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0. Introduction

Classical gravity & Riemannian geometry
Quantum gravity < 7

String theory as a candidate of quantum theory
of gravity describes a new kind of geometry for the
spacetime as well as branes in it, which differ from
the “point-like” geometry.

= Noncommutative geometry (NCG)

But what’'s NCG? .. .still to be developed.

Plan of this talk

Noncommutative geometry

Stringy geometry

D-branes

Open string in the background B field
NC open string (NCOS) theory
D-brane as NC soliton

NC geometric formulation: An attempt
Conclusion
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1. Noncommutative geometry

Basic idea

Manifold M «—— C°°(M) Complex functions on M
Gelfand-Naimark

C>®(M): commutative *-algebra

(f +9)(=) f(z) + g(x)
(f)(z) = f(z)g(x) «— commutative

Generalization:
general *-algebra A — Extended ‘‘geometry”
Noncommutative geometry



Example: torus T2
( ) > f(xlaan) - Z Cnl,n2€
ni,no
Fourier series

Algebra of functions is generated by
uy = e'®1 yo = €2 which satisfy ujuo = uouq.

NC torus Tg

_ niyrno
f= Z cny,noUq " Us

ni,no

with U1Us = e2™00U5U4

A realization: Schwarz space S(R)
For £(s) a square-integrable function on R,

(V1£)(s) e?™%¢(s)
(V26)(s) = &(s+1)

where Vi Vo = 6_27Ti’7V2V1



Note:

NCG includes the case where functions themselves
are commutative but differential algebra is non-
commutative.

2-points space Y = {1,2}

A=CeacC > (f1,f2)

2*(A)
_( 11 _ fo— 11
f_< f2> df_“(h—fz )

Distance between 2-points:

d(1,2) = sup{|f1 — fol; ldfl| < 1} = p~*
feA

... Connes’ standard model
lattice gauge theory
etc.



2. Stringy geometry

classical size of string ~ O(l)
quantum size ((X — (X))?) o« 2222, 1 — diverge

Minimal length
(X(0+€) — X(0))?) ~ 12

Stringy uncertainty relation
(Veneziano, Gross,...)

Space-time uncertainty (Yoneya)

AFE ~ TAX
AtAE 2 h

C\{/
C

}—>AtAX,%

T-duality (Kikkawa-Yamasaki, Sakai-Senda)
torus compactification

C\{/

R «— —
R

self-dual point R ~ Vda/ ...symmetry enhancement



Noncommutativity
(Itoh-MK-Kunitomo-Sakamoto)
twisted string on orbifold

X(o+7) =UYX!(c) 4+ mn

[, Q] = —im(1 - U);;*

where
= a:lLL—I—a:’jQ | |
Q' = xp —xh+ BZ](:BJL + :13‘;%)
p" = pi+ R+ B — )
L' = pL—pR

String field theory
(Kaku-Kikkawa,Witten,HIKKQO)

d[X (0)] string field — noncommutative algebra



3. D-branes

/
Dp-brane .
/

9 X |poundary = 0 pw=0,1,---,p

1

0

0 i=p+1,---,9 [,*7

p+1~9

boundary

massless bosonic excitation of open string

Au(z) : p+ 1 dim. gauge fields
X'%(z) : collective coordinates
in transverse directions

low energy effective action

1
S = /dp+1a:tr{——_3FWFW
498@

— D, X'"DHXT 4 [ X, XJ']Q}
agst T 4gsI8+o
where
F/’”/ — aluA]/ — a]/Alu — Z[A,LL) Ay]
DuX' = 9,X" —i[Ay, XY

gs . string coupling constant



Noncommutativity of Dp-brane

(X, X7] 7", 7]
{ !
D(p + 2)-brane charge B;; background
[Dy, Dy [xH, zV]
{ {
D(p — 2)-brane charge B,,, background

Worldvolume noncommutativity

static eq. of motion for X

(X [X*, X7]] =0

trivial solution

[X*, X)]=0 — simultaneous diagonalization

D(p 4+ 2)-brane solution
(X', X)] =4if — extended in {ij}-direction

X' (ah) — X"(at, z, 27)



Chern-Simons coupling to RR gauge field
Sc.g ~ / c D) 4 Fee-1) 4 F200-3) 4.
Mp+t1

tixiyCPT3) 4 (iyiy)20Pt5) ...

where

iXC(n_I_l)

