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All components are important physical observables!




Applications

[0 Thermodynamics

[ Fluctuations Pressure distribution

inside proton

[ Viscosity
[0 Hadron Structure
...

3 Burkert+, Nature 557, 396 (2018)




Cl ] - hontrivial observable
Ly on the lattice

CD Definition of the operator is nontrivial

because of the explicit breaking of translational invariance

1

T —

@ Its measurement is extremely noisy
due to high dimensionality and etc.
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Yang-Mills Gradient Flow

Luscher 2010

Narayanan, Neuberger, 2006
a 8SYM Luscher, Weiss, 2011
_AIJJ (t7 .SU) — aA
L

ot
‘ leading

t: “flow time”
od, =D,G,, =0,0,4, + -

Au(0,7) = Ay (z)

dim:[length?]

O diffusion equation in 4-dim space ~== =~

O diffusion distance d ~ /8t

O “continuous” cooling/smearing
63 No UV divergenceatt > 0 |




Small Flow-Time Expansion

Luescher, Weisz, 2011
Suzuki, 2013

P~

Ot,z) — c; () O (x)

t—0 <=
(
an operatoratt > 0 remormalized operators
of original theory
O(t, x)
>
t

ﬂginal 4-dim theory



Constructing EMT 1 s,,u6 20n3

Oft.x) — 3 ()0 @)

i

1

4 : : : : )
0 Gauge-invariant dimension 4 operators

m—

1
Uw(t,z) =Gt z)G,,(tx) — Z%pra(t,SU)Gpa(t,ﬂ?)

1
E(t,z) = ZGPG(t,az)Gpa(t,a:)

8 J




Constructing EMT Suzuki, 2013

_________

- -

Remormalized EMT

Tfy(x) = lim [c1(£)Upu (t, @) + 0ppca(t) E(E, T)subt. ]

t—0

\_ _/
9 - “SFtX method"” (Small Flow time eXpansion)




Perturbative Coefficients

Ty (8) = 1 ()0, (t) + Sy c2 (D) E(2)
LO |[12-loop | 2-loop | 3-loop
a0 | OO0
=0 |2 | OO [O

Suzuki, PTEP 2013, 083B03
Harlander+, 1808.09837
Iritani, MK, Suzuki, Takaura,
PTEP 2019

Iritani, MK, Suzuki,
Takaura, 2019

Suzuki (2013) Harlander+(2018)

O Choice of the scale of g*

Previous: pa(t) =1/v8t
Improved: to(t) = 1/v/2e7Et

T

(t) = e1 (g2 (n(1)) )

Harlander+ (2018)



Gradient Flow for Fermions

Luscher, 2013
8t’¢(t, [13) — DMDM¢(t7 .CC) Makino, Suzuki, 2014

Taniguchi+ (WHOT)

9 (t,x) = ¥(t,2) D, D, 2026-

D,=0,+A4,(tx)

O Not “gradient” flow but a “diffusion”-type equation.

O Divergence in field renormalization of fermions.
0 All observables are finite at t>0 once Z(t) is fixed.

A~

P(t, ) = Z(8)y(t, v)

1 1:I Energy-momentum tensor from SFtX Makino, Suzuki, 2014




EMT in QCD

Makino, Suzuki (2014)
Harlander+ (2018)

T (t,x) =c1(t)U,(t, x) + c2(t)d,, (E(t, T) — <E>0)
+ ¢3(t) (O30 (t, ©) — 204, (t,x) — VEV)
+ C4(t) (04‘“/ (t, 33) — VEV) + cs (t) (O5W/(t, CC) — VEV)

Ty(x) =1imT,,(t, x)

t—0
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t Dependence

(Too) + (T1) (Too) — 3(T11)
T/Tc=1.68 (NZLO) M= Mo ) T/Tc=1.68 (NBLO) M= Mo

643 x 12 B Range-1 _ ¥ 643x12 B Range-1
963 x 16 P Range-2 $ 96ix16 ® Range-2
1283 x 20 A Range-3 ¢ 1283°x20 A Range-3

