panel in Fig. 1. Here for
simplicity we plot equation (11) with bg = 1, which corresponds to
the cross-correlation between matter density and galaxy ellipticity
fields, ξR

δ+(r) = ξR
g+(r)/bg. The ridge structures seen around r '

100 h−1 Mpc are the baryon acoustic oscillation (BAO) features
(Peebles & Yu 1970; Sunyaev & Zeldovich 1970; Eisenstein et al.
2005). Similarly to the correlation function of the density field, the
feature appears as a ‘BAO ring’ (Matsubara 2004; Okumura et al.
2008), but interestingly, it shows up as a dip in the GI correlation
rather than a peak (Okumura et al. 2019).

Obviously, the multipoles components of equation (11), ξR
g+,!(r),

become non-zero only if ! = 0 or ! = 2, and

ξR
g+,0(r) = −ξR

g+,2(r) = 2
3
C̃1bg%

(0)
δδ,2(r). (12)

This is shown as the red dashed curve in the upper-left panel of
Fig. 2. It is equivalent with the red curve in fig. 2 of Okumura et al.
(2019). The quadrupole-to-monopole ratio being −1 is a natural
consequence of the LA model.

Next, let us extend the real-space formulation of the GI correlation
to redshift space. We consider the Kaiser’s RSD model (Kaiser
1987), δS

g (k) = δR
g (k) + f (kz/k)2'(k), where '(k) is the Fourier

transform of the velocity divergence. We then have the additional
angular-dependent term, k2

z /k
2 = 2

3 y2,0(k̂) + 1
3 y0,0(k̂). We can per-

form the integral using the relation between the spherical har-
monics and Wigner’s 3-j symbols,

∫
d2k̂ y!m(k̂)y!1m1 (k̂)y!2m2 (k̂) =

4π

(
! !1 !2

0 0 0

)(
! !1 !2

m m1 m2

)
. The resulting GI correlation func-

tion in redshift space reads

ξ S
g+(r) = ξR

g+(r) + 1
7
C̃1f cos (2φ)

(
1 − µ2)

×
[
%

(0)
δ',2(r) −

(
7µ2 − 1

)
%

(0)
δ',4(r)

]
. (13)

The redshift-space GI correlation function is presented in the right
half of the left-hand panel of Fig. 1. Just like the density correlation
function, RSDs do not shift the scale of BAO peak in the alignment
correlation in linear theory. Thus, the alignment statistics can be
used for the Alcock–Paczynski test complimentarily to the galaxy
clustering statistics.

In redshift space, not only the monopole and quadrupole but
also hexadecapole are the non-vanishing multipoles for the GI
correlation function in the LA model:

ξ S
g+,0(r) = ξR

g+,0(r) + 2
105 C̃1f

[
5 %

(0)
δ',2(r) − 2 %

(0)
δ',4(r)

]
, (14)

ξ S
g+,2(r) = ξR

g+,2(r) − 2
21 C̃1 f

[
%

(0)
δ',2(r) + 2 %

(0)
δ',4(r)

]
, (15)

ξ S
g+,4(r) = 8

35 C̃1 f %
(0)
δ',4(r). (16)

In the presence of the RSD effect, the quadrupole-to-monopole
ratio is no longer −1 unlike the real-space case, and we have
ξ S

g+,2(r)/ξ S
g+,0(r) < −1. These three multipole moments are shown

as the dotted curves in the upper-left panel of Fig. 2.
It is interesting to note that the quadrupole and hexadecapole

moments of the redshift-space galaxy correlation function are given
by (Hamilton 1992)

ξ S
gg,2(r) = 4

3 f bg%
(0)
δ',2(r) + 4

7 f 2 %
(0)
'',2(r), (17)

ξ S
gg,4(r) = 8

35 f 2 %
(0)
δ',4(r). (18)

Namely, the GI correlation in real space has exactly the same shape
as the quadrupole of the density correlation in redshift space in
the linear theory limit, and likewise the GI correlation in redshift
space can be described by the combination of the quadrupole
and hexadecapole correlation functions. These features of the GI
correlation function are clarified for the first time by our simple
formulas.

4.2 II correlation

We can derive simple formulas for the II correlation in a similar
way, although the II correlation function has a bit intricate form
compared to the GI correlation. The angular-dependent terms in
ξ++ and ξ×× are respectively rewritten as 1

k4

(
(k2

x − k2
y)2, 4k2

xk
2
y

)
=

±
√

8
35

[
y4,4(k̂) + y4,−4(k̂)

]
+ 4

35 y4,0(k̂) − 8
21 y2,0(k̂) + 4

15 y0,0(k̂).
After applying the orthogonality condition of y!m, the two
components of the II correlation function, ξ±(r), are given as
(see Xia et al. 2017, for an similar expression for the monopole
moment)

ξ+(r) = 8
105

C̃2
1

[
7 P0(µ) %

(0)
δδ,0(r) + 10 P2(µ) %

(0)
δδ,2(r)

+3 P4(µ) %
(0)
δδ,4(r)

]
, (19)

ξ−(r) = C̃2
1 cos (4φ)

(
1 − µ2)2

%
(0)
δδ,4(r)

= 8
105

C̃2
1 cos (4φ)

× [7 P0(µ) + 10 P2(µ) + 3 P4(µ)] %
(0)
δδ,4(r). (20)

Since the II correlation function is not affected by RSDs in linear
theory, ξ S

± = ξR
± , we omit the superscript for this statistic. The

cross component, ξ+×, can be obtained by replacing cos (4φ) in
equation (20) with sin (4φ). The II correlations, ξ+ and ξ−, are
respectively presented in the left- and right-hand sides of the middle
panel of Fig. 1. Combining these two functions, one can also derive
ξ++ and ξ××, and our formula nicely explains the anisotropic feature
of ξ×× measured from N-body simulations by Croft & Metzler
(2000).

The multipole components of ξ±(r) are obvious from equa-
tions (19) and (20), and their hexadecapoles coincide with each
other. The resulting multipoles, ξ+, ! and ξ−, !, are respectively
shown in the lower left and lower right panels of Fig. 2. Since ξ−, 0

> ξ+, 0 beyond r ∼ 15 h−1 Mpc, ξ× ×(r) is negative at such scales, as
measured for haloes from simulations and galaxies from observation
(fig. 6 of Okumura, Jing & Li 2009). The II correlation function is
known to be harder to measure and noisier than the GI correlation
function. Moreover, the amplitude of ξ× × is even more suppressed
compared to ξ++ because of the large anisotropy (Croft & Metzler
2000; Okumura et al. 2009). Interestingly, however, the quadrupole
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Figure 1. Left-hand panel: GI correlation function as a function of separations perpendicular and parallel to the line of sight in real space r2ξR
δ+ (left) and in

redshift space r2ξS
δ+ (right). The difference between the left and right hand sides is due to RSDs. Middle panel: Two II correlation functions, r2ξ+ (left) and

r2ξ− (right). Right-hand panel: VI correlation function rξv +. The BAO scale, r " 100 h−1 Mpc, is denoted by the dashed grey circles in all the panels. All the
statistics are calculated at z = 0.3.
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Figure 2. Multipole moments of correlation functions. The upper-left panel
shows the GI correlation function in real space (dashed) and in redshift space
(dotted), while the upper-right panel presents the VI correlation function.
The bottom panels show the two components of the II correlation functions,
ξ+ (lower left) and ξ− (lower right). The GI and II correlations are multiplied
by r2, while the VI correlation is multiplied by r and a factor of 10. All the
statistics are calculated at z = 0.3.

moment of ξ× × is larger than other II correlation components.
Probing the multipole moments may enable one to easily measure
the II correlation function rather than focusing on the monopole
alone.

4.3 VI correlation

Finally, we derive the simple expression of the VI correlation
function. Again, by writing kz/k = y1,0(k̂) and utilizing the rela-
tion between y#m and the Wigner’s 3-j symbols, the resulting VI
correlation function is expressed as

ξv+(r) = C̃1 cos (2φ)µ(1 − µ2)%(1)
δ&,3(r). (21)

Another component, ξ v ×, is also derived in the same manner as
equation (21), but cos (2φ) term is replaced with sin (2φ). Just
like the II correlation, the VI correlation is not affected by RSD
at linear order, and we omit the superscript S or R. We plot this
function as a function of r = (r⊥, r‖) in the right-hand panel of
Fig. 1. Although with the velocity field we can probe the structure
growth at larger scales than with the density field, the BAO features
in the VI correlation are much less prominent than those in the GI
and II correlations.

From equation (21), we can easily find non-zero multipoles which
are, # = 1 and # = 3, and

ξv+,1(r) = −ξv+,3(r) = 2
5 C̃1 %

(1)
δ&,3(r). (22)

Thus, there is a relation similar to the case of the GI function, but
here the octopole-to-dipole ratio becomes −1. This is shown in the
upper right panel of Fig. 2 (equivalent to the blue dotted curve in
fig. 12 of Okumura et al. 2019).

4.4 E mode auto- and cross-correlations

By analogy with weak lensing surveys, the above alignment statis-
tics can be decomposed into gradient type (E mode) and curl type
(B mode) components (Crittenden et al. 2002; Schneider 2006;
Troxel & Ishak 2015). Since weak lensing is known to produce
only E mode to the lowest order, it is useful to express our formulas
derived above with the ellipticities decomposed into E/B modes.

As shown by Blazek et al. (2011), in the LA model the E and B
mode auto correlations are simply ξEE(r) = ξ+(r) and ξBB (r) = 0
. The cross-correlation between galaxies and E modes in real space
is derived as

ξR
gE(r) = −2

3
C̃1 bg

[
P0(µ) %

(0)
δδ,0(r) + P2(µ) %

(0)
δδ,2(r)

]
. (23)
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⌅(n)
XY,`(r) = (aHf)n

Z 1

0

k
2�n

dk

2⇡2
PXY (k)j`(kr), (7)

⇠
R
g+(r) = eC1bg cos (2�)(1� µ

2)⌅(0)
��,2(r), (8)

⇠
S
g+(r) = ⇠

R
g+(r) +

1

7
eC1f cos (2�)

�
1� µ

2
�

⇥
h
⌅(0)
�⇥,2(r)�

�
7µ2 � 1

�
⌅(0)
�⇥,4(r)

i
. (9)

⇠+(r) =
8

105
eC2
1

h
7P0(µ)⌅

(0)
��,0(r) + 10P2(µ)⌅

(0)
��,2(r)

+3P4(µ)⌅
(0)
��,4(r)

i
, (10)

⇠�(r) = eC2
1 cos (4�)

�
1� µ

2
�2

⌅(0)
��,4(r)

=
8

105
eC2
1 cos (4�)

⇥ [7P0(µ) + 10P2(µ) + 3P4(µ)]⌅
(0)
��,4(r) (11)

⇠v+(r) = eC1 cos (2�)µ(1� µ
2)⌅(1)

�⇥,3(r). (12)

CAMB Lewis et al. (2000) REGPT Taruya et al. (2012)

3. N -BODY SIMULATIONS

3.1. Halo catalogs

As in our earlier studies (Okumura et al. 2018, 2019),
we use a series of large and high-resolution N -body simu-
lations of the ⇤CDM cosmology, run as a part of the DARK
QUEST project (Nishimichi et al. 2019). We employ np =
20483 particles of mass mp = 8.15875 ⇥ 1010 h

�1
M� in

a cubic box of side Lbox = 2 h
�1 Gpc. In total, eight in-

dependent realizations are simulated and the snapshots
at z = 0.306 are used.
Subhalos are identified using the ROCKSTAR algorithm

(Behroozi et al. 2013). The velocity of the (sub)halo
is determined by the average particle velocity within the
innermost 10% of the (sub)halo radius. We use the stan-
dard definition for the halo mass, Mh ⌘ M200m, defined
by a sphere with a radius R200m within which the en-
closed average density is 200 times the mean matter den-
sity. We select subhalos with Mh � 1014h�1

M� and
label such massive halos as “clusters.” We also create
mock “galaxy” catalogs using a halo occupation distri-
bution (HOD) model (Zheng et al. 2005) applied for the
LOWZ galaxy sample of the SDSS-III Baryon Oscillation
Spectroscopic Survey obtained by Parejko et al. (2013).
We populate halos with central and satellite galaxies ac-
cording to the best-fitting HOD N(Mh). Our cluster
and galaxy samples have the linear bias of bc = 3.11 and
bg = 1.70, respectively. We assume halos to have triaxial
shapes (Jing & Suto 2002) and estimate the orientations
of their major axes using the second moments of the dis-
tribution of member particles projected onto the celestial
plane. See Okumura et al. (2019) for more detail of our
mock catalogs.

°100 °50 0

°100

°50

0

50

100

r k
[h

°
1
M

p
c]

r? [h°1Mpc]

r2 ªR
g+ (r?, rk)/bg

0 50 100

r2 ªS
g+ (r?, rk)/bg

°60

°40

°20

0

20

40

60

Figure 1. Galaxy-cluster GI correlation function in real space
(right) and in redshift space (left).

3.2. Estimators

⇠g+(r) =
1

RR(r)

X

i,j|r=xj�xi

�+(xj) (13)

⇠g+,`(r) =
2`+ 1

2

1

RR(r)

X

i,j|r=xj�xi

�+(xj)P`(µ) (14)

⇠v+(r) =
1

RR(r)

X

i,j|r=xj�xi

vk(xi)�+(xj) (15)

⇠++(r) =
1

RR(r)

X

i,j|r=xj�xi

�+(xi)�+(xj) (16)

4. RESULTS

4.1. GI correlation

The left side of Figure 1 compares the measurement of
the GI correlation function in real space to the LA model
prediction.
The top panel of Figure 2 shows the comparison of

the multipole moments of the real-space GI correlation
function to the LA and NLA models. The bottom panel
presents the quadrupole-to-monopole ratio.

4.2. E↵ects of redshift-space distortions

In the bottom panels the red points show the ratio of
the GI correlation functions in redshift and real space.
The linear bias parameter of Sample A is determined
from bA(x) = (⇠RAA/⇠

R
m)1/2 on 20 < x < 80 [ h�1 Mpc]

where ⇠
R
m is the matter correlation function and here

we simply compute it using linear theory based on the
CAMB code (Lewis et al. 2000). The values of the bias
are shown in Table ??. The Kaiser prediction gives a
reasonable ratio around 1.2 for the density correlation on

Okumura, Taruya and Nishimichi (2020)
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Figure 2. Multipole components of alignment statistics of subhaloes with mass Mh ≥ 1013 M", ξ (R,S)
h+," (upper left-hand set), ξ (R,S)

v+," (upper right-hand set), ξ (R,S)
+,"

(lower left-hand set), and ξ
(R,S)
−," (lower right-hand set). In each set, the left- and right-hand panels show the multipoles in real and redshift space, respectively.

While the points show the measurements from N-body simulations, the dotted and dashed curves are the corresponding LA and NLA model predictions,
respectively.

BAO features detected in real space are smeared out in redshift
space. Still, the octopole-to-dipole ratio is consistent with −1, as
predicted by the LA/NLA models (the lower left-hand panel of
Fig. 3), though the accuracy gets slightly worse, to ∼3 per cent. The
ratios of the VI correlation multipoles in redshift and real space are
shown in the upper right-hand panel of Fig. 4. We clearly see the
suppression of the redshift-space correlation at small scales. The
suppression of the VI correlation is due to the non-linear RSDs,
and it reaches ∼40 per cent at r = 30 h−1 Mpc. It qualitatively
makes sense because the density-weighted velocities are known to
be significantly affected by the FoG effect (Okumura et al. 2014).
However, the FoG effect appeared at scales much larger than we
expected. We will investigate it using non-linear perturbation theory
in future work.

4.4 Halo mass dependence of IA

So far, we have analysed only one subhalo sample, with mass Mh

≥ 1013 M". It is, however, well known that the amplitude of IAs
strongly depends on the halo mass (Jing 2002; see also Xia et al.

2017; Piras et al. 2018, for recent studies). Thus, we analyse a more
massive subhalo catalogue, with mass Mh ≥ 1014 M", and repeat
the above analysis. Since except for the amplitude, behaviours of
the alignment statistics are more or less the same as the results
presented so far, we will show only the results of the multipoles
correlation functions, not those of the two-dimensional correlation
functions.

First, we find that the parameter of the IA amplitude is C̃1/a
2 =

1.50. Compared to the subhalo sample with Mh ≥ 1013 M", the
amplitude is increased by a factor of 1.6 and it is less significant than
the bias (a factor of 1.9 enhancement). Fig. 5 shows the multipole
correlation functions in real and redshift space. The monopole of the
GI correlation function in real space has been presented in Okumura
et al. (2019) for this massive halo sample. The non-linearities of the
GI correlation are slightly more significant than those in the less
massive haloes in both real and redshift space. As already seen in
Okumura et al. (2019), the BAO features in the GI function are
more significant than the NLA model prediction because in peak
theory the BAO features are amplified for higher peaks (Desjacques
2008). The upper left-hand panel of Fig. 6 shows the ratios of

MNRAS 494, 694–702 (2020)

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article-abstract/494/1/694/5805209 by guest on 21 April 2020

700 T. Okumura, A. Taruya and T. Nishimichi

Figure 3. Quadrupole-to-monopole ratio of the GI correlation function of
subhaloes (upper row) and octopole-to-dipole ratio of the VI correlation
of subhaloes (lower row). The mass range of the subhalo sample is Mh ≥
1013 M". In each row, left- and right-hand panels show the results in real
and redshift space, respectively. The dotted and dashed curves in the upper
right-hand panel are the LA and NLA models, respectively, and in the other
panels both the LA and NLA models predict simply −1 (red horizontal line).

