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Mass and radii of observed neutron stars and data from neutron star collisions give 
an excellent determination of the equation of state of strongly interacting matter

Such equations of state must be hard
The sound velocity squared is greater than or of the order of  1/3 at only a few times nuclear matter density

This is NOT what one expects from a phase transition
Relativistic degrees of freedom appear to be important

After a short review, will discuss a field theoretical method to include both quark and nucleon degrees of freedom in 
a consistent field theoretical formalism



High Temperature and Low Baryon Density 
Thermal Matter

Useful to think in the large number of of colors limit

Nc ! 1

In this limit, quark loops are suppressed by one over Nc

Quark pair production cannot short out the long range linear potential, so there is confinement.

Baryons are heavy and made of N_c quark so their mass is of order N_c

Mesons are weakly interacting, with interaction strength of order 1/N_c



High Temperature World at Zero Baryon Density

The confining force is cutoff at a screening length associated with 
polarization of thermal gluons

1/r2
Debye

⇠ g20tHooft
T 2

At some temperature the Debye length is less than the confinement scale, the 
potential can no longer become linear 

TD ⇠ ⇤QCD



Can also imagine it from thinking about hadrons

At low temperatures there is a gas of very weakly interacting hadrons, since if   

T << ⇤QCD

The density of mesons is of order one in powers of N_c because the mesons are color 
singlet

If there was a gas of gluons, the density would be of order 

N2
c

This happens because there is an exponentially growing density of 
mesons that have cross sections of order 1/N_c^2 whose interactions 

become big when the density is of order N_c^2



Quarkyonic Matter:

Confinement at finite temperature disappears because the Debye 
screening length become shorter than the confinement scale.  Gluons give

At finite density, there is a typical Fermi momentum or chemical potential associated 
with  quark density

In the large N_c limit,  at finite density and zero  temperature 
limit, the deconfinement chemical potential is 

What about finite density:

1/r2
Debye

⇠ g20tHooft
T 2

µQ
The Debye screening length associated with quarks is very large

1/r2 quarks
Debye ⇠ µ2

Q/Nc



In the large N_c limit,  at finite density and zero  temperature 
limit, the deconfinement chemical potential is 

This is a very interesting result:  the system is confined until quark 
densities that are parametrically high compared to the QCD scale! T

µquark ⇠ ⇤QCD µquark ⇠
p
Nc⇤QCD

µquark ⇠
p

Nc⇤QCD >> ⇤QCD

T ⇠ ⇤QCD

µquark



No baryons for

nbaryon ⇠ e(µB�E)/T ⇠ eNc(µq�Eq)/T

µquark < Mnucleon/Nc ⇠ ⇤QCD

T

Confined  
mesons and 

very few 
nucleons

Hadronic 
Matter

Confined quarks and 
baryons, mesons and 

glueballs

Quarkyonic Matter

Unconfined quarks and gluons
Quark Gluon Plasma

µquark
µquark ⇠

p
Nc⇤QCDµquark ⇠ ⇤QCD

T ⇠ ⇤QCD



µquark >> ⇤QCD

⇠ ⇤QCD

Fermi Surface
Interactions sensitive to 

infrared
Degrees of freedom: 
baryons, mesons and 

glueballs

Fermi Sea:  Dominated by 
exchange interactions which 

are less sensitive to IR.  
Degrees of freedom are 

quarks

Fermi Surface is Non-perturbative



T

Confined  
mesons and 

very few 
nucleons

Hadronic 
Matter

Confined quarks and 
baryons, mesons and 

glueballs
Quarkyonic Matter

Unconfined quarks and gluons
Quark Gluon Plasma

Chiral symmetry broken in 
translationally non-invariant wayChiral symmetry 

broken

T ⇠ ⇤QCD

µquark ⇠ ⇤QCD µquark ⇠
p
Nc⇤QCD µquark

Chrial symmetry remains broken in quakryonic matter



Simple large N_c considerations

Near nuclear matter density

kF ⇠ ⇤QCD

On the other hand, short distance QCD interactions are of order N_c

✏/n�MN ⇠ Nc⇤QCD

✏/n�MN ⇠ ⇤2
QCD/2MN ⇠ ⇤QCD/Nc

But the density of hard cores is also 
parametrically of order 

⇤3
QCD



Tews, Carlso, Gandolfi and Reddy; Kojo;  Anala, Gorda, Kurkela and Vorinen

As a result of LIGO 
experiments, and more 
precise measurement of 
neutron star masses, the 