0.000 0.005 0.010 0.015 0.020 0.025 0.030 0.000 0.005 0.010 0.0125 0.020 0.025 0.030
T 1

Iritani, MK, Suzuki, Takaura, PTEP 2019

] Existence of “linear window"” at intermediate t

14



Double Extrapolation
t—20, a=20

—————————

—— o ———

P — S E—
H Continuum extrapolation
g (T (o = (T (D) + C(1)a°
| | |
I | strong
: : discretization _
: . eflfect

Small t extrapolation
a (Tu) = (T () + C't



Thermodynamics: e+p & €-3p

(Too) + (T1) (Too) — 3(T11)
T/Tc=1.68 (NZLO) M= Mo ) T/Tc=1.68 (NBLO) M= Mo

¥ 643x12 B Range-1 _ ¥ 643x12 B Range-1
$ 963 x16 ® Range-2 $ 96ix16 ® Range-2
Rang@2x20 £ Range-3 T 1283x20 A& Range-3

0.000 0.005 0.010 0.0125 0.020 0.025 0.030 0.005 0.010 0.0125 0.020 0.025 0.030
tT tT

Iritani, MK, Suzuki, Takaura, PTEP 2019

O Existence of “linear window"” at intermediate t
[0 Stable t—0 extrapolation
1 65ystematic errors: fit range, uncertaintyof A (=3%), ...




T Dependence: Comparison

Iritani, MK, Suzuki, Takaura, 2019

---- Boyd et al.

—— Borsanyi et al. ---- Boyd et al. A FlowQCD 2016
0 Giusti—Pepe : -_ B(.)rsa?nyl et al. P  NLO (this work)
¢  Giusti-Pepe f N2LO (this work)
Caselle et al. Caselle et al.

A  FlowQCD 2016
® NZLO (this work)
i N3LO (this work)

[1: 3-loop \

N
A:Flow2016 .

Systematic error: y, or pg, A, t=20 function, fit range

0 Good agreement with other methods!
1 7 O Smaller statistics thanks to smearing by the flow



Alternative Extrapolation

MethodA: a — 0, t - 0 [ Consistency check
t 'T‘H O latent heat & pressure gap

1 o= 2
| discretization @
>

(@>0-1OHM)
Tzoz ‘+aueboliysg

MethodB: t -0, a — 0
tA | | |

B Method A

1% eih el 2 » Consistent result
1 WCL) for two methods
A 4



2+1 QCD EoS from SFtX Method

WHOT-QCD, PRDg6 (2017); PRD102 (2020)

(Too) + (T11) (Too) — 3(T11)

@ 1loop, u 1 loop, uo
¥ T-integral T-integral

200 250 300 200 250
T [MeV] T MeV]

O Agreement with integral method Mpg/mMy, =0.63
[0 Substantial suppression of statistical errors

1 9 Physical mass: Kanaya+ (WHOT-QCD), 1910.13036
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Casimir Effect




Casimir Effect

attractive force between two conductive plates




Brown, Maclay




Brown, Maclay

Casimir Effect 1066




Brown, Maclay

Casimir Effect 1066




Pressure Anisotropy @ T#0

MK, Mogliacci, Kolbe,
Horowitz, PRD (2019)

Free scalar field
W LZ:L3:<>0

O Periodic BC
Mogliacci+, 1807.07871

free boson
— m/T=0




Pressure Anisotropy @ T#0

MK, Mogliacci, Kolbe,
Horowitz, PRD (2019)

T Free scalar field
. ,,,,,,,,,,,,,,,, K ] i ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, i T/TrC:112 D L —L P
2™ 3"

T/T,. = 1.40

vl O Periodic BC

T/T.=2.10 Mogliacci+, 1807.07871

free boson N, =12

el | attice result

T/T, =1.40

Uit el [1 Periodic BC

T/T, = 2.10

O Only t>0 limit
O Error: stat.+sys.