Figure 4. Ratios of intrinsic alignment (IA) multipoles in redshift and real
space for subhaloes with M ≥ 1013 M". We show those for GI (ξS

h+,"/ξ
R
h+,")

in the upper left-hand panel, for VI (ξS
v+,"/ξ

R
v+,") in the upper right-hand

panel, and for II (ξS
+,"/ξ

R
+," and ξS

−,"/ξ
R
−,") in the lower left- and lower

right-hand panels, respectively. The result for the VI correlation function is
shifted vertically by 0.5, so the horizontal dotted line denotes unity.

the GI multipole correlation functions in redshift and real space,
ξS

h+,"/ξ
R
h+,". The enhancement of the GI correlation functions due

to RSDs is suppressed for massive haloes by the RSD parameter,
f/bh.

Next, one of the two II correlations, ξ
(R,S)
+," , for haloes with mass

Mh ≥ 1014 M" is shown in the lower left-hand set of Fig. 5.
Although the amplitude becomes larger due to the factor of C̃2

1 ,
the measurement itself becomes much noisier. We thus do not focus
on the BAO features although they are detected by all the multipole
components of ξ

(R,S)
+," . The ratios of the II correlations in redshift and

real space are shown in the lower left-hand panel of Fig. 6. Again,
while the measurements are noisy, they are consistent with unity.
Another of the two II correlations, ξ

(R,S)
−," , is shown in the lower

right-hand set of Fig. 5. Because of the fact that the ellipticity is
the density-weighted field, the measurements significantly deviate
from the LA and NLA models compared to the case of lower mass
haloes. However, the ratios of the correlation functions in redshift
and real space are consistent with unity even on small scales, in
agreement with the LA/NLA models.

Finally, the multipoles of the VI correlation function, ξ
(R,S)
v+,"

are presented in the upper right-hand set of Fig. 5. Since just
like the II correlation functions, both the measured ellipticity and
velocity fields are density weighted, the VI correlation function is
significantly affected by the non-linearities. On the other hand, the
VI correlation function is severely suppressed in redshift space. As
shown in the upper right-hand panel of Fig. 6, the ratios of the dipole
and octopole in redshift space to those in real space are more or less
equivalent, and the behaviours are also the same as those for less
massive haloes. Although the non-linear behaviours of the II and
VI correlation functions are interesting, understanding these effects
are beyond the scope of this paper and we will investigate them in
future work.

5 C O N C L U S I O N S

The IA of galaxy images can be utilized as a powerful cosmological
probe. However, whether or not the IA statistics can be useful for
this purpose entirely depends on the accuracy of the theoretical
modelling of the relevant statistics. In this paper, we test analytical
predictions of the tidal alignment model for IA statistics derived in
Okumura & Taruya (2020), using a large set of cosmological N-body
simulations. We measured various alignment statistics, the GI, II,
and VI correlation functions, in real and redshift space with the full
two-dimensional plane (Fig. 1) and with the multipole expansions
(Fig. 2). We find that both anisotropies of BAOs and RSDs are
accurately predicted by the LA model. This demonstrates that the
IA encoded in the large-scale structure of the Universe can be
used as geometric and dynamical probes to constrain cosmological
parameters.

In a companion paper, Taruya & Okumura (2020), we considered
the observations of the BOSS and DESI galaxy surveys and
indeed showed that combining IA statistics to the conventional
galaxy clustering statistics allows us to significantly tighten the
cosmological parameter constraints. IAs of galaxies in the BOSS
surveys have already been detected (Li et al. 2013; Singh et al. 2015;
van Uitert & Joachimi 2017). However, all these studies focused
on the angular-averaged components of the GI and II correlation
functions. We will present the cosmological analysis of IA statistics
in redshift space using the higher order multipoles in future
work.

In order to extract more information from the IA statistics, one
needs to develop a model at quasi-non-linear scales. In this paper, we
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Figure 2. Multipole components of alignment statistics of subhaloes with mass Mh ≥ 1013 M", ξ (R,S)
h+," (upper left-hand set), ξ (R,S)

v+," (upper right-hand set), ξ (R,S)
+,"

(lower left-hand set), and ξ
(R,S)
−," (lower right-hand set). In each set, the left- and right-hand panels show the multipoles in real and redshift space, respectively.

While the points show the measurements from N-body simulations, the dotted and dashed curves are the corresponding LA and NLA model predictions,
respectively.

BAO features detected in real space are smeared out in redshift
space. Still, the octopole-to-dipole ratio is consistent with −1, as
predicted by the LA/NLA models (the lower left-hand panel of
Fig. 3), though the accuracy gets slightly worse, to ∼3 per cent. The
ratios of the VI correlation multipoles in redshift and real space are
shown in the upper right-hand panel of Fig. 4. We clearly see the
suppression of the redshift-space correlation at small scales. The
suppression of the VI correlation is due to the non-linear RSDs,
and it reaches ∼40 per cent at r = 30 h−1 Mpc. It qualitatively
makes sense because the density-weighted velocities are known to
be significantly affected by the FoG effect (Okumura et al. 2014).
However, the FoG effect appeared at scales much larger than we
expected. We will investigate it using non-linear perturbation theory
in future work.

4.4 Halo mass dependence of IA

So far, we have analysed only one subhalo sample, with mass Mh

≥ 1013 M". It is, however, well known that the amplitude of IAs
strongly depends on the halo mass (Jing 2002; see also Xia et al.

2017; Piras et al. 2018, for recent studies). Thus, we analyse a more
massive subhalo catalogue, with mass Mh ≥ 1014 M", and repeat
the above analysis. Since except for the amplitude, behaviours of
the alignment statistics are more or less the same as the results
presented so far, we will show only the results of the multipoles
correlation functions, not those of the two-dimensional correlation
functions.

First, we find that the parameter of the IA amplitude is C̃1/a
2 =

1.50. Compared to the subhalo sample with Mh ≥ 1013 M", the
amplitude is increased by a factor of 1.6 and it is less significant than
the bias (a factor of 1.9 enhancement). Fig. 5 shows the multipole
correlation functions in real and redshift space. The monopole of the
GI correlation function in real space has been presented in Okumura
et al. (2019) for this massive halo sample. The non-linearities of the
GI correlation are slightly more significant than those in the less
massive haloes in both real and redshift space. As already seen in
Okumura et al. (2019), the BAO features in the GI function are
more significant than the NLA model prediction because in peak
theory the BAO features are amplified for higher peaks (Desjacques
2008). The upper left-hand panel of Fig. 6 shows the ratios of
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So far, most of the studies on IAs have focused on the
alignments of the major axes of galaxies relative to the
overdensity field, such as the gravitational shear-intrinsic
ellipticity (GI) correlation [6] and alignment density
correlation function [48,49]. However, it is of fundamental
importance to consider the IA relative to the cosmic
velocity field for various reasons. Now the velocity field
at cosmic scales can be measured through several ways,
such as peculiar velocity [50] and kinematic Sunyaev-
Zel’dovich (kSZ) [51,52] surveys. Since the velocity field
in Fourier space is expressed as vðkÞ ∝ ðik=k2ÞδðkÞ in
linear theory, one expects that the velocity correlation
signal is amplified compared to the density counterpart
on large scales due to the prefactor of k=k2. This trend has
been seen in the measured pairwise velocity power spec-
trum in kSZ surveys [53,54]. References [55,56] have
studied how the large-scale velocity field is affected by the
presence of primordial non-Gaussianity. A method to
improve the local non-Gaussianity constraints has been
proposed with the velocity information from the kSZ
tomography [57]. In addition, it has been demonstrated
that velocities of infalling objects around clusters can be
potentially used to constrain modified gravity models
[58–60].
In the short article [61], we have simultaneously ana-

lyzed the large-scale IA> 100 h−1 Mpc in real and redshift
space and boundaries of massive dark-matter halos at
∼1 h−1Mpc using the phase-space information. The article
is unpublished and only the section on the splashback
radius has been significantly extended and published in
Ref. [62]. In this paper, we extend the section on the large-
scale IA in Ref. [61] and present the detailed study of IA
effects with the density and velocity fields. We introduce
the velocity-intrinsic ellipticity (VI) correlation function as
a natural extension of the GI correlation to phase space. We
then define the alignment velocity correlation statistics,
namely the alignment density-momentum and momentum-
momentum correlation functions, as well as the pairwise
velocity statistics, the alignment pairwise mean infall
momentum and density-weighted pairwise velocity dis-
persion. We derive comprehensive expressions for these
statistics in the linear regime by averaging the joint
probability distribution of density, velocity and ellipticity
fields. We obtain their explicit forms by utilizing the linear
tidal alignment (LA) model where the intrinsic ellipticity of
a galaxy is a linear function of the tidal field. The derived
alignment velocity statistics are tested by comparing with
the measurements from N-body simulations over a broad
range of scales, from the quasinonlinear regime to scales
beyond 100 h−1 Mpc.
This paper is organized as follows. In Sec. II, we briefly

review the statistics for IA with the density field, and then
extend to those for IAwith the velocity field. We derive the
theoretical predictions for the density and velocity IA
statistics in Sec. III. Section IV describes the N-body

simulations as well as the measurements of the IA statistics.
In Sec. V we compare the derived theoretical predictions to
the N-body measurements. We demonstrate that features of
BAOs can indeed be seen in the velocity IA statistics in
Sec. VI. Our conclusions are given in Sec. VII. The
Appendix provides useful analytic formulas for deriving
the theoretical predictions of the IA statistics for the
Gaussian random fields.
Throughout the paper, the following cosmological

parameters are assumed [63]: Ωm ¼ 1 −ΩΛ ¼ 0.315,
Ωb ¼ 0.0492, h ¼ 0.673, ns ¼ 0.965, and σ8 ¼ 0.8309.

II. INTRINSIC ALIGNMENT STATISTICS

In this section we introduce the statistics used in this
paper to quantify the IAs. They were presented in
Refs. [61,62], but here we provide a more detailed
derivation and explanation of the derived expressions.
Throughout this paper, we consider the IA statistics in
real space, taking the distant-observer or plane-parallel
limit. An extension of including redshift-space distortions
is rather straightforward, and will be reported in future
work. Our notations for the quantities used to define the
statistics are illustrated in Fig. 1. We are particularly
interested in the statistical correlation of the quantities
associated with a pair of objects A and B, taking special
care with their relative orientation. In Fig. 1, the objects B
are supposed to be halo or galaxy/cluster, and we assume
that their shapes are measured on the celestial sphere.
Based on this figure, we define various alignment statistics,
which are all summarized in Table I.

FIG. 1. Illustration of quantities used in this paper. The z axis is
the observer’s line of sight and the x-y plane corresponds to the
celestial sphere.
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note ✓ 6= cos�1
µ). Sometimes the superscript I is added

to �+,⇥ to distinguish intrinsic ellipticities from the cos-
mic shear components in weak lensing surveys. However,
we omit it because lensing is not considered in this paper.

The II correlation of galaxies has four components, and
one of the four, ⇠++, is defined as (Heavens et al. 2000;
Croft & Metzler 2000)

1 + ⇠++(r) = h[1 + �g(x1)][1 + �g(x2)]�+(x1)�+(x2)i ,(2)

where r = x2 � x1. The other components, such as ⇠⇥⇥
and ⇠+⇥, are defined in the same way by replacing two
and one �+ in Equation (2) with �⇥, respectively. By
combining ⇠++ an ⇠⇥⇥, we can also define ⇠±(r) as

⇠±(r) = ⇠++(r) ± ⇠⇥⇥(r). (3)

The cross-correlation functions of density and elliptic-
ity fields, namely GI correlations, are defined as (Hirata
& Seljak 2004)

1 + ⇠gi(r) = h[1 + �g(x1)][1 + �g(x2)]�i(x2)i , (4)

where i = {+, ⇥}. Since the distances to objects are
measured through redshift in galaxy surveys, the density
field is a↵ected by their velocities, known as redshift-
space distortions (RSDs) (Kaiser 1987; Hamilton 1998).
Thus, the superscripts R and S are added to ⇠g+ to de-
note the GI correlation in real and redshift space, respec-
tively.

We also consider the velocity alignment statistic cor-
responding to the GI correlation, the density-weighted,
velocity-intrinsic ellipticity (VI) correlation (Okumura
et al. 2019b),

⇠vi(r) =
⌦
[1 + �g(x1)][1 + �g(x2)]vk(x1)�i(x2)

↵
, (5)

where i = {+, ⇥} and vk denotes the line-of-sight com-
ponent of the velocity field, vk(x) ⌘ v(x) · x̂ (hat denotes
a unit vector). As is the case with the ellipticity field,
the velocity field is not a↵ected by RSDs in linear theory,
⇠
S
v+ = ⇠

R
v+ (Okumura et al. 2014, 2017).

All the statistics above are anisotropic even in real
space because observable shapes of galaxies are the line-
of-sight projection. Moreover, RSDs induce further
anisotropies to the the GI correlation function. Thus, we
consider the multipole moments of the correlation func-
tions (Hamilton 1992):

X`(r) =
2` + 1

2

Z 1

�1
dµX(r)P`(µ), (6)

where X is any of the statistics introduced above, and
µ is the directional cosine between the vector r and the
line-of-sight direction x̂. Below, we use r? and rk to ex-
press respectively the separations perpendicular and par-
allel to the line-of-sight direction. These are related to r

and µ through r
2 = r

2
? + r

2
k and µ = rk/r. Throughout

this paper we assume the distant-observer approxima-
tion, and particularly take z-axis to be the line-of-sight
direction so that x̂1 = x̂2 ⌘ x̂.

3. LINEAR ALIGNMENT MODEL

The most commonly used model for IA studies on large
scales is the LA model (Catelan et al. 2001; Hirata & Sel-
jak 2004). In this model, the intrinsic ellipticity (Equa-
tion (1)) is assumed to follow the linear relation with the

Newtonian potential,  P ,

�(+,⇥)(x) = � C1

4⇡G

�
r2

x � r2
y, 2rxry

�
 P , (7)

where G is the Newtonian gravitational constant, C1 pa-
rameterizes the strength of IA. The observed ellipticity
field is density-weighted, [1+�g(x)]�(+,⇥)(x) (Section 2).
However, the density-weighting term �g(x)�(x) is sub-
dominant on large scales and is usually ignored. We also
do not consider this term because we are interested in
the large-scale behaviors. In Fourier space, Equation (7)
becomes

�(+,⇥)(k)=� eC1

�
k
2
x � k

2
y, 2kxky

�

k2
�(k), (8)

where eC1(z) ⌘ a
2
C1⇢̄(z)/D̄(z), ⇢̄ is the mean mass den-

sity of the Universe, D̄ / (1 + z)D(z), and D(z) is the
linear growth factor.

The 3-dimensional cross-correlation function between
the density field and the ellipticity is given in the LA
model as (Okumura et al. 2019b)

⇠g+(r)= eC1bg cos (2�)

Z 1

0

k?dk?
2⇡2

J2(k?r?)

⇥
Z 1

0
dkk

k
2
?

k2
P��(k) cos (kkrk), (9)

where k
2
? = k

2
x + k

2
y, kk = kz, � is the azimuthal angle of

the projected separation vector on the celestial sphere,
measured from the x-axis, J2 is the Bessel function with
second order, P�� is the auto power spectrum of density
and bg is the linear galaxy bias parameter. Likewise, the
II and VI correlation functions are expressed using the
Bessel function function (see Blazek et al. (2011) and
Okumura et al. (2019b), respectively). Here and in what
follows, we keep the �-dependence explicitly for clarity
and completeness when a statistic is newly derived, and
we set � = 0 when the multipole moments are further
derived.

4. NEW FORMULAS FOR IA STATISTICS WITH
LINEAR ALIGNMENT MODEL

In this section we present formulas of the IA statistics,
namely the GI, II and VI correlation functions in the
LA model. We also show the results of the numerical
calculations at z = 0.3, for which we set the parameter
fC1 to fC1/a

2 = 1.5, as determined by Okumura et al.
(2019b) for dark matter halos with the mass greater than
1014 M�.

For later convenience, we newly introduce a quantity

⌅(n)
XY,`(r) defined by

⌅(n)
XY,`(r) = (aHf)n

Z 1

0

k
2�n

dk

2⇡2
PXY (k)j`(kr), (10)

where XY = {��, �⇥,⇥⇥}, ⇥ is the velocity-divergence
field defined by ⇥(x) = �r ·v/(aHf), H(a) is the Hub-
ble parameter and f is the linear growth rate, given by
f ⌘ d ln D/d ln a. The quantities P�⇥ and P⇥⇥ are the
cross power spectrum of density and velocity divergence
and the auto spectrum of the latter, respectively. In the
linear theory limit, P�� = P�⇥ = P⇥⇥.
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f (kz/k)2⇥(k), where ⇥(k) is the Fourier transform of
the velocity divergence. We then have the additional
angular-dependent term, k

2
z/k

2 = 2
3 y2,0(k̂) + 1

3 y0,0(k̂).
We can perform the integral using the relation be-
tween the spherical harmonics and Wigner’s 3-j symbols,R

d
2k̂ y`m(k̂)y`1m1(k̂)y`2m2(k̂) = 4⇡

�
` `1 `2
0 0 0

� �
` `1 `2
m m1 m2

�
.

