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1.1. 銀河赤方偏移サーベイ

©SDSS

赤方偏移:  z = λobs − λem

λem
天球面上の位置:   (θ, ϕ)

• 観測される赤方偏移
宇宙論的赤方偏移 (ハッブル=ルメートル則)  + 銀河の特異速度によるドップラー効果

赤方偏移の情報から得られる銀河の位置 ≠ 実際の位置

観測する銀河の分布は歪んでみえる 
➡ 赤方偏移空間歪み(Redshift space distortions, RSD)

• 銀河赤方偏移サーベイ

©Hubblesite

• 銀河赤方偏移サーベイで描かれる宇宙の3次元地図

https://hubblesite.org/image/4509


1.2. 赤方偏移空間ゆがみ(RSD)

実空間 赤方偏移空間

観測者

視線方向

大スケール: コヒーレントな落下運動
主要な歪みの原因: 銀河の特異速度によるドップラー効果

小スケール: ランダムなビリアル運動
実空間 赤方偏移空間

観測者

視線方向

カイザー効果 Finger-of-God effect
重力によって引き起こされる特異速度が非等方性の強さに関係 ➡ 重力の宇宙論的なテスト



1.3. 非等方性の定量化
2点相関関数 ξ(s)(s, μ) = ⟨δ(s)(s1)δ(s)(s2)⟩ ~ 銀河の個数カウント

等方性が破れ、2点間の距離   と、視線方向   からの角度   で表現されるs ̂z μ = ̂s ⋅ ̂z

ξℓ(s) = 2ℓ + 1
2 ∫

1

−1
dμ ξ(s)(s, μ)$ℓ(μ)

( : Legendre polynomial)$ℓ(μ)
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Figure 1. The black dots in the plots of this figure represent monopole (⌅ ) and quadrupole (•) for BOSS DR12 galaxy sample evaluated
at di↵erent values of s. The error bars are obtained from the diagonal elements of the covariance matrices corresponding to mocks in the
three redshift bins. The red and the blue lines denote the best fit models of monopole and quadrupole of the galaxy data. The analysis
assumes a fitting range 25 h

�1Mpc s  150 h
�1Mpc with a bin size of 5 h

�1Mpc.

The selected sample of 1,198,006 galaxies encompasses a
redshift range of 0.2 to 0.75 and covers 9,329 square degrees.
For the purpose of this paper, we divide this redshift range
into three overlapping redshift bins of roughly equal volume
(Alam et al. 2016), viz. 0.2 < z < 0.5 (bin1 ), 0.4 < z < 0.6
(bin2 ) and 0.5 < z < 0.75 (bin3 ). These bins have e↵ective
redshifts of ze↵ = 0.38, 0.51 and 0.61 respectively. For the
three bins, we work with a ⇤CDM-GR cosmological model
with a fiducial cosmology of ⌦m = 0.31, H0 = 0.676, ⌦⇤ =
0.69, ⌦bh

2 = 0.022 and �8 = 0.80.

We follow the methods outlined in Ross et al. (2012)
and Anderson et al. (2014) to give weights to each galaxy
under study to compensate for the e↵ects of redshift failures
and fiber collisions. We introduce the weight factor wzf to ac-
count for redshift failure of the nearest neighbor of a galaxy.
Similarly, the weight factor wcp is intended to account for a
scenario where the redshift of a neighbor was not obtained
because it was in a close pair. The weight factor wstar serves
to correct for the non-cosmological fluctuations which arise
due to the dependence of target identification on the local
star density. The weight factor wsee corrects the e↵ect of the
seeing conditions (during photometric observations) on the
target density. The factor wFKP is included because of the
need to minimize the variance in the weighted number of
galaxy counts. Following is the weighting scheme that we
use: wtot = (wcp + wzf � 1)wstarwseewFKP.

Four companion papers (including this paper) present
di↵erent approaches for the full-shape analysis of the BOSS
DR12 combined galaxy sample (Alam et al. 2016):

(i) In this work, we use multipoles obtained from
anisotropic two-point galaxy correlation functions to ana-
lyze the DR12 data. Details of the approach used for our
analysis are given in section 4.

(ii) Sánchez et al. (2016a) present an analysis of the BOSS
DR12 combined galaxy sample using wedges obtained from
anisotropic two-point correlation functions.

(iii) The methodology presented in Beutler et al. (2016a)
for the analysis of DR12 galaxy data employs multipoles
obtained from anisotropic power spectrum.

(iv) Grieb et al. (2016) use an analysis based on wedges
from anisotropic power spectrum in their investigation of
the BOSS DR12 galaxy data.

3.2 Mock Galaxy Catalogs

We use the Multi-Dark Patchy (MD-P) mock catalogs (Ki-
taura et al. 2014, 2015) as an essential statistical tool
and as a precursor to the analysis of the SDSS III DR12
combined galaxy dataset. These mock catalogs require the
generation of accurate reference catalogs. For these MD-P
mock catalogs, the reference catalogs are extracted from
one of the BigMultiDark cosmological N-body simulations
(Klypin et al. 2014) which uses gadget-2 (Springel 2005)
with 38403 particles in a volume of (2.5 h

�1Mpc)3. These
simulations are based on a ⇤CDM cosmology of H0 =
67.77 km.s�1

.Mpc�1
, ⌦m = 0.307115, ⌦b = 0.048206, ns =

0.9611 and �8 = 0.8288.
In a manner akin to the division of the BOSS DR12 data

into redshift bins, the MD-P mock catalogs that we use are
segregated into three redshift bins with e↵ective redshifts
of ze↵ = 0.38 (bin1 ), 0.51 (bin2 ) and 0.61 (bin3 ). In each
redshift bin we use 997 mocks in our analysis. The primary
purpose of the use of the MD-P mocks is to assist in the
formulation of covariance matrices for the di↵erent bins of
the galaxy dataset and to mimic the statistics of the same.
We discuss more about the use of the MD-P mocks to obtain
covariance matrices in sections 4.1 and 4.2.

4 ANALYSIS

In this section, we outline the methodology that we have
used in our analysis of the MultiDark-Patchy (MD-P) mock
catalogs and the BOSS DR12 dataset in the three redshift
bins. We sketch the steps that we employ in analyzing the
positions of galaxies to obtain multipoles (⇠0(r) and ⇠2(r))
from two-point correlation functions (⇠(r)). We also dis-
cuss the computation of covariance matrices from MD-P
mock catalogs. We conclude by shedding light on the use
of Markov Chain Monte Carlo (MCMC) in chosen param-
eter spaces for the MD-P mocks and the SDSS III galaxy
dataset to obtain a handle on the variation of di↵erent RSD
and BAO parameters.

4.1 The two-point galaxy correlation function

In the fiducial cosmology ⌦m = 0.31, H0 = 0.676, ⌦⇤ =
0.69, ⌦bh

2 = 0.022 and �8 = 0.80, we map redshift and

MNRAS 000, 1–15 (2016)
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1.4. RSDによる重力のテスト

s = r +
1 + z

H(z)
(v · ẑ) ẑ (特殊相対論,  ),     : 視線方向ベクトルv/c ≪ 1 ̂z

  : 線形成長率f ≡ d ln δL
d ln a

連続の式(線形) :   

赤方偏移空間と実空間の間の数の保存 :  

·δL + 1
a

∇ ⋅ v ≃ 0

(1 + δ(s)(s)) d3s = (1 + δ(r)) d3r

N. Kaiser (1987)

δ(s)(k) = (b + f(k̂ ⋅ ̂z)2) δL(k)
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線形成長率   は重力理論に依存 (ΛCDM :  )f f ≈ (Ωm(a))0.55

赤方偏移空間と実空間の間の関係

カイザー公式

https://doi.org/10.1093/mnras/227.1.1
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2.1. 観測的な相対論効果
観測される赤方偏移

宇宙論的赤方偏移 (ハッブル=ルメートル則) + 銀河の特異速度によるドップラー効果

他の特殊・一般相対論的効果も観測される赤方偏移に影響を与える
+ 重力赤方偏移 (ザックス=ヴォルフェ効果) 
+ 積分ザックス=ヴォルフェ効果 
+ シャピロー時間遅延効果 
+ 重力レンズ効果 
+ ...

© NASA, ESA & L. Calçada

© Bill Saxton (NRAO/AUI/NSF)



2.2. どのような痕跡がRSDに残るか①
そのために...

FLRW計量 + 摂動 
 ds2 = [−(1 + 2Φ)dt2 + a2(1 − 2Ψ)dx2]

(弱場近似)

s = r + 1 + z
H

(v ⋅ ̂r) ̂r + 1 + z
H (−Φ + 1

2 v2 − ∫
t0

t
( ·Φ + ·Ψ) dt′ ) ̂r − ∫

χ

0
(Ψ + Ψ)dχ′ ̂r − ∫

χ

0
(χ − χ′ )∇⊥(Φ + Ψ)dχ′ 

赤方偏移空間と実空間の間の関係

測地線方程式 

 dkμ

dλ
+ Γμ

αβkαkβ = 0

観測される赤方偏移 

 1 + z =
(kμuμ)S

(kμuμ)O

赤方偏移空間の密度ゆらぎ(線形), c.f. カイザー公式
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A.Challinor and A.Lewis [1105.5292] 
C.Bonvin and R.Durrer [1105.5280] 
J.Yoo [1409.3223], and many works

http://arxiv.org/abs/1105.5292
http://arxiv.org/abs/1105.5280
http://arxiv.org/abs/1409.3223


2.3. どのような痕跡がRSDに残るか②
ドップラー効果のときを思い出す...
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δ(s)(k) = (b + f(k̂ ⋅ ̂z)2) δL(k)
カイザー公式

A.Challinor and A.Lewis [1105.5292] 
C.Bonvin and R.Durrer [1105.5280] 
J.Yoo [1409.3223], and many works

http://arxiv.org/abs/1105.5292
http://arxiv.org/abs/1105.5280
http://arxiv.org/abs/1409.3223


2.3. どのような痕跡がRSDに残るか②
ドップラー効果のときを思い出す...