o Medium nearT, is remarkably insensitive to finite size!

y N |




Pressure Anisotropy @ T#0

MK, Mogliacci, Kolbe,
Horowitz, PRD (2019)

N—16 Free scalar field
Y T/T.=1.12 |-
OL,=L-

T/T,. = 1.40

vl O Periodic BC

T/T.=2.10 Mogliacci+, 1807.07871

free boson N, =12

— m/T=0 RSl | attice result

N m/T=2 T/T.=1.40

Uit el [1 Periodic BC

T/T, = 2.10

O Only t>0 limit
O Error: stat.+sys.

o Medium nearT_ is remarkably insensitive to finite size!

& D




Energy densty [ transverse P

Energy Density Transverse Pressure P,

N, =16 N, =12

T T/T. =168 us T/T,=1.12 T/T.=1.12

N, =16
T/T.=1.12
T/T.=1.40
T/T, =1.68
T/T, =2.10

TIT, =1.12

N,=12
T/T,=1.12
T/T,=1.40
T/T.=1.68
T/T,=2.10

T/T.=1.40
T/T.=1.68
T/T.=2.10

T/T,=1.40
T/T.=1.68
T/T, =210

T/T, = 1.40

Tf!T:_‘. =1.12




Thermodynamics on the Lattice

Various Methods

O Integral, differential, moving frame, non-equilibrium, ...
O rely on thermodynamic relations valid in V>0

T .
P=7 InZ # Not applicable to

ST < anisotropic systems
E+p pICSYy

OWe employ SFtX Method
— <T00> — <T11>

Components of EMT are directly accessible!

33U




HigherT

High-T limit: massless free gluons
How does the anisotropy approach this limit?

Difficulties

O Vacuum subtraction requires large-volume simulations.
O Lattice spacing not available = c_(t), ¢,(t) are not determined.

-

Ratio of Traceless Parts

P. + 5 Neither vacuum subtr.
0 = ~7 E T, nor Suzuki coeffs.
Pz + 0 p necessary!

31




T/T, =1.68
T/T, = 2.10
T/T, = 2.69

)
+
&
-
)
+
Q:.-}

$ L, T=4/3
v LT=17/6

101t

T/T.

T/T.=8.1(=8.0) | T/T.=25(B=9.0)

[dRatio slowly approaches the asymptotic value.
32I:I But, large deviation still exists even at T/T.~25.
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EMT Correlator: Motivation

O Viscosity

Kubo formula = viscosity

Karsch, Wyld, 1987
Nakamura, Sakai, 2005
Meyer, 2007; 2008

== Ly . ' Borsanyi+, 2018
U :f dtf dT/d z(Th2(z, —i7)T12(0, 1)) Astrakhantsev+, 2018
0 0

O Energy/Momentum Conservation

(To,.(7)T,5(0)) :1-independent constant

O Fluctuation-Response Relations

(6E2) (Tg)  (T11Too)

CV:VTQ 8—|—p: —

~

g/

VT Vi
34




EMT Euclidean Correlator

_ . FlowQCD (2017)
<T44 (T)T44 (O)) . ~ See also: Eller, Moore (2018)
tT? =0.0024
_ tT*=0.0035
oo tT% =0. 0052
J=0. f i — e 3
T — 0. 0052 | tT° =0.0069 My = / a zT,,,
aT2:0.0069_
vV 27
o
< >
T

[0 Suppression of errors at large t
-independent plateau € energy conservation

3gmall T region: not reliable due to smearing > 22t




Bl EMT Euclidean Correlator

tT° =0.0035

tT? =0. 0052
thzo.ooﬁg_ FlowQCD, PR Dg6, 111502 (2017)

(T (T)T41 (0))

A 1T?=0.0024
¥ t72=0.0035
$  t72=0.0052
@ +7?=0.0069

[ t-independent plateau in all channels =» conservation law
[0 Confirmation of fluctuation-response relations
O New method to measure ¢,

