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Motivation

What is a field dependent coupling?

Classical action:

S [φ] =

∫ [1

2
(∂µφ)2 +

1

2
m2φ2 + gφ4 + ηφ6 + ...

]
Quantum action: (mom. space)

Γ[φ] =
∑
n

∫
Γ(n)({pi};µ) φ(p1)...φ(pn)

Promoting Γ(n)({pi};µ) → Γ(n)({pi};µ, φ) ?!? ⇒ senseless!

But: internal symmetries & multicomponent φa, reorganize Γ!

−→ linear symmetries are inherited by Γ, therefore
aaaaonly invariant combinations appear: I1, I2...IN

−→ if in the vacuum I1 6= 0 but In = 0 for all n > 1:

Γ[I1, I2, ...IN ] =
∑
{α}

∫
Γ(α)({pi};µ, I1) Iα2

2 Iα3
3 ...IαN

N
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Functional Renormalization Group

Flow equation of the effective action:

∂kΓk =
1

2

∫
q,p
Tr
[
∂kRk(q, p)(Γk,2 + Rk)−1(p, q)

]
=

1

2

If one is interested in zero momentum couplings:
(Local Potential Approximation - LPA)

Γk =

∫ [1

2
(∂iφ

a)2 + Vk [I1, I2, ...]
]

Flow equation for the effective potential Vk :

∂kVk [I1, I2, ...] =
1

2

∫
p
Tr
[
∂kRk(p)

(
p2 + Vk,2 + Rk(p)

)−1]
Extracting field dependent couplings via projection:

Vk [I1, I2, ...] =
∑
{α}

V
(α)
k (I1) Iα2

2 Iα3
3 ...IαN

N
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Application I: Yukawa coupling

Three flavor quark-meson model: [M - mesons, ψ - quarks]

L =
1

2
Tr [∂iM

†∂iM] + ψ̄(∂/+ gYM5)ψ

+
1

2
m2Tr [M†M] + g1(Tr [M†M])2 + g2Tr (M†MM†M)

Eff. potential (V ) depends on invariants [e.g. I1 = Tr (M†M)]

V = U(I1) + C (I1) Tr
[
M†M − 1

3
Tr (M†M)

]2
+ ...

= gY (I1) ψ̄M5ψ + gY ,2(I1) ψ̄M5

[
M†5M5 −

1

3
Tr (M†5M5)

]
ψ + ...

Note that gY 6= δ3V /δψ̄δψδM5 !
−→ naive calculation includes higher couplings (e.g. gY ,2)
−→ one carefully needs to project out

”
contaminations”
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Application I: Yukawa coupling

Dressed Yukawa coupling as a function of the bare one
(the UV scale was set to Λ = 1GeV )

Note: at zero field the Yukawa β-function is identically zero
−→ consistent with the one-loop calculation
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Application II: UA(1) anomaly

Three flavor meson model with anomaly: [M - mesons]

L =
1

2
Tr [∂iM

†∂iM] + a (detM† + detM)

+
1

2
m2Tr [M†M] + g1(Tr [M†M])2 + g2Tr (M†MM†M)

Effective potential:

V [M] = U[I1] + C [I1] Tr
[
M†M − 1

3
Tr (M†M)

]2
+ ...

+ A[I1] (detM† + detM) + B[I1] (detM† + detM)2 + ...

Projection of the flow equation onto various operators provides
individual flow equations for the field dependent couplings
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Application II: UA(1) anomaly

The A(I1) anomaly function is non-monotonous!
[I1 = (v2

non−strange + v2
strange)/2 ∼ (100MeV )2 in the vacuum]
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−→ when the condensate evaporates, the anomaly
aaaagets stronger, then weaker!
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Summary

Field dependent couplings can be defined via multicomponent
variables + global symmetries

Application I. Yukawa-coupling in the 3-flavor meson model
−→ field dependence is non-negligible even at O(1) initial
aaaa(bare) values

Application II. Determinant coupling of the UA(1) anomaly
−→ non-monotonous field dependence
aaaa⇒ strenghtening, then weakening anomaly w.r.t. T , µB

Is it really necessary to make couplings depend on the field?
−→ YES! A typical contribution in the flow equations looks∫
p

1

p2R + U ′k
=

∫
p

1

p2R + m2
k + g1,k I1 + ...

=

∫
p

1

p2R + m2
k

+O(I1)

Symmetry breaking (m2 < 0) blows up the integrals!
−→ resummation in I1 is a necessity
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