The resulting GI correlation function in redshift space
reads

⇠
S
g+(r) = ⇠

R
g+(r) +

1

7
eC1f cos (2�)

�
1 � µ

2
�

⇥
h
⌅(0)
�⇥,2(r) �

�
7µ

2 � 1
�
⌅(0)
�⇥,4(r)

i
. (13)

The redshift-space GI correlation function is presented
in the right half of the left panel of Figure 1. Just like
the density correlation function, RSDs do not shift the
scale of BAO peak in the alignment correlation in linear
theory. Thus, the alignment statistics can be used for
the Alcock-Paczynski test complimentarily to the galaxy
clustering statistics.

In redshift space, not only the monopole and
quadrupole but also hexadecapole are the non-vanishing
multipoles for the GI correlation function in the LA
model:

⇠
S
g+,0(r) = ⇠

R
g+,0(r) +

2

105
eC1f

⇥
h
5 ⌅(0)

�⇥,2(r) � 2 ⌅(0)
�⇥,4(r)

i
, (14)

⇠
S
g+,2(r) = ⇠

R
g+,2(r) � 2

21
eC1 f

⇥
h
⌅(0)
�⇥,2(r) + 2 ⌅(0)

�⇥,4(r)
i
, (15)

⇠
S
g+,4(r) =

8

35
eC1 f ⌅(0)

�⇥,4(r). (16)

In the presence of the RSD e↵ect, the quadrupole-to-
monopole ratio is no longer �1 unlike the real-space case,
and we have ⇠

S
g+,2(r)/⇠

S
g+,0(r) < �1. These three mul-

tipole moments are shown as the dotted curves in the
upper-left panel of Figure 2.

It is interesting to note that the quadrupole and hex-
adecapole moments of the redshift-space galaxy correla-
tion function are given by (Hamilton 1992)

⇠
S
gg,2(r) =

4

3
f bg⌅

(0)
�⇥,2(r) +

4

7
f
2 ⌅(0)

⇥⇥,2(r), (17)

⇠
S
gg,4(r) =

8

35
f
2 ⌅(0)

�⇥,4(r). (18)

Namely, the GI correlation in real space has exactly the
same shape as the quadrupole of the density correlation
in redshift space in the linear theory limit, and likewise
the GI correlation in redshift space can be described by
the combination of the quadrupole and hexadecapole cor-
relation functions. These features of the GI correlation
function are clarified for the first time by our simple for-
mulas.

4.2. II correlation

We can derive simple formulas for the II correlation
in a similar way, although the II correlation function
has a bit intricate form compared to the GI correla-
tion. The angular-dependent terms in ⇠++ and ⇠⇥⇥

are respectively rewritten as 1
k4

�
(k2

x � k
2
y)

2
, 4k

2
xk

2
y

�
=

±
q

8
35

h
y4,4(k̂) + y4,�4(k̂)

i
+ 4

35y4,0(k̂) � 8
21y2,0(k̂) +

4
15y0,0(k̂). After applying the orthogonality condition of
y`m, the two components of the II correlation function,
⇠±(r), are given as

⇠+(r) =
8

105
eC2
1

h
7 P0(µ) ⌅(0)

��,0(r) + 10 P2(µ) ⌅(0)
��,2(r)

+3 P4(µ) ⌅(0)
��,4(r)

i
, (19)

⇠�(r) = eC2
1 cos (4�)

�
1 � µ

2
�2

⌅(0)
��,4(r)

=
8

105
eC2
1 cos (4�)

⇥ [7 P0(µ) + 10 P2(µ) + 3 P4(µ)] ⌅(0)
��,4(r). (20)

Since the II correlation function is not a↵ected by RSDs
in linear theory, ⇠

S
± = ⇠

R
±, we omit the superscript for this

statistic. The cross component, ⇠+⇥, can be obtained by
replacing cos (4�) in Equation (20) with sin (4�). The II
correlations, ⇠+ and ⇠�, are respectively presented in the
left and right hand sides of the middle panel of Figure 1.
Combining these two functions, one can also derive ⇠++
and ⇠⇥⇥, and our formula nicely explains the anisotropic
feature of ⇠⇥⇥ measured from N -body simulations by
Croft & Metzler (2000).

The multipole components of ⇠±(r) are obvious from
Equations (19) and (20), and their hexadecapoles co-
incide with each other. The resulting multipoles, ⇠+,`
and ⇠�,`, are respectively shown in the lower-left and
lower-right panels of Figure 2. Since ⇠�,0 > ⇠+,0 beyond
r ⇠ 15 h

�1 Mpc, ⇠⇥⇥(r) is negative at such scales, as
measured for halos from simulations and galaxies from
observation (Figure 6 of Okumura et al. (2009)). The
II correlation function is known to be harder to measure
and noisier than the GI correlation function. Moreover,
the amplitude of ⇠⇥⇥ is even more suppressed compared
to ⇠++ because of the large anisotropy (Croft & Metzler
2000; Okumura et al. 2009). Interestingly, however, the
quadrupole moment of ⇠⇥⇥ is larger than other II corre-
lation components. Probing the multipole moments may
enable one to easily measure the II correlation function
rather than focusing on the monopole alone.

4.3. VI correlation

Finally, we derive the simple expression of the VI cor-
relation function. Again, by writing kz/k = y1,0(k̂) and
utilizing the relation between y`m and the Wigner’s 3-
j symbols, the resulting VI correlation function is ex-
pressed as

⇠v+(r) = eC1 cos (2�)µ(1 � µ
2)⌅(1)

�⇥,3(r). (21)

Another component, ⇠v⇥, is also derived in the same
manner as Equation (21), but cos (2�) term is replaced
with sin (2�). Just like the II correlation, the VI cor-
relation is not a↵ected by RSD at linear order, and we
omit the superscript S or R. We plot this function as
a function of r = (r?, rk) in the right panel of Figure
1. Although with the velocity field we can probe the
structure growth at larger scales than with the density
field, the BAO features in the VI correlation are much
less prominent than those in the GI and II correlations.
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note ✓ 6= cos�1
µ). Sometimes the superscript I is added

to �+,⇥ to distinguish intrinsic ellipticities from the cos-
mic shear components in weak lensing surveys. However,
we omit it because lensing is not considered in this paper.

The II correlation of galaxies has four components, and
one of the four, ⇠++, is defined as (Heavens et al. 2000;
Croft & Metzler 2000)

1 + ⇠++(r) = h[1 + �g(x1)][1 + �g(x2)]�+(x1)�+(x2)i ,(2)

where r = x2 � x1. The other components, such as ⇠⇥⇥
and ⇠+⇥, are defined in the same way by replacing two
and one �+ in Equation (2) with �⇥, respectively. By
combining ⇠++ an ⇠⇥⇥, we can also define ⇠±(r) as

⇠±(r) = ⇠++(r) ± ⇠⇥⇥(r). (3)

The cross-correlation functions of density and elliptic-
ity fields, namely GI correlations, are defined as (Hirata
& Seljak 2004)

1 + ⇠gi(r) = h[1 + �g(x1)][1 + �g(x2)]�i(x2)i , (4)

where i = {+, ⇥}. Since the distances to objects are
measured through redshift in galaxy surveys, the density
field is a↵ected by their velocities, known as redshift-
space distortions (RSDs) (Kaiser 1987; Hamilton 1998).
Thus, the superscripts R and S are added to ⇠g+ to de-
note the GI correlation in real and redshift space, respec-
tively.

We also consider the velocity alignment statistic cor-
responding to the GI correlation, the density-weighted,
velocity-intrinsic ellipticity (VI) correlation (Okumura
et al. 2019b),

⇠vi(r) =
⌦
[1 + �g(x1)][1 + �g(x2)]vk(x1)�i(x2)

↵
, (5)

where i = {+, ⇥} and vk denotes the line-of-sight com-
ponent of the velocity field, vk(x) ⌘ v(x) · x̂ (hat denotes
a unit vector). As is the case with the ellipticity field,
the velocity field is not a↵ected by RSDs in linear theory,
⇠
S
v+ = ⇠

R
v+ (Okumura et al. 2014, 2017).

All the statistics above are anisotropic even in real
space because observable shapes of galaxies are the line-
of-sight projection. Moreover, RSDs induce further
anisotropies to the the GI correlation function. Thus, we
consider the multipole moments of the correlation func-
tions (Hamilton 1992):

X`(r) =
2` + 1

2

Z 1

�1
dµX(r)P`(µ), (6)

where X is any of the statistics introduced above, and
µ is the directional cosine between the vector r and the
line-of-sight direction x̂. Below, we use r? and rk to ex-
press respectively the separations perpendicular and par-
allel to the line-of-sight direction. These are related to r

and µ through r
2 = r

2
? + r

2
k and µ = rk/r. Throughout

this paper we assume the distant-observer approxima-
tion, and particularly take z-axis to be the line-of-sight
direction so that x̂1 = x̂2 ⌘ x̂.

3. LINEAR ALIGNMENT MODEL

The most commonly used model for IA studies on large
scales is the LA model (Catelan et al. 2001; Hirata & Sel-
jak 2004). In this model, the intrinsic ellipticity (Equa-
tion (1)) is assumed to follow the linear relation with the

Newtonian potential,  P ,

�(+,⇥)(x) = � C1

4⇡G

�
r2

x � r2
y, 2rxry

�
 P , (7)

where G is the Newtonian gravitational constant, C1 pa-
rameterizes the strength of IA. The observed ellipticity
field is density-weighted, [1+�g(x)]�(+,⇥)(x) (Section 2).
However, the density-weighting term �g(x)�(x) is sub-
dominant on large scales and is usually ignored. We also
do not consider this term because we are interested in
the large-scale behaviors. In Fourier space, Equation (7)
becomes

�(+,⇥)(k)=� eC1

�
k
2
x � k

2
y, 2kxky

�

k2
�(k), (8)

where eC1(z) ⌘ a
2
C1⇢̄(z)/D̄(z), ⇢̄ is the mean mass den-

sity of the Universe, D̄ / (1 + z)D(z), and D(z) is the
linear growth factor.

The 3-dimensional cross-correlation function between
the density field and the ellipticity is given in the LA
model as (Okumura et al. 2019b)

⇠g+(r)= eC1bg cos (2�)

Z 1

0

k?dk?
2⇡2

J2(k?r?)

⇥
Z 1

0
dkk

k
2
?

k2
P��(k) cos (kkrk), (9)

where k
2
? = k

2
x + k

2
y, kk = kz, � is the azimuthal angle of

the projected separation vector on the celestial sphere,
measured from the x-axis, J2 is the Bessel function with
second order, P�� is the auto power spectrum of density
and bg is the linear galaxy bias parameter. Likewise, the
II and VI correlation functions are expressed using the
Bessel function function (see Blazek et al. (2011) and
Okumura et al. (2019b), respectively). Here and in what
follows, we keep the �-dependence explicitly for clarity
and completeness when a statistic is newly derived, and
we set � = 0 when the multipole moments are further
derived.

4. NEW FORMULAS FOR IA STATISTICS WITH
LINEAR ALIGNMENT MODEL

In this section we present formulas of the IA statistics,
namely the GI, II and VI correlation functions in the
LA model. We also show the results of the numerical
calculations at z = 0.3, for which we set the parameter
fC1 to fC1/a

2 = 1.5, as determined by Okumura et al.
(2019b) for dark matter halos with the mass greater than
1014 M�.

For later convenience, we newly introduce a quantity

⌅(n)
XY,`(r) defined by

⌅(n)
XY,`(r) = (aHf)n

Z 1

0

k
2�n

dk

2⇡2
PXY (k)j`(kr), (10)

where XY = {��, �⇥,⇥⇥}, ⇥ is the velocity-divergence
field defined by ⇥(x) = �r ·v/(aHf), H(a) is the Hub-
ble parameter and f is the linear growth rate, given by
f ⌘ d ln D/d ln a. The quantities P�⇥ and P⇥⇥ are the
cross power spectrum of density and velocity divergence
and the auto spectrum of the latter, respectively. In the
linear theory limit, P�� = P�⇥ = P⇥⇥.
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Figure 1. Left-hand panel: GI correlation function as a function of separations perpendicular and parallel to the line of sight in real space r2ξR
δ+ (left) and in

redshift space r2ξS
δ+ (right). The difference between the left and right hand sides is due to RSDs. Middle panel: Two II correlation functions, r2ξ+ (left) and

r2ξ− (right). Right-hand panel: VI correlation function rξv +. The BAO scale, r " 100 h−1 Mpc, is denoted by the dashed grey circles in all the panels. All the
statistics are calculated at z = 0.3.
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Figure 2. Multipole moments of correlation functions. The upper-left panel
shows the GI correlation function in real space (dashed) and in redshift space
(dotted), while the upper-right panel presents the VI correlation function.
The bottom panels show the two components of the II correlation functions,
ξ+ (lower left) and ξ− (lower right). The GI and II correlations are multiplied
by r2, while the VI correlation is multiplied by r and a factor of 10. All the
statistics are calculated at z = 0.3.

moment of ξ× × is larger than other II correlation components.
Probing the multipole moments may enable one to easily measure
the II correlation function rather than focusing on the monopole
alone.

4.3 VI correlation

Finally, we derive the simple expression of the VI correlation
function. Again, by writing kz/k = y1,0(k̂) and utilizing the rela-
tion between y#m and the Wigner’s 3-j symbols, the resulting VI
correlation function is expressed as

ξv+(r) = C̃1 cos (2φ)µ(1 − µ2)%(1)
δ&,3(r). (21)

Another component, ξ v ×, is also derived in the same manner as
equation (21), but cos (2φ) term is replaced with sin (2φ). Just
like the II correlation, the VI correlation is not affected by RSD
at linear order, and we omit the superscript S or R. We plot this
function as a function of r = (r⊥, r‖) in the right-hand panel of
Fig. 1. Although with the velocity field we can probe the structure
growth at larger scales than with the density field, the BAO features
in the VI correlation are much less prominent than those in the GI
and II correlations.

From equation (21), we can easily find non-zero multipoles which
are, # = 1 and # = 3, and

ξv+,1(r) = −ξv+,3(r) = 2
5 C̃1 %

(1)
δ&,3(r). (22)

Thus, there is a relation similar to the case of the GI function, but
here the octopole-to-dipole ratio becomes −1. This is shown in the
upper right panel of Fig. 2 (equivalent to the blue dotted curve in
fig. 12 of Okumura et al. 2019).

4.4 E mode auto- and cross-correlations

By analogy with weak lensing surveys, the above alignment statis-
tics can be decomposed into gradient type (E mode) and curl type
(B mode) components (Crittenden et al. 2002; Schneider 2006;
Troxel & Ishak 2015). Since weak lensing is known to produce
only E mode to the lowest order, it is useful to express our formulas
derived above with the ellipticities decomposed into E/B modes.

As shown by Blazek et al. (2011), in the LA model the E and B
mode auto correlations are simply ξEE(r) = ξ+(r) and ξBB (r) = 0
. The cross-correlation between galaxies and E modes in real space
is derived as

ξR
gE(r) = −2

3
C̃1 bg

[
P0(µ) %

(0)
δδ,0(r) + P2(µ) %

(0)
δδ,2(r)

]
. (23)
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IA measurements enhance the science return 
from galaxy redshift surveys

• Under the assumption that the linear alignment model describes the IA perfectly, 

Taruya & Okumura (2020)Clustering σ8 and IA amplitude AIA are marginalized over.

4

Figure 2. Joint constraints from BOSS and DESI on the dark en-
ergy EOS parameter w0, mass density parameter ⌦m, and Hubble
parameter H0, which are obtained by converting the marginalized
Fisher matrix for the geometric distances and growth of structure,
assuming a flat cosmology. Here, we fix wa, but no prior infor-
mation is added. In each panel, the error contours (68% C.L.) on
two parameters are plotted, marginalized over other parameters in-
cluding �8(0). The solid lines are the expected errors from BOSS
LOWZ and CMASS, while the shaded regions are the combined
constraints both from BOSS and DESI LRG. The cross symbol in
each panel indicates the fiducial value of the cosmological param-
eters.