実空間 赤方偏移空間

観測者

視線方向

大スケール: コヒーレントな落下運動
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δ(s)(k) = (b + f(k̂ ⋅ ̂z)2) δL(k)
カイザー公式

(視線方向ベクトル)2 ~ 偶数次の多重極の非等方性
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2.4. 双極子的非等方性

A.Challinor and A.Lewis [1105.5292], C.Bonvin and R.Durrer [1105.5280], J.Yoo [1409.3223], ...

  相互相関をとることで初めて非対称な相関関数(双極子的非等方性)が見えるξ1 ∝ (b1 − b2)

s = s2 − s1

s2
s1

dθ

O

1

2
( = s1 + s2

2 )
b1

b2
(b1 > b2)

線形理論に基づくと

ドップラー効果からも遠方観測者近似が破れる状況で、同様に双極子的非等方性が出る

E.Giusarma et al. [1709.07854]

ドップラー効果 相対論的効果(重力赤方偏移)

 : constant line-of-sight vector̂z

注意: wide-angle効果

s = r + 1 + z
H(z) (v ⋅ ̂z) ̂z

ξ1 = 3
2 ∫

1

−1
(ξ(S)(s1, s2) cos θ ) d cos θ

ξ1 ∝ (b1 − b2)

http://arxiv.org/abs/1105.5292
http://arxiv.org/abs/1105.5280
http://arxiv.org/abs/1409.3223
https://arxiv.org/abs/1709.07854


2.5. シミュレーションでの双極子的非等方性の測定
• N体シミュレーション (RAMSES, (2.625 h-1Mpc)3, 40963 DM particles) 
• light cone上の重力ポテンシャルのデータを保存 
• 測地線方程式を解く 
• 観測される赤方偏移/位置を得る

(RayGalGroupSims  by M-A.Breton and Y.Rasera)

1 + z =
(gμνkμkν)source

(gμνkμkν)observer

gμνkμkν = − ak0 (1 + ϕ + v ⋅ n̂ + 1
2 v2)

全ての相対論的効果が入ったlight-coneカタログ 
(各効果のオン・オフも選択可能)

M-A.Breton, Y.Rasera, A.Taruya, O.Lacombe, S.Saga [1803.04294]

https://cosmo.obspm.fr/raygalgroupsims-relativistic-halo-catalogs/
http://arxiv.org/abs/1803.04294


2.6. シミュレーションでの双極子的非等方性の測定
16 Breton et al.

Figure 12. Dipole of the cross-correlation function between data H1600 and data H100, at small scales, for di↵erent perturbations of the
halo number count. This leads to: upper left panel only the contribution from gravitational potential was taken into account as a source
of RSD, upper right panel Doppler only, middle left panel transverse Doppler only, middle right panel ISW/RS only, bottom left panel
weak lensing only, and finally bottom right panel the residual for which we subtract all the previous e↵ects to the full dipole taking into
account all the e↵ects at once.

the dipole below 10 h
�1Mpc. It is therefore possible to probe

the potential outside groups and clusters using the dipole.
By subtracting the linear expectation for the Doppler con-
tribution it is in principle possible to probe the potential to
even larger radii. This is a path to explore in order to circum-

vent the disadvantages of standard probes of the potential,
usually relying on strong assumptions (such as hydrostatic
equilibrium) or being only sensitive to the projected poten-
tial (lensing). A simple spherical prediction allows to predict
the global trend of the dipole but not the exact value. More-
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Figure 13. Full dipole of the cross-correlation function between
data H1600 and data H100. The deviation from linear theory is
governed by the potential contribution and the “residual” (mostly
related to the coupling between potential and velocity terms). The
dipole is a sensitive probe of the potential well beyond the virial
radius of haloes.

over as we have seen the residual (i.e all the cross terms
and non-linearities of the mapping) is of the same order as
the gravitational potential contribution and should be taken
into account properly. At small scales the pairwise velocity
PDF is also highly non-Gaussian, leading to high peculiar
velocities and Finger-of-God e↵ect. Coupled to gravitational
potential and possibly wide-angle e↵ect we expect this to be
a non-negligible contribution to the dipole. To fully under-
stand and probe cosmology or modified theories of gravity at
these scales using the cross-correlation dipole we therefore
need a perturbation theory or streaming model which takes
into account more redshift perturbation terms and relaxes
the distant observer approximation. This will be the focus
of a future paper.

There are multiple possible extensions to this work. At
large Gpc scales current analysis are limited by the volume
of the simulation as well as gauge e↵ect. At smaller scales
the baryons as well as the finite resolution e↵ect might play
a role. Extension of this work in these two directions can
open interesting perspectives. When analysing future sur-
veys, it is also important to consider observational e↵ects.
One possibility would be to populate haloes with galaxies
and to incorporate e↵ects such as magnification bias, ab-
sorption by dust, redshift errors, alignment of galaxies, etc.
Another straight-forward extension is to explore the influ-
ence of cosmology, dark energy, dark matter and modified
gravity on the dipole of the halo cross-correlation to shed
light on the nature of the dark sector with future large scale
surveys.
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Figure 10. Dipole of the cross-correlation function normalised by the bias, at large scales, for di↵erent perturbations of the observed
halo number count. This leads to: upper left panel only the contribution from gravitational potential was taken into account as a source
of RSD, in black dashed line we have the prediction when accounting for leading terms in (H/k)2. Upper right panel Doppler only, middle
left panel transverse Doppler only, middle right panel ISW/RS only, bottom left panel weak lensing only, and finally bottom right panel
the residual where we subtract all the previous e↵ects to the full dipole taking into account all the e↵ects at once. In black we have the
averaged prediction using linear theory at first order in H/k.

MNRAS 000, 1–21 (2018)

14 Breton et al.

Figure 10. Dipole of the cross-correlation function normalised by the bias, at large scales, for di↵erent perturbations of the observed
halo number count. This leads to: upper left panel only the contribution from gravitational potential was taken into account as a source
of RSD, in black dashed line we have the prediction when accounting for leading terms in (H/k)2. Upper right panel Doppler only, middle
left panel transverse Doppler only, middle right panel ISW/RS only, bottom left panel weak lensing only, and finally bottom right panel
the residual where we subtract all the previous e↵ects to the full dipole taking into account all the e↵ects at once. In black we have the
averaged prediction using linear theory at first order in H/k.

MNRAS 000, 1–21 (2018)

14 Breton et al.

Figure 10. Dipole of the cross-correlation function normalised by the bias, at large scales, for di↵erent perturbations of the observed
halo number count. This leads to: upper left panel only the contribution from gravitational potential was taken into account as a source
of RSD, in black dashed line we have the prediction when accounting for leading terms in (H/k)2. Upper right panel Doppler only, middle
left panel transverse Doppler only, middle right panel ISW/RS only, bottom left panel weak lensing only, and finally bottom right panel
the residual where we subtract all the previous e↵ects to the full dipole taking into account all the e↵ects at once. In black we have the
averaged prediction using linear theory at first order in H/k.

MNRAS 000, 1–21 (2018)

14 Breton et al.

Figure 10. Dipole of the cross-correlation function normalised by the bias, at large scales, for di↵erent perturbations of the observed
halo number count. This leads to: upper left panel only the contribution from gravitational potential was taken into account as a source
of RSD, in black dashed line we have the prediction when accounting for leading terms in (H/k)2. Upper right panel Doppler only, middle
left panel transverse Doppler only, middle right panel ISW/RS only, bottom left panel weak lensing only, and finally bottom right panel
the residual where we subtract all the previous e↵ects to the full dipole taking into account all the e↵ects at once. In black we have the
averaged prediction using linear theory at first order in H/k.

MNRAS 000, 1–21 (2018)

Relativistic e↵ects: correlation-function dipole 15

Figure 11. Full dipole of the cross-correlation function nor-
malised by the bias. The dipole is dominated by the Doppler
contribution.

highlighted by Zhao et al. (2013). However it was restricted
to the region r < 2 Rvir inside or close to the virial ra-
dius Rvir ⇠ 1 � 2 h

�1Mpc of the clusters. Interestingly, the
transverse-Doppler contribution to the dipole (middle-left)
is non-zero even at very large radii (r > 2 Rvir). It remains
positive of order ⇠1 ' 2�6⇥10�5 at radii 14 < r < 30 h

�1Mpc.
At smaller scales there is strong increase from ⇠1 = 2 ⇥ 10�4

at 14 h
�1Mpc to ⇠1 = 5⇥ 10�4 at 6 h

�1Mpc. The ratio to the
potential contribution to the dipole is of order �10 at this
scale.