O Similar result for (41;41) channel: Borsanyi+, 2018

!
3 6 O Perturbative analysis: Eller, Moore, 2018




Fluctuation-Response Relations

[0 Correlators at mid-point

&5
<
=
Q

0.005 ) 0.010

» Confirmation of FRR

(T3 (TiToo)
SYP=Yr T T

3 7 2+1 QCD: WHOT-QCD, 1711.02262




Fluctuation-Response Relations

(T'44(7)T44(0))

T/T,=2.24 |
—— continuum| fluctuation of energy

Range-1

Range-2 ~ specific heat

Range-3

N, =24 <5E2>
N, =16 cy = VT2

044;44(1/Zﬂ

1/1e] Cagaa(Tm. ideal gas
[11] Borsanyi+ (2012) 68 | 17.7(8)(Tg4) | 2 ,;:
¥ St 0.8)(7 ] 17907
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Force

Action-at-a-distance

mi, g1 ma, g2
} > F—
e M1 1 qigo
Newton 2 Areq T2

1687

Local interaction K( 2 S )

L (S
Faraday

+ e ()

4y




Maxwell Stress
(in Maxwell Theory)

1 1 1
0ij = 20 By + —BiB; = 56,5 (20B? + —B?)

fo Ho
E = (E,0,0)
Maxwell
[ —-E? 0 0 cADAD DY
T, = 0 E? 0 pulling
\ 0 0 E? I
> Parallel to field: Pulling I _
> Vertical to field: pushing

4




Maxwell Stress
(in Maxwell Theory)

pulling

Definite physical meaning

[ Distortion of field, line of the field
O Propagation of the force as local interaction

pushing



Quark-Anti-quark System

Formation of the flux tube = confinement

1 Potential
[ Action density
1 Color-electric field

so many studies... Cea+ (2012) Cardoso+ (2013)

4.




Stress Tensor in QQ System

FlowQCD, PLB (2019)

‘(a) SU(3) Yang-Mills® = = = = = = = * =

o o O - A e O e O o o

Lattice simulation
SU(3) Yang-Mills
a=0.029 fm
R=0.69 fm

i by
coe e e : o
¢ LR !
$ § E)

pulling  pushing

Definite physical meaning

[ Distortion of field, line of the field

O Propagation of the force as local interaction
O Manifestly gauge invariant




SUR3) YM vs Maxwell

SU(3) Yang-Mills Maxwell

(quantum) (classical)
‘(a) SU(3) Yang-Mills

o o o w - - - . e e e
T ar A - > e O ™ . w Y

I AT P > > o o - o A N \

-

AT T P P PGBy
I |

R W Y S S T S Y e Wb <
P
<<
o N
4+ -+ -+ ¢
R SR SR S
R R S S

Propagation of the force is clearly different
inYM and Maxwell theories!




Stress Distribution on Mid-Plane

From rotational symm. & parity e 59
T RN
EMT is diagonalized '\Z €z
in Cylindrical Coordinates Q
() S—
(Trr \ = P \‘ ’: -
Too U '
ch’ r) = N /I
(r) - .
\ Ty )
Degeneracy

in Maxwell theory

4Té_ gngﬁ Lrp =Tog = —1,, = =Ty




Mid- PIane

—(TH(T))qo [GeV/fm ]
—(T "“)>QQ [GeV/fm]

In Maxwell theory

00 01 02 03 04 05 06 ¢
T [fﬂl] T'r'r — T6’9 — _Tzz — _T44

O Degeneracy: Ty, ~T.,, T., ~ Tpe

4%3eparat|on T,, #T,,

Nonzero trace anomaly Z Te. £ 0




Mid-Plane
1472 £ —(TR(r)qq[GeV/fm’]

ol T [( )R 0 46fm]“ ¥ <’r;z~(r)> f[GeV/fm?’]
Separatlon ..............................................................

hi g E (Tos(r >QQ [GeV/ fm3]