Figure 3. Same as Figure 2, but the time-varying EOS parameter
for dark energy, wa, is allowed to vary. CMB prior information is
here added to enhance the scientific impact.

energy with the time-varying EOS parameter, w(a) =
w0+(1�a)wa (Chevallier & Polarski 2001; Linder 2003).
We then compute the statistical errors on the mass den-

sity parameter ⌦m, dark energy EOS parameters w0 and
wa, and the present Hubble parameter H0, marginaliz-
ing over the fluctuation amplitude at present time, �8(0).
The results are shown as two-dimensional error contours
(68%C.L.) in Figures 2 and 3. In deriving the cosmolog-
ical constraints, surveys at di↵erent z-slice are assumed
to be independent without any cross talk.
In Figure 2, we show the results for the constant dark

energy EOS, fixing wa. Since we do not here use the
prior information from the cosmic microwave background
(CMB) observations, only with the BOSS data, con-
straining power on cosmological parameters is restric-
tive. Nevertheless, combining the IA statistics gives a
substantial improvement, and the error volume for the
3 parameters is shrunk by a factor of 5. Adding the
DESI data now gives tighter constraints, and the frac-
tional errors on the Hubble parameter H0 and dark en-
ergy EOS parameter w0 are significantly reduced, down
to 1.5% and 12%, respectively. Although the relative
impact of combining the IA statistics is degraded due to
the redshift-dependent amplitude eC1, the error volume
for the 3 parameters is reduced by a factor of 3.5 com-
pared to the one from the galaxy clustering data, thus
typically a factor of 1.5 improvement on each parameter.
The benefit of combining the IA statistics still holds

even when adding the CMB prior information, shown in
Figure 3, where we assume the 0.2% and 0.9% errors
on the determination of CMB acoustic scale and ⌦mh

2,
respectively. These priors enable us to su�ciently pin
down the late-time cosmic expansion, and thus allow to
constrain the time variation of the dark energy EOS,
i.e., wa. Combining the IA statistics, we obtain the one-
dimensional marginalized error, �wa = 0.54, while the
errors on H0 and w0 remain almost the same as shown
in Figure 2. Even with the BOSS data, an excellent
performance is expected, and the combination of the IA
statistics improves the errors on each parameter by a
factor of 1.8� 3.
Note that the outcome of these Fisher matrix analyses

relies on our specific setup. In particular, the parameters
characterizing the amplitude and error of the measured
ellipticity fields, eC1 (or c1) and �� , change the benefit of
the IA statistics. To elucidate their impacts, we estimate

the figure-of-merit, defined by FoM ⌘ 1/
q
det(F�1

ab ),

where Fab is the sub-matrix of the Fisher matrix for the
geometric distances and growth of structure, or that of
the converted Fisher matrix for the cosmological param-
eters, marginalized over other parameters. Taking the
ratio of FoM for the combined data set of galaxy cluster-
ing and ellipticity field to that for the galaxy clustering
data alone, i.e., FoMGG+GI+II/FoMGG, in Figure 4, the
results for the BAO and RSD parameters (i.e., dA, H,
and f �8) and the cosmological parameters are plotted
as function of c1 (left) and �� (right). Also, in Table
1, the numerical values of the results for c1 = 0.5 and
�� = 0.5 are summarized, together with those for the
fiducial setup.
As anticipated, the benefit of combining IA correla-

tions largely depends on c1 and �� , and looking at the
BAO and RSD parameters, the relative impact varies a
lot at low-z slices. Nevertheless, we still see a sizable
improvement. Even with the suppressed amplitude of el-

Sigma8 is marginalized over.
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• Galaxy redshift surveys
• Dynamical distortions: redshift-space distortions (RSD) 
• Geometric distortions: baryon acoustic oscillations (BAO)

• Kinetic Sunyaev-Zel’dovich (kSZ) effect
• Galaxy intrinsic alignment (IA)
• Fisher matrix forecast with galaxy clustering + IA + kSZ
• Geometric and dynamical constraints
• Cosmological parameter constraints
• Deep vs wide galaxy surveys

• IA in f(R) gravity simulations



Galaxy density, velocity and ellipticity power spectra in linear theory
• Galaxy clustering: 

• kSZ:

• IA:

• Power spectra (6 in total)

• Geometric distortions  

• Fitting parameters

3.1 Density, velocity and ellipticity fields

The density field of galaxies in redshift space, which is a direct observable in galaxy redshift surveys,
is linearly related to the underlying density field of matter in real space on large scales, �S

g
(k; z) =

Kg(µ; z)�m(k; z), where the superscript S denotes a quantity defined in redshift space and �i(k; z) is
the Fourier counterpart of �i(x; z) in equation (2.6). The factor Kg is the linear RSD factor [5, 94, 95],

Kg(µ; z) = bg(z) + f(z)µ2
, (3.1)

where bg is the galaxy bias [96] and µ is the directional cosine between the wavevector and line-of-sight

direction, µ = k̂ · ẑ, with a hat denoting a unit vector.
Next, the cosmic velocity field is linearly related to the density field through the continuity

equation [97, 98]. The observable is the line-of-sight component of the velocity, vk, and we have
vk(k; z) = if(z)µaH�m(k; z)/k in Fourier space. Unlike the density field, the velocity field in redshift
space is not a↵ected by RSD in linear theory [27]. The kSZ e↵ect measures the temperature distortion
of CMB, �T (k; z) = (T0⌧/c)vk(k; z) = Kv(k; z)�m(k; z), where

Kv(k, µ; z) = i
T0⌧

c

f(z)µaH(z)

k
, (3.2)

with ⌧ being the optical depth. In peculiar velocity surveys, one can directly measure the velocity
field vk rather than the temperature distortion, so that the velocity field can uniquely constrain f(z)
[98]. We, however, do not consider observables from peculiar velocity surveys in this study because
the observation is limited to the nearby universe (z ⇡ 0) while we consider joint constraints with
other probes from a single observation of the LSS. Thus, throughout this paper we refer the velocity
field as the temperature distortion �T .

Finally, we use ellipticities of galaxies as a tracer of the tidal field. The two-component ellipticity
of galaxies is defined as

�(+,⇥)(x) =
1� q

1 + q
(cos (2�x), sin (2�x)) , (3.3)

where �x is the position angle of the major axis relative to the reference axis, defined on the plane
normal to the line-of-sight direction, and q is the minor-to-major axis ratio of a galaxy shape. We set
q to zero for simplicity [49]. The linear alignment (LA) model linearly relates the ellipticity field to
the tidal gravitational field [43, 45, 57, 72]. Adopting the LA model, the ellipticity is related to the
underlying density field in Fourier space as

�(+,⇥)(k; z) = bK(z)
�
k
2
x
� k

2
y
, 2kxky

� �m(k; z)

k2
. (3.4)

Just like the velocity field, the ellipticity field is not a↵ected by RSD in linear theory [57]. We then
define E-/B-modes, �E,B , which are the rotation-invariant decomposition of the ellipticity field [99],

�E(k; z) + i�B(k; z) = e
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direction, µ = k̂ · ẑ, with a hat denoting a unit vector.
Next, the cosmic velocity field is linearly related to the density field through the continuity

equation [97, 98]. The observable is the line-of-sight component of the velocity, vk, and we have
vk(k; z) = if(z)µaH�m(k; z)/k in Fourier space. Unlike the density field, the velocity field in redshift
space is not a↵ected by RSD in linear theory [27]. The kSZ e↵ect measures the temperature distortion
of CMB, �T (k; z) = (T0⌧/c)vk(k; z) = Kv(k; z)�m(k; z), where

Kv(k, µ; z) = i
T0⌧

c

f(z)µaH(z)

k
, (3.2)

with ⌧ being the optical depth. In peculiar velocity surveys, one can directly measure the velocity
field vk rather than the temperature distortion, so that the velocity field can uniquely constrain f(z)
[98]. We, however, do not consider observables from peculiar velocity surveys in this study because
the observation is limited to the nearby universe (z ⇡ 0) while we consider joint constraints with
other probes from a single observation of the LSS. Thus, throughout this paper we refer the velocity
field as the temperature distortion �T .

Finally, we use ellipticities of galaxies as a tracer of the tidal field. The two-component ellipticity
of galaxies is defined as

�(+,⇥)(x) =
1� q

1 + q
(cos (2�x), sin (2�x)) , (3.3)

where �x is the position angle of the major axis relative to the reference axis, defined on the plane
normal to the line-of-sight direction, and q is the minor-to-major axis ratio of a galaxy shape. We set
q to zero for simplicity [49]. The linear alignment (LA) model linearly relates the ellipticity field to
the tidal gravitational field [43, 45, 57, 72]. Adopting the LA model, the ellipticity is related to the
underlying density field in Fourier space as

�(+,⇥)(k; z) = bK(z)
�
k
2
x
� k

2
y
, 2kxky

� �m(k; z)

k2
. (3.4)

Just like the velocity field, the ellipticity field is not a↵ected by RSD in linear theory [57]. We then
define E-/B-modes, �E,B , which are the rotation-invariant decomposition of the ellipticity field [99],

�E(k; z) + i�B(k; z) = e
�2i�k {�+(k; z) + i�⇥(k; z)} , (3.5)

where �k is the azimuthal angle of the wavevector projected on the celestial sphere (Note that �k

has nothing to do with the directional cosine of the wavevector, and thus �k 6= cos�1
µ). By writing

�E(k; z) = KE(µ; z)�m(k; z), we have

KE(µ; z) = bK(z)(1� µ
2). (3.6)

We introduce a more convenient parameterization of the amplitude of IA, as [e.g., 100, 101]

bK(z) = 0.01344AIA(z)⌦m/D(z), (3.7)

where the parameter AIA depends on properties of the given galaxy population as well as redshift.
The analysis of numerical simulations, however, demonstrated that for fixed galaxy/halo properties,
AIA is nearly redshift-independent [101]. We thus treat AIA as a constant throughout this paper.

– 4 –

3.1 Density, velocity and ellipticity fields

The density field of galaxies in redshift space, which is a direct observable in galaxy redshift surveys,
is linearly related to the underlying density field of matter in real space on large scales, �S

g
(k; z) =

Kg(µ; z)�m(k; z), where the superscript S denotes a quantity defined in redshift space and �i(k; z) is
the Fourier counterpart of �i(x; z) in equation (2.6). The factor Kg is the linear RSD factor [5, 94, 95],

Kg(µ; z) = bg(z) + f(z)µ2
, (3.1)

where bg is the galaxy bias [96] and µ is the directional cosine between the wavevector and line-of-sight
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Probes Statistics Abbreviations
Clustering Pgg g

kSZ Pvv v

IA PEE E

Clustering+IA Pgg + PgE + PEE g + E

Clustering+kSZ Pgg + Pgv + Pvv g + v

IA+kSZ PEE + PvE + Pvv v + E

Clustering+IA+kSZ Pgg + Pgv + Pvv + PEE + PgE + PvE g + v + E

Table 1. Statistics and their abbreviations considered for given probes. When two e↵ects are considered, A
and B, we use not only the auto-correlations (PAA and PBB) but also the cross correlation, PAB .

3.2 Linear power spectra of the three fields

As summarized in the previous subsection, the three fields, density, velocity and ellipticity, are related
through the matter field linearly with the coe�cients, Kg, Kv and KE , respectively. With these we
can construct the auto-power spectra of these fields and their cross-power spectra. We have six power
spectra of galaxies in total, and the full 2-dimensional anisotropic power spectra in redshift space
[57, 102–104], Pij(k; z) = Pij(k, µ; z) with i, j = {g, v, E}, can then be described by a concise form,

Pij(k, µ; z) = Ki(k, µ; z)Kj(k, µ; z)Plin(k; z), (3.8)

where Plin(k; z) is the real-space matter power spectrum in linear theory. The normalization of the
density fluctuation is characterized by the �8 parameter, defined by the linear RMS density fluctuation
within a sphere of radius 8h�1Mpc, and thus Plin(k; z) / �

2
8(z). While each of the three auto-power

spectra, Pgg, Pvv and PEE , can be measured from each of the three individual probes, namely galaxy
clustering, kSZ and IA, respectively, the cross-power spectra become measurable only when two
probes are simultaneously considered.1 Particularly, the correlation between velocity and ellipticity
field, PvE , has been proposed recently by our earlier studies and it can be probed by the joint analysis
of the kSZ (or peculiar velocities) and IA e↵ects [57, 58, 70–72, 105]. Table 1 summarizes all the
statistics used in this paper.

To measure the power spectra, the observed redshift of each galaxy needs to be converted into
the comoving distance by assuming a reference cosmology in equation (2.1), which causes a geometric
distortion in the measured power spectra, known as the Alcock-Paczynski (AP) e↵ect [106]. This AP
e↵ect has been extensively investigated for the galaxy power spectrum in redshift space [102, 103, 107,
108]. The AP e↵ect on the kSZ and IA statistics has been studied relatively recently by Refs. [30]
and [59], respectively. All the six observed power spectra, P obs

ij
, are related to the true ones through

the relation,
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where k? and kk are the wavenumber perpendicular and parallel to the line of sight, (k?, kk) =

k(
p

1� µ2, µ), Dfid
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fid are the angular diameter distance and expansion rate computed using
the assumed fiducial cosmological parameters, and k
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accounts for the di↵erence in the cosmic volume in di↵erent cosmolo-

gies.
As formulated above, Kg, Kv and KE contain two (b, f), two (⌧, f), and one (AIA) parameters,

respectively, and all the power spectra depend on (H,DA). Thus, we have six parameters in total,
✓↵ = (b�8, AIA�8, ⌧, f�8, H,DA), where the first three are nuisance parameters that we want to
marginalize over and the latter three parameters contain cosmological information.

1Note that this terminology is di↵erent from that used in past studies: while in this paper the kSZ and IA power
spectra stand for only Pvv and PEE , respectively, the past studies included the cross-power spectrum with density field,
Pgv and PgE , into kSZ and IA spectra.
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Table 1. Statistics and their abbreviations considered for given probes. When two e↵ects are considered, A
and B, we use not only the auto-correlations (PAA and PBB) but also the cross correlation, PAB .

3.2 Linear power spectra of the three fields

As summarized in the previous subsection, the three fields, density, velocity and ellipticity, are related
through the matter field linearly with the coe�cients, Kg, Kv and KE , respectively. With these we
can construct the auto-power spectra of these fields and their cross-power spectra. We have six power
spectra of galaxies in total, and the full 2-dimensional anisotropic power spectra in redshift space
[57, 102–104], Pij(k; z) = Pij(k, µ; z) with i, j = {g, v, E}, can then be described by a concise form,

Pij(k, µ; z) = Ki(k, µ; z)Kj(k, µ; z)Plin(k; z), (3.8)

where Plin(k; z) is the real-space matter power spectrum in linear theory. The normalization of the
density fluctuation is characterized by the �8 parameter, defined by the linear RMS density fluctuation
within a sphere of radius 8h�1Mpc, and thus Plin(k; z) / �

2
8(z). While each of the three auto-power

spectra, Pgg, Pvv and PEE , can be measured from each of the three individual probes, namely galaxy
clustering, kSZ and IA, respectively, the cross-power spectra become measurable only when two
probes are simultaneously considered.1 Particularly, the correlation between velocity and ellipticity
field, PvE , has been proposed recently by our earlier studies and it can be probed by the joint analysis
of the kSZ (or peculiar velocities) and IA e↵ects [57, 58, 70–72, 105]. Table 1 summarizes all the
statistics used in this paper.

To measure the power spectra, the observed redshift of each galaxy needs to be converted into
the comoving distance by assuming a reference cosmology in equation (2.1), which causes a geometric
distortion in the measured power spectra, known as the Alcock-Paczynski (AP) e↵ect [106]. This AP
e↵ect has been extensively investigated for the galaxy power spectrum in redshift space [102, 103, 107,
108]. The AP e↵ect on the kSZ and IA statistics has been studied relatively recently by Refs. [30]
and [59], respectively. All the six observed power spectra, P obs
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, are related to the true ones through
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⇢
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As formulated above, Kg, Kv and KE contain two (b, f), two (⌧, f), and one (AIA) parameters,

respectively, and all the power spectra depend on (H,DA). Thus, we have six parameters in total,
✓↵ = (b�8, AIA�8, ⌧, f�8, H,DA), where the first three are nuisance parameters that we want to
marginalize over and the latter three parameters contain cosmological information.

1Note that this terminology is di↵erent from that used in past studies: while in this paper the kSZ and IA power
spectra stand for only Pvv and PEE , respectively, the past studies included the cross-power spectrum with density field,
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3.1 Density, velocity and ellipticity fields

The density field of galaxies in redshift space, which is a direct observable in galaxy redshift surveys,
is linearly related to the underlying density field of matter in real space on large scales, �S

g
(k; z) =

Kg(µ; z)�m(k; z), where the superscript S denotes a quantity defined in redshift space and �i(k; z) is
the Fourier counterpart of �i(x; z) in equation (2.6). The factor Kg is the linear RSD factor [5, 94, 95],

Kg(µ; z) = bg(z) + f(z)µ2
, (3.1)

where bg is the galaxy bias [96] and µ is the directional cosine between the wavevector and line-of-sight

direction, µ = k̂ · ẑ, with a hat denoting a unit vector.
Next, the cosmic velocity field is linearly related to the density field through the continuity

equation [97, 98]. The observable is the line-of-sight component of the velocity, vk, and we have
vk(k; z) = if(z)µaH�m(k; z)/k in Fourier space. Unlike the density field, the velocity field in redshift
space is not a↵ected by RSD in linear theory [27]. The kSZ e↵ect measures the temperature distortion
of CMB, �T (k; z) = (T0⌧/c)vk(k; z) = Kv(k; z)�m(k; z), where

Kv(k, µ; z) = i
T0⌧

c

f(z)µaH(z)

k
, (3.2)

with ⌧ being the optical depth. In peculiar velocity surveys, one can directly measure the velocity
field vk rather than the temperature distortion, so that the velocity field can uniquely constrain f(z)
[98]. We, however, do not consider observables from peculiar velocity surveys in this study because
the observation is limited to the nearby universe (z ⇡ 0) while we consider joint constraints with
other probes from a single observation of the LSS. Thus, throughout this paper we refer the velocity
field as the temperature distortion �T .

