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INTRODUCTION

BPS objects are very important to understand
the non-perturbative dynamics in gauge/string
theory

(Instantons, monopoles, D-branes, etc.)

Statistical counting of BPS states plays essential
roles

BPS states counting may give the non-
perturbative formulation of gauge / string
theory



INTRODUCTION

Recently,

Topological string amplitude from BPS state
counting

Exact instanton contribution to the prepotential
for 4d N=2 theory

Exact etfective superpotential for 4d N=1
theory by using the matrix model technique

But, SUSY and holomorphy are required



INTRODUCTION

In these analysis, we encounter

Extended Young diagram, plane partition...
Lower dimensional bosonic gauge theory
3d Chern-Simons
2d Yang-Mills
Free fermions, CFT...

Interesting statistical models (melting crystal,
random walks...)



INTRODUCTION

But, why?? Is this accidental?

The answer should be
in string dualities

Integrable subset

Topological / Non-critical M-theory

7 dim 3 dim



OVERVIEW OF THIS TALK

Discrete Matrix Model exists behind various theories

4d N=2 Dijkgraaf-Vafa Top. B
instanton counting (4d N=1) on def. conifold
DMM MM

5d N=1
BPS counting

q-DMM “unitary” MM

3d CS on 82XS Top A
(q -YM on S?) on res. comfold




NEKRASOV’S INSTANTON COUNTING

Prepotential of 4d N=2 SU(r) gauge theory has the
following instanton expansion

Z fk A2rk

\ Adjoint Higgs vev

k-instanton Contrlbutlon is given by the “volume”
of the instanton moduli space

J—'k(al) — /A 1
Mr,k:



NEKRASOV’S INSTANTON COUNTING

To calculate k-instanton contribution, we utilize

the D-instanton effective action (v =1.....6
1 (1 , 1.
St = 5T (Z[XM,X,,] + §qfrﬂ[xu,qf]>

which is a reduced matrix model from 6d N=1
SU(k) Yang-Mills theory

The k-instanton contribution is obtained from the
partition function

7, = / DX DWe Pinst



NEKRASOV’S INSTANTON COUNTING

Bi=X'4iX? Bi=X’+iX* &=X"+iX°, ...

x « | obeys ADHM egs.
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NEKRASOV’S INSTANTON COUNTING

7, = / DX DWPe inst

Topological twist
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0 0 —e 0
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NEKRASOV’S INSTANTON COUNTING

Poles at the fixed points of
By, ®] = €, B,
Ol —al =0
JO —aJ = (€1 +¢€2)J

|
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NEKRASOV’S INSTANTON COUNTING

Finally, we obtain after settinge1 = —€2 =€
! ain + e(kY — k™ — i 4 j)\
Zrlarle) Z H aanJr 6(—§+j)
\_ Yy (i)#(n,g) )

where a;, = a; — a,, and Y is a set of YDs with k
total boxes

The prepotential of 4d N=2 theory is recovered by
taking the limit of € — 0

Flay) = ll_{r(l) e’ In (Z Zk(ale)Azrk)
k



NEKRASOV’S INSTANTON COUNTING

Important point is:

[Integration over instanton moduli space]—> diverge

I Localization

\4

( . . . o
Regularized summation over fixed points

KSummation over sets of Young diagrams

J




D-BRANE COUNTING

D5-brane compactified on 52 realizes 4d N=2 theory
«— Areaof §?

k-instanton contribution ~ ¢~ s

~ k D1’s wrapping on 52

r D5-branes compactified on 52

| Large N reduction
r sets of large N D-strings



D-BRANE COUNTING

Effective theory on large N D-strings

|
Topologically twisted 2d U(N) gauge theory

Grand canonical ensemble for D1+D(-1) bound state

<exp {—i/ Tr 1 PF +ANAN) — a / Tr®2}>
Js Js2 295 S?2 top

2| | Localization

— L Tr icI»F+ﬂcI>2)
ZodyM = /DADCI)e o Js? ’




DISCRETE MATRIX MODEL

We can evaluate the 2d YM partition function exactly

—i [q2 Tr (@F+g<b2)