The ISW contribution (middle right) and lensing contri-
bution (bottom left) are consistent with zero at small scales.
The size of the error bars provide an upper limit for the sig-
nal of ⇠1 < 5 ⇥ 10�5 for ISW and ⇠1 < 10�4 for lensing. It is
still in agreement with the linear prediction which is of the
same order of magnitude, however the fluctuations are too
important to measure the signal.

Surprisingly, the residual (bottom right) is of the same
order as the potential contribution (from ⇠ �10�4 at
30 h

�1Mpc to ⇠ �6 ⇥ 10�3 at 6 h
�1Mpc). This is an im-

portant result of this paper. It means that at these scales
and especially below 15 h

�1Mpc, one cannot add up all the
contributions one by one. On the contrary, there are some
important contributions involving both potential terms and
velocity terms together.

5.3.2 Total dipole

The total dipole at non-linear scales is presented Fig. 13.
It remains slightly positive of order ⇠1 ⇠ 1 ⇥ 10�3 above
15 h

�1Mpc. As shown in the previous section, this is related
to the velocity contribution which remains positive in this
region. At smaller scales, the potential contribution dom-
inates over the velocity contribution. The total dipole is
then falling down quickly to ⇠1 ⇠ �1 ⇥ 10�2 at 6 h

�1Mpc.
Moreover within our simulated survey of 8.34 (h

�1Gpc)3, er-
ror bars (mostly related to the fluctuations of the velocity
field) are smaller than the signal at this scale. The dipole
of the group-galaxy cross-correlation function is therefore a
good probe of the potential far outside of the group virial

radii. Interestingly, deviations from linear theory are mostly
governed by the potential and by the residual. The interpre-
tation of the dipole is therefore non-trivial because of cor-
relations between potential and velocity terms. However the
dipole carries important information about the potential.

5.3.3 Mass dependence of the contributions

So far, we have focused on the cross-correlation between
haloes of mass ⇠ 4.5 ⇥ 1013

h
�1M� and haloes of mass

⇠ 2.8 ⇥ 1012
h
�1M�. In Fig. 14, we investigate the halo

mass dependence of the main dipole contributions (velocity,
potential). The mass dependence on the residual is shown
in Appendix C. We explore various configurations by
cross-correlating all the di↵erent halo populations with
the lightest halo population. At large linear scales the
variation of the dipole is mostly governed by the bias
di↵erence between the two halo populations, however at
small non-linear scales the evolution of the dipole is less
trivial. The velocity contribution to the dipole does not
evolve strongly with halo mass. It stays bounded in the
range 0 < ⇠1 < 1 ⇥ 10�3. On the other hand, the potential
contribution becomes more negative at larger mass from
⇠1 ' �5 ⇥ 10�4 to ⇠1 ' �1 ⇥ 10�2 at 6 h

�1Mpc. It means
that for massive enough haloes the potential contribution
dominates over the velocity contribution for a wide range
of scales (as seen previously). However for haloes lighter
than ⇠ 1013

h
�1M� the velocity-contribution dominates.

The residual also departs from 0 at larger radii for heavier
haloes. Interestingly it is mostly following the potential
contribution.

The prediction of the potential e↵ect from Eq. (41) (as-
suming spherical symmetry) reproduces the trend at a qual-
itative level. However the potential contribution is overesti-
mated. Taking into account the dispersion around the poten-
tial deduced from spherical symmetry as in Eq. (38) should
improve the agreement with the measured dipole (Cai et al.
2017). Note that we have checked (see Appendix B) that
our conclusions still hold for a very di↵erent halo definition
(i.e. linking length b = 0.1). The main di↵erence is a slightly
better agreement with the spherical predictions for the po-
tential contribution to the dipole.

6 CONCLUSIONS

In this work we explored the galaxy clustering asymmetry
by looking at the dipole of the cross-correlation function be-
tween halo populations of di↵erent masses (from Milky-Way
size to galaxy-cluster size). We took into account all the rel-
evant e↵ects which contribute to the dipole, from lensing to
multiple redshift perturbation terms. At large scales we ob-
tain a good agreement between linear theory and our results.
At these scales the dipole can be used as a probe of velocity
field (and as a probe of gravity through the Euler equation).
However one has to consider a large enough survey to over-
come important real-space statistical fluctuations. It is also
important to take into account the light-cone e↵ect and to
accurately model the bias and its evolution.

At smaller scales we have seen deviation from linear
theory. Moreover the gravitational redshift e↵ect dominates
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Figure 12. Dipole of the cross-correlation function between data H1600 and data H100, at small scales, for di↵erent perturbations of the
halo number count. This leads to: upper left panel only the contribution from gravitational potential was taken into account as a source
of RSD, upper right panel Doppler only, middle left panel transverse Doppler only, middle right panel ISW/RS only, bottom left panel
weak lensing only, and finally bottom right panel the residual for which we subtract all the previous e↵ects to the full dipole taking into
account all the e↵ects at once.

the dipole below 10 h
�1Mpc. It is therefore possible to probe

the potential outside groups and clusters using the dipole.
By subtracting the linear expectation for the Doppler con-
tribution it is in principle possible to probe the potential to
even larger radii. This is a path to explore in order to circum-

vent the disadvantages of standard probes of the potential,
usually relying on strong assumptions (such as hydrostatic
equilibrium) or being only sensitive to the projected poten-
tial (lensing). A simple spherical prediction allows to predict
the global trend of the dipole but not the exact value. More-
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Figure 13. Full dipole of the cross-correlation function between
data H1600 and data H100. The deviation from linear theory is
governed by the potential contribution and the “residual” (mostly
related to the coupling between potential and velocity terms). The
dipole is a sensitive probe of the potential well beyond the virial
radius of haloes.

over as we have seen the residual (i.e all the cross terms
and non-linearities of the mapping) is of the same order as
the gravitational potential contribution and should be taken
into account properly. At small scales the pairwise velocity
PDF is also highly non-Gaussian, leading to high peculiar
velocities and Finger-of-God e↵ect. Coupled to gravitational
potential and possibly wide-angle e↵ect we expect this to be
a non-negligible contribution to the dipole. To fully under-
stand and probe cosmology or modified theories of gravity at
these scales using the cross-correlation dipole we therefore
need a perturbation theory or streaming model which takes
into account more redshift perturbation terms and relaxes
the distant observer approximation. This will be the focus
of a future paper.

There are multiple possible extensions to this work. At
large Gpc scales current analysis are limited by the volume
of the simulation as well as gauge e↵ect. At smaller scales
the baryons as well as the finite resolution e↵ect might play
a role. Extension of this work in these two directions can
open interesting perspectives. When analysing future sur-
veys, it is also important to consider observational e↵ects.
One possibility would be to populate haloes with galaxies
and to incorporate e↵ects such as magnification bias, ab-
sorption by dust, redshift errors, alignment of galaxies, etc.
Another straight-forward extension is to explore the influ-
ence of cosmology, dark energy, dark matter and modified
gravity on the dipole of the halo cross-correlation to shed
light on the nature of the dark sector with future large scale
surveys.
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Figure 10. Dipole of the cross-correlation function normalised by the bias, at large scales, for di↵erent perturbations of the observed
halo number count. This leads to: upper left panel only the contribution from gravitational potential was taken into account as a source
of RSD, in black dashed line we have the prediction when accounting for leading terms in (H/k)2. Upper right panel Doppler only, middle
left panel transverse Doppler only, middle right panel ISW/RS only, bottom left panel weak lensing only, and finally bottom right panel
the residual where we subtract all the previous e↵ects to the full dipole taking into account all the e↵ects at once. In black we have the
averaged prediction using linear theory at first order in H/k.
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Figure 11. Full dipole of the cross-correlation function nor-
malised by the bias. The dipole is dominated by the Doppler
contribution.

highlighted by Zhao et al. (2013). However it was restricted
to the region r < 2 Rvir inside or close to the virial ra-
dius Rvir ⇠ 1 � 2 h

�1Mpc of the clusters. Interestingly, the
transverse-Doppler contribution to the dipole (middle-left)
is non-zero even at very large radii (r > 2 Rvir). It remains
positive of order ⇠1 ' 2�6⇥10�5 at radii 14 < r < 30 h

�1Mpc.
At smaller scales there is strong increase from ⇠1 = 2 ⇥ 10�4

at 14 h
�1Mpc to ⇠1 = 5⇥ 10�4 at 6 h

�1Mpc. The ratio to the
potential contribution to the dipole is of order �10 at this
scale.

The ISW contribution (middle right) and lensing contri-
bution (bottom left) are consistent with zero at small scales.
The size of the error bars provide an upper limit for the sig-
nal of ⇠1 < 5 ⇥ 10�5 for ISW and ⇠1 < 10�4 for lensing. It is
still in agreement with the linear prediction which is of the
same order of magnitude, however the fluctuations are too
important to measure the signal.

Surprisingly, the residual (bottom right) is of the same
order as the potential contribution (from ⇠ �10�4 at
30 h

�1Mpc to ⇠ �6 ⇥ 10�3 at 6 h
�1Mpc). This is an im-

portant result of this paper. It means that at these scales
and especially below 15 h

�1Mpc, one cannot add up all the
contributions one by one. On the contrary, there are some
important contributions involving both potential terms and
velocity terms together.