Finally, we use ellipticities of galaxies as a tracer of the tidal field. The two-component ellipticity
of galaxies is defined as

�(+,⇥)(x) =
1� q

1 + q
(cos (2�x), sin (2�x)) , (3.3)

where �x is the position angle of the major axis relative to the reference axis, defined on the plane
normal to the line-of-sight direction, and q is the minor-to-major axis ratio of a galaxy shape. We set
q to zero for simplicity [49]. The linear alignment (LA) model linearly relates the ellipticity field to
the tidal gravitational field [43, 45, 57, 72]. Adopting the LA model, the ellipticity is related to the
underlying density field in Fourier space as

�(+,⇥)(k; z) = bK(z)
�
k
2
x
� k

2
y
, 2kxky

� �m(k; z)

k2
. (3.4)

Just like the velocity field, the ellipticity field is not a↵ected by RSD in linear theory [57]. We then
define E-/B-modes, �E,B , which are the rotation-invariant decomposition of the ellipticity field [99],

�E(k; z) + i�B(k; z) = e
�2i�k {�+(k; z) + i�⇥(k; z)} , (3.5)

where �k is the azimuthal angle of the wavevector projected on the celestial sphere (Note that �k

has nothing to do with the directional cosine of the wavevector, and thus �k 6= cos�1
µ). By writing

�E(k; z) = KE(µ; z)�m(k; z), we have

KE(µ; z) = bK(z)(1� µ
2). (3.6)

We introduce a more convenient parameterization of the amplitude of IA, as [e.g., 100, 101]

bK(z) = 0.01344AIA(z)⌦m/D(z), (3.7)

where the parameter AIA depends on properties of the given galaxy population as well as redshift.
The analysis of numerical simulations, however, demonstrated that for fixed galaxy/halo properties,
AIA is nearly redshift-independent [101]. We thus treat AIA as a constant throughout this paper.
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Probes Statistics Abbreviations
Clustering Pgg g

kSZ Pvv v

IA PEE E

Clustering+IA Pgg + PgE + PEE g + E

Clustering+kSZ Pgg + Pgv + Pvv g + v

IA+kSZ PEE + PvE + Pvv v + E

Clustering+IA+kSZ Pgg + Pgv + Pvv + PEE + PgE + PvE g + v + E

Table 1. Statistics and their abbreviations considered for given probes. When two e↵ects are considered, A
and B, we use not only the auto-correlations (PAA and PBB) but also the cross correlation, PAB .

3.2 Linear power spectra of the three fields

As summarized in the previous subsection, the three fields, density, velocity and ellipticity, are related
through the matter field linearly with the coe�cients, Kg, Kv and KE , respectively. With these we
can construct the auto-power spectra of these fields and their cross-power spectra. We have six power
spectra of galaxies in total, and the full 2-dimensional anisotropic power spectra in redshift space
[57, 102–104], Pij(k; z) = Pij(k, µ; z) with i, j = {g, v, E}, can then be described by a concise form,

Pij(k, µ; z) = Ki(k, µ; z)Kj(k, µ; z)Plin(k; z), (3.8)

where Plin(k; z) is the real-space matter power spectrum in linear theory. The normalization of the
density fluctuation is characterized by the �8 parameter, defined by the linear RMS density fluctuation
within a sphere of radius 8h�1Mpc, and thus Plin(k; z) / �

2
8(z). While each of the three auto-power

spectra, Pgg, Pvv and PEE , can be measured from each of the three individual probes, namely galaxy
clustering, kSZ and IA, respectively, the cross-power spectra become measurable only when two
probes are simultaneously considered.1 Particularly, the correlation between velocity and ellipticity
field, PvE , has been proposed recently by our earlier studies and it can be probed by the joint analysis
of the kSZ (or peculiar velocities) and IA e↵ects [57, 58, 70–72, 105]. Table 1 summarizes all the
statistics used in this paper.

To measure the power spectra, the observed redshift of each galaxy needs to be converted into
the comoving distance by assuming a reference cosmology in equation (2.1), which causes a geometric
distortion in the measured power spectra, known as the Alcock-Paczynski (AP) e↵ect [106]. This AP
e↵ect has been extensively investigated for the galaxy power spectrum in redshift space [102, 103, 107,
108]. The AP e↵ect on the kSZ and IA statistics has been studied relatively recently by Refs. [30]
and [59], respectively. All the six observed power spectra, P obs

ij
, are related to the true ones through

the relation,

P
obs
ij

⇣
k
fid
? , k

fid
k ; z

⌘
=

H(z)

Hfid(z)

⇢
D

fid
A (z)

DA(z)

�2

Pij

�
k?, kk; z

�
, (3.9)

where k? and kk are the wavenumber perpendicular and parallel to the line of sight, (k?, kk) =

k(
p

1� µ2, µ), Dfid
A (z) and H

fid are the angular diameter distance and expansion rate computed using
the assumed fiducial cosmological parameters, and k

fid
k = kkH

fid(z)/H(z) and k
fid
? = DA(z)/Dfid

A (z).

The prefactor H(z)
Hfid(z)

n
D

fid
A (z)

DA(z)

o2
accounts for the di↵erence in the cosmic volume in di↵erent cosmolo-

gies.
As formulated above, Kg, Kv and KE contain two (b, f), two (⌧, f), and one (AIA) parameters,

respectively, and all the power spectra depend on (H,DA). Thus, we have six parameters in total,
✓↵ = (b�8, AIA�8, ⌧, f�8, H,DA), where the first three are nuisance parameters that we want to
marginalize over and the latter three parameters contain cosmological information.

1Note that this terminology is di↵erent from that used in past studies: while in this paper the kSZ and IA power
spectra stand for only Pvv and PEE , respectively, the past studies included the cross-power spectrum with density field,
Pgv and PgE , into kSZ and IA spectra.
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kSZ Pvv v

IA PEE E
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Table 1. Statistics and their abbreviations considered for given probes. When two e↵ects are considered, A
and B, we use not only the auto-correlations (PAA and PBB) but also the cross correlation, PAB .

3.2 Linear power spectra of the three fields

As summarized in the previous subsection, the three fields, density, velocity and ellipticity, are related
through the matter field linearly with the coe�cients, Kg, Kv and KE , respectively. With these we
can construct the auto-power spectra of these fields and their cross-power spectra. We have six power
spectra of galaxies in total, and the full 2-dimensional anisotropic power spectra in redshift space
[57, 102–104], Pij(k; z) = Pij(k, µ; z) with i, j = {g, v, E}, can then be described by a concise form,

Pij(k, µ; z) = Ki(k, µ; z)Kj(k, µ; z)Plin(k; z), (3.8)

where Plin(k; z) is the real-space matter power spectrum in linear theory. The normalization of the
density fluctuation is characterized by the �8 parameter, defined by the linear RMS density fluctuation
within a sphere of radius 8h�1Mpc, and thus Plin(k; z) / �
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8(z). While each of the three auto-power

spectra, Pgg, Pvv and PEE , can be measured from each of the three individual probes, namely galaxy
clustering, kSZ and IA, respectively, the cross-power spectra become measurable only when two
probes are simultaneously considered.1 Particularly, the correlation between velocity and ellipticity
field, PvE , has been proposed recently by our earlier studies and it can be probed by the joint analysis
of the kSZ (or peculiar velocities) and IA e↵ects [57, 58, 70–72, 105]. Table 1 summarizes all the
statistics used in this paper.

To measure the power spectra, the observed redshift of each galaxy needs to be converted into
the comoving distance by assuming a reference cosmology in equation (2.1), which causes a geometric
distortion in the measured power spectra, known as the Alcock-Paczynski (AP) e↵ect [106]. This AP
e↵ect has been extensively investigated for the galaxy power spectrum in redshift space [102, 103, 107,
108]. The AP e↵ect on the kSZ and IA statistics has been studied relatively recently by Refs. [30]
and [59], respectively. All the six observed power spectra, P obs
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, are related to the true ones through
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gies.
As formulated above, Kg, Kv and KE contain two (b, f), two (⌧, f), and one (AIA) parameters,

respectively, and all the power spectra depend on (H,DA). Thus, we have six parameters in total,
✓↵ = (b�8, AIA�8, ⌧, f�8, H,DA), where the first three are nuisance parameters that we want to
marginalize over and the latter three parameters contain cosmological information.

1Note that this terminology is di↵erent from that used in past studies: while in this paper the kSZ and IA power
spectra stand for only Pvv and PEE , respectively, the past studies included the cross-power spectrum with density field,
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Amplitude (nuisance) 
parameters

Dynamical and 
geometric quantities

Redshift survey      
(galaxy density field)

Imaging survey      
(galaxy shape field)

kSZ (CMB) map      
(galaxy velocity field)

Pgg PEE

Pvv

PgE

Pgv

PvE



Fisher matrix formalism

• 6 x 6 Gaussian covariance matrix

• Poisson shot noise

shot noise terms, �v in Pvv and �� in PEE , are the velocity dispersion and shape noise of galaxies,
respectively. Using perturbation theory, �v can be evaluated at z = 0 as

(fD�v)
2 =

1

3

Z
d
3
q

(2⇡)3
P✓✓(q; z)

q2
, (3.14)

where P✓✓ is the power spectrum of velocity divergence and linear theory predicts �v ' 600km/s [111].
The parameter RN is the inverse signal-to-noise ratio of the kSZ temperature fluctuations [30]. The
rms noise for the kSZ measurement of the CMB-S4 experiment is h�T i ⇠ 2µK, leading to RN ⇠ 10
[30].

3.4 Fisher matrix formalism

To quantify the constraining power for the dynamical and geometric parameters above and cosmo-
logical parameters, we use the Fisher matrix formalism, which has been widely used in cosmology
[103, 112, 113]. Among many references, the two most relevant works are Taruya & Okumura [59]
and Sugiyama, Okumura & Spergel [30], who performed forecast studies based on the observations of
IA and kSZ, respectively.

The Fisher matrix element for two parameters, ✓↵ and ✓� , can be calculated as

F↵� =
Vs

4⇡2

Z
kmax

kmin

dkk
2

Z 1

�1
dµ

NPX

a,b=1

@Pa(k, µ)

@✓↵

⇥
Cov�1

⇤
ab

@Pb(k, µ)

@✓�
, (3.15)

where Vs is the comoving survey volume for a given redshift range, zmin  z  zmax, and kmin and
kmax are the minimum and maximum wavenumbers for our analysis, respectively. When only one
power spectrum, Pgg, PEE or Pvv, is used for the analysis, namely when NP = 1, the covariance
matrix is reduced to the power spectrum squared (see equation (3.12)).

Error bounds of given parameters are obtained by inverting the Fisher matrix and take the
submatrix; for example, when one wants to extract the two-dimensional error contours for ✓↵ and ✓� ,
one can take the 2⇥2 submatrix, C↵� ⌘ [F ]�1

↵�
, and to obtain the one-dimensional marginalized error

bar on a parameter ✓↵, one can take �
2
↵
⌘ [F ]�1

↵↵
(see Ref. [103] for details).

The original Fisher matrix is defined for the parameters ✓ directly determined from the geometric
and dynamical distortions. We can project the matrix into new parameter space of interest,

SAB =
X

↵,�

@✓↵

@pA
F↵�

@✓�

@pB
, (3.16)

where pA is the set of parameters in new parameter space, i.e., model-dependent cosmological param-
eter space for our case. Once again, the uncertainties of the parameters can be obtained by taking
the submatrix, e.g., CAB ⌘ [S]�1

AB
, �2

A
⌘ [S]�1

AA
, etc.

For a further discussion of the performance in constraining power of parameters in given surveys,
let us define the Figure-of-merit (FoM) for a parameter set,

FoM =
�
det(F↵�)

 1/N✓
, FoM =

�
det(SAB)

 1/Np
, (3.17)

where quantities with the bar, F and S, denote N✓ ⇥ N✓ and Np ⇥ Np submatrices of F and S,
respectively, constructed through the inversion described above. In the definition provided in Ref.
[114], N✓ = Np = 2 and the obtained FoM describes the inverse of the area of the error contour in the
marginalized parameter plane for two parameters. Here, the FOM is defined for the arbitrary number
of parameters, and the obtained value corresponds to a mean radius of the N✓ (or Np) dimensional
volume of the errors.
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3.2.1 Contribution of gravitational lensing to PEE

In the presence of the lensing e↵ect, the observed E-mode ellipticity field �E(k; z) is divided into

two pieces, i.e., �E = �
(I)
E + �

(GL)
E , where the former is originated from the IA we introduced in the

previous section and the latter represents the lens-induced ellipticities. Then, the resultant (auto)
E-mode power spectrum at a given redshift z is expressed as

PEE(k; z) = P
(I)
EE

(k; z) + P
(GL)
EE

(k; z). (3.10)

In principle, there exists the cross talk between IA and lensing, i.e., the gravitational shear–intrinsic
ellipticity (GI) correlation. Also, the lens-induced ellipticities have some correlations with galaxy

density fields, P (GL)
gE

. However, these cross talks become non-vanishing only if we take the correlation
between di↵erent z-slices. Since the geometric and dynamical constraints considered in our paper are
obtained at each z-slice, we do not take the cross correlation between di↵erent z-slices, and thus the

impact of lensing contributions appears only through P
(GL)
EE

.
The lens-induced E-mode power spectrum is analytically expressed as an integral of the comoving

distance under the Limber approximation [e.g. 109, 110]

P
(GL)
EE

(k; z) =

✓
3

2

⌦mH
2
0

c2

◆2

|Wk(kk)|2
Z 1

0
d�

0�
w
�
�
0;�(z)

� 2
n
�(z)

�0

o2
Plin

✓
�(z)

�0 k?; z(�
0)

◆
, (3.11)

where the lensing kernel w(�0;�) is given by w(�0;�) = (���
0)�0

a(�0) � ⇥(���
0), ⇥(x) is the Heaviside step

function, and Wk(kk) is the Fourier counter part of the survey window function along the line-of-sight
direction,Wk(xk). This expression corresponds to Eq. (15) of Ref. [110], ignoring the transverse survey
window function W? and setting the factor (5s� 2) to unity. We discuss this lensing contribution to
our cosmological parameter estimation in section 5.2.

3.3 Covariance matrix

In total, we have six power spectra, Pa = (Pgg, PEE , Pvv, PgE , Pgv, PvE), from the three probes of
LSS, namely galaxy clustering, kSZ and IA. Thus, the number of the power spectra used in our
analysis, NP , is NP = 1, 3 or 6, depending on how many probes we want to consider simultaneously
(see table 1). Correspondingly, the covariance matrix Covab becomes a NP ⇥NP matrix, defined as
Covab = hPaPbi�hPai hPbi, for a given wavevector, k = (k, µ). The full 6⇥6 covariance matrix reads

Covab(k, µ) =
2

66666664

2{ ePgg}2 2{PgE}2 2{Pgv}2 2 ePggPgE 2 ePggPgv 2PgvPgE

2{PgE}2 2{ ePEE}2 2{PvE}2 2PgE
ePEE 2PgEPvE 2 ePEEPvE

2{Pgv}2 2{PvE}2 2{ ePvv}2 2PgvPvE 2 ePvvPgv 2PvE
ePvv

2 ePggPgE 2PgE
ePEE 2PgvPvE

ePgg
ePEE + {PgE}2 ePggPvE + PgEPgv Pgv

ePEE + PgEPvE

2 ePggPgv 2PgEPvE 2 ePvvPgv
ePggPvE + PgEPgv

ePgg
ePvv + {Pgv}2 PgE

ePvv + PgvPvE

2PgvPgE 2 ePEEPvE 2PvE
ePvv Pgv

ePEE + PgEPvE PgE
ePvv + PgvPvE

ePEE
ePvv + {PvE}2

3

77777775

,

(3.12)

where ePii = ePii(k, µ; z) denotes an auto-power spectrum (i = {g, v, E}) including the shot noise. If
we assume the Poisson shot noise, we have

ePgg = Pgg +
1

ng

, ePvv = Pvv +
�
1 +R

2
N

�✓T0⌧

c

◆2 (fD�v)2

nv

, ePEE = PEE +
�
2
�

n�

, (3.13)

where the quantities ng, nv and n� are the number density of the galaxy density, velocity and shape
samples, respectively. Though we explicitly use di↵erent notations for these three samples, ng =
nv = n� when one considers a single galaxy population for the analysis. The two � quantities in the
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Pgg à
PEE à
Pvv à
PgE à
Pgv à
PvE à

Cross
power

Auto 
power

matrix reads

Covab(k, µ; z) =
2

66666664

2{ ePgg}2 2{PgE}2 2{Pgv}2 2 ePggPgE 2 ePggPgv 2PgvPgE

2{PgE}2 2{ ePEE}2 2{PvE}2 2PgE
ePEE 2PgEPvE 2 ePEEPvE

2{Pgv}2 2{PvE}2 2{ ePvv}2 2PgvPvE 2 ePvvPgv 2PvE
ePvv

2 ePggPgE 2PgE
ePEE 2PgvPvE

ePgg
ePEE + {PgE}2 ePggPvE + PgEPgv Pgv

ePEE + PgEPvE

2 ePggPgv 2PgEPvE 2 ePvvPgv
ePggPvE + PgEPgv

ePgg
ePvv + {Pgv}2 PgE

ePvv + PgvPvE

2PgvPgE 2 ePEEPvE 2PvE
ePvv Pgv

ePEE + PgEPvE PgE
ePvv + PgvPvE

ePEE
ePvv + {PvE}2
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where ePii = ePii(k, µ; z) denotes an auto-power spectrum (i = {g, v, E}) including the shot noise.
Assuming the Poisson shot noise, we have

ePgg = Pgg +
1

ng

, ePvv = Pvv +
�
1 +R

2
N

�✓T0⌧

c

◆2 (f�v)2

nv

, ePEE = PEE +
�
2
�

n�

, (3.11)

where the quantities ng, nv and n� are the number density of the galaxies obtained from galaxy
clustering, kSZ and IA observations, respectively. Though di↵erent notations are explicitly used for
these three samples, ng = nv = n� when one considers a single galaxy population for the analysis. In
the shot noise terms of Pvv and PEE , there appear factors �v and �� , which respectively represent
the velocity dispersion and shape noise of galaxies, respectively. Using perturbation theory, �v can
be evaluated as

(f�v)
2 =

1

3

Z
d
3
q
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P✓✓(q; z)

q2
, (3.12)

where P✓✓ is the power spectrum of velocity divergence. In the limit of linear theory, we have P✓✓ =
Plin, and in the standard cosmological model, it is predicted to give �v,lin ' 600D(z) km/s [110].
Finally, the parameter RN is the inverse signal-to-noise ratio of the kSZ temperature fluctuations
[30]. The rms noise for the kSZ measurement of the CMB-S4 experiment is h�T i ⇠ 2µK, leading to
RN ⇠ 10 [30].