XjCj,/l...Vndwyl Ao Adxt™
Fuy + Buy

Noncommutative torus
torus compactification (a:j =z; + 27er)

U;X;U 7t = X; + 2nR;1

U,Us = 2™00,U4

A representation

U;
X

ioi€27r0€ij3j

(&

—i27R;(0; — iA;(0))

where
loy, 0] = 2mife;; (0,041 =655 [0;,0;]] =0

U’i — €i0i U,L'Uj — UjUi U1U2 — 6_2Wi0U2U1

A; < gauge field on NC torus
1 - - 1
Ztl’([XZ,XJ]Q) X —ZtI’Fwa
where F’LJ = 8ZAJ — 8JA,L — Z[A,L, AJ]



Take

Xo = —i27ls(0o —ifoq)

(X1, Xo] = —i(27ls)? f

Boundary state on the torus MK-Kuroki
|O.,)7’ _ Z 6i(02—|—27r7’)w2/n6i01w1
D=
{wieZ}

< 2ty (wh, (1 + 2 f0)w?/n — fo1))

(ql -+ (QWls)Qfm) o))" = X1oy)"
¢ lo)" = X2|oy)"

)
(pl_ q2+(1+27rf9)7r1) o) = 0

2ma!
(p2 +m2)|o;))" = 0O
where
o _ 02
T Ton, 2T T (¥ 20 f0) 27l
cf.

(g—X)o(g—X)=0 —i(0g+09x)6(¢g—X)=0
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4. Open string in the background B field

—1
S = /dea (guyaaX“E?aXV

Viv 6%

— QWQ’BuyeabaaX“(?bX”>

eq. of motion:
(82 —92)XH =0
boundary condition:

(9uvo XY + 210 Buyd-X"))] —0

o=0,7

Canonical conjugate momentum:

1
P//L = 27-‘-0/ (g/u/aq-XV _I_ 27TO/BIL”/80'XV>

—— Constraint at the boundary

G (95X = 0“2y )] =0

o=0,7

where

P!
=
<

|

Juv — (27704/)2 (Bg_lB)uV

5 1 1 e
oY = —(27ma)) B
g+ 2na’B g —2nd'B
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— Noncommutativity of string end point

[X#(7,0), X" (7,0)] = 0"
[XM(Ta 7T)7 XV(Ta 7T) — _i@/v”/
[(XH(1,0),X"(1,6)] = 0 otherwise

Chu-Ho, Ardalan-Arfaei-SheikhJabbari

Another derivation Seiberg-Witten

(XH()XY(Z)) = —d {g“yln 2z — 2| —g"Injz -7

1 2z — 7z
oMY In = ,
/ zZ—z

+G* In|z — 2|2 + —I—const}

2T

/ /

Take = 7 T 0on real axis
yh — T

(XHP(T)XY () = =d/GH* In(1 — 7")2 -+ %6’“”6(7‘ — 1)
| point splitting

[XH(7), XV ()] = 6"

12



e’ip-X(T) eiq-X(T/) -~

(1 — 729G ppay =50 Pugv fi(p+a)-X (1) 4

o' — 0 (G, 6 fixed) limit
e’ip-X(T) eiq-X(T/) -~ eip~X " e’iq-X(T/)

where

f@) * g(x)

sgu 2,0,
2" el anP

flz+¢&)g(z+n)
§=n=0

f g+ 50" 0uf dug + O(6%)
Moyal product

Effective action for NC gauge field A

S = ok VGGHGYP By F
eff — 4(27T)p_2G3 227 )\p

<det(g + 2m’3)> 1/2
Gs = ds

detg
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open string with Pauli-Villars regularization
—— ordinary gauge theory (F + B)

open string with point-splitting regularization
— NC gauge theory (F,0)

They give same S-matrix

!
Should be related by * field redefinition "

A 1
A=A, — ZHV/\{AV , Ay + Fy b+ 0(62)

Seiberg-Witten map

For slowly varying field: DBI action

Lpg] = \/det g + 27‘(‘0/(3 + F))
gs(2m)P(a)"3"
EDBI 1 \/det G + 2m«a F)
GS(QT(‘)p(O/)