5.3.2 Total dipole

The total dipole at non-linear scales is presented Fig. 13.
It remains slightly positive of order ⇠1 ⇠ 1 ⇥ 10�3 above
15 h

�1Mpc. As shown in the previous section, this is related
to the velocity contribution which remains positive in this
region. At smaller scales, the potential contribution dom-
inates over the velocity contribution. The total dipole is
then falling down quickly to ⇠1 ⇠ �1 ⇥ 10�2 at 6 h

�1Mpc.
Moreover within our simulated survey of 8.34 (h

�1Gpc)3, er-
ror bars (mostly related to the fluctuations of the velocity
field) are smaller than the signal at this scale. The dipole
of the group-galaxy cross-correlation function is therefore a
good probe of the potential far outside of the group virial

radii. Interestingly, deviations from linear theory are mostly
governed by the potential and by the residual. The interpre-
tation of the dipole is therefore non-trivial because of cor-
relations between potential and velocity terms. However the
dipole carries important information about the potential.

5.3.3 Mass dependence of the contributions

So far, we have focused on the cross-correlation between
haloes of mass ⇠ 4.5 ⇥ 1013

h
�1M� and haloes of mass

⇠ 2.8 ⇥ 1012
h
�1M�. In Fig. 14, we investigate the halo

mass dependence of the main dipole contributions (velocity,
potential). The mass dependence on the residual is shown
in Appendix C. We explore various configurations by
cross-correlating all the di↵erent halo populations with
the lightest halo population. At large linear scales the
variation of the dipole is mostly governed by the bias
di↵erence between the two halo populations, however at
small non-linear scales the evolution of the dipole is less
trivial. The velocity contribution to the dipole does not
evolve strongly with halo mass. It stays bounded in the
range 0 < ⇠1 < 1 ⇥ 10�3. On the other hand, the potential
contribution becomes more negative at larger mass from
⇠1 ' �5 ⇥ 10�4 to ⇠1 ' �1 ⇥ 10�2 at 6 h

�1Mpc. It means
that for massive enough haloes the potential contribution
dominates over the velocity contribution for a wide range
of scales (as seen previously). However for haloes lighter
than ⇠ 1013

h
�1M� the velocity-contribution dominates.

The residual also departs from 0 at larger radii for heavier
haloes. Interestingly it is mostly following the potential
contribution.

The prediction of the potential e↵ect from Eq. (41) (as-
suming spherical symmetry) reproduces the trend at a qual-
itative level. However the potential contribution is overesti-
mated. Taking into account the dispersion around the poten-
tial deduced from spherical symmetry as in Eq. (38) should
improve the agreement with the measured dipole (Cai et al.
2017). Note that we have checked (see Appendix B) that
our conclusions still hold for a very di↵erent halo definition
(i.e. linking length b = 0.1). The main di↵erence is a slightly
better agreement with the spherical predictions for the po-
tential contribution to the dipole.

6 CONCLUSIONS

In this work we explored the galaxy clustering asymmetry
by looking at the dipole of the cross-correlation function be-
tween halo populations of di↵erent masses (from Milky-Way
size to galaxy-cluster size). We took into account all the rel-
evant e↵ects which contribute to the dipole, from lensing to
multiple redshift perturbation terms. At large scales we ob-
tain a good agreement between linear theory and our results.
At these scales the dipole can be used as a probe of velocity
field (and as a probe of gravity through the Euler equation).
However one has to consider a large enough survey to over-
come important real-space statistical fluctuations. It is also
important to take into account the light-cone e↵ect and to
accurately model the bias and its evolution.

At smaller scales we have seen deviation from linear
theory. Moreover the gravitational redshift e↵ect dominates
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Figure 12. Dipole of the cross-correlation function between data H1600 and data H100, at small scales, for di↵erent perturbations of the
halo number count. This leads to: upper left panel only the contribution from gravitational potential was taken into account as a source
of RSD, upper right panel Doppler only, middle left panel transverse Doppler only, middle right panel ISW/RS only, bottom left panel
weak lensing only, and finally bottom right panel the residual for which we subtract all the previous e↵ects to the full dipole taking into
account all the e↵ects at once.

the dipole below 10 h
�1Mpc. It is therefore possible to probe

the potential outside groups and clusters using the dipole.
By subtracting the linear expectation for the Doppler con-
tribution it is in principle possible to probe the potential to
even larger radii. This is a path to explore in order to circum-

vent the disadvantages of standard probes of the potential,
usually relying on strong assumptions (such as hydrostatic
equilibrium) or being only sensitive to the projected poten-
tial (lensing). A simple spherical prediction allows to predict
the global trend of the dipole but not the exact value. More-
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Figure 10. Dipole of the cross-correlation function normalised by the bias, at large scales, for di↵erent perturbations of the observed
halo number count. This leads to: upper left panel only the contribution from gravitational potential was taken into account as a source
of RSD, in black dashed line we have the prediction when accounting for leading terms in (H/k)2. Upper right panel Doppler only, middle
left panel transverse Doppler only, middle right panel ISW/RS only, bottom left panel weak lensing only, and finally bottom right panel
the residual where we subtract all the previous e↵ects to the full dipole taking into account all the e↵ects at once. In black we have the
averaged prediction using linear theory at first order in H/k.
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2.7. 双極子的非等方性の検出
2.8σで検出？ SDSS DR12 CMASS galaxy sample

重力の新しいプローブ
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• 765,433 LRGs 
• 0.44 < z < 0.70 
•銀河の絶対等級を利用して複数のサンプル
に分離 - 相互相関
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Figure 2. Dipole moment of the cross-correlation function between halos
having di�erent bias parameters on large (top) and small (bottom) scales.
The results of analytical model predictions presented in this paper are partic-
ularly shown at I = 0.33, together with the measured results from the halo
catalogues, RayGalGroupSims, in which all possible special and general
relativistic e�ects arising from the light propagation in an inhomogeneous
universe are consistently taken into account (filled circles with errorbars).
Note that in the upper panel, to clarify the large-scale behaviour, the dipole
moment multiplied by the square of separation, i.e., B2 bXY,1, is plotted.
In each panel, black solid lines are the predictions of the analytical model
(see Eq. (2.21) with Eqs. (2.23)–(2.25)). The coloured solid lines show the
breakdown of these predictions, and the red, blue, and magenta respectively
represent the contributions from the standard Doppler (b (std)

XY,1, Eq. (2.23)),

the gravitational redshift from linear-order potential (b (pot)
XY,1 , Eq. (2.24)), and

the gravitational redshift from the non-perturbative halo potential (b (nNL )
XY,1 ,

Eq. (2.25)). For reference, we also plot the predictions based on Saga et al.
(2020) (gray dashed), in which the dipole cross correlation is computed
based on the Zel’dovich approximation by performing numerically seven
dimensional integrals. In all predictions, we adopt the bias parameters and
halo masses of the data data_H1600 and data_H100, listed Table 1 of Saga
et al. (2020) (bias parameters are also indicated in the upper panel). In the
top panel, the horizontal black dotted line represents bXY,1 = 0.

bXY,1 at B ⇡ 20–30 ⌘�1 Mpc. Thus, these behaviours play a crucial
role to detect the gravitational redshift e�ect, and in this respect,
the predictions beyond linear scales would be indispensable.

3 COVARIANCE MATRIX

In estimating the signal-to-noise ratio of the relativistic dipole in the
upcoming surveys, the covariance matrix between di�erent scales
plays a crucial role. This is in particular the case for the statistics
defined in the configuration space as we consider. In this paper,
to compute the covariance matrix, we adopt the formalism devel-

oped by Bonvin et al. (2016); Hall & Bonvin (2017). This is a
generalization of the previous formulae for the Gaussian covariance
(e.g., Smith 2009; Grieb et al. 2016; Cohn 2006) to include the
anisotropies in the correlation function and multi-tracer technique,
taking also the orientation-dependent weight function into account.
In Sec. 3.1, we present their analytical formulae for the covari-
ance matrix. We then estimate the covariance matrix, specifically
focusing on the dipole cross-correlation, in Sec. 3.2.

3.1 Covariance matrix of dipole cross-correlation function

To give the analytical formulae for the Gaussian covariance, let
us first define the estimator for the dipole moment of the cross-
correlation function. Here, we assume that the cross-correlation
function can be written as a function of the separation between two
objects, s. This assumption is validated if we take the plane-parallel
limit:

b̂XY,1 (B) =
3
2

π 1

�1
d` `

π
d3r

+
XX (r � s/2)XY (r + s/2) , (3.1)

where the quantities+ and XX/Y are respectively the survey volume
and the measured density fluctuation of the objects X/Y. The quan-
tity ` is the directional cosine between the (fixed) line-of-sight ẑ and
separation vectors defined by ` = ŝ · ẑ. It is to be noted that while
the wide-angle e�ect indeed comes to play an important role in the
signal part, its impact on the covariance matrix has been shown to
be negligible at the scales below 190 Mpc/⌘ (Lepori et al. 2018).

Taking the contribution arising from the discreteness of the
galaxy samples into consideration, the ensemble average of the
quadrature, XX (r1)XY (r2), becomes

hXX (r1)XY (r2)i = bXY (r2 � r1) +
XK

X,Y
=X

XD (r2 � r1) , (3.2)

where the quantity XK
X,Y is the Kronecker’s delta and the function

XD is the Dirac’s delta function. The first term, bXY, represents the
cross-correlation function arising purely from the intrinsic cluster-
ing properties. The second term characterizes the contribution from
the Poisson sampling process, which becomes non-vanishing only
in the self-correlation case (i.e., X = Y and r1 = r2). Using the
expression at Eq. (3.2), the estimator given at Eq. (3.1) is shown
to be an unbiased estimator of the dipole cross-correlation, i.e.,⌦
b̂XY,1 (B)

↵
= bXY,1 (B) unless - = . and B = 0.

