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1. Introduction

non-perturbative properties of supersymmetric gauge theory from
string theory

e Effective field theory on D-brane — U(N) super Yang-Mills

e We turn on the constant closed string backgrounds.
(NSNS B-field, RR fields)

— Nekrasov formula for N' = 2 super Yang-Mills
— Dijgraaf-Vafa theory for N’ = 1 supersymmetric gauge theory

Closed string background plays an important role in these cases.



e Other effect of the closed string background — It deforms the
structure of worldvolume spacetime (or superspace).

example 1.

constant NSNS B-field = noncommutative space(-time)
(24, 2Y] = iOM = (B~ HH,

example 2.

constant self-dual graviphoton field strength from RR 5-form
= non(anti)commutative N’ = 1 superspace

{0,0°} = C*P = (27a/)¥2F*F, N =1—N=1/2.

What about other RR fields?



% Here we will consider N' = 2, 4 super Yang-Mills theories in the
background of RR 3-form (with fixed (27a’)'/2F).

[Billo-Frau-Fucito-Lerda, 2006]

— Consider D3/D(-1) system in type IIB on R? x R*/Z5 with
constant F*P from RR 3-form. (R? x R*/Zy = N = 2)

— Calculate the disk amplitudes of D(-1) and mixed amplitude
of D3/D(-1) with insertion of F*¥.

— Taking o/ — 0 limit with fixed (27a/)/2F*% and integrating
out ADHM moduli, Nekrasov formula is obtained.

calculation in D3 side = deformed action is obtained.

{What Is the property of the deformed action?

Extension to N = 4 case
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2. Deformation in A/ = 4 Super Yang-Mills

e undeformed part (ordinary N' = 4 super Yang-Mills)

vertex operators (D3-branes in type IIB on R* x RY)
VA7 VA7 V]\? VgDa VHAA7 VHA(Pa VH%O
(Haa)uw (Hap)uar (Hypp)an: auxiliary fields to reduce higher order

amplitudes to the lower ones
[Dine-Ichinose-Seiberg, 1987], [Atick-Dixon-Sen, 1987]

(ex.) —i[AM,A,/}Q o (Han) o (Han)™ + (Han)™ A, A).



The disk amplitudes in o’ — 0 limit give ((Ha4)u, — Hpu, etc.)

1.1
La—1= ——Tr| (0, A, — 0,4,)0" A" + 0, A, [ A, A")

9y M

1 1 1 1
+ = /U/HMV + _H/u/[A'ua Ay] + _HabHab + _Hab[gpaa Spb]

2 2 2 V2
1 | | )

T 5({9“@@3“90@ T ZauSDa[A'UJa Pal + §HuaH'u =+ H,ua[AMa Pa)
| I D 1

+ iAo DAy — 5(2 )P Aalpa, AB] — 5(2 ) aBA[@a, A7]|.

After integrating out H,,, H,, Hg, the Lagrangian Lnr—4
becomes the standard form of the Lagrangian of N =4 super
Yang-Mills theory.



“graviphoton” vertex operator
Vr(z,2) = (2ra’) FP40 [Sa(z)SA(z)e—%qﬁ(Z)Sﬁ(z)sB(z)e—%qﬁ(ﬂ |
Sa(z), Sa(z): spin field, ¢: bosonized superconformal ghost

e classification of the “graviphoton” field strength FfA4B
(S: symmetric, A: antisymmetric)

1. (S,S)—type (RR 5—form) f(ozﬁ)(AB) _ f‘,ul/abc(o.'ul/)aﬁ(Z[aibzc])AB
2. (S,A)-type (RR 3-form) FDIAB] = Fuva(s yob(x,)AB
3. (A,S)-type (RR 3-form) FlaflAB) — Fabeead(sy 5,5 )47
4. (A,A)-type (RR 1-form) FlaBl[AB] — }"aeaﬁ(za)AB
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Here (3,)48, (£,)aB: six-dimensional gamma-matrices

Note. JFH¥% and F2¢ satisfy the self-dual condition.