Seiberg-Witten map for constant F

1 1
F 0 = —
B+ F B

=B

@ With derivative term — Terashima & Okawa’s

talks
14



5. NC open string (NCOS) theory

Seiberg-Susskind-Toumbas (hep-th/0005040)
Gopakumar-Maldacena-Minwalla-Strominger
(hep-th/0005048)

e Open string theory on the D-brane

e With space/time noncommutativity

e Decoupled from the bulk closed string
e Dual to the NCYM

Strings in the background time-like B field

Consider purely electric case

B;; = F;; =0, Bo1 #0

We choose (u,v = 0,1)

—1 E

15



It is convenient to define
2o

g

9% — (2rd'E)? [ —1 -1
o = EEE ()
y (27a))?E 1\ 1
o 92—(27Ta’E)2<—1 >:9<_1 )

LN 2\ 1/2
Go = gs (1_ <27TO¢ E) )
g

E = E

G = g(l—Ez)
2o’ E
0 = -
g 1—F2

Gs = gs(1— E?)1/?

Since £ < 1, &/G~! cannot be taken to 0 while
keeping 0 finite

0 =21a/G LE
— no NC field theory limit

(XHP(T)XY () = =d/GH* In(1 — 7")2 -+ é@“ye(T — 1)
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Effective tension

1 1 Giy1 1-E? |B-1
2ma’ - 2o - 2o — 0

eff g

dipole: C— — F

Strings cannot get off the branes

Rescale Gpv to nuw

gij = 0;5 4,37 0,1

Consider a process:

open strings p{I? = p{P? 4 pli)2 ... 4 (D2
U

1
closed string

1
§p§=§p%+p§+---+m2

Since g = ﬁ 00 as E — 1, such a dispersion

relation cannot be satisfied unless pg is infinite.

17



6. D-brane as NC soliton
Harvey-Kraus-Larsen-Martinec (hep-th/0005031)

Effective tachyon action

S = ggfd26:v\/§ {%f(t)g“yautayt 4= V(t)}
s
C = gsTos V(1)
~
:L
Turn on Bqo
S = G%/d%x\/é {%f(t)g“”@utﬁyt NI V(t)}*

Scaling argument 4+ constant solution in commu-
tative direction lead to eq. of motion in large NC
limit:

dV (¢
® _,
dt

18



Utilizing NC soliton:
O*p=¢

(Gopakmar-Minwalla-Strominger)

Simplest solution is

t =t«pg WwWhere ¢g = 2o~ (1+23)/0

— D23-brane
Evaluating tension of the soliton
C
S = —= / 425/ GV (1)
S
G's
_ > 0 [ o4
= —(27) d“7x.\/g
gs
where
G
Gs = 9sVG and 6=1/B
2wa’ B\ /g
are used.
T hus tension of this soliton is
C
(2m)?%d' = = (27)%a/Tas = Th3
gs

In general for bosonic Dp-brane

19



7. NC geometric formulation: An attempt
Hirano-MK ('97)

Coordinates of NC space: Xt (i=1---8)

Arbitrary deformation: §X! = ¢
(D general coordinate trf.)

Topological type theory: Sog =0
Taking a gauge fixing cond.: Pijkl[X’“,Xl] =0

1 1
where Pjip = 70161 — 5T55k1)
Tkt is Spin(7) inv. tensor (related to Octonion)

Gauge fixed action via BRST

X = i
ot = [X", ¢]
OXij = 1bjj
6b;; = —ilxij, @]
56 = O
5p = 2n

1 _

S:—ié{ X Py X%, X' - ,UX

25 (v = Slo,l) |
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Identifying

AZ — A])-(,L 7 - w’L

0o _ gy +

A — §(¢+¢> P 2X8a (CL:]. 7)
A0 = - A =

W= (Ap,\,0,0)"

The action can be written as (integrating out bij)

1 1_
S =tr {_Z[A“’ AL — EWI‘“[AM, \U]}

1 : :
+ T tr ([X°, X7][xF, X1)

e IIB matrix model 4+ extra term
e 941 signature automatically obtained

° bij IS quite similar to the world sheet b, discussed
by Yoneya (hep-th/0004074)
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8. Conclusion

e Nonperturbative analysis can be simplified in
the large NC limit.

e NCG is essential ingredient in describing D-
branes nonperturbatively.

e Other background (RR gauge field, ...).

e Curved branes
(D-branes on Group manifold, ...).

e Unified view in terms of NCG.
Importance of Morita equivalence and K-theory.
(Criteria for the algebras describing ‘“‘same” ge-
ometry.)

e General covariance (automorphism of algebra).

e Background independence.
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