equation of state of nuclear 
matter at a few time nuclear 

matter density is tightly 
constrained

Typically sound velocity 
approaches and perhaps 

exceeds 

v2s = 1/3
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Sound velocity of order one has important consequences
For zero temperature Fermi gas:
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where the baryon chemical potential includes the effects of nucleon mass

So if the sound velocity is of order one,  an order one change in the baryon density 
generates a change in the baryon number chemical potential of order the nucleon mass

For nuclear matter densities

µB �M ⇠
⇤2
QCD

2M
⇠ 100 MeV

Large sound velocities will require very large intrinsic energy scales, and a 
partial occupation of available nucleon phase space because density is not 

changing much while Fermi energy changes a lot



This can be understood in large N_c arguments:

kf ⇠ ⇤QCD
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requires µB �MN ⇠ ⇤QCD/Nc
<latexit sha1_base64="Sqpa3pblOGZ8qWZO0v/tbK7cwbM=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgxpqIoMvSunChpQX7gCaEyWTSDp1JwsxEKKF7N/6KGxeKuPUH3Pk3Th8LbT0wcDjnHu7c4yeMSmVZ30ZuZXVtfSO/Wdja3tndM/cP2jJOBSYtHLNYdH0kCaMRaSmqGOkmgiDuM9Lxh7WJ33kgQtI4ulejhLgc9SMaUoyUljyz6PDUq8JTeOfVoSMph86tTgfIy5q16/FZ3cOeWbLK1hRwmdhzUgJzNDzzywlinHISKcyQlD3bSpSbIaEoZmRccFJJEoSHqE96mkaIE+lm01vG8FgrAQxjoV+k4FT9ncgQl3LEfT3JkRrIRW8i/uf1UhVeuRmNklSRCM8WhSmDKoaTYmBABcGKjTRBWFD9V4gHSCCsdH0FXYK9ePIyaZ+XbatsNy9Kleq8jjw4AkVwAmxwCSrgBjRAC2DwCJ7BK3gznowX4934mI3mjHnmEPyB8fkDIp+ZNQ==</latexit><latexit sha1_base64="Sqpa3pblOGZ8qWZO0v/tbK7cwbM=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgxpqIoMvSunChpQX7gCaEyWTSDp1JwsxEKKF7N/6KGxeKuPUH3Pk3Th8LbT0wcDjnHu7c4yeMSmVZ30ZuZXVtfSO/Wdja3tndM/cP2jJOBSYtHLNYdH0kCaMRaSmqGOkmgiDuM9Lxh7WJ33kgQtI4ulejhLgc9SMaUoyUljyz6PDUq8JTeOfVoSMph86tTgfIy5q16/FZ3cOeWbLK1hRwmdhzUgJzNDzzywlinHISKcyQlD3bSpSbIaEoZmRccFJJEoSHqE96mkaIE+lm01vG8FgrAQxjoV+k4FT9ncgQl3LEfT3JkRrIRW8i/uf1UhVeuRmNklSRCM8WhSmDKoaTYmBABcGKjTRBWFD9V4gHSCCsdH0FXYK9ePIyaZ+XbatsNy9Kleq8jjw4AkVwAmxwCSrgBjRAC2DwCJ7BK3gznowX4934mI3mjHnmEPyB8fkDIp+ZNQ==</latexit><latexit