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1.  Hamiltonian formalism 
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2. Lagrangian formalism
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Which do you prefer?



1.  Hamiltonian formalism 

quantum computernonzero density



severe sign problem

the most difficult !!

mild sign problem

1.  Hamiltonian formalism 

quantum computer

T

𝜇



𝐻, 𝑄 = 0 𝑄|Ψ 𝑞 ⟩ = 𝑞|Ψ 𝑞 ⟩

|Ψ 𝑞 ⟩

𝑞 ≠ 0

1.  Hamiltonian formalism 

zero temperature   = ground state

nonzero density   = fermion number



1.  Hamiltonian formalism 

Ψ 𝑞 = (
!"#,⋯,&

𝑈(𝑙) |Ψ' 𝑞 ⟩

ground state of solvable Hamiltonianground state of full Hamiltonian

𝑈(𝑙), 𝑄 = 0quantum-gate operation s.t.



1.  Hamiltonian formalism 

quantum adiabatic algorithm quantum variational algorithm
Peruzzo et al. (2014)Farhi et al. (2000)

ü adiabatic theorem

ü

ü exact in 𝐿 → ∞

ü hybrid variational method

ü

ü 𝐿 can be small

𝑈 𝑙 = exp −𝑖𝛿𝑡 𝐻! +
𝑙
𝐿
𝐻" 𝑈 𝑙 = exp −𝑖 𝛼𝐻! + 𝛽

𝑙
𝐿 𝐻"

variational parameters



1.  Hamiltonian formalism 

benchmark test

ü noiseless simulator

ü lattice Schwinger model

ü 8-site lattice

(classical computer to emulate quantum computer)



lattice Schwinger model

𝐻 =0
()*+

𝐸, − 𝑖0
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(𝜒0𝑈𝜒 − 𝜒0𝑈0𝜒)

1.  Hamiltonian formalism 

𝑄 = 𝜒0𝜒 −
1
2
[1 − −1 1]

𝐸 𝑈𝜒𝜒!

particle

antiparticle



1.  Hamiltonian formalism 

adiabatic algorithm variational algorithm

𝐿 𝐿



1.  Hamiltonian formalism 



1.  Hamiltonian formalism 

chiral condensate
in QCD

chemical potential 𝜇



2.  Lagrangian formalism 

Euclidean path integral

𝒵 = #𝐷𝑈𝑒!"

quantum computer

how to encode?



2.  Lagrangian formalism 

quantum sampling algorithm

ü designed for classical statistics

ü classical random number is replaced by quantum fluctuation

ü several algorithms

𝒵 = ∑ 𝑒"#/%



2.  Lagrangian formalism 

quantum sampling algorithm Wild et al. (2021)

𝐻 = 𝑁 𝐼 − 𝑒"𝒮/'𝑀𝑒𝒮/'

matrix representation of classical action

matrix representation of Markov chain

ground state           classical ensemble



2.  Lagrangian formalism 

𝑍# lattice gauge theory

𝑆 = −𝛽 0
2(34

𝑈𝑈𝑈𝑈

𝑈#, 𝑈,, ⋯ , 𝑈5

𝑈 = ±1



2.  Lagrangian formalism 

𝑍# lattice gauge theory

𝑆 = −𝛽 0
2(34

𝑈𝑈𝑈𝑈 𝒮 = −𝛽 0
2(34

𝑍𝑍𝑍𝑍
matrix representation

𝑈#, 𝑈,, ⋯ , 𝑈5 𝑈# 𝑈, ⋯|𝑈5⟩

𝑈 = ±1



2.  Lagrangian formalism 

𝐻 =0
1

1
2 𝐼 − tanh 𝛽𝐶1 𝑍1 −

1
cosh 𝛽𝐶1

𝑋1

𝑛𝐶1 = 0
-.32(/

𝑍𝑍𝑍

Ψ =
1
𝒵
0 𝑒6𝒮/, 𝑈# 𝑈, ⋯|𝑈5⟩ gauge configuration !!



2.  Lagrangian formalism 

benchmark test

ü noiseless simulator 

ü 𝑍# pure gauge theory

ü 2$-site lattice

𝜏 = 0 𝜏 = 1

gauge fixing
29, 2#:



2.  Lagrangian formalism 

Ψ 𝛽 = (
!"#,⋯,&

𝑈(𝑙) |Ψ'⟩

Ψ' = Ψ 𝛽 = ∞

Ψ' = Ψ 𝛽 = 0

cold start

hot start



2.  Lagrangian formalism 

Ψ 𝛽 = (
!"#,⋯,&

𝑈(𝑙) |Ψ'⟩

Ψ' = Ψ 𝛽 = ∞

Ψ' = Ψ 𝛽 = 0

cold start

hot start



2.  Lagrangian formalism 

Compared with Hamiltonian formalism... 

Compared with classical simulation... 

past experience, Lorentz invariance, classical storage

quadratic speedup

fermion is more important

Wild et al. (2021)



Summary

1.  Hamiltonian formalism 

2.  Lagrangian formalism

ü quantum sampling

ü benchmark of 𝑍# pure gauge theory

ü nonzero fermion density

ü benchmark of the Schwinger model

useful someday in the future...