We then define the covariance of the dipole moment as follows:

COV(B, B0) ⌘
⌦
b̂XY,1 (B)b̂XY,1 (B

0
)
↵
�

⌦
b̂XY,1 (B)

↵ ⌦
b̂XY,1 (B

0
)
↵
.

(3.3)

With the definition given above, Hall & Bonvin (2017) derived
the analytical formula for the covariance, which only involves one
dimensional integrals:

COV(B, B0) =
9
+

π
:2d:
2c2 91 (:B) 91 (:B

0
)

⇥

’
✓1 ,✓2
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11
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Figure 8. Same as Fig. 7 but for the bias of less massive halo population, 1Y = 1.5.

4.3.2 Cross-correlating two di�erent targets

The signal-to-noise ratio of the relativistic dipole considered in
Sec. 4.3.1 depends on how we divide the sample into two subsam-
ples, and thus it would be sensitive to the internal properties of the
galaxy populations. Now, let us next consider the cross-correlation
between two di�erent samples, obtained either from di�erent sur-
veys or single survey, without creating subsamples. This is achieved
with the samples whose observed regions are overlapped with each
other. In order to maximize the detectability of the relativistic dipole,
we here consider an idealistic setup where the observed areas of
galaxy surveys considered are perfectly overlapped with each other
without survey masks. To be precise, based on Tables D1–D4 in
Appendix D, we follow the halo model prescription in Sec. 4.3.1
and first determine the minimum halo mass "min in each sample
from Eq. (4.6). Then, we estimate the non-perturbative contribution
to the halo potential, qNFW,0, which we take an average over the
mass range ["min,1]. Plugging this potential into the dipole cross-
correlation function, the signal-to-noise ratio is computed, and we
examine all possible combinations of overlapping surveys in red-
shift. In practice, one may encounter the case that redshift slices of
the two samples do not coincide with each other. In such a case, we
adopt the redshift bin for the sample having a larger value of the
bias as our fiducial redshift slice, and compute the signal-to-noise
ratio for this redshift bin, with the bias and number density of the
less biased galaxies redefined, as described in Appendix D2. This
treatment would lead to an optimistic S/N, particularly for the cases
including the DESI-BGS sample.

Fig. 11 summarizes the results of the signal-to-noise ratio for
various cross-correlated galaxy samples. The top (bottom) panels
show the results in which the cumulative signal-to-noise ratio com-

bining all redshift bins,
qÕ

I (S/N)2, is larger (smaller) than 2, for
presentation purpose. We find that the cross-correlation between
DESI and SKA2 surveys gives a large value of S/N, and a statisti-
cally significant detection of the relativistic dipole is expected par-
ticularly for DESI-BGS and SKA2 (purple), DESI-LRG and SKA2
(blue). Also, the cross-correlation between the DESI samples, i.e.,
LRG and ELG (orange), gives a large signal-to-noise ratio S/N ⇡ 10
around I = 0.7. The detection of the dipole signal from these surveys
would provide a new way to probe gravity at cosmological scales.
Furthermore, making use of the cross-correlation technique, the
signal-to-noise ratio becomes improved, and SKA1 and Euclid sur-
veys are capable of detecting the relativistic dipole at high statistical
significance (S/N & 5) if we combine them with the DESI-LRG
and Euclid galaxy samples, respectively. The results having a small
signal-to-noise ratio, shown in the bottom panel, mainly come from
the cross-correlation between emission-line galaxies which typi-
cally have small bias parameters. Compared to the single-tracer
cases in Sec. 4.3.1, the advantage of the present method is that the
impact of the shot noise contribution is mitigated, also helping to
reduce unknown systematics inherent in each survey. In this respect,
combining multiple tracers would be rather suited for detecting the
dipole moment induced by the gravitational redshift e�ects.

5 SYSTEMATIC EFFECTS FROM OFF-CENTERED
GALAXIES

So far, we have considered the detectability of the relativistic dipole,
taking only the gravitational redshift and Doppler e�ects into ac-
count. In this section, we discuss a potential impact of the system-
atics ignored so far.
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Figure 7. Two-dimensional plot of the signal-to-noise ratio as a function of 1X and I, where 1X is the bias of massive halo populations and I is the redshift
of the survey assuming the range [I � 0.05, I + 0.05]. The bias of less massive halo population is fixed to 1Y = 1.0. In each panel, the colour scale and black
contours indicate the signal-to-noise ratio normalized by the square of the fractional sky coverage, 5 �1/2

sky (S/N) (see the rightmost colour bar). Panels show
the results adopting various number densities of halo populations, =X and =Y, ranging from 3 ⇥ 10�5

(Mpc/⌘)�3 to 10�3
(Mpc/⌘)�3, as indicated in the blue

and red texts.

signal-to-noise ratio for the DESI-BGS sample eventually reaches
the maximum value S/N = 23 at 0.1  I  0.2, above which the
signal-to-noise ratio sharply falls o� due to a rapid decrease of the
number density. Note cautiously that with the minimum mass "min
determined by the bias 1obs, the number density of the DESI-BGS
sample =obs exceeds the one inferred from the halo mass function.
This implies that the host halo generally contains multiple DESI-
BGS samples. Since these galaxies do not necessarily reside at the
halo centre, the non-perturbative potential contribution to the rel-
ativistic dipole would be suppressed. In this respect, the resultant
S/N for the DESI-BGS samples should be considered as a theoret-
ical upper bound. A more realistic estimation of the signal-to-noise
ratio needs a model based on the halo occupation distribution ap-
proach. We leave specific modelling for the DESI-BGS samples to
our future work. This issue is a priori less severe in other surveys
where the halo occupation number is less than unity.

Apart from the low-I galaxy survey, other notable results hav-
ing large signal-to-noise ratios (1 . S/N) are found from the Euclid,
DESI-ELG, SKA2 and DESI-LRG samples, among which the last
two exceed S/N = 10 around I ⇡ 0.7. Interestingly, looking at
Fig. 9, the number density of the DESI-LRG sample is substantially
smaller than that of the SKA2 by more than one order of magnitude.
However, the bias of DESI-LRG sample is larger than that of the
SKA2 sample, and the di�erence amounts to �1 ⇡ 1.5. As a re-
sult, at I ⇡ 0.7–0.8, their signal-to-noise ratios are comparable and
reach maximum values. This implies that for a solid detection of
the relativistic dipole, samples having a large bias are preferable. In

other words, samples with a small bias 1 ⇡ 1–1.5 tend to have small
signal-to-noise ratios, as indeed shown for other surveys in Fig. 10.
It is to be noted that even though the bias and number density of the
samples considered are not constant over the redshifts, the overall
trends seen in Fig. 10 resemble those shown in Figs. 7 and 8.

Finally, to illustrate how the S/N shown in the left panel of
Fig. 10 is robust and optimal against the strategies to create two
subsamples, we consider alternative ways to divide the sample into
two, and estimate their signal-to-noise ratios. The bottom panel of
Fig. 10 plots the results derived from the two strategies. One is to
minimize the CV⇥P term in the covariance matrix (dashed), and
the other is to minimize the P⇥P term (dotted). Recalling from
Eq. (3.4) that the CV⇥P and P⇥P terms are roughly proportional
to COVXY / 12

X/=Y + 12
Y/=X and 1/(=X=Y), the conditions that

minimize these two contributions are found to be 12
X=X = 12

Y=Y
and =X = =Y (a popular choice), respectively. In our treatment, these
conditions are satisfied by choosing an appropriate mass threshold
"⇤. Note that these strategies are considered from a perspective of
the error minimization, ignoring the role of the signal part itself. In
this respect, they do not necessarily provide an optimal signal-to-
noise ratio. Accordingly, the signal-to-noise ratio is changed, and
one finds that in all surveys considered, the resultant value of S/N
almost halves the optimal signal-to-noise ratio. The results imply
that both the CV⇥P and P⇥P contributions play an equal role in
estimating the signal-to-noise ratio, suggesting that a careful sample
cut needs to be considered in practical observations in optimizing
the S/N.
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Figure 7. Two-dimensional plot of the signal-to-noise ratio as a function of 1X and I, where 1X is the bias of massive halo populations and I is the redshift
of the survey assuming the range [I � 0.05, I + 0.05]. The bias of less massive halo population is fixed to 1Y = 1.0. In each panel, the colour scale and black
contours indicate the signal-to-noise ratio normalized by the square of the fractional sky coverage, 5 �1/2

sky (S/N) (see the rightmost colour bar). Panels show
the results adopting various number densities of halo populations, =X and =Y, ranging from 3 ⇥ 10�5

(Mpc/⌘)�3 to 10�3
(Mpc/⌘)�3, as indicated in the blue

and red texts.

signal-to-noise ratio for the DESI-BGS sample eventually reaches
the maximum value S/N = 23 at 0.1  I  0.2, above which the
signal-to-noise ratio sharply falls o� due to a rapid decrease of the
number density. Note cautiously that with the minimum mass "min
determined by the bias 1obs, the number density of the DESI-BGS
sample =obs exceeds the one inferred from the halo mass function.
This implies that the host halo generally contains multiple DESI-
BGS samples. Since these galaxies do not necessarily reside at the
halo centre, the non-perturbative potential contribution to the rel-
ativistic dipole would be suppressed. In this respect, the resultant
S/N for the DESI-BGS samples should be considered as a theoret-
ical upper bound. A more realistic estimation of the signal-to-noise
ratio needs a model based on the halo occupation distribution ap-
proach. We leave specific modelling for the DESI-BGS samples to
our future work. This issue is a priori less severe in other surveys
where the halo occupation number is less than unity.