3.4 Fisher matrix formalism

To quantify the constraining power for the dynamical and geometric parameters above and cosmo-
logical parameters, we use the Fisher matrix formalism. Although forecast studies with the Fisher
matrix have been widely performed in cosmology, there is a limited number of relevant works that
consider the kSZ and IA observations to constrain cosmology, specifically through the RSD and AP
e↵ect. One is the paper by Sugiyama, Okumura & Spergel [30], who discussed a benefit of using kSZ
observations. Another paper is Taruya & Okumura [59], who demonstrated that combining galaxy
clustering with IA observations is beneficial and improves geometric and dynamical constraints. The
present paper complements these two previous works, and further put forward the forecast study by
combining all three probes.

Given a set of parameters to be estimated, {✓↵}, where ↵ = 1, · · · , N✓, and provided a set of
observed power spectra {Pa}, the Fisher matrix is evaluated with
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⇤
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@✓�
, (3.13)

where Vs is the comoving survey volume for a given redshift range, zmin  z  zmax, and kmin and
kmax are respectively the minimum and maximum wavenumbers used for cosmological data analysis,

the former of which is specified with the survey volume by kmin = 2⇡/V 1/3
s . Note that for the analysis

using a single probe (NP = 1), namely when we consider either of Pgg, PEE or Pvv, the covariance
matrix Covab is reduced to the power spectrum squared (see equation (3.10)).
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HSC
PFS

Subaru (NAOJ)

Survey setup
• Assume a PFS-like emission line galaxy (ELG) survey

• Parameters from PFS white 
paper (Takada et al 2014)

• Intrinsic alignment:
• Beautiful galaxy images are obtained thanks to Hyper Suprime-Cam 

(HSC), σγ=0.2.
• Shi et al (2021) proposed an estimator to directly detect IA of host 

halos using the observation of ELGs, AIA = 18.

• kSZ:
• CMB-S4, which is completely overlapped with the area of the PFS
• Fiducial values: linear theory for σv, and the inverse S/N of the kSZ 

temperature fluctuations RN = 10 (Sugiyama et al 2017).

Redshift Volume Vs 104n bg

zmin zmax (h�3Gpc3) (h3Mpc�3)
0.6 0.8 0.59 1.9 1.18
0.8 1.0 0.79 6.0 1.26
1.0 1.2 0.96 5.8 1.34
1.2 1.4 1.09 7.8 1.42
1.4 1.6 1.19 5.5 1.50
1.6 2.0 2.58 3.1 1.62
2.0 2.4 2.71 2.7 1.78

Table 2. Expected volume, number density and
bias of emission line galaxies for given redshift
ranges, zmin  z  zmax of the deep (PFS-like)
survey, taken from Ref. [18].

Redshift Volume Vs 104n bg

zmin zmax (h�3Gpc3) (h3Mpc�3)
0.9 1.1 7.94 6.86 1.46
1.1 1.3 9.15 5.58 1.61
1.3 1.5 10.05 4.21 1.75
1.5 1.8 16.22 2.61 1.90

Table 3. Same as table 2 but for the wide
(Euclid-like) survey, taken from Ref. [22].

from a galaxy survey, while the velocity field is inferred by observing the CMB temperature distortion
at the angular position of each galaxy.

As we mentioned in section 1, there are a number of planned spectroscopic galaxy surveys aiming
at constraining cosmology with a high precision. These surveys are generally categorized into the two
types: (narrow but) deep surveys and (shallow but) wide surveys. In the Fisher matrix analysis below,
we consider the Subaru PFS and Euclid as examples of deep and wide surveys, respectively, both of
which target emission line galaxies (ELG) as a tracer of the LSS. Tables 2 and 3 show the redshift
range, survey volume, and number density and bias of the ELG samples for the PFS [18] and Euclid
[22], respectively. Ref. [69] has proposed an estimator to directly detect IA of host halos using the
observation of the ELGs. In the forecast analysis presented below, we consider that the power spectra
related to the IA are measured with this estimator.2 Following the result of Ref. [69], we set the
fiducial value of the IA amplitude to AIA = 18, assuming its redshift independence. The PFS galaxy
sample provides high-quality shape information thanks to the imaging survey of the HSC [74, 75], and
we thus set the shape noise, �� , to �� = 0.2 for the deep survey [112]. For the wide survey, following
Ref. [22], we set it to �� = 0.3. We will discuss the e↵ect of changing the fiducial values of AIA and
�� in section 5.

Similarly to the forecast study of the kSZ e↵ect in Ref. [30], we consider CMB-S4 [76] as a
CMB experiment for the expected observation of the kSZ e↵ect. While the angular area of the PFS
is completely overlapped with that of the CMB-S4, the half of the Euclid area is covered by the
CMB-S4 [113]. Thus, when considering the statistics related to the kSZ e↵ect, namely Pvv, Pgv and
PvE , in the wide survey, the elements of the covariance matrix for these statistics are multiplied by
two. Furthermore, the values of kmin for these terms become larger by the factor of 21/3. We choose
RN = 10 as our fiducial choice, following Ref. [30]. For the velocity dispersion, we use the liner theory
value as a fiducial value, �v = �v,lin. The combination of (1 +R

2
N)�

2
v
contributes to the shot noise of

the kSZ power spectrum. We will test the e↵ect of these choices in section 5.
In the following analysis, we assume the spatially flat ⇤CDM model as our fiducial model [114]:

⌦m = 1�⌦DE = 0.315, ⌦K = 0, w0 = �1, wa = 0, H0 = 67.3 [km/s/Mpc] and the present-day value
of �8 to be �8 = 0.8309. For computation of the linear power spectrum in equation (3.8), Plin(k; z),
we use the publicly-available CAMB code [115]. When we consider the model which allows deviation
of the structure growth from GR prediction, we set the fiducial value of � in equation (2.8) to be
consistent with GR, � = 0.545.

Finally, the maximum wavenumber of the power spectra used for the cosmological analysis with
the Fisher matrix is set to kmax = 0.2hMpc�1. While forecast results with this choice, presented
below as our main results, give tight geometrical and dynamical constraints, we also consider in

2Even though we use elliptical galaxies as a tracer of the tidal field as in the conventional analysis, we can present
a similar analysis based on luminous red galaxy samples from, i.e., DESI, and the main results below will not change
qualitatively (e.g., [59]).
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3.1 Density, velocity and ellipticity fields

The density field of galaxies in redshift space, which is a direct observable in galaxy redshift surveys,
is linearly related to the underlying density field of matter in real space on large scales, �S

g
(k; z) =

Kg(µ; z)�m(k; z), where the superscript S denotes a quantity defined in redshift space and �i(k; z) is
the Fourier counterpart of �i(x; z) in equation (2.6). The factor Kg is the linear RSD factor [5, 94, 95],

Kg(µ; z) = bg(z) + f(z)µ2
, (3.1)

where bg is the galaxy bias [96] and µ is the directional cosine between the wavevector and line-of-sight

direction, µ = k̂ · ẑ, with a hat denoting a unit vector.
Next, the cosmic velocity field is linearly related to the density field through the continuity

equation [97, 98]. The observable is the line-of-sight component of the velocity, vk, and we have
vk(k; z) = if(z)µaH�m(k; z)/k in Fourier space. Unlike the density field, the velocity field in redshift
space is not a↵ected by RSD in linear theory [27]. The kSZ e↵ect measures the temperature distortion
of CMB, �T (k; z) = (T0⌧/c)vk(k; z) = Kv(k; z)�m(k; z), where

Kv(k, µ; z) = i
T0⌧

c

f(z)µaH(z)

k
, (3.2)

with ⌧ being the optical depth. In peculiar velocity surveys, one can directly measure the velocity
field vk rather than the temperature distortion, so that the velocity field can uniquely constrain f(z)
[98]. We, however, do not consider observables from peculiar velocity surveys in this study because
the observation is limited to the nearby universe (z ⇡ 0) while we consider joint constraints with
other probes from a single observation of the LSS. Thus, throughout this paper we refer the velocity
field as the temperature distortion �T .

Finally, we use ellipticities of galaxies as a tracer of the tidal field. The two-component ellipticity
of galaxies is defined as

�(+,⇥)(x) =
1� q

1 + q
(cos (2�x), sin (2�x)) , (3.3)

where �x is the position angle of the major axis relative to the reference axis, defined on the plane
normal to the line-of-sight direction, and q is the minor-to-major axis ratio of a galaxy shape. We set
q to zero for simplicity [49]. The linear alignment (LA) model linearly relates the ellipticity field to
the tidal gravitational field [43, 45, 57, 72]. Adopting the LA model, the ellipticity is related to the
underlying density field in Fourier space as

�(+,⇥)(k; z) = bK(z)
�
k
2
x
� k

2
y
, 2kxky

� �m(k; z)

k2
. (3.4)

Just like the velocity field, the ellipticity field is not a↵ected by RSD in linear theory [57]. We then
define E-/B-modes, �E,B , which are the rotation-invariant decomposition of the ellipticity field [99],

�E(k; z) + i�B(k; z) = e
�2i�k {�+(k; z) + i�⇥(k; z)} , (3.5)

where �k is the azimuthal angle of the wavevector projected on the celestial sphere (Note that �k

has nothing to do with the directional cosine of the wavevector, and thus �k 6= cos�1
µ). By writing

�E(k; z) = KE(µ; z)�m(k; z), we have

KE(µ; z) = bK(z)(1� µ
2). (3.6)

We introduce a more convenient parameterization of the amplitude of IA, as [e.g., 100, 101]

bK(z) = 0.01344AIA(z)⌦m/D(z), (3.7)

where the parameter AIA depends on properties of the given galaxy population as well as redshift.
The analysis of numerical simulations, however, demonstrated that for fixed galaxy/halo properties,
AIA is nearly redshift-independent [101]. We thus treat AIA as a constant throughout this paper.

– 4 –

3.1 Density, velocity and ellipticity fields

The density field of galaxies in redshift space, which is a direct observable in galaxy redshift surveys,
is linearly related to the underlying density field of matter in real space on large scales, �S

g
(k; z) =

Kg(µ; z)�m(k; z), where the superscript S denotes a quantity defined in redshift space and �i(k; z) is
the Fourier counterpart of �i(x; z) in equation (2.6). The factor Kg is the linear RSD factor [5, 94, 95],

Kg(µ; z) = bg(z) + f(z)µ2
, (3.1)

where bg is the galaxy bias [96] and µ is the directional cosine between the wavevector and line-of-sight
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direction, µ = k̂ · ẑ, with a hat denoting a unit vector.
Next, the cosmic velocity field is linearly related to the density field through the continuity

equation [97, 98]. The observable is the line-of-sight component of the velocity, vk, and we have
vk(k; z) = if(z)µaH�m(k; z)/k in Fourier space. Unlike the density field, the velocity field in redshift
space is not a↵ected by RSD in linear theory [27]. The kSZ e↵ect measures the temperature distortion
of CMB, �T (k; z) = (T0⌧/c)vk(k; z) = Kv(k; z)�m(k; z), where

Kv(k, µ; z) = i
T0⌧

c

f(z)µaH(z)

k
, (3.2)

with ⌧ being the optical depth. In peculiar velocity surveys, one can directly measure the velocity
field vk rather than the temperature distortion, so that the velocity field can uniquely constrain f(z)
[98]. We, however, do not consider observables from peculiar velocity surveys in this study because
the observation is limited to the nearby universe (z ⇡ 0) while we consider joint constraints with
other probes from a single observation of the LSS. Thus, throughout this paper we refer the velocity
field as the temperature distortion �T .

Finally, we use ellipticities of galaxies as a tracer of the tidal field. The two-component ellipticity
of galaxies is defined as

�(+,⇥)(x) =
1� q

1 + q
(cos (2�x), sin (2�x)) , (3.3)

where �x is the position angle of the major axis relative to the reference axis, defined on the plane
normal to the line-of-sight direction, and q is the minor-to-major axis ratio of a galaxy shape. We set
q to zero for simplicity [49]. The linear alignment (LA) model linearly relates the ellipticity field to
the tidal gravitational field [43, 45, 57, 72]. Adopting the LA model, the ellipticity is related to the
underlying density field in Fourier space as

�(+,⇥)(k; z) = bK(z)
�
k
2
x
� k

2
y
, 2kxky

� �m(k; z)

k2
. (3.4)

Just like the velocity field, the ellipticity field is not a↵ected by RSD in linear theory [57]. We then
define E-/B-modes, �E,B , which are the rotation-invariant decomposition of the ellipticity field [99],

�E(k; z) + i�B(k; z) = e
�2i�k {�+(k; z) + i�⇥(k; z)} , (3.5)

where �k is the azimuthal angle of the wavevector projected on the celestial sphere (Note that �k

has nothing to do with the directional cosine of the wavevector, and thus �k 6= cos�1
µ). By writing

�E(k; z) = KE(µ; z)�m(k; z), we have

KE(µ; z) = bK(z)(1� µ
2). (3.6)

We introduce a more convenient parameterization of the amplitude of IA, as [e.g., 100, 101]

bK(z) = 0.01344AIA(z)⌦m/D(z), (3.7)

where the parameter AIA depends on properties of the given galaxy population as well as redshift.
The analysis of numerical simulations, however, demonstrated that for fixed galaxy/halo properties,
AIA is nearly redshift-independent [101]. We thus treat AIA as a constant throughout this paper.

– 4 –

3.1 Density, velocity and ellipticity fields

The density field of galaxies in redshift space, which is a direct observable in galaxy redshift surveys,
is linearly related to the underlying density field of matter in real space on large scales, �S

g
(k; z) =

Kg(µ; z)�m(k; z), where the superscript S denotes a quantity defined in redshift space and �i(k; z) is
the Fourier counterpart of �i(x; z) in equation (2.6). The factor Kg is the linear RSD factor [5, 94, 95],

Kg(µ; z) = bg(z) + f(z)µ2
, (3.1)

where bg is the galaxy bias [96] and µ is the directional cosine between the wavevector and line-of-sight
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Cosmological 
constraints (1)

• Projection of the Fisher matrix 
to the cosmological parameter 
space:

à

constant w, flat (ΩK= 0) model

shot noise terms, �v in Pvv and �� in PEE , are the velocity dispersion and shape noise of galaxies,
respectively. Using perturbation theory, �v can be evaluated at z = 0 as

(fD�v)
2 =

1

3

Z
d
3
q

(2⇡)3
P✓✓(q; z)

q2
, (3.14)

where P✓✓ is the power spectrum of velocity divergence and linear theory predicts �v ' 600km/s [111].
The parameter RN is the inverse signal-to-noise ratio of the kSZ temperature fluctuations [30]. The
rms noise for the kSZ measurement of the CMB-S4 experiment is h�T i ⇠ 2µK, leading to RN ⇠ 10
[30].

3.4 Fisher matrix formalism

To quantify the constraining power for the dynamical and geometric parameters above and cosmo-
logical parameters, we use the Fisher matrix formalism, which has been widely used in cosmology
[103, 112, 113]. Among many references, the two most relevant works are Taruya & Okumura [59]
and Sugiyama, Okumura & Spergel [30], who performed forecast studies based on the observations of
IA and kSZ, respectively.

The Fisher matrix element for two parameters, ✓↵ and ✓� , can be calculated as

F↵� =
Vs

4⇡2

Z
kmax

kmin

dkk
2

Z 1

�1
dµ

NPX

a,b=1

@Pa(k, µ)
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⇥
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⇤
ab

@Pb(k, µ)

@✓�
, (3.15)

where Vs is the comoving survey volume for a given redshift range, zmin  z  zmax, and kmin and
kmax are the minimum and maximum wavenumbers for our analysis, respectively. When only one
power spectrum, Pgg, PEE or Pvv, is used for the analysis, namely when NP = 1, the covariance
matrix is reduced to the power spectrum squared (see equation (3.12)).

Error bounds of given parameters are obtained by inverting the Fisher matrix and take the
submatrix; for example, when one wants to extract the two-dimensional error contours for ✓↵ and ✓� ,
one can take the 2⇥2 submatrix, C↵� ⌘ [F ]�1

↵�
, and to obtain the one-dimensional marginalized error

bar on a parameter ✓↵, one can take �
2
↵
⌘ [F ]�1

↵↵
(see Ref. [103] for details).