1 1
FHYa _ §€,ul/pafp0a’ fa,bc _ geadeeffdef-

e (S,A)-deformation up to second order

contribution from (VaV, Vz), (Vi ,,V,VE) and (VAVAVE)
in o/ — 0 limit with fixed (27a/)!/2F(@BA)AB]

Lis,a) =

1 | 1 _ 1
5— LT [C’W“ (zganW + §(ZQ)ABAAJWAB) + 5(]” C,ngpagpb :
Iym




Here
crve = CEDAB](ghv) | (59 4, CAIAB] = _27-‘-(27-‘-0/)%?(0&5)[143].
deformed SUSY transformation

0A, = i(%a, Aa + E45, A7),

SAY = oM EXNFy, —iCL"p,)

T (Za)ABUMgBDM‘Pa — i(zab)ABgB[Spaa Spb]a
5AA — 5MV§AF,LH/ + (ia)AB5-H£BDuSOa — i(iab)ABgB [Spaa Spb]a
&Pa — Z.(gA(ia)ABAB + gA(Ea)AB/_\B)a

and we have to require the condition:

EABCDC(aﬁ)[BC]fﬁD =0, O(aﬁ)[AB]gdB —0.



— The deformed SUSY transf. contains only the term linear in C.
(In non(anti)commutative case, the SUSY transformation

contains higher order terms of C'.)
[Araki-lto-Ohtsuka, 2004], [Ito-H.N, 2005]

— In generic deformation, all of SUSY are broken.
(non(anti)commutative case = AN = 1/2 SUSY)

number of unbroken SUSY (only C(«#12] C(aB)[34] £ ()

rank of C/(af)[12]

0 1 2

2,2) | N =(3/2,1)

( N = (
rank of C(@B)B4 | 1 | N =(3/2,1) | N =(1,0) | N =(1/2,0)
N =(1,1) N =(1/2,0) | N =(




e (A,S)-deformation up to second order

contribution from (Vg V,VF) and (ViViVr) in o' — 0 limit

Lias) =

1
_Tr [C(AB) {(Zabc) AB PaPrPe + QAAAB} + C“bcCabdgpcgod

gYM

where

CAB) — —Wi(QWa’)%]:[aﬁ](AB)eag,

abc AB) /vabce L AB avbyve
Crabe — o )(Z )AB — O )( [22])3

— "mass’ and superpotential deformation
— SUSY condition = N = (1/2,0) or (0,0)
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e second-order deformation
— We insert only one graviphoton vertex operator.

— second-order deformation < integration of auxiliary fields
Are there other contributions to the second-order term?

irreducible

second-order amplitude | reducible (reduced to first-order ampl.)
VFVE---))

possible form of the irreducible amplitude at second order
— (S,A)-type: (Vu,,VFVr)), but probably no contribution
(conjecture from consistency with N/ = 2 theory)

— (A,S)-type: no irreducible amplitude
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e fuzzy sphere in (S,A)-deformation

scalar potential

1 1 1
V(ip) = —— Tr[—[%,sob]2+—(0" Pa)? ]
9 4 2

stationary condition and fuzzy sphere ansatz

{sob, Pas sob]} + CvaC* 0, = 0, [Qa, 6] = i fabeipe-
relation between f,p. and C*¥?

favefoeda = CrpaC*" 4. Killing metric is given by CH¥¢,

self-dual condition of C#¥
= (Killing metric) = diag(X,Y, Z,0,0,0) = fuzzy S*.
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3. Non-abelian Chern-Simons term

D-brane action = DBI action + CS term (due to RR fields)

DBI action — super Yang-Mills action in o/ — 0 limit

CS term — (first-order) deformation term in o/ — 0 limit

e CS term  [Myers, 1999]

1

>‘29%M

STr /M P[exp(i)\ii))\l/QA] ANexp(AF), X =2ma.
4

STr: symmetrized trace, P|---|: pullback, i,: interior product,
A: formal sum of RR potential, F': gauge field strength on D-brane
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e (S,A)-deformation

4-dim. self-dual condition: x4 FH¥% = FHY — xqqF YO = xgFHVe

= We have to consider dual 7-form in addition to 3-form.