- Ua’R o 46fmJﬁﬁfffﬁﬁ:ﬁﬁﬁfﬁﬁﬁﬁf""""'?""""""'""i'""

[(C)R 0 92fm;

E ~<ﬂf§(=~)>w GeV/fm’)
¥ —<fr“(=-)>m Gev/tm?) |
TUUE (TR0 gg [Gev /i |
ol E (B0 v/

o N B OO

00 01 02 03 04 05 06 00 01 02 03 04 05 06 0.0 01 02 03 04 05 06
r [fm)] r [fm)] r [fm)]
O Degeneracy: Tyy ~T,,, Ty =~ The

[l Separation: T,, # T,,

Jla\lonzero trace anomaly Z Te. £ 0



Momentum Conservation

Yanagihara, MK, PTEP2019
O In cylindrical coordinats,

@TZ] =0 » 87~(7“Tm~) — TQQ — r@sz @
O For infinitely-long flux tube
8T(TTTT) = 1o

» T and Ty, must separate!

Effect of boundaries is not
negligible at R=0.92fm

01 02 03 04 05 06

49y ____ i




‘(@) SU(3) Yang-Mills* * = =t o

Force

A P a> - - o - A

g

Tt « ii}
****** k 4+ 4

' 5 AR

b\
Force from Potential Force from Stress °

A%
Hetorrame = dQITzz (33)

Fot = ——
B dR mid.




‘(@) SU(3) Yang-Mills* * = =t o

Force ISR

A P a> - - o - A

D S e s

T T
Frd
b

wwwwww Fbor oy os
i S

.......

Force from Potential Force from Stress

dV
Fpot = _E Fstress — /r’nid. dszzz(x)

s
. PN
P ” -
ul\ <3 # %
v N | o =
% .
/

Newton Faraday
1687 1839




‘(@) SU(3) Yang-Mills* * = =t o

I O l ‘ ‘ 3 ® ¢ s - - A A - - - - e - A & . °
e 4 4
N i

AT A a> P - - o o

4

D St i e \i‘

Pirrrii iy
Raeab Y A5 S5 S5 S5 SS S8 S5 S GRS
----- s e A S S G
i 4 %

o o & e g 4 4

.......

Force from Potential Force from Stress
adV
F — — = Fstress = / dQITzz L
pOt dR ‘ mid. ( )

Faraday
1839

0.4 05 06 0.7 08 09 1.0
R [fm)]




Dual Superconductor Picture

Nambu, 1970
Nielsen, Olesen, 1973
t ‘Hooft, 1981
QCD Vacuum Superconductor
Quark Anti-quark Monopole ,Is\/lnotniﬂ-cmole
C. D <. y
- D - D
Flux Tube Magnetic Vortex

S
53 Dual (E<B)




Abelian-Higgs Model

Yanagihara, MK, 2019

Abelian-Higgs Model

1

Lan = —5F2, +1(8, +igA)8° — M@ —v?)”

4 H

GL parameter: x = v\ /g

f O type-l1: k< 1/V2
< Otype-ll: ﬁ?>1/\/§

_ O Bogomol'nyi bound:

54 k=1/v2

Infinitely long tube

[ degeneracy
T,.(r) = Tys(r) Luscher, 1981

1 momentum conservation

d
% (TTfr'r’) — TQG



Stress Tensor in AH Model
infinitely-long flux tube

|Lattice
S

r[fm)]

Inconsistent with

L No degeneracy bw T, & Ty, lattice result
O T,, changes sign

55 T'rfr‘ = Tt%’




Flux Tube with Finite Length

Yanagihara, MK (2019)

Too(r)
T.:(r)
Ter(r)
Too(r)

(b2) k=04, g=1.7

Too(r)
T:(r)
Tor(r)
Too(r)

6
5
*‘E"A
3
<
u.2
1
0
0.

[GeV /fm?|
OO0 = N W & U o

[GeV /fm?
OO M N W A U O

OO0 AH model can reproduce lattice results
qualitatively by tuning parameters.
5 6 O But, quantitatively all parameters are rejected.