The original Fisher matrix is defined for the parameters ✓ directly determined from the geometric
and dynamical distortions. We can project the matrix into new parameter space of interest,

SAB =
X

↵,�

@✓↵

@pA
F↵�

@✓�

@pB
, (3.16)

where pA is the set of parameters in new parameter space, i.e., model-dependent cosmological param-
eter space for our case. Once again, the uncertainties of the parameters can be obtained by taking
the submatrix, e.g., CAB ⌘ [S]�1

AB
, �2

A
⌘ [S]�1

AA
, etc.

For a further discussion of the performance in constraining power of parameters in given surveys,
let us define the Figure-of-merit (FoM) for a parameter set,

FoM =
�
det(F↵�)

 1/N✓
, FoM =

�
det(SAB)

 1/Np
, (3.17)

where quantities with the bar, F and S, denote N✓ ⇥ N✓ and Np ⇥ Np submatrices of F and S,
respectively, constructed through the inversion described above. In the definition provided in Ref.
[114], N✓ = Np = 2 and the obtained FoM describes the inverse of the area of the error contour in the
marginalized parameter plane for two parameters. Here, the FOM is defined for the arbitrary number
of parameters, and the obtained value corresponds to a mean radius of the N✓ (or Np) dimensional
volume of the errors.
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Probes Statistics Abbreviations
Clustering Pgg g

kSZ Pvv v

IA PEE E

Clustering+IA Pgg + PgE + PEE g + E

Clustering+kSZ Pgg + Pgv + Pvv g + v

IA+kSZ PEE + PvE + Pvv v + E

Clustering+IA+kSZ Pgg + Pgv + Pvv + PEE + PgE + PvE g + v + E

Table 1. Statistics and their abbreviations considered for given probes. When two e↵ects are considered, A
and B, we use not only the auto-correlations (PAA and PBB) but also the cross correlation, PAB .

3.2 Linear power spectra of the three fields

As summarized in the previous subsection, the three fields, density, velocity and ellipticity, are related
through the matter field linearly with the coe�cients, Kg, Kv and KE , respectively. With these we
can construct the auto-power spectra of these fields and their cross-power spectra. We have six power
spectra of galaxies in total, and the full 2-dimensional anisotropic power spectra in redshift space
[57, 102–104], Pij(k; z) = Pij(k, µ; z) with i, j = {g, v, E}, can then be described by a concise form,

Pij(k, µ; z) = Ki(k, µ; z)Kj(k, µ; z)Plin(k; z), (3.8)

where Plin(k; z) is the real-space matter power spectrum in linear theory. The normalization of the
density fluctuation is characterized by the �8 parameter, defined by the linear RMS density fluctuation
within a sphere of radius 8h�1Mpc, and thus Plin(k; z) / �

2
8(z). While each of the three auto-power

spectra, Pgg, Pvv and PEE , can be measured from each of the three individual probes, namely galaxy
clustering, kSZ and IA, respectively, the cross-power spectra become measurable only when two
probes are simultaneously considered.1 Particularly, the correlation between velocity and ellipticity
field, PvE , has been proposed recently by our earlier studies and it can be probed by the joint analysis
of the kSZ (or peculiar velocities) and IA e↵ects [57, 58, 70–72, 105]. Table 1 summarizes all the
statistics used in this paper.

To measure the power spectra, the observed redshift of each galaxy needs to be converted into
the comoving distance by assuming a reference cosmology in equation (2.1), which causes a geometric
distortion in the measured power spectra, known as the Alcock-Paczynski (AP) e↵ect [106]. This AP
e↵ect has been extensively investigated for the galaxy power spectrum in redshift space [102, 103, 107,
108]. The AP e↵ect on the kSZ and IA statistics has been studied relatively recently by Refs. [30]
and [59], respectively. All the six observed power spectra, P obs

ij
, are related to the true ones through

the relation,

P
obs
ij

⇣
k
fid
? , k

fid
k ; z

⌘
=

H(z)

Hfid(z)

⇢
D

fid
A (z)

DA(z)

�2

Pij

�
k?, kk; z

�
, (3.9)

where k? and kk are the wavenumber perpendicular and parallel to the line of sight, (k?, kk) =

k(
p

1� µ2, µ), Dfid
A (z) and H

fid are the angular diameter distance and expansion rate computed using
the assumed fiducial cosmological parameters, and k

fid
k = kkH

fid(z)/H(z) and k
fid
? = DA(z)/Dfid

A (z).

The prefactor H(z)
Hfid(z)

n
D

fid
A (z)

DA(z)

o2
accounts for the di↵erence in the cosmic volume in di↵erent cosmolo-

gies.
As formulated above, Kg, Kv and KE contain two (b, f), two (⌧, f), and one (AIA) parameters,

respectively, and all the power spectra depend on (H,DA). Thus, we have six parameters in total,
✓↵ = (b�8, AIA�8, ⌧, f�8, H,DA), where the first three are nuisance parameters that we want to
marginalize over and the latter three parameters contain cosmological information.

1Note that this terminology is di↵erent from that used in past studies: while in this paper the kSZ and IA power
spectra stand for only Pvv and PEE , respectively, the past studies included the cross-power spectrum with density field,
Pgv and PgE , into kSZ and IA spectra.
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Figure 5. Same as figure 4 but for the w0wa non-flat
model.

Figure 6. Same as figure 4 but for the w0wa� flat
model.

Figure 7. Left: Same as figure 4 but for the w0wa� non-flat model from the deep (PFS-like) survey. Right:
Similar to the left panel but for the w0wa� non-flat model from the wide (Euclid-like) survey.

show the expected 2-dimensional constraints for di↵erent cosmological models. Table 5 and figure 8
show the 1-dimensional marginalized constraints. We will discuss all the results in detail in the rest
of this subsection. Except for figure 3, all the following results are obtained combining with the CMB
prior, as detailed in Appendix B, and thus the constraints are from the combination of the Fisher
matrices of the LSS and CMB, SAB = S

LSS
AB

+ S
CMB
AB

. For all the cases, the nuisance parameters
of amplitude on clustering, kSZ, and IA, namely b�8, ⌧ , and AIA�8, respectively, are marginalized
over. Comparisons of the obtained constraints with those from the wide, Euclid-like survey will be
presented in section 5.1.

Figure 3 shows the case for the model where we vary pA = (⌦m, w0, H0,�8), labeled as the w0

flat model. Only for this analysis, we do not add the CMB prior and use only our statistics of the
large-scale structure. As shown in Ref. [59], adding IA to galaxy clustering significantly improves
the constraints. If the kSZ measurement is added, one can achieve a similar (but slightly weaker)
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shot noise terms, �v in Pvv and �� in PEE , are the velocity dispersion and shape noise of galaxies,
respectively. Using perturbation theory, �v can be evaluated at z = 0 as

(fD�v)
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1
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Z
d
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P✓✓(q; z)

q2
, (3.14)

where P✓✓ is the power spectrum of velocity divergence and linear theory predicts �v ' 600km/s [111].
The parameter RN is the inverse signal-to-noise ratio of the kSZ temperature fluctuations [30]. The
rms noise for the kSZ measurement of the CMB-S4 experiment is h�T i ⇠ 2µK, leading to RN ⇠ 10
[30].

3.4 Fisher matrix formalism

To quantify the constraining power for the dynamical and geometric parameters above and cosmo-
logical parameters, we use the Fisher matrix formalism, which has been widely used in cosmology
[103, 112, 113]. Among many references, the two most relevant works are Taruya & Okumura [59]
and Sugiyama, Okumura & Spergel [30], who performed forecast studies based on the observations of
IA and kSZ, respectively.

The Fisher matrix element for two parameters, ✓↵ and ✓� , can be calculated as
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where Vs is the comoving survey volume for a given redshift range, zmin  z  zmax, and kmin and
kmax are the minimum and maximum wavenumbers for our analysis, respectively. When only one
power spectrum, Pgg, PEE or Pvv, is used for the analysis, namely when NP = 1, the covariance
matrix is reduced to the power spectrum squared (see equation (3.12)).

Error bounds of given parameters are obtained by inverting the Fisher matrix and take the
submatrix; for example, when one wants to extract the two-dimensional error contours for ✓↵ and ✓� ,
one can take the 2⇥2 submatrix, C↵� ⌘ [F ]�1

↵�
, and to obtain the one-dimensional marginalized error

bar on a parameter ✓↵, one can take �
2
↵
⌘ [F ]�1

↵↵
(see Ref. [103] for details).

The original Fisher matrix is defined for the parameters ✓ directly determined from the geometric
and dynamical distortions. We can project the matrix into new parameter space of interest,

SAB =
X

↵,�

@✓↵

@pA
F↵�

@✓�

@pB
, (3.16)

where pA is the set of parameters in new parameter space, i.e., model-dependent cosmological param-
eter space for our case. Once again, the uncertainties of the parameters can be obtained by taking
the submatrix, e.g., CAB ⌘ [S]�1

AB
, �2

A
⌘ [S]�1

AA
, etc.

For a further discussion of the performance in constraining power of parameters in given surveys,
let us define the Figure-of-merit (FoM) for a parameter set,

FoM =
�
det(F↵�)

 1/N✓
, FoM =

�
det(SAB)

 1/Np
, (3.17)

where quantities with the bar, F and S, denote N✓ ⇥ N✓ and Np ⇥ Np submatrices of F and S,
respectively, constructed through the inversion described above. In the definition provided in Ref.
[114], N✓ = Np = 2 and the obtained FoM describes the inverse of the area of the error contour in the
marginalized parameter plane for two parameters. Here, the FOM is defined for the arbitrary number
of parameters, and the obtained value corresponds to a mean radius of the N✓ (or Np) dimensional
volume of the errors.
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Probes Statistics Abbreviations
Clustering Pgg g

kSZ Pvv v

IA PEE E

Clustering+IA Pgg + PgE + PEE g + E

Clustering+kSZ Pgg + Pgv + Pvv g + v

IA+kSZ PEE + PvE + Pvv v + E

Clustering+IA+kSZ Pgg + Pgv + Pvv + PEE + PgE + PvE g + v + E

Table 1. Statistics and their abbreviations considered for given probes. When two e↵ects are considered, A
and B, we use not only the auto-correlations (PAA and PBB) but also the cross correlation, PAB .

3.2 Linear power spectra of the three fields

As summarized in the previous subsection, the three fields, density, velocity and ellipticity, are related
through the matter field linearly with the coe�cients, Kg, Kv and KE , respectively. With these we
can construct the auto-power spectra of these fields and their cross-power spectra. We have six power
spectra of galaxies in total, and the full 2-dimensional anisotropic power spectra in redshift space
[57, 102–104], Pij(k; z) = Pij(k, µ; z) with i, j = {g, v, E}, can then be described by a concise form,

Pij(k, µ; z) = Ki(k, µ; z)Kj(k, µ; z)Plin(k; z), (3.8)

where Plin(k; z) is the real-space matter power spectrum in linear theory. The normalization of the
density fluctuation is characterized by the �8 parameter, defined by the linear RMS density fluctuation
within a sphere of radius 8h�1Mpc, and thus Plin(k; z) / �

2
8(z). While each of the three auto-power

spectra, Pgg, Pvv and PEE , can be measured from each of the three individual probes, namely galaxy
clustering, kSZ and IA, respectively, the cross-power spectra become measurable only when two
probes are simultaneously considered.1 Particularly, the correlation between velocity and ellipticity
field, PvE , has been proposed recently by our earlier studies and it can be probed by the joint analysis
of the kSZ (or peculiar velocities) and IA e↵ects [57, 58, 70–72, 105]. Table 1 summarizes all the
statistics used in this paper.

To measure the power spectra, the observed redshift of each galaxy needs to be converted into
the comoving distance by assuming a reference cosmology in equation (2.1), which causes a geometric
distortion in the measured power spectra, known as the Alcock-Paczynski (AP) e↵ect [106]. This AP
e↵ect has been extensively investigated for the galaxy power spectrum in redshift space [102, 103, 107,
108]. The AP e↵ect on the kSZ and IA statistics has been studied relatively recently by Refs. [30]
and [59], respectively. All the six observed power spectra, P obs

ij
, are related to the true ones through

the relation,

P
obs
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⇣
k
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fid
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⌘
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H(z)

Hfid(z)
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where k? and kk are the wavenumber perpendicular and parallel to the line of sight, (k?, kk) =

k(
p

1� µ2, µ), Dfid
A (z) and H

fid are the angular diameter distance and expansion rate computed using
the assumed fiducial cosmological parameters, and k

fid
k = kkH

fid(z)/H(z) and k
fid
? = DA(z)/Dfid

A (z).

The prefactor H(z)
Hfid(z)

n
D

fid
A (z)

DA(z)

o2
accounts for the di↵erence in the cosmic volume in di↵erent cosmolo-

gies.
As formulated above, Kg, Kv and KE contain two (b, f), two (⌧, f), and one (AIA) parameters,

respectively, and all the power spectra depend on (H,DA). Thus, we have six parameters in total,
✓↵ = (b�8, AIA�8, ⌧, f�8, H,DA), where the first three are nuisance parameters that we want to
marginalize over and the latter three parameters contain cosmological information.

1Note that this terminology is di↵erent from that used in past studies: while in this paper the kSZ and IA power
spectra stand for only Pvv and PEE , respectively, the past studies included the cross-power spectrum with density field,
Pgv and PgE , into kSZ and IA spectra.
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Figure 9. FoM of cosmological impact for clustering only (gray), clustering + kSZ (green), clustering + IA
(red) and clustering + IA + kSZ (blue). The upper-left, upper-right, lower-left, and lower-right panels are
the results for the w0wa flat, w0wa non-flat, w0wa� flat, and w0wa� non-flat models, respectively. The CMB
prior information is added for all the results here. In each panel, the values of FoM are normalized by that for
clustering only with the PFS survey. The green, red and blue vertical lines indicate the FoM values obtained
in the upper-left panel for comparison.

significance is further enhanced by allowing the non-zero curvature (w0wa� non-flat model) with
pA = (⌦m,⌦K , w0, wa, H0, �,�8). The 2d error contours are shown in the left panel of figure 7. As
shown in table 5 and figure 8, by simultaneously analyzing the clustering, IA and kSZ, the constraint
on � is improved by 40% and others by > 50% except for ⌦K , compared to the clustering-only analysis.

5 Discussion

5.1 Deep vs wide surveys

So far, we have considered the PFS survey as an example of a deep galaxy survey. To see how the
constraining power of kSZ and IA measurements depends on types of galaxy surveys, here we perform
the forecast constraints from the Euclid survey as an example of wide galaxy survey. The right hand
side of figure 2 presents the example of the wide (Euclid-like) survey. Though the redshift range is
narrower than that for the PFS, constraints on f�8, DA and H at each redshift bin are much tighter
due to the large survey volumes (see table 3). Cosmological constraints are thus expected to be
stronger as well. To see it quantitatively, let us utilize the FoM introduced in equation (3.17). Indeed,
the FoM for cosmological parameters from the wide survey is always better, roughly by a factor of
two, than that from the PFS. The comparison is shown in figure 9.

Cosmological parameter constraints are the projection into lower dimension(s). The constraints
from the Euclid survey are summarized in the right hand side of table 5 and figure 8. If one uses only
the information of clustering, constraints from the wide survey considered here are always tighter than
those from the deep survey, by 30� 40%. However, it is not the case when we vary the � parameter.
The � parameter is constrained from the measurement of the growth rate f(z). Thus, the constraining
power in a wide survey does not gain as much as that in a deep survey by combining with additional
probes of kSZ and IA. Indeed, in the w0wa� flat model, if we perform a joint analysis of galaxy
clustering together with kSZ and IA for a deep survey, the constraining power can be stronger than
the conventional clustering-only analysis for a wide survey even though the FoM for the wide survey
is twice large. More interestingly, in the more general, w0wa� non-flat model, even combining either
IA or kSZ with clustering in the deep survey can beat the constraining power of the wide survey, as
shown in table 5 and figure 8. If one combines all the three probes in the deep survey, the constraints
become far stronger than the conventional clustering analysis in the wide survey. We also show the
2-d contours from the wide survey in the right panel of figure 7 which can be compared to those from
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Figure 5. Same as figure 4 but for the w0wa non-flat
model.

Figure 6. Same as figure 4 but for the w0wa� flat
model.

Figure 7. Left: Same as figure 4 but for the w0wa� non-flat model from the deep (PFS-like) survey. Right:
Similar to the left panel but for the w0wa� non-flat model from the wide (Euclid-like) survey.

show the expected 2-dimensional constraints for di↵erent cosmological models. Table 5 and figure 8
show the 1-dimensional marginalized constraints. We will discuss all the results in detail in the rest
of this subsection. Except for figure 3, all the following results are obtained combining with the CMB
prior, as detailed in Appendix B, and thus the constraints are from the combination of the Fisher
matrices of the LSS and CMB, SAB = S

LSS
AB

+ S
CMB
AB

. For all the cases, the nuisance parameters
of amplitude on clustering, kSZ, and IA, namely b�8, ⌧ , and AIA�8, respectively, are marginalized
over. Comparisons of the obtained constraints with those from the wide, Euclid-like survey will be
presented in section 5.1.