Apart from the low-I galaxy survey, other notable results hav-
ing large signal-to-noise ratios (1 . S/N) are found from the Euclid,
DESI-ELG, SKA2 and DESI-LRG samples, among which the last
two exceed S/N = 10 around I ⇡ 0.7. Interestingly, looking at
Fig. 9, the number density of the DESI-LRG sample is substantially
smaller than that of the SKA2 by more than one order of magnitude.
However, the bias of DESI-LRG sample is larger than that of the
SKA2 sample, and the di�erence amounts to �1 ⇡ 1.5. As a re-
sult, at I ⇡ 0.7–0.8, their signal-to-noise ratios are comparable and
reach maximum values. This implies that for a solid detection of
the relativistic dipole, samples having a large bias are preferable. In

other words, samples with a small bias 1 ⇡ 1–1.5 tend to have small
signal-to-noise ratios, as indeed shown for other surveys in Fig. 10.
It is to be noted that even though the bias and number density of the
samples considered are not constant over the redshifts, the overall
trends seen in Fig. 10 resemble those shown in Figs. 7 and 8.

Finally, to illustrate how the S/N shown in the left panel of
Fig. 10 is robust and optimal against the strategies to create two
subsamples, we consider alternative ways to divide the sample into
two, and estimate their signal-to-noise ratios. The bottom panel of
Fig. 10 plots the results derived from the two strategies. One is to
minimize the CV⇥P term in the covariance matrix (dashed), and
the other is to minimize the P⇥P term (dotted). Recalling from
Eq. (3.4) that the CV⇥P and P⇥P terms are roughly proportional
to COVXY / 12

X/=Y + 12
Y/=X and 1/(=X=Y), the conditions that

minimize these two contributions are found to be 12
X=X = 12

Y=Y
and =X = =Y (a popular choice), respectively. In our treatment, these
conditions are satisfied by choosing an appropriate mass threshold
"⇤. Note that these strategies are considered from a perspective of
the error minimization, ignoring the role of the signal part itself. In
this respect, they do not necessarily provide an optimal signal-to-
noise ratio. Accordingly, the signal-to-noise ratio is changed, and
one finds that in all surveys considered, the resultant value of S/N
almost halves the optimal signal-to-noise ratio. The results imply
that both the CV⇥P and P⇥P contributions play an equal role in
estimating the signal-to-noise ratio, suggesting that a careful sample
cut needs to be considered in practical observations in optimizing
the S/N.
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Figure 9. Expected number density of galaxies (top) and bias parameter
(bottom) for the surveys listed in Table 1. The plotted data are taken from
the tables summarized in Appendix D.

In our analytical treatment, one crucial assumption is that each
of the galaxies to cross correlate strictly reside at the halo centre, and
thus no virialized random motion is invoked. This is an idealistic
situation, and there are galaxies whose positions are away from
the halo center (e.g., Hikage et al. 2013). The o�-centered galaxy
positions lead to two possible systematics in the dipole signal. One is
the diminution of the non-perturbative halo potential contribution to
the gravitational redshift e�ect. Another is to introduce the virialized
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Figure 10. Expected signal-to-noise ratio for the surveys listed in Table 1,
using the single galaxy population. (Top) Dividing the sample into two
subsamples to cross-correlate, we choose the threshold halo mass "⇤ so
that the signal-to-noise ratio is maximized at each redshift bin (see text in
detail in Sec. 4.3.1). (Bottom) Same as the top panel, but the threshold halo
mass "⇤ is chosen so that the CV⇥P (dashed lines) and P⇥P (dotted lines)
contributions are minimized by imposing the conditions, 12
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and =X = =Y, respectively. Note that accounting for the halo occupation
number, the signal-to-noise ratio for DESI-BGS would be optimistic (see
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双極子的非等方性は相互相関をとることが必要
方法1 
ひとつのサーベイで得られる1種類のサンプルを分割しなければいけない 
(簡単のため理想的に)質量Mmin以上のハローの分布に従うと思って、 
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に質量で分割できると想定。M*の決め方の不定性は残る。 

方法2 
異なるサーベイで得られる複数種のサンプルを組み合わせる
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subsamples to cross-correlate, we choose the threshold halo mass "⇤ so
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mass "⇤ is chosen so that the CV⇥P (dashed lines) and P⇥P (dotted lines)
contributions are minimized by imposing the conditions, 12
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and =X = =Y, respectively. Note that accounting for the halo occupation
number, the signal-to-noise ratio for DESI-BGS would be optimistic (see
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subsamples to cross-correlate, we choose the threshold halo mass "⇤ so
that the signal-to-noise ratio is maximized at each redshift bin (see text in
detail in Sec. 4.3.1). (Bottom) Same as the top panel, but the threshold halo
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and =X = =Y, respectively. Note that accounting for the halo occupation
number, the signal-to-noise ratio for DESI-BGS would be optimistic (see
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subsamples to cross-correlate, we choose the threshold halo mass "⇤ so
that the signal-to-noise ratio is maximized at each redshift bin (see text in
detail in Sec. 4.3.1). (Bottom) Same as the top panel, but the threshold halo
mass "⇤ is chosen so that the CV⇥P (dashed lines) and P⇥P (dotted lines)
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and =X = =Y, respectively. Note that accounting for the halo occupation
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Figure 10. Expected signal-to-noise ratio for the surveys listed in Table 1,
using the single galaxy population. (Top) Dividing the sample into two
subsamples to cross-correlate, we choose the threshold halo mass "⇤ so
that the signal-to-noise ratio is maximized at each redshift bin (see text in
detail in Sec. 4.3.1). (Bottom) Same as the top panel, but the threshold halo
mass "⇤ is chosen so that the CV⇥P (dashed lines) and P⇥P (dotted lines)
contributions are minimized by imposing the conditions, 12
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and =X = =Y, respectively. Note that accounting for the halo occupation
number, the signal-to-noise ratio for DESI-BGS would be optimistic (see
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exp
⇣
�(A/'o�)

2
/2
⌘

with 'o� being the o�set parameter. Using
the distribution function ?o� , the halo potential at the o�-centered
galaxy position can be estimated to be

qNFW (I," , 'o�) =
π Avir

0
4cA2qNFW (A, I,")?o� (A; 'o�) dA ,

(5.2)

where the explicit form of the NFW potential qNFW (A, I,") can
be found in Appendix D of Saga et al. (2020). Note that in the
limit of 'o� ! 0, the distribution function becomes ?o� (A) =

MNRAS 000, 1–22 (2021)

Detectability of the gravitational redshift 13

Figure 9. Expected number density of galaxies (top) and bias parameter
(bottom) for the surveys listed in Table 1. The plotted data are taken from
the tables summarized in Appendix D.

In our analytical treatment, one crucial assumption is that each
of the galaxies to cross correlate strictly reside at the halo centre, and
thus no virialized random motion is invoked. This is an idealistic
situation, and there are galaxies whose positions are away from
the halo center (e.g., Hikage et al. 2013). The o�-centered galaxy
positions lead to two possible systematics in the dipole signal. One is
the diminution of the non-perturbative halo potential contribution to
the gravitational redshift e�ect. Another is to introduce the virialized
random motion to the o�-centered galaxies. This can give a non-
negligible amount of the transverse Doppler e�ect as the second-
order special relativistic e�ect, which is known to produce the dipole
cross-correlation signal (Zhao et al. 2013; Kaiser 2013; Cai et al.
2017; Zhu et al. 2017; Breton et al. 2019). Note that there are
other relativistic e�ects that induce the dipole asymmetry in the
cross-correlation function, and their impacts on the detection of
gravitational redshift e�ect have been studied in both numerical
and analytical treatments (Zhu et al. 2017; Di Dio & Seljak 2019;
Breton et al. 2019; Beutler & Di Dio 2020). Below, we analytically
estimate the impacts of these two e�ects on the dipole signal.

Let us first discuss the suppressed gravitational potential. Fol-
lowing Hikage et al. (2013), we introduce the probability distribu-
tion function of the galaxy position inside each halo, ?o� , normal-
ized as follows:π Avir

0
4cA2?o� (A; 'o�) dA = 1 . (5.1)

We model it to be Gaussian distribution, i.e., ?o� (A; 'o�) /

Figure 10. Expected signal-to-noise ratio for the surveys listed in Table 1,
using the single galaxy population. (Top) Dividing the sample into two
subsamples to cross-correlate, we choose the threshold halo mass "⇤ so
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contributions are minimized by imposing the conditions, 12

X=X = 12
Y=Y

and =X = =Y, respectively. Note that accounting for the halo occupation
number, the signal-to-noise ratio for DESI-BGS would be optimistic (see
the main text, fourth paragraph in Sec. 4.3.1 for details).
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with 'o� being the o�set parameter. Using
the distribution function ?o� , the halo potential at the o�-centered
galaxy position can be estimated to be

qNFW (I," , 'o�) =
π Avir

0
4cA2qNFW (A, I,")?o� (A; 'o�) dA ,

(5.2)

where the explicit form of the NFW potential qNFW (A, I,") can
be found in Appendix D of Saga et al. (2020). Note that in the
limit of 'o� ! 0, the distribution function becomes ?o� (A) =

MNRAS 000, 1–22 (2021)

Detectability of the gravitational redshift 13

Figure 9. Expected number density of galaxies (top) and bias parameter
(bottom) for the surveys listed in Table 1. The plotted data are taken from
the tables summarized in Appendix D.