EMT Distr. in Simple Systems

Talk by H. Ito

4 _ soon later
¢* Theory in 1+1d O Soliton (kink)

1 A m?\?
£=500u0) -7 (¢2 - T) #(x) = = tanh —= /)

VA \/i_J

[0 Quantum effect on EMT at 1-loop order

Confirmation of
EMT conservation

alel (ZU) =0




—--- Boydetal F FlowQCD 2016
6.51|—— Borsanyietal. $ NLO (this work)
¢ Giusti-Pepe @i N°LO (this work)
1) Caselleetal

@
023802 ~2019) e A e
i g, ,‘ |38

) ",:_: ,/ \’\16
‘ I T/T"llg..
M V=L
b B T/TW“
} —1.68

ree =
bOSon L/ -l = 2 10

m/p_ 7
Tsg ‘\f>~1;:

i ln[ L
2] &

ﬂﬂ@m »2020) /r
1




Stress Tensor around A Quark

in a deconfined phase




Pressure inside Hadrons

EMT distribution inside hadrons now accessible??

Pressure @ proton EMT distribution @ pion

4zrip,(r) (1/fm)
3

=
E
£
=>
]
@
9
o
k"
o
£

3 0.4 0.6 08 1.0 1.2 1.4 1.6 1.8 20
r (fm)

Nature, 557, 396 (2018) Kumano, Song, Teryaev (2018)

60 Shanahan, Detmold (2019)



EMT Around a Static O

_ T (2) Tr€2(0))
<TLW($)>Q — <T1“Q(O)> — <TMV($)>

Q: Polyakov loop

0 EMT-Polyakov loop correlation
O Gauge invariant
[0 Z3 symmetry has to be broken

O EMT by SFtX method

61



Lattice Setup

O SU(3) Yang-Mills (Quenched)
O Wilson gauge action
[ Clover operator

[0 Analysis above Tc
O Simulation on a Z, minimum
0 EMT around a Polyakov loop

7/

(50 ()59(0))
(Q(0))
Q- Ijgfl'/@ov loop

(O(z))q =

. )
O continuum extrapolation’

Y4

N . a [fm] Necont
6 0.0551 500

7 0.0460 650

1 0.0394 840

682 0.0344 1,000

1,000

34 1,000
500

3 0.0212 650

182 0.0182 840

5 7.290 0.0159 1,000

72 18 7.387 0.0141 1,000




Spherical Coordinates

EMT is diagonalized
in Spherical Coordinates

(T, )

chr (T) —

\ Tis )

O Maxwell theory

E|? a 1
Tya = T0r = —Tpg = —u = ——

63 2 8 rd



Stress Tensor Around a Quark

*+++
L

— (Tii()e/T" +
—— _;TR(T)}( /T"l 0.1 = * X>< XX & x

e qu?);rJ/T4 o + —|_ ..
—Olkkxx‘lyxx%xt

O Suppression at large distance
[ Separation of different channels
O |Tys| > [T | ~ [Tool

64 pulling  pushing




Stress Tensor Around a Quark

(a)7/7. =120
— (TR(r)o/T"
—_— (TR(r)) /T
— {TR(r))o/T

(b)7/7. = 1.44)
— —(Th(r) /T
— {(TR(r)) /T
— (TR(r))o/T

0.8 1.0 1.2
rT

(c)1/7.=2.00]
— —(Ti(n)o/T*
— —(T}(r)o/T"

(T ()}l T*

[0 Suppression a

[(d) T/T, = 2,60]

— (TR(r)o/T*
— {TR(r))o/T"
— (TR()) /T

O Separation of
O |T44| > |Trr|

6I5Iearer separatlon for lower T pulling

pushing




Perturbative Analysis

M. Berwein, private comm.

Perturbation Lattice

rT
Perturbation:

O [T,4| > |T,| is reproduced

- by perturbation.
ombination o _
NLO pert. + NLO EQCD O Hierarchy of .-, Tgg does