lowest contribution from 3-form (potential: A, A,,)

A1/2 1
s—S1r /P[A]/\F = ——1Tr /d4a: A2 (04 AL + Ol Avia) aF ™.
9ym 9ym

:f,uua

Then under o/ — 0 limit: AY2Fre ~ Cr7e = fixed, this
contribution gives the deformation term Tr(C* ¢, F},.).

contribution from 7-form = higher order of o’ then it disappears
in o — 0 limit.
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e (A,S)-deformation

6-dim. self-dual condition: *gF ¢ = §FC¢ 5 s F0C = § x, Fabe

= We have to consider dual 7-form in addition to 3-form.

contribution from 3-form = higher order of o’ then it disappears
in o — 0 limit.

lowest contribution from 7-form (potential: A, 0, Auwpabe)

1
gz—Tr /d4x A (a[aAbC]Ml/pa + a[ﬂAupa]abc)euypa(SDaSDbSOC)°
YM

:f,ul/paabcze,ul/pgfabc

Then under o/ — 0 limit: \/2Fabe o (Cabe — fived this
contribution gives the deformation term Tr(C**“p,pp0.).
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4. Reduction to N/ = 2 Super Yang-Mills

e Orbifolding in (S,A)-deformation

N =4:typellBon R* xR’ =
N =2: type lIB on R* x R? x R*/Z>

We put N fractional D3-branes at the singularity of the orbifold
R*/Z,. In terms of the fields, Orbifold projection is expressed by

A =0for A=3,4, ¢,=0fora=3,4,5,6,

and only C*¥!'2] and C*134 are nonzero.

17



Under the reduction, Lxr—4 becomes Lar—s.

1 1 1 ~ 1
Lafey = —Tr |—=F, F* —ZF F* — D, oD!tG — = 7—2
N=2= 3 T 1l upDH @ 2[90 P

i (o), 5Du - AR A + A AT

deformation term  ([Billo-Frau-Fucito-Lerda] for C' = 0 case)

Lis,a) =

1 1 _
Te[i(CH'G + CF7 Q) Fyy — ——C Nl + 2(CH 5 + OV 2] .

Here C*¥ and C*¥ are defined by

S N oL N o T N TTo )

18



CH” . VEV of graviphoton field strength in A" = 2 SUGRA
CH¥ . coming from vector multiplet in ' = 2 SUGRA

SUSY condition

ClPleh =0, & =0o0r C*P =0.

number of unbroken SUSY

rank of C(f)

0 1 2
0| N =(1,1) |N=(,00 |N=(1,0)
rank of C(®8) | 1 | N = (1/2,1) | N = (1/2,0) | N = (1/2,0)
2| N=(0,1) |N=(0,00 |N=(0,0)




e case of (A,S)-deformation

orbifold projection

1 (C@) 0 A A
(AB) = — ~n ) 9 — o
O 2 ( O C(Z])> 9 Z?.] 17 27 /2'7.] 374
deformation term
1 )N LA ij =2 _ A6 A
Lias = T [cﬂ DRsihe = CUDC5E — CUDC s %)

— “mass’ deformation

— SUSY condition = CW¢; =0 = N = (1,0) or (1,1/2)
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5. Summary and Outlook

Summary

1. We construct N = 2,4 super Yang-Mills theory with (S,A) and
(A,S)-type deformation up to the second order of the R-R 3-form
background.

2. In both case of (S,A) and (A,S)-type deformation, the number
of unbroken supersymmetry depends on the rank of deformation
parameter. We also find the fuzzy sphere configuration.

3. (S,A) and (A,S)-type deformations are consistent with the CS
coupling in D-brane effective action.
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Outlook

1. instanton calculus with (S,A)-deformation

o N = 2 case — Nekrasov formula can be obtained.

[Billo-Frau-Fucito-Lerda]

o N =4 case — 7?77

2. physical and geometrical meaning of deformation
e (AS)-type — “mass” and superpotential deformation

¢ (S,A)-type — correspondence to €2-background?

3. instanton effects in string theory (D(-1)-side), AdS/CFT, . ..
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