Figure 3 shows the case for the model where we vary pA = (⌦m, w0, H0,�8), labeled as the w0

flat model. Only for this analysis, we do not add the CMB prior and use only our statistics of the
large-scale structure. As shown in Ref. [59], adding IA to galaxy clustering significantly improves
the constraints. If the kSZ measurement is added, one can achieve a similar (but slightly weaker)
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FIG. 2: Left: Normalized redshift distribution for the PFS-like survey. Right: Volumes probed by Euclid-like and PFS-like
surveys compared to the BOSS survey.

III. LOCAL PART OF THE CORRELATION FUNCTION

The local part of (6) is:

⇠loc(x1,x2) = h�loc(x1)�loc(x2)i. (18)

In this section we ignore the integrated part of ⇠ and focus on the local part.
We expand the correlation function in tripolar spherical harmonics S`1`2L [18, 21–23, 44]:

⇠loc(n1, z1,n2, z2) = b(z1)b(z2)
X

`1,`2,L,n

B
`1`2L
n (�1,�2)S`1`2L(n1,n2,n12) ⇠

n
L (�12; z1, z2), (19)

where x1 � x2 ⌘ �12n12. The correlation moments in this expansion are

⇠
n
L (�; z1, z2) =

Z
dk

k
2�n

2⇡2
jL(�k)P�(k; z1, z2), (20)

where P�(k; z1, z2) / h�(k, z1)�(k, z2)i is the matter power spectrum in synchronous-comoving gauge and jL are
spherical Bessel functions. The B coe�cients in (19) contain the functions ↵,�, � of (12)–(14) (the full expressions
are given in [23]).

The meaning of the functions ↵,�, � is as follows:

• � encodes the e↵ect of the matter overdensity � and redshift-space distortions. The first two terms (� terms)
in (8) appear in the Kaiser flat-sky approximation. (This Newtonian term is typically taken as “the standard
contribution”.)

• ↵ encodes the “mode-coupling” e↵ect, which mixes di↵erent modes of the wide-angle correlation. It depends
on the velocity dispersion and is related to the fact that local overdensity around each galaxy can a↵ect the
“apparent movement” of galaxies when going from real- to redshift-space, and can be thought of as a velocity
term [18, 22, 44]. In the case of very large separations, it acquires relativistic corrections [23]. The third term
(↵� term) in (8) thus describes geometry and also relativistic corrections [see (22)]. The standard flat-sky
(Kaiser) analysis includes only the first two terms of (8). In the Newtonian wide-angle generalization of the
Kaiser case, the third term of (8) appears, with the Newtonian approximation ↵nwt of ↵ [23]:
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�
. (22)

(For a di↵erent and equivalent definition of ↵, see [32, 45].)
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Figure 9. FoM of cosmological impact for clustering only (gray), clustering + kSZ (green), clustering + IA
(red) and clustering + IA + kSZ (blue). The upper-left, upper-right, lower-left, and lower-right panels are
the results for the w0wa flat, w0wa non-flat, w0wa� flat, and w0wa� non-flat models, respectively. The CMB
prior information is added for all the results here. In each panel, the values of FoM are normalized by that for
clustering only with the PFS survey. The green, red and blue vertical lines indicate the FoM values obtained
in the upper-left panel for comparison.

significance is further enhanced by allowing the non-zero curvature (w0wa� non-flat model) with
pA = (⌦m,⌦K , w0, wa, H0, �,�8). The 2d error contours are shown in the left panel of figure 7. As
shown in table 5 and figure 8, by simultaneously analyzing the clustering, IA and kSZ, the constraint
on � is improved by 40% and others by > 50% except for ⌦K , compared to the clustering-only analysis.

5 Discussion

5.1 Deep vs wide surveys

So far, we have considered the PFS survey as an example of a deep galaxy survey. To see how the
constraining power of kSZ and IA measurements depends on types of galaxy surveys, here we perform
the forecast constraints from the Euclid survey as an example of wide galaxy survey. The right hand
side of figure 2 presents the example of the wide (Euclid-like) survey. Though the redshift range is
narrower than that for the PFS, constraints on f�8, DA and H at each redshift bin are much tighter
due to the large survey volumes (see table 3). Cosmological constraints are thus expected to be
stronger as well. To see it quantitatively, let us utilize the FoM introduced in equation (3.17). Indeed,
the FoM for cosmological parameters from the wide survey is always better, roughly by a factor of
two, than that from the PFS. The comparison is shown in figure 9.

Cosmological parameter constraints are the projection into lower dimension(s). The constraints
from the Euclid survey are summarized in the right hand side of table 5 and figure 8. If one uses only
the information of clustering, constraints from the wide survey considered here are always tighter than
those from the deep survey, by 30� 40%. However, it is not the case when we vary the � parameter.
The � parameter is constrained from the measurement of the growth rate f(z). Thus, the constraining
power in a wide survey does not gain as much as that in a deep survey by combining with additional
probes of kSZ and IA. Indeed, in the w0wa� flat model, if we perform a joint analysis of galaxy
clustering together with kSZ and IA for a deep survey, the constraining power can be stronger than
the conventional clustering-only analysis for a wide survey even though the FoM for the wide survey
is twice large. More interestingly, in the more general, w0wa� non-flat model, even combining either
IA or kSZ with clustering in the deep survey can beat the constraining power of the wide survey, as
shown in table 5 and figure 8. If one combines all the three probes in the deep survey, the constraints
become far stronger than the conventional clustering analysis in the wide survey. We also show the
2-d contours from the wide survey in the right panel of figure 7 which can be compared to those from
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shot noise terms, �v in Pvv and �� in PEE , are the velocity dispersion and shape noise of galaxies,
respectively. Using perturbation theory, �v can be evaluated at z = 0 as
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where P✓✓ is the power spectrum of velocity divergence and linear theory predicts �v ' 600km/s [111].
The parameter RN is the inverse signal-to-noise ratio of the kSZ temperature fluctuations [30]. The
rms noise for the kSZ measurement of the CMB-S4 experiment is h�T i ⇠ 2µK, leading to RN ⇠ 10
[30].

3.4 Fisher matrix formalism

To quantify the constraining power for the dynamical and geometric parameters above and cosmo-
logical parameters, we use the Fisher matrix formalism, which has been widely used in cosmology
[103, 112, 113]. Among many references, the two most relevant works are Taruya & Okumura [59]
and Sugiyama, Okumura & Spergel [30], who performed forecast studies based on the observations of
IA and kSZ, respectively.

The Fisher matrix element for two parameters, ✓↵ and ✓� , can be calculated as
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where Vs is the comoving survey volume for a given redshift range, zmin  z  zmax, and kmin and
kmax are the minimum and maximum wavenumbers for our analysis, respectively. When only one
power spectrum, Pgg, PEE or Pvv, is used for the analysis, namely when NP = 1, the covariance
matrix is reduced to the power spectrum squared (see equation (3.12)).

Error bounds of given parameters are obtained by inverting the Fisher matrix and take the
submatrix; for example, when one wants to extract the two-dimensional error contours for ✓↵ and ✓� ,
one can take the 2⇥2 submatrix, C↵� ⌘ [F ]�1

↵�
, and to obtain the one-dimensional marginalized error

bar on a parameter ✓↵, one can take �
2
↵
⌘ [F ]�1

↵↵
(see Ref. [103] for details).

The original Fisher matrix is defined for the parameters ✓ directly determined from the geometric
and dynamical distortions. We can project the matrix into new parameter space of interest,

SAB =
X

↵,�

@✓↵

@pA
F↵�

@✓�

@pB
, (3.16)

where pA is the set of parameters in new parameter space, i.e., model-dependent cosmological param-
eter space for our case. Once again, the uncertainties of the parameters can be obtained by taking
the submatrix, e.g., CAB ⌘ [S]�1

AB
, �2

A
⌘ [S]�1

AA
, etc.

For a further discussion of the performance in constraining power of parameters in given surveys,
let us define the Figure-of-merit (FoM) for a parameter set,

FoM =
�
det(F↵�)

 1/N✓
, FoM =

�
det(SAB)

 1/Np
, (3.17)

where quantities with the bar, F and S, denote N✓ ⇥ N✓ and Np ⇥ Np submatrices of F and S,
respectively, constructed through the inversion described above. In the definition provided in Ref.
[114], N✓ = Np = 2 and the obtained FoM describes the inverse of the area of the error contour in the
marginalized parameter plane for two parameters. Here, the FOM is defined for the arbitrary number
of parameters, and the obtained value corresponds to a mean radius of the N✓ (or Np) dimensional
volume of the errors.

– 7 –
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FIG. 2: Left: Normalized redshift distribution for the PFS-like survey. Right: Volumes probed by Euclid-like and PFS-like
surveys compared to the BOSS survey.

III. LOCAL PART OF THE CORRELATION FUNCTION

The local part of (6) is:

⇠loc(x1,x2) = h�loc(x1)�loc(x2)i. (18)

In this section we ignore the integrated part of ⇠ and focus on the local part.
We expand the correlation function in tripolar spherical harmonics S`1`2L [18, 21–23, 44]:

⇠loc(n1, z1,n2, z2) = b(z1)b(z2)
X

`1,`2,L,n

B
`1`2L
n (�1,�2)S`1`2L(n1,n2,n12) ⇠

n
L (�12; z1, z2), (19)

where x1 � x2 ⌘ �12n12. The correlation moments in this expansion are

⇠
n
L (�; z1, z2) =

Z
dk

k
2�n

2⇡2
jL(�k)P�(k; z1, z2), (20)

where P�(k; z1, z2) / h�(k, z1)�(k, z2)i is the matter power spectrum in synchronous-comoving gauge and jL are
spherical Bessel functions. The B coe�cients in (19) contain the functions ↵,�, � of (12)–(14) (the full expressions
are given in [23]).

The meaning of the functions ↵,�, � is as follows:

• � encodes the e↵ect of the matter overdensity � and redshift-space distortions. The first two terms (� terms)
in (8) appear in the Kaiser flat-sky approximation. (This Newtonian term is typically taken as “the standard
contribution”.)

• ↵ encodes the “mode-coupling” e↵ect, which mixes di↵erent modes of the wide-angle correlation. It depends
on the velocity dispersion and is related to the fact that local overdensity around each galaxy can a↵ect the
“apparent movement” of galaxies when going from real- to redshift-space, and can be thought of as a velocity
term [18, 22, 44]. In the case of very large separations, it acquires relativistic corrections [23]. The third term
(↵� term) in (8) thus describes geometry and also relativistic corrections [see (22)]. The standard flat-sky
(Kaiser) analysis includes only the first two terms of (8). In the Newtonian wide-angle generalization of the
Kaiser case, the third term of (8) appears, with the Newtonian approximation ↵nwt of ↵ [23]:

↵nwt(z)

�(z)
= � H(z)

(1 + z)

⇢
be(z)�

2

�(z)

⇥
1�Q(z)

⇤ (1 + z)

H(z)

�
=

d lnNg

d�
+

⇥
1�Q(z)

⇤ 2
�
, (21)

↵(z) = ↵nwt(z)�
�(z)H(z)

(1 + z)


3

2
⌦m(z)� 1� 2Q(z)

�
. (22)

(For a di↵erent and equivalent definition of ↵, see [32, 45].)
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Outline

• Galaxy redshift surveys
• Dynamical distortions: redshift-space distortions (RSD) 
• Geometric distortions: baryon acoustic oscillations (BAO)

• Kinetic Sunyaev-Zel’dovich (kSZ) effect
• Galaxy intrinsic alignment (IA)
• Fisher matrix forecast with galaxy clustering + IA + kSZ
• Geometric and dynamical constraints
• Cosmological parameter constraints
• Deep vs wide galaxy surveys

• IA in f(R) gravity simulations
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ABSTRACT
There is a growing interest of utilizing intrinsic alignment (IA) of galaxy shapes as a geometric and dynamical probe of cosmology.
In this paper we present the first measurements of IA in a modified gravity model using the gravitational shear-intrinsic ellipticity
correlation (GI) and intrinsic ellipticity-ellipticity correlation (II) functions of dark-matter halos from 5 (') gravity simulations.
By comparing them with the same statistics measured in ⇤CDM simulations, we find that the IA statistics in di�erent gravity
models show distinguishable features, with a trend similar to the case of conventional galaxy clustering statistics. Thus, the GI
and II correlations are found to be useful in distinguishing between the ⇤CDM and 5 (') gravity models. More quantitatively,
IA statistics enhance detectability of the imprint of f(R) gravity on large scale structures by ⇠ 20% when combined with the
conventional halo clustering in redshift space. Our results demonstrate the usefulness of IA statistics as a probe of gravity beyond
a consistency test of ⇤CDM and general relativity.

Key words: methods: statistical – cosmology: theory – dark energy – large-scale structure of Universe.

1 INTRODUCTION

The origin of the cosmic acceleration has been one of the most
profound mysteries for decades (Weinberg et al. 2013). Many studies
have explored it by considering dark energy as a source of the cosmic
acceleration. Modifying the law of gravity at cosmological scales is
an alternative way to explain the acceleration (Wang & Steinhardt
1998; Linder 2005). Conventionally, galaxy clustering observed in
redshift surveys has been extensively exploited for this purpose (e.g.,
Guzzo et al. 2008; Reyes et al. 2010; Okumura et al. 2016).

Intrinsic alignment (IA) of galaxy shapes, originally focused as a
contaminant to gravitational lensing signals (Croft & Metzler 2000;
Heavens et al. 2000; Hirata & Seljak 2004; Mandelbaum et al. 2006;
Hirata et al. 2007; Okumura et al. 2009; Okumura & Jing 2009;
Blazek et al. 2011; Troxel & Ishak 2015; Tonegawa & Okumura
2021), has been drawing attention as a new dynamical and geometric
probe of cosmology (e.g., Chisari & Dvorkin 2013; Okumura et al.
2019; Taruya & Okumura 2020; Kurita et al. 2021; Reischke et al.
2021; Okumura & Taruya 2021). However, such a possibility has
been explored merely by forecast studies or numerical simulations
based on the ⇤CDM model. Thus, we still do not know how the
observed IA looks like in gravity models beyond general relativity
(GR).

In this paper, we present the first measurements of IA statistics of
dark-matter halos in modified gravity using N-body simulations of
the 5 (') gravity model. We then show that the IA statistics are indeed

¢ ytchuang@asiaa.sinica.edu.tw
† tokumura@asiaa.sinica.edu.tw

useful to tighten the constraint on gravity models by combining with
the conventional galaxy clustering statistics.

2 INTRINSIC ALIGNMENT STATISTICS

This section provides a brief description of the three-dimensional
alignment statistics following Okumura & Taruya (2020). In this
paper, we measure all the statistics in redshift space, and thus the
halo overdensity field X

⌘
below is sampled in redshift space and

su�ers from redshift-space distortions (RSD Kaiser 1987).
To begin with, orientations of halos or galaxies projected onto the

sky are quantified by the two-component ellipticity, given as

W(+,⇥) (x) =
1 � (V/U)
1 + (V/U) (cos(2\), sin(2\)), (1)

where \, defined on the plane normal to the line-of-sight, is the angle
between the major axis projected onto the celestial sphere and the
projected separation vector pointing to another object, V/U is the
minor-to-major axis ratio and we set V/U = 0 for simplicity.

In this paper, together with the halo density correlation function,
b
⌘⌘

, abbreviated as the GG correlation, we study two types of IA
statistics, the intrinsic ellipticity (II) correlation functions, b+ and b�
(Croft & Metzler 2000; Heavens et al. 2000), and the gravitational
shear-intrinsic ellipticity (GI) correlation functions, b

⌘+ (Hirata &
Seljak 2004). They are concisely defined as

1 + b- (r) = h[1 + X
⌘
(x1)] [1 + X

⌘
(x2)],- (x1, x2)i, (2)

where - = {⌘⌘, ⌘+, +,�} and r = x2 � x1. The GG, GI and II cor-
relation functions are characterized by the function ,- (x1, x2):

© 2021 The Authors
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Measuring IA statistics in f(R) gravity simulations
• Simulations run by Shirasaki-san

Structures w/ General relativity Structures w/ f(R) gravity

This vidualization made by 
Gongbo Zhao (NAOC)



Non-zero 
multipoles of 
GG, GI and II 
correlation 
functions (l=0,2,4)

• M >	1013 halos
• z=0
• L =	316Mpc/h
• |fR0|	=	10-5



Distingusihability of different gravity models using galaxy shapes
• The constraint gets ~20% tighter, but

• The analysis is too simple:
• The difference comes from not only f(z) but 

also b(z), bK(z), D(z) and σ8. 
• Thus, the actual improvement is not so 

significant as obtained here.
• The P(k) shape is not used.
• The scale dependence is ignored.
• So the constraints can be tighter as well.

• The more realistic constraint will be given 
in the upcoming paper. 

GR = f(R)

improvement



Conclusions
• Conventionally, cosmological constraints on the growth and expansion history 

of the universe have been obtained from the measurements of RSD and BAO 
embedded in the galaxy distribution.
• We studied how well one can improve the cosmological constraints from the 

combination of the galaxy density field with velocity (kSZ) and ellipticity (IA) 
fields.
• For illustration, we consider the Subaru PFS whose survey footprint perfectly 

overlaps with the HSC and CMB-S4 experiment. 
• We found adding the kSZ and IA effects significantly improves cosmological 

constraints.
• IA of galaxies is useful as a probe of gravity even beyond a consistency test of 

LCDM and GR.