66 not match?




r Dependence

[ Increase at short r / suppression at larger r
[0 T dependence is suppressed atr < 1/T
[ Too noisy at large r for extracting screening mass my,

Y4



Running Coupling

[ Estimate of a; Pl — 20 /(TRM)e

— Aom)/(TH(r))q

|<T <Tw>( ) ‘ = ;_1045 10, | Ao()/ATH))a
44,rr,00\T ™

O at the leading-order
perturbation theory
[ channel dependent

[ All results are approximately
consistent with the estimate
from QQ potential

6 8 Kaczmarek, Karsch, Zantow, 2004




Summary

[ Successful analysis of energy-momentum tensor on the
lattice is now available, and various studies are ongoing!

[0 SFtX (gradient flow) method

O significant error suppression

T/T,=2.24

T’—0005°
1:2 T Correl%tlon
2.10 ¥

0 2 A B A

155h 3‘ffé’§’§i§1,j§

[0So many future studies

O Flux tube at nonzero temperature
CDEMT distribution inside hadrons

69 O viscosity / other operators / topology / QCD
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EMT on the Lattice: Conventional

Lattice EMT Operator (. .cciolo+, 1500

1
6] a 1a 3] a a a a 1] _ a a
T,L[LV} _ (1 N 5#V)Fpprp7 T,L[LV} — 5w/ (F/_f,pFJ}p * 4Fpano)7 T,u,u - 5#VFpUFpa

[0 Determination of Zs

O Fit.to thermodynamics: Z,, Z, Giusti, Meyer, 2011; 2013;
O Shifted-boundary method: Z, Z, Giusti, Pepe, 2014~; Borsanyi+, 2018

O Full QCD with fermions Brida, Giusti, Pepe, 2020

11



SFtX Method

auge th ory gTadientiriow Smeared
world

by gradient flow

g Emm E S S o S o oy,

gradient flow

analytic relation _
(perturbative) the lattice

Take Extrapolation (t,a)=>(0,0)

. a“ !
<Tl“/ (t)>latt . <T[M/ (t)>phys _|_ Cp,ut +:DMV7 |—|— -
72 O(t) terms in SFTE lattice discretization




Two Special Cases with PBC

1/ T<L,=L,=1L, 1)/T'=L,, L,=1L,

, L.

111 =129 =133 Ty =111, 129 =T33

(In conformal &, T =O)\

TR
@& -
P2

\_

J




Fermion Propagator

S(t,z;5,y) = (x(t, 2)X(5,))
= Z K(t,2;0,v)S (v, w)K(s,y;0,w)"

(at -~ DuDu)K(tax) =0

(R
e propagator of flow equation
* Inverse propagator is needed (t,z) (5.9)
d KL\/RJ
I A K
i E O - S
0.0 (0,w)

14



N=2+1 QCD Thermodynamics

Taniguchi+ (WHOT-QCD),
PRDg6, 014509 (2017)

* N=2+1QCD, Iwasaki gauge + NP-clover
* mpc/M, =0.63 [ almost physical s quark mass

* T=0:CP-PACS+JLQCD ([5=2.05, 283x56, a=0.07fm)
* T>0:323xN,, Ny =4, 6, ..., 14, 16):
* T=174-697MeV

* t—2>0 extrapolation only (No continuum limit)

m/m~06 Nt=1614 12 10 6
(p=2.05) ¢ o o °

®
T[MeV]

200
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Numerical Setup

O SU(3)YM theory

O Wilson gauge;c fo
/ VA Z 7 f"f / "

O N,=16,12 /7 A

O N_/N.=6

O 2000~4000 confs, | V|

O Even N, f

0 No Continuum extrap.

[0 Same Spatial volume
* 12X72°X12 ~ 16x96%x16
*  18X72%X12 ~ 24X962x16

Simulations on

OCTOPUS/Reedbush




Extrapolations t>0, a>0

t DContinbum ¥ [ b A

— ﬁ - | | I !

