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Motivation
Physics challenge
•QCD phase diagram at finite chemical potential µ and low tempera-

tures T largely unkown
•subject to experimental efforts at LHC, RHIC, FAIR & NICA
•QCD equation of state relevant for understanding neutron stars.

Sign Problem as a Computational Challenge
•µ > 0 renders the Euclidean action complex making sampling with

standard phase reweighting exponentially hard. This worsens as T is
decreased and as µ is increased.
•can be circumvented by the complex Langevin (CL) method [1]

Lattice QCD at finite density
Partition function

Z =

∫
SU(3)4Ω

dU exp(−SG[U ]) detD(U, µ) ,

Wilson Dirac operator

Dx,y = (4 + m)δx,y +
1

2

∑
ν

Γν e
µδ0,ν Ux,νδx+ν̂,y + Γ−ν e

−µδ0,ν U †x−ν̂,νδx−ν̂,y

CL simulation
•Since det(D(U, µ)) ∈ C perform holomorphic extension of the integra-

tion manifold SU(3) to the complexified gauge group SL(3, C), in par-
ticular for the gauge field U †x,µ→ U−1

x,µ.
•Perform Euler-Maruyama update scheme

Un+1
x,ν = exp[−ita(−Dx,ν,aS[U ] + ηx,ν,a)]U

n
x,ν

where 〈ηx,ν,a〉 = 0 , 〈ηx,ν,aηy,ρ,b〉 = 2δx,yδν,ρδa,b, a = 0, . . . , N 2
c − 1 .

Lattice setup
•Nf = 2 mass-degenerate quarks
•Nt ∈ {4, .., 32}, L/a = 24, a ≈ 0.08 fm
•Wilson plaquette action, Wilson-Dirac fermions (tree-level)
•β = 5.8 , κ = 0.1544, see [2]
•mπ ≈ 480 MeV
•T ∈ [100, 800] MeV, µ ∈ [0, 6500] MeV

Stabilizing the CL simulation
Since SL(3, C) is non-compact stabilizing methods need to be applied
during the CL simulation to avoid run-away trajectories and to ensure
correct results:
•Adaptive step size
•gauge cooling [3]→ minimize unitarity norm

F [U ] =
1

ΩNc

∑
x,ν

tr[U †x,νUx,ν + (U †x,νUx,ν)
−1 − 21]

•Dynamic Stabilization [4]→ extension of the drift term

Kx,ν,a→ Kx,ν,a + iαDSMx,a ,

where Mx,a = ibx,a

(∑
c

bx,cbx,c

)3

, bx,a = tr

(
λa
∑
ν

Ux,νU
†
x,ν

)

Observables
Polyakov loop and density

P (~x) = tr

Nτ−1∏
x0=0

U0(~x, x0)

 , 〈n〉 =
1

Ω

∂ log(Z)

∂µ

Results
Density and Silver blaze phenomenon
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Density and pressure
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Polyakov loop
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Unitarity norm and solver performance

Wilson: 243, β = 5.8, κ = 0.1544
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Perspectives
• further investigate CL systematics [5,6], see talk by B. Jäger
•finite size scalings and phase transitions
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