sha1_base64="Sqpa3pblOGZ8qWZO0v/tbK7cwbM=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgxpqIoMvSunChpQX7gCaEyWTSDp1JwsxEKKF7N/6KGxeKuPUH3Pk3Th8LbT0wcDjnHu7c4yeMSmVZ30ZuZXVtfSO/Wdja3tndM/cP2jJOBSYtHLNYdH0kCaMRaSmqGOkmgiDuM9Lxh7WJ33kgQtI4ulejhLgc9SMaUoyUljyz6PDUq8JTeOfVoSMph86tTgfIy5q16/FZ3cOeWbLK1hRwmdhzUgJzNDzzywlinHISKcyQlD3bSpSbIaEoZmRccFJJEoSHqE96mkaIE+lm01vG8FgrAQxjoV+k4FT9ncgQl3LEfT3JkRrIRW8i/uf1UhVeuRmNklSRCM8WhSmDKoaTYmBABcGKjTRBWFD9V4gHSCCsdH0FXYK9ePIyaZ+XbatsNy9Kleq8jjw4AkVwAmxwCSrgBjRAC2DwCJ7BK3gznowX4934mI3mjHnmEPyB8fkDIp+ZNQ==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="jjrxiyX/mxuBo/tdvf4j6qyS4Dc=">AAACAHicbZA7T8MwFIVvyquUAoWVxWqFxEJJWGBElIEBqlaiD6mpIsdxWqt2EtkOUhV1Z+GvsDCAEL+CjX+D+xig5UiWjs7xlX0/P+FMadv+tnJr6xubW/ntwk5xd2+/dFBsqziVhLZIzGPZ9bGinEW0pZnmtJtIioXPaccf1aZ955FKxeLoQY8T2hd4ELGQEaxN5JXKrki9a3SK7r06chUTyL0z0wH2smbtZnJW94hXqthVeya0apyFqcBCDa/05QYxSQWNNOFYqZ5jJ7qfYakZ4XRScFNFE0xGeEB7xkZYUNXPZrtM0LFJAhTG0pxIo1n6eyLDQqmx8M1NgfVQLXfT8L+ul+rwsp+xKEk1jcj8oTDlSMdoCgYFTFKi+dgYTCQzf0VkiCUm2uArGAjO8sqrpn1edeyq07QhD0dQhhNw4AKu4BYa0AICT/ACb/BuPVuv1sccV85acDuEP7I+fwCNwZe/</latexit><latexit sha1_base64="jjrxiyX/mxuBo/tdvf4j6qyS4Dc=">AAACAHicbZA7T8MwFIVvyquUAoWVxWqFxEJJWGBElIEBqlaiD6mpIsdxWqt2EtkOUhV1Z+GvsDCAEL+CjX+D+xig5UiWjs7xlX0/P+FMadv+tnJr6xubW/ntwk5xd2+/dFBsqziVhLZIzGPZ9bGinEW0pZnmtJtIioXPaccf1aZ955FKxeLoQY8T2hd4ELGQEaxN5JXKrki9a3SK7r06chUTyL0z0wH2smbtZnJW94hXqthVeya0apyFqcBCDa/05QYxSQWNNOFYqZ5jJ7qfYakZ4XRScFNFE0xGeEB7xkZYUNXPZrtM0LFJAhTG0pxIo1n6eyLDQqmx8M1NgfVQLXfT8L+ul+rwsp+xKEk1jcj8oTDlSMdoCgYFTFKi+dgYTCQzf0VkiCUm2uArGAjO8sqrpn1edeyq07QhD0dQhhNw4AKu4BYa0AICT/ACb/BuPVuv1sccV85acDuEP7I+fwCNwZe/</latexit><latexit