In our analytical treatment, one crucial assumption is that each
of the galaxies to cross correlate strictly reside at the halo centre, and
thus no virialized random motion is invoked. This is an idealistic
situation, and there are galaxies whose positions are away from
the halo center (e.g., Hikage et al. 2013). The o�-centered galaxy
positions lead to two possible systematics in the dipole signal. One is
the diminution of the non-perturbative halo potential contribution to
the gravitational redshift e�ect. Another is to introduce the virialized
random motion to the o�-centered galaxies. This can give a non-
negligible amount of the transverse Doppler e�ect as the second-
order special relativistic e�ect, which is known to produce the dipole
cross-correlation signal (Zhao et al. 2013; Kaiser 2013; Cai et al.
2017; Zhu et al. 2017; Breton et al. 2019). Note that there are
other relativistic e�ects that induce the dipole asymmetry in the
cross-correlation function, and their impacts on the detection of
gravitational redshift e�ect have been studied in both numerical
and analytical treatments (Zhu et al. 2017; Di Dio & Seljak 2019;
Breton et al. 2019; Beutler & Di Dio 2020). Below, we analytically
estimate the impacts of these two e�ects on the dipole signal.

Let us first discuss the suppressed gravitational potential. Fol-
lowing Hikage et al. (2013), we introduce the probability distribu-
tion function of the galaxy position inside each halo, ?o� , normal-
ized as follows:π Avir

0
4cA2?o� (A; 'o�) dA = 1 . (5.1)

We model it to be Gaussian distribution, i.e., ?o� (A; 'o�) /

Figure 10. Expected signal-to-noise ratio for the surveys listed in Table 1,
using the single galaxy population. (Top) Dividing the sample into two
subsamples to cross-correlate, we choose the threshold halo mass "⇤ so
that the signal-to-noise ratio is maximized at each redshift bin (see text in
detail in Sec. 4.3.1). (Bottom) Same as the top panel, but the threshold halo
mass "⇤ is chosen so that the CV⇥P (dashed lines) and P⇥P (dotted lines)
contributions are minimized by imposing the conditions, 12

X=X = 12
Y=Y

and =X = =Y, respectively. Note that accounting for the halo occupation
number, the signal-to-noise ratio for DESI-BGS would be optimistic (see
the main text, fourth paragraph in Sec. 4.3.1 for details).
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with 'o� being the o�set parameter. Using
the distribution function ?o� , the halo potential at the o�-centered
galaxy position can be estimated to be

qNFW (I," , 'o�) =
π Avir

0
4cA2qNFW (A, I,")?o� (A; 'o�) dA ,

(5.2)

where the explicit form of the NFW potential qNFW (A , I,") can
be found in Appendix D of Saga et al. (2020). Note that in the
limit of 'o� ! 0, the distribution function becomes ?o� (A) =
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Figure 9. Expected number density of galaxies (top) and bias parameter
(bottom) for the surveys listed in Table 1. The plotted data are taken from
the tables summarized in Appendix D.

In our analytical treatment, one crucial assumption is that each
of the galaxies to cross correlate strictly reside at the halo centre, and
thus no virialized random motion is invoked. This is an idealistic
situation, and there are galaxies whose positions are away from
the halo center (e.g., Hikage et al. 2013). The o�-centered galaxy
positions lead to two possible systematics in the dipole signal. One is
the diminution of the non-perturbative halo potential contribution to
the gravitational redshift e�ect. Another is to introduce the virialized
random motion to the o�-centered galaxies. This can give a non-
negligible amount of the transverse Doppler e�ect as the second-
order special relativistic e�ect, which is known to produce the dipole
cross-correlation signal (Zhao et al. 2013; Kaiser 2013; Cai et al.
2017; Zhu et al. 2017; Breton et al. 2019). Note that there are
other relativistic e�ects that induce the dipole asymmetry in the
cross-correlation function, and their impacts on the detection of
gravitational redshift e�ect have been studied in both numerical
and analytical treatments (Zhu et al. 2017; Di Dio & Seljak 2019;
Breton et al. 2019; Beutler & Di Dio 2020). Below, we analytically
estimate the impacts of these two e�ects on the dipole signal.

Let us first discuss the suppressed gravitational potential. Fol-
lowing Hikage et al. (2013), we introduce the probability distribu-
tion function of the galaxy position inside each halo, ?o� , normal-
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Figure 10. Expected signal-to-noise ratio for the surveys listed in Table 1,
using the single galaxy population. (Top) Dividing the sample into two
subsamples to cross-correlate, we choose the threshold halo mass "⇤ so
that the signal-to-noise ratio is maximized at each redshift bin (see text in
detail in Sec. 4.3.1). (Bottom) Same as the top panel, but the threshold halo
mass "⇤ is chosen so that the CV⇥P (dashed lines) and P⇥P (dotted lines)
contributions are minimized by imposing the conditions, 12

X=X = 12
Y=Y

and =X = =Y, respectively. Note that accounting for the halo occupation
number, the signal-to-noise ratio for DESI-BGS would be optimistic (see
the main text, fourth paragraph in Sec. 4.3.1 for details).
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with 'o� being the o�set parameter. Using
the distribution function ?o� , the halo potential at the o�-centered
galaxy position can be estimated to be

qNFW (I," , 'o�) =
π Avir
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(5.2)

where the explicit form of the NFW potential qNFW (A, I,") can
be found in Appendix D of Saga et al. (2020). Note that in the
limit of 'o� ! 0, the distribution function becomes ?o� (A) =
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Figure 9. Expected number density of galaxies (top) and bias parameter
(bottom) for the surveys listed in Table 1. The plotted data are taken from
the tables summarized in Appendix D.

In our analytical treatment, one crucial assumption is that each
of the galaxies to cross correlate strictly reside at the halo centre, and
thus no virialized random motion is invoked. This is an idealistic
situation, and there are galaxies whose positions are away from
the halo center (e.g., Hikage et al. 2013). The o�-centered galaxy
positions lead to two possible systematics in the dipole signal. One is
the diminution of the non-perturbative halo potential contribution to
the gravitational redshift e�ect. Another is to introduce the virialized
random motion to the o�-centered galaxies. This can give a non-
negligible amount of the transverse Doppler e�ect as the second-
order special relativistic e�ect, which is known to produce the dipole
cross-correlation signal (Zhao et al. 2013; Kaiser 2013; Cai et al.
2017; Zhu et al. 2017; Breton et al. 2019). Note that there are
other relativistic e�ects that induce the dipole asymmetry in the
cross-correlation function, and their impacts on the detection of
gravitational redshift e�ect have been studied in both numerical
and analytical treatments (Zhu et al. 2017; Di Dio & Seljak 2019;
Breton et al. 2019; Beutler & Di Dio 2020). Below, we analytically
estimate the impacts of these two e�ects on the dipole signal.

Let us first discuss the suppressed gravitational potential. Fol-
lowing Hikage et al. (2013), we introduce the probability distribu-
tion function of the galaxy position inside each halo, ?o� , normal-
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Figure 10. Expected signal-to-noise ratio for the surveys listed in Table 1,
using the single galaxy population. (Top) Dividing the sample into two
subsamples to cross-correlate, we choose the threshold halo mass "⇤ so
that the signal-to-noise ratio is maximized at each redshift bin (see text in
detail in Sec. 4.3.1). (Bottom) Same as the top panel, but the threshold halo
mass "⇤ is chosen so that the CV⇥P (dashed lines) and P⇥P (dotted lines)
contributions are minimized by imposing the conditions, 12

X=X = 12
Y=Y

and =X = =Y, respectively. Note that accounting for the halo occupation
number, the signal-to-noise ratio for DESI-BGS would be optimistic (see
the main text, fourth paragraph in Sec. 4.3.1 for details).
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with 'o� being the o�set parameter. Using
the distribution function ?o� , the halo potential at the o�-centered
galaxy position can be estimated to be

qNFW (I," , 'o�) =
π Avir

0
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where the explicit form of the NFW potential qNFW (A, I,") can
be found in Appendix D of Saga et al. (2020). Note that in the
limit of 'o� ! 0, the distribution function becomes ?o� (A) =
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Figure 9. Expected number density of galaxies (top) and bias parameter
(bottom) for the surveys listed in Table 1. The plotted data are taken from
the tables summarized in Appendix D.