& L dA; = 2mpi,  pi € Z
— i' H Z /d)\kH % exp [ gl (2772)\kpk + %)\2)]

k pr€Z 1<J l s
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EIGENVALUES

T’IF "F
OOOOOOOOOOOOOW......@OOOOOOOOOOOOO

Eigenvalues

<+

Free fermion

Instanton contributions <= Fermion excitations |«<=——p

Young diagram




DIFFERENCE EQUATION

Define
1 N
Ay, f(x) = f(x+gs) — f(z) and p(z NZ5 — gsni)
Vandermonde determinant (measure) part becomes

2N* 7[ dxdy log(z — y)p(x)p(y) = —2N? 7[ dzdy y(x — ylgs)Ag.p(x) Ay, p(y)

where v(z|gs) satisfies

[AQSAQS’V(QZLQS) — 27(m|gs) o /Y('CU + gs|gs) o ’V([E o gs’gs) - log CU]




SOLUTION TO DIFFERENCE EQUATION

Recall

logl'(x + 1) —logI'(z) = log x
Solution to the 2nd order difference eq. is given by the

Barnes Double Gamma Function

Y(xlgs) = —InTa(z|gs)

1 dt (v + log(—t))e ™
V(z|gs) = —/ —
271 C t (2 sinh T)

Schwinger’s one-loop computation
(BPS particle pair creation in graviphoton background)

or

A

C
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Hankel contour



ASYMPTOTIC EXPANSION

The kernel function 7(z|gs) has the following Stirling
like asymptotic expansion

1 /1, 3 1 By, s\ 292
- °)
[W(xg) e (zx et 4$> 12 ng+22g(29—2) z

S 922

® Perturbative part of the 4d N=2 prepotential

® B-model topological string amplitude on deformed
conifold

® =1 string amplitude at self-dual radius



GROUND STATE

~

[QN2 ][ dxdy v(x — ylgs) Apo(x) Apo(y)

J/

§s

wie+od =

Ground state

t po(r) =

O-instanton contribution
(perturbative part)

8sN




PERTURBATIVE PART

Interesting fact in one-cut solution
/Hd)"i 1_[()\Z — )\j)Qe_i >N~ p27(9sN1gs)
i i<j
= 1/Vol(U(N))

For multi-cut solution (multiple fermi surfaces)

ai ay

l#n

Decouple
[fpert(algs) = 2 Z’Y(al - an|gs)] ‘ :




LARGE N LIMIT

In the large N limit of the multi-cut solution, two
fermi surfaces are completely decoupled

So we get

N 2
ZDMM — | ZNekrasov

Large N



TRIGONOMETRIC EXTENSION

[(1)7 ]

Dt — 6’75 ‘|— [(I),]
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Then we have

1<J
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(gsmi — gsnj)) exp { g:14 Zn }

J

g-deformed 2d YM



TRIGONOMETRIC EXTENSION

This model relates to
® The prepotential of 5d N=1 gauge theory
® 3d Chern-Simons gauge theory on 52xS!
® Microscopic BPS blackhole state counting

® Non-perturbative formulation of topological B-model
on conifold / c=1 string at self-dual radius

since in the B—0 limit, we recover 2d YM /
Discrete Matrix Model



q-DlFFERENCE EQUATION

Similar to the DMM (2d YM) case, the measure part
becomes

oN? f dady log (% sinh 3z — y>) o(2)p(y)

— _9N?2 ][ drdy ¥(x — ylgs; B)Ag. p(x) Ay, p(y)

where 7(z|gs; 3) satisfies

{ Ag, A_g,v(x|gs; B) = —log <% Sinhﬁzv> ]




MULTIPLE GAMMA FUNCTIONS

s N
[o(x|€q, €2) H ( + mep + nex) 4d case
(m.n)EN? 2d YD
’Y(CE|QS) = —InlY (Qj‘el’ 62)|€1=—€2:98
\ v
FS(':C|€17€27€3) ~ H (CL’+Z€1 + meoy +n€3)_1 5d Case\
(l,m,n)EN3 3d YD
’S/(SU‘QS; ﬁ)
= —Inl'3(x|€1, €2,€3) —InT'3(e3 — x|eq, €9, 63)’612—62?93
\ Positive KK modes Negative KK modes e /