sha1_base64="YSmk6Q5ypWRIHnXwiMlpnNTCZZI=">AAACC3icbVC7TsMwFHV4lvIKMLJYrZBYKAkLjFXLwABVK9GH1ESR4zitVTuJbAepirqz8CssDCDEyg+w8Te4bQZoOZKlo3Pu0fU9fsKoVJb1baysrq1vbBa2its7u3v75sFhR8apwKSNYxaLno8kYTQibUUVI71EEMR9Rrr+qD71uw9ESBpH92qcEJejQURDipHSkmeWHJ56NXgG77wGdCTl0LnV6QB5Wat+PTlveNgzy1bFmgEuEzsnZZCj6ZlfThDjlJNIYYak7NtWotwMCUUxI5Oik0qSIDxCA9LXNEKcSDeb3TKBJ1oJYBgL/SIFZ+rvRIa4lGPu60mO1FAuelPxP6+fqvDKzWiUpIpEeL4oTBlUMZwWAwMqCFZsrAnCguq/QjxEAmGl6yvqEuzFk5dJ56JiWxW7ZZWrtbyOAjgGJXAKbHAJquAGNEEbYPAInsEreDOejBfj3fiYj64YeeYI/IHx+QMhX5kx</latexit><latexit sha1_base64="Sqpa3pblOGZ8qWZO0v/tbK7cwbM=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgxpqIoMvSunChpQX7gCaEyWTSDp1JwsxEKKF7N/6KGxeKuPUH3Pk3Th8LbT0wcDjnHu7c4yeMSmVZ30ZuZXVtfSO/Wdja3tndM/cP2jJOBSYtHLNYdH0kCaMRaSmqGOkmgiDuM9Lxh7WJ33kgQtI4ulejhLgc9SMaUoyUljyz6PDUq8JTeOfVoSMph86tTgfIy5q16/FZ3cOeWbLK1hRwmdhzUgJzNDzzywlinHISKcyQlD3bSpSbIaEoZmRccFJJEoSHqE96mkaIE+lm01vG8FgrAQxjoV+k4FT9ncgQl3LEfT3JkRrIRW8i/uf1UhVeuRmNklSRCM8WhSmDKoaTYmBABcGKjTRBWFD9V4gHSCCsdH0FXYK9ePIyaZ+XbatsNy9Kleq8jjw4AkVwAmxwCSrgBjRAC2DwCJ7BK3gznowX4934mI3mjHnmEPyB8fkDIp+ZNQ==</latexit><latexit sha1_base64="Sqpa3pblOGZ8qWZO0v/tbK7cwbM=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgxpqIoMvSunChpQX7gCaEyWTSDp1JwsxEKKF7N/6KGxeKuPUH3Pk3Th8LbT0wcDjnHu7c4yeMSmVZ30ZuZXVtfSO/Wdja3tndM/cP2jJOBSYtHLNYdH0kCaMRaSmqGOkmgiDuM9Lxh7WJ33kgQtI4ulejhLgc9SMaUoyUljyz6PDUq8JTeOfVoSMph86tTgfIy5q16/FZ3cOeWbLK1hRwmdhzUgJzNDzzywlinHISKcyQlD3bSpSbIaEoZmRccFJJEoSHqE96mkaIE+lm01vG8FgrAQxjoV+k4FT9ncgQl3LEfT3JkRrIRW8i/uf1UhVeuRmNklSRCM8WhSmDKoaTYmBABcGKjTRBWFD9V4gHSCCsdH0FXYK9ePIyaZ+XbatsNy9Kleq8jjw4AkVwAmxwCSrgBjRAC2DwCJ7BK3gznowX4934mI3mjHnmEPyB8fkDIp+ZNQ==</latexit><latexit sha1_base64="Sqpa3pblOGZ8qWZO0v/tbK7cwbM=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgxpqIoMvSunChpQX7gCaEyWTSDp1JwsxEKKF7N/6KGxeKuPUH3Pk3Th8LbT0wcDjnHu7c4yeMSmVZ30ZuZXVtfSO/Wdja3tndM/cP2jJOBSYtHLNYdH0kCaMRaSmqGOkmgiDuM9Lxh7WJ33kgQtI4ulejhLgc9SMaUoyUljyz6PDUq8JTeOfVoSMph86tTgfIy5q16/FZ3cOeWbLK1hRwmdhzUgJzNDzzywlinHISKcyQlD3bSpSbIaEoZmRccFJJEoSHqE96mkaIE+lm01vG8FgrAQxjoV+k4FT9ncgQl3LEfT3JkRrIRW8i/uf1UhVeuRmNklSRCM8WhSmDKoaTYmBABcGKjTRBWFD9V4gHSCCsdH0FXYK9ePIyaZ+XbatsNy9Kleq8jjw4AkVwAmxwCSrgBjRAC2DwCJ7BK3gznowX4934mI3mjHnmEPyB8fkDIp+ZNQ==</latexit><latexit