In our analytical treatment, one crucial assumption is that each
of the galaxies to cross correlate strictly reside at the halo centre, and
thus no virialized random motion is invoked. This is an idealistic
situation, and there are galaxies whose positions are away from
the halo center (e.g., Hikage et al. 2013). The o�-centered galaxy
positions lead to two possible systematics in the dipole signal. One is
the diminution of the non-perturbative halo potential contribution to
the gravitational redshift e�ect. Another is to introduce the virialized
random motion to the o�-centered galaxies. This can give a non-
negligible amount of the transverse Doppler e�ect as the second-
order special relativistic e�ect, which is known to produce the dipole
cross-correlation signal (Zhao et al. 2013; Kaiser 2013; Cai et al.
2017; Zhu et al. 2017; Breton et al. 2019). Note that there are
other relativistic e�ects that induce the dipole asymmetry in the
cross-correlation function, and their impacts on the detection of
gravitational redshift e�ect have been studied in both numerical
and analytical treatments (Zhu et al. 2017; Di Dio & Seljak 2019;
Breton et al. 2019; Beutler & Di Dio 2020). Below, we analytically
estimate the impacts of these two e�ects on the dipole signal.

Let us first discuss the suppressed gravitational potential. Fol-
lowing Hikage et al. (2013), we introduce the probability distribu-
tion function of the galaxy position inside each halo, ?o� , normal-
ized as follows:π Avir

0
4cA2?o� (A; 'o�) dA = 1 . (5.1)

We model it to be Gaussian distribution, i.e., ?o� (A; 'o�) /

Figure 10. Expected signal-to-noise ratio for the surveys listed in Table 1,
using the single galaxy population. (Top) Dividing the sample into two
subsamples to cross-correlate, we choose the threshold halo mass "⇤ so
that the signal-to-noise ratio is maximized at each redshift bin (see text in
detail in Sec. 4.3.1). (Bottom) Same as the top panel, but the threshold halo
mass "⇤ is chosen so that the CV⇥P (dashed lines) and P⇥P (dotted lines)
contributions are minimized by imposing the conditions, 12

X=X = 12
Y=Y

and =X = =Y, respectively. Note that accounting for the halo occupation
number, the signal-to-noise ratio for DESI-BGS would be optimistic (see
the main text, fourth paragraph in Sec. 4.3.1 for details).

exp
⇣
�(A/'o�)

2
/2
⌘

with 'o� being the o�set parameter. Using
the distribution function ?o� , the halo potential at the o�-centered
galaxy position can be estimated to be

qNFW (I," , 'o�) =
π Avir

0
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(5.2)

where the explicit form of the NFW potential qNFW (A , I,") can
be found in Appendix D of Saga et al. (2020). Note that in the
limit of 'o� ! 0, the distribution function becomes ?o� (A) =
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Figure 11. Expected signal-to-noise ratio for the cross-correlation between two di�erent samples without creating subsamples. The target samples are obtained
either from di�erent surveys or single survey listed in Table 1. The top (bottom) panel summarizes the results for which the cumulative signal-to-noise ratio
combining multiple redshift slices, given by

qÕ
I (S/N)2, is greater (less) than 2. The estimated values of the cumulative signal-to-noise ratio are summarized

in the legend (see parentheses). Note that the signal-to-noise ratio may be optimistic for the cases including the DESI-BGS sample (see the fourth paragraph in
Sec. 4.3.1 for details).

XD (A)/(4cA2
), and we consistently reproduce qNFW (I," , 'o�) =

qNFW,0 (I,") . Adopting Eq. (5.2), we substitute q̄NFW into the
expression of nNL in Eq. (2.13), instead of the central potential
qNFW,0. Then the dipole cross-correlation with the suppressed halo
potential contribution is estimated through the analytical formulas
in Sec. 2.2.

Next consider the transverse Doppler e�ect from the o�-
centered galaxies. To estimate its qualitative impact, we compute
the velocity dispersion of galaxies, f2

E , which is expressed as a sum
of the two contributions (e.g., Sheth & Diaferio 2001):

f2
E (A, I,") = f2

vir (A, I,") + f2
halo (I,") . (5.3)

Here, the first and second terms at the right-hand side are originated
respectively from the virial motion within a halo and the large-scale
coherent motion of the host haloes. Note that the second term is
non-vanishing even if the galaxies reside at the centre of the haloes.
Although we include it for self-consistency, we confirmed that the
transverse Doppler e�ect is dominated by the virial motion.

To compute the velocity dispersion of the virial motion, f2
vir,

we adopt the halo model prescription and use the analytical formula
for the velocity dispersion of the NFW density profile (see Eq. (14)
of £okas & Mamon 2001):

f2
vir (A , I,") = U(A, I,")

⌧"

Avir
, (5.4)

with the function U(A, I,") given by

U(A , I,") =
3
2
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where the quantities 2, G, and function Li(G) respectively stand for
the concentration parameter (Bullock et al. 2001; Cooray & Sheth
2002), the radius normalized by the virial radius, G ⌘ A/Avir, and
the logarithmic integral function. The function 6(2) is defined as
6(2) ⌘ [ln(1 + 2) � 2/(1 + 2)]�1.

For the velocity dispersion, f2
halo, we estimate it using the

prediction of the peak theory based on the linear Gaussian density
fields (Bardeen et al. 1986; Sheth & Diaferio 2001):

f2
halo (I,") = (0� 5 ⇡+)

2f2
�1 (")

 
1 �

f4
0 (")

f2
1 (")f2

�1 (")

!
, (5.6)

where we define the function f= by

f2
= (") =

π
:2d:
2c2 :2=%L (:),

2
(:') . (5.7)

Here the function , (G) = 3 91 (G)/G is the Fourier transform of the
real space top-hat window function, and the radius ' is related to
the mass of the halo " through " = 4cd̄'3

/3, where the quantity
d̄ is the background matter density.

Given the velocity dispersion from the above analytical formu-
lae, the total impact of the o�-centering e�ects, including the trans-
verse Doppler e�ect, is estimated by replacing the nNL in Eq. (2.13)
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Figure 9. Expected number density of galaxies (top) and bias parameter
(bottom) for the surveys listed in Table 1. The plotted data are taken from
the tables summarized in Appendix D.

In our analytical treatment, one crucial assumption is that each
of the galaxies to cross correlate strictly reside at the halo centre, and
thus no virialized random motion is invoked. This is an idealistic
situation, and there are galaxies whose positions are away from
the halo center (e.g., Hikage et al. 2013). The o�-centered galaxy
positions lead to two possible systematics in the dipole signal. One is
the diminution of the non-perturbative halo potential contribution to
the gravitational redshift e�ect. Another is to introduce the virialized
random motion to the o�-centered galaxies. This can give a non-
negligible amount of the transverse Doppler e�ect as the second-
order special relativistic e�ect, which is known to produce the dipole
cross-correlation signal (Zhao et al. 2013; Kaiser 2013; Cai et al.
2017; Zhu et al. 2017; Breton et al. 2019). Note that there are
other relativistic e�ects that induce the dipole asymmetry in the
cross-correlation function, and their impacts on the detection of
gravitational redshift e�ect have been studied in both numerical
and analytical treatments (Zhu et al. 2017; Di Dio & Seljak 2019;
Breton et al. 2019; Beutler & Di Dio 2020). Below, we analytically
estimate the impacts of these two e�ects on the dipole signal.

Let us first discuss the suppressed gravitational potential. Fol-
lowing Hikage et al. (2013), we introduce the probability distribu-
tion function of the galaxy position inside each halo, ?o� , normal-
ized as follows:π Avir

0
4cA2?o� (A; 'o�) dA = 1 . (5.1)

We model it to be Gaussian distribution, i.e., ?o� (A; 'o�) /

Figure 10. Expected signal-to-noise ratio for the surveys listed in Table 1,
using the single galaxy population. (Top) Dividing the sample into two
subsamples to cross-correlate, we choose the threshold halo mass "⇤ so
that the signal-to-noise ratio is maximized at each redshift bin (see text in
detail in Sec. 4.3.1). (Bottom) Same as the top panel, but the threshold halo
mass "⇤ is chosen so that the CV⇥P (dashed lines) and P⇥P (dotted lines)
contributions are minimized by imposing the conditions, 12

X=X = 12
Y=Y

and =X = =Y, respectively. Note that accounting for the halo occupation
number, the signal-to-noise ratio for DESI-BGS would be optimistic (see
the main text, fourth paragraph in Sec. 4.3.1 for details).
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with 'o� being the o�set parameter. Using
the distribution function ?o� , the halo potential at the o�-centered
galaxy position can be estimated to be

qNFW (I," , 'o�) =
π Avir

0
4cA2qNFW (A, I,")?o� (A; 'o�) dA ,

(5.2)

where the explicit form of the NFW potential qNFW (A , I,") can
be found in Appendix D of Saga et al. (2020). Note that in the
limit of 'o� ! 0, the distribution function becomes ?o� (A) =
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4. まとめ
本発表では 

宇宙の大規模構造における観測的な特殊・一般相対論の効果・検出可能性を調べた 

シミュレーション&解析的モデル 
ハローの重力ポテンシャルによる重力赤方偏移効果が、小スケールの双極子的非等方性を支配 

検出可能性 
多くの将来観測で高S/N=10~20が期待。特にDESI-LRG(大きなバイアス=シグナル大)や
SKA2(大きい数密度=ノイズ小)など。 

将来 
重力ポテンシャルを測定するプローブとしての応用(eg 宇宙論的Pound‒Rebka実験) 
ハロー銀河関係のより精密なモデル化 
設定をより最適化(サンプルを2つ以上に分割, 他の観測量との組み合わせ, など)することによ
るSNの改善可能性

S.Saga et al. in prep.