Recall —InT'(x) —InT(1 —2x) ~Insinx



INTEGRAL REPRESENTATION

4 N
17T dt e Tt
¥(x|gs; B) = ——Bs.3(x|e1, €2, €3) -|-/
6 R+126 t Hle(l — G_Eit> €1=—€2i:93
\_ / | e J
¥

3rd order polynomial
w Perturbative part
of 5d gauge theory

—
Residues of the integral

= Non-perturbative corrections
of 5d gauge theory




GENUS EXPANSION

More explicitly,
. 5163 72 ﬂib‘ >© 1 e —20n
g B) = — ZlogB—r =N = —
(@lgss B) 6g2 292 80 12 nz::l n (sinh gs;06n)?
— Z Fggg_Qg
g
where
ﬁlﬁ xQ 1 . —20x
]—‘O:T—?logﬁ—l—@hg(e by
1 : Topological A-model
F1= 12 log sinh S on resolved conifold

~ Byy(28)%977
7o = 25(29 —2)

Lig_gg (6_2633)



RANDOM PLANE PARTITION

(

lan(ﬂ

z|gs; B) InT3(x|gs; 5)

/

2d partition (2d YD) p(z)

[Maeda-Nakatsu-Takasaki-Tamakoshi]



CHERN-SIMONS PARTITION FUNCTION

Similar to the 4d case, we find

Zcog = /Hd)\ l_Ismh2 (N — A )e_ﬁ >2i A~ 027(9:Ngs;6=1)

1<J

Alternatively, using the Weyl formula
N-1

1 9 N=J
208 = (k + N)N/2 11 (28mk+N>

j_

where we set
27T

kE+ N

gs —



TOPOLOGICAL STRING AMPLITUDE

ZFNP 29— 2_|_pr 929 g—l—hNh thop 29 2

closed

°
=
Q

g
M



QUANTUM FOAM

Young

diagram Z

Toric
diagram Z

Space-time foam



TOPLOGICAL M(ATRIX) THEORY

-~ Topological B-model
7 — | Dx Dy oz (1 [Xu X P+ 304X, 9])
. (,LL,V:]_’.”’6)
Zi2dym = |ZZ;_qu|2
\_ Tk Y
v
g . - ~
Zk — /DYD\IJ(B 92 fO dtTr(%DtythYi_F%[YZ,YJ]Q—Ffermions)
(i,57=1,...,5)

Zg—2dYM = \Zqu’“ 2

. Topological A model 5




NON-CRITICAL STRINGS

. 1 1 1
fC:l(:u; R) — QV(_Z,U + 5 — E‘El — 1,62 — _E)

Self-dual radius [ Self-dual Q-background

Why? We need to understand the duality relations

/> Calabi-Yau \

A |

Near horizon of NS5 Little string

\> Liouville theory /




NON-CRITICAL M-THEORY?

We expect .
1 1 1 1
F R) = 29(—ip+ = — ——ler = 1,60 = —, 3 = —
oM (s R) = 29( i+ 2qu €2 = 5, €3 ﬁ)
In the —0 limit, we get c=1 string
® ;-deformed discrete matrix model
® 3d Young diagram

® Multiple gamma function

® Non-relativistic Fermi liquid in 2+1 dimensions
would be important to understand the non-

perturbative dynamics of c=1 strings!



CONCLUSION

We have seen the relations between:

BPS state counting

Counting Y

oung diagrams

2d Yang-Mills / 3d Chern-Simons

Discrete matrix models

Topological

 string theory

Non-critica

 string theory



FUTURE DIRECTIONS

Elliptic extension
(6d gauge theory, Topological F-theory...)

Counting monopoles, vortexes, domain walls
(Effective theory on solitons)

Quantum foam and quantum gravity
(Quantum theory of form gravity, CS gravity)

Relation to integrable systems

AdS bubbling
Landscape of SUSY vacua