sha1_base64="Sqpa3pblOGZ8qWZO0v/tbK7cwbM=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgxpqIoMvSunChpQX7gCaEyWTSDp1JwsxEKKF7N/6KGxeKuPUH3Pk3Th8LbT0wcDjnHu7c4yeMSmVZ30ZuZXVtfSO/Wdja3tndM/cP2jJOBSYtHLNYdH0kCaMRaSmqGOkmgiDuM9Lxh7WJ33kgQtI4ulejhLgc9SMaUoyUljyz6PDUq8JTeOfVoSMph86tTgfIy5q16/FZ3cOeWbLK1hRwmdhzUgJzNDzzywlinHISKcyQlD3bSpSbIaEoZmRccFJJEoSHqE96mkaIE+lm01vG8FgrAQxjoV+k4FT9ncgQl3LEfT3JkRrIRW8i/uf1UhVeuRmNklSRCM8WhSmDKoaTYmBABcGKjTRBWFD9V4gHSCCsdH0FXYK9ePIyaZ+XbatsNy9Kleq8jjw4AkVwAmxwCSrgBjRAC2DwCJ7BK3gznowX4934mI3mjHnmEPyB8fkDIp+ZNQ==</latexit><latexit sha1_base64="Sqpa3pblOGZ8qWZO0v/tbK7cwbM=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgxpqIoMvSunChpQX7gCaEyWTSDp1JwsxEKKF7N/6KGxeKuPUH3Pk3Th8LbT0wcDjnHu7c4yeMSmVZ30ZuZXVtfSO/Wdja3tndM/cP2jJOBSYtHLNYdH0kCaMRaSmqGOkmgiDuM9Lxh7WJ33kgQtI4ulejhLgc9SMaUoyUljyz6PDUq8JTeOfVoSMph86tTgfIy5q16/FZ3cOeWbLK1hRwmdhzUgJzNDzzywlinHISKcyQlD3bSpSbIaEoZmRccFJJEoSHqE96mkaIE+lm01vG8FgrAQxjoV+k4FT9ncgQl3LEfT3JkRrIRW8i/uf1UhVeuRmNklSRCM8WhSmDKoaTYmBABcGKjTRBWFD9V4gHSCCsdH0FXYK9ePIyaZ+XbatsNy9Kleq8jjw4AkVwAmxwCSrgBjRAC2DwCJ7BK3gznowX4934mI3mjHnmEPyB8fkDIp+ZNQ==</latexit><latexit sha1_base64="Sqpa3pblOGZ8qWZO0v/tbK7cwbM=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgxpqIoMvSunChpQX7gCaEyWTSDp1JwsxEKKF7N/6KGxeKuPUH3Pk3Th8LbT0wcDjnHu7c4yeMSmVZ30ZuZXVtfSO/Wdja3tndM/cP2jJOBSYtHLNYdH0kCaMRaSmqGOkmgiDuM9Lxh7WJ33kgQtI4ulejhLgc9SMaUoyUljyz6PDUq8JTeOfVoSMph86tTgfIy5q16/FZ3cOeWbLK1hRwmdhzUgJzNDzzywlinHISKcyQlD3bSpSbIaEoZmRccFJJEoSHqE96mkaIE+lm01vG8FgrAQxjoV+k4FT9ncgQl3LEfT3JkRrIRW8i/uf1UhVeuRmNklSRCM8WhSmDKoaTYmBABcGKjTRBWFD9V4gHSCCsdH0FXYK9ePIyaZ+XbatsNy9Kleq8jjw4AkVwAmxwCSrgBjRAC2DwCJ7BK3gznowX4934mI3mjHnmEPyB8fkDIp+ZNQ==</latexit>