= | ! ! hl nl !

o N — m o,

q P 2

P le—— 0 | H I

— | | | i '

g : : st||'ong |:: |:| st||'ong

n |1 dikcretization ‘l:q ‘_l:'_' discretization

@ | ! ef%ect \VAR"Y, ef%ect

> 2 > 2

Y 4 a a




Small-t Extrapolation
T/T. = 1.68

P., L,T=3/2
<« P, L,T=9/8

P, LiT=1

P,, L, T=3/2 _

P, L,T=1 Filled: N,=16 / Open: N,=12
P., LiT=3/2
Rl Small-t extrapolation
* Solid: N;,=16, Range-1

* Dotted: N;=16, Range-2,3

0015 0.020 * Dashed: N;=12, Range-1

tT2

[] Stable small-t extrapolation
73 No N, dependence within statistics for L T=1, 1.5



Small-t Extrapolation
T/T. = 1.68

T/T.=1.68

P., L,T=3/2
P, L,T=9/8

P, LiT=1

Filled: N,=16 / Open: N,=12

Small-t extrapolation

* Solid: N;,=16, Range-1

* Dotted: N;=16, Range-2,3
* Dashed: N;=12, Range-1

0.000 0.005 0.010 . 0.015 0.020
tT?

[] Stable small-t extrapolation
7gl No N, dependence within statistics for L T=1, 1.5



Lattice Setup

O SU(3) Yang-Mills (Quenched)
O Wilson gauge action
[ Clover operator

0 EMT around Wilson Loop
O APE smearing / multi-hit

[ fine lattices (a=q/92/,9:.9f§zfm)

O continuum exﬁﬁpﬁ@féﬁ/
7 "/f' A f/
7/ A X/

0 Simulation: quegene/CXj@{l/ﬁEK
A Y

FlowQCD, PLB (2019)

6.304 0.058 4&
6.465 0.046 48*
6.513 0.043 48*
6.600 0.038 48%
6.819 0.029 64*

B a [fm] N‘;ize Nconf

140 8 12 16

4401 10 - 20

600 - 16 -
18 24
24 32

R [fm] |0.46 0.69 0.92

R=0.46 fm

Cornell type
® data




Continuum Extrapolation
at mid-point

[0 a—>0 extrapolation with fixed t

81

di%cretization
effect

I
I
I
I stfong
I
I
I

| 2




t—>0 Extrapolation

at mid-point

a=(.029fm m— continuum
a=0.038fm B Rangel
a=0. 046 fm B Range2
a=0. 058 fm 4 Range-3

O a—>0 extrapolation with fixed t i i stiong
O Then, t=>0 with three ranges T

82 |




Double Extrapolation

t—>0,a—-0

—————————

] a,2\:
<Tuv (t)>1att — <Tuv (t)>phys + C/wt -|-ED,,W (t)?:

<« T

Continuum extrapolation
<TMV(t)>Cont — <TMV(t)>lat T C(t)a2

Small t extrapolation
S

e ' continuum I ¢ A-."'I. —12
<T > = N,.=18 . range
’lrf/ g N, =16 . range 2
~ . I Vo ON-=1 ‘range
0.000 0.005 0.010 0.015 0.020 0.025
tT?




Stress = Force per Unit Area

Pressure




Stress = Force per Unit Area

Pressure

Generally, F and n are not parallel

>~
©
o
0
-
4+
wn
e
v

In thermal medium

L Tf,;j — Péw

oy

Stress Tensor

0ij = =13 | Landau
\ ) Lifshitz
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Stress Tensor in AH Model
infinitely-long flux tube

Bogomol'nyi bound: k= 1/v?2
o5

N

T..(r)

T,.(r)

1y =199 =0

de Vega, Schaposnik, PRD14, 1100 (1976).



Stress Tensor in AH Model
infinitely-long flux tube

x—3.0 hype-ll

O No degeneracy bw T & T, _ conservation law

O T,, changes sign 4 (1) = Toe
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