Quarks should become important when

µQ = µB/Nc ⇠ ⇤QCD
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The hypothesis of quarkyonic matter implies there need be no 
first order phase transition, The quarkyonic hypothesis requires 
a transition when the baryon Fermi energy is very close to the 

nucleon mass, so the transition may in principle occur quite 
close to nuclear matter density.  

How can the density stay fixed if the Fermi momentum goes up.? The nucleon must  
sit on a shell of varying thickness as the density increases.  The added baryon 
number has to come in the form of new degrees of freedom: quarks
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Density is of order one in powers of N_c for 
baryon density computed both by both 
quark and nucleon degrees of freedom

The problem is that if we take a constituent quark model
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If there is a continuous transition then the baryon density will have to remain 
fixed, so the chemical potential will change by of order N_c.  The sound velocity 

is changing for a very non-relativistic system to a very relativistic one.  
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✏B = MN⇤3
QCD ⇠ Nc⇤
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QCD

Baryon number chemical potential must jump, while density
In nucleons stays constant and density in quarks turns on

P ⇠ kF
MB
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The pressure on the other hand  
must jump by order N_c squared



How to construct a theory of with both nucleon and quark degrees of freedom?

Quarks and nucleons exist in differing regions of momentum space.
When states are fully occupied, quarks block nucleons.  Consider a 

theory with nucleon, quarks and ghosts:

The physical nucleonic baryons are basically the N minus the G states
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T, µN , µQ, µG
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Interactions of N and G field must be identical to cancel the nucleons in the 
occupied phase space of the quarks.  For the quark interactions among 
themselves there is the action of QCD.  Nucleon-quark interactions?



There is a relation between the ghost chemical potential and that of the quarks.  In the additive 
quark parton model
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µG = NcµQ

If there is a mean field V for nucleons then
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µG � gV = NcµQ

If the constituent quark mass differs from that of the additive quark 
parton model there are deviations.  Dynamics determine the precise 

relationship!



Finally, there is the quark chemical potential.  This is determined by extremizing the pressure, 
or at zero temperature, the energy per baryon at fixed total baryon number.  This means that 
this chemical potential is dynamically determined.  Similar to what occurs in the excluded 
volume models considered by Duarte, Jeong. Hernandiz-Ortiz and LM.

Advantages of this technique are that one can have an effective field theories for nucleons in combination 
with underlying dynamics for quarks, and a smooth continuation between such theories.  Allows to match 

onto nuclear mean field theories.  Dynamical generation of quarkyonic matter

Kinetic energy term.  Can include meson 
nucleon interactions, and QCD for quarks.  

Nucleon-quark interactions?

Kieang Jeon,Dyana Duarte, 
Saul Hernandiz-Ortiz, LM



Work in progress:

Solve theory for mean field vector nucleon interaction plus self interacting 
quarks:

If nucleons have only mean field interactions, and quarks are free with 
M_Q = M_N/N_c, 

then only first order transition between nucleons and quarks and no 
quarkyonic matter

If M_Q > M_N/N_c, first order phase transition from all nucleons to 
quarkyonic matter

Quark interactions in. plausible low density expansion can convert this to a 
second order transition to quarkyonic matter.  Need to assume
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µQ = MQ + ⇢Q/⇤
2 + ...

Kieang Jeon,Dyana Duarte, 
Saul Hernandiz-Ortiz, LM


