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1. Introduction

non-perturbative properties of supersymmetric gauge theory from

string theory

• Effective field theory on D-brane → U(N) super Yang-Mills

• We turn on the constant closed string backgrounds.

(NSNS B-field, RR fields)

− Nekrasov formula for N = 2 super Yang-Mills

− Dijgraaf-Vafa theory for N = 1 supersymmetric gauge theory

Closed string background plays an important role in these cases.
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• Other effect of the closed string background → It deforms the

structure of worldvolume spacetime (or superspace).

example 1.

constant NSNS B-field ⇒ noncommutative space(-time)

[x̂µ, x̂ν] = iΘµν = i(B−1)µν.

example 2.

constant self-dual graviphoton field strength from RR 5-form

⇒ non(anti)commutative N = 1 superspace

{θ̂α, θ̂β} = Cαβ = (2πα′)3/2Fαβ, N = 1 → N = 1/2.

What about other RR fields?
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⋆ Here we will consider N = 2, 4 super Yang-Mills theories in the

background of RR 3-form (with fixed (2πα′)1/2F).

[Billo-Frau-Fucito-Lerda, 2006]

− Consider D3/D(-1) system in type IIB on R2 × R4/Z2 with

constant Fαβ from RR 3-form. (R2 × R4/Z2 ⇒ N = 2)

− Calculate the disk amplitudes of D(-1) and mixed amplitude

of D3/D(-1) with insertion of Fαβ.

− Taking α′ → 0 limit with fixed (2πα′)1/2Fαβ and integrating

out ADHM moduli, Nekrasov formula is obtained.

calculation in D3 side ⇒ deformed action is obtained.{
What is the property of the deformed action?

Extension to N = 4 case
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2. Deformation in N = 4 Super Yang-Mills

• undeformed part (ordinary N = 4 super Yang-Mills)

vertex operators (D3-branes in type IIB on R4 × R6)

VA, VΛ, VΛ̄, Vφ, VHAA
, VHAφ

, VHφφ

(HAA)µν, (HAφ)µa, (Hφφ)ab: auxiliary fields to reduce higher order

amplitudes to the lower ones

[Dine-Ichinose-Seiberg, 1987], [Atick-Dixon-Sen, 1987]

(ex.) − 1
4
[
Aµ, Aν

]2 → (HAA)µν(HAA)µν + (HAA)µν
[
Aµ, Aν

]
.

5



The disk amplitudes in α′ → 0 limit give ((HAA)µν → Hµν, etc.)

LN=4 =
−1
g2
YM

Tr
[
1
2
(∂µAν − ∂νAµ)∂µAν + i∂µAν[Aµ, Aν]

+
1
2
HµνH

µν +
1
2
Hµν[Aµ, Aν] +

1
2
HabH

ab +
1√
2
Hab[φa, φb]

+
1
2
∂µφa∂

µφa + i∂µφa[Aµ, φa] +
1
2
HµaH

µa + Hµa[Aµ, φa]

+ iΛAσµDµΛ̄A − 1
2
(Σa)ABΛ̄A[φa, Λ̄B] − 1

2
(Σ̄a)ABΛA[φa, ΛB]

]
.

After integrating out Hµν, Hµa, Hab, the Lagrangian LN=4

becomes the standard form of the Lagrangian of N = 4 super

Yang-Mills theory.
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“graviphoton” vertex operator

VF(z, z̄) = (2πα′)FαβAB
[
Sα(z)SA(z)e−

1
2ϕ(z)Sβ(z̄)SB(z̄)e−

1
2ϕ(z̄)

]
.

Sα(z), SA(z): spin field, ϕ: bosonized superconformal ghost

• classification of the “graviphoton” field strength FαβAB

(S: symmetric, A: antisymmetric)

1. (S,S)-type (RR 5-form) F (αβ)(AB) = Fµνabc(σµν)αβ
(
Σ[aΣ̄bΣc]

)AB

2. (S,A)-type (RR 3-form) F (αβ)[AB] = Fµνa(σµν)αβ(Σa)AB

3. (A,S)-type (RR 3-form) F [αβ](AB) = Fabcϵαβ
(
Σ[aΣ̄bΣc]

)AB

4. (A,A)-type (RR 1-form) F [αβ][AB] = Faϵαβ(Σa)AB
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Here (Σa)AB, (Σ̄a)AB: six-dimensional gamma-matrices

Note. Fµνa and Fabc satisfy the self-dual condition.

Fµνa =
1
2
ϵµνρσFρσ

a, Fabc =
i

3!
ϵabcdefFdef .

• (S,A)-deformation up to second order

contribution from ⟨⟨VAVφVF⟩⟩, ⟨⟨VHAA
VφVF⟩⟩ and ⟨⟨VΛVΛVF⟩⟩

in α′ → 0 limit with fixed (2πα′)1/2F (αβ)[AB]

L(S,A) =

1
g2
YM

Tr
[
Cµνa

(
iφaFµν +

1
2
(Σ̄a)ABΛAσµνΛB

)
+

1
2
CµνaCµν

bφaφb

]
.
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Here

Cµνa = C(αβ)[AB](σµν)αβ(Σ̄a)AB, C(αβ)[AB] = −2π(2πα′)
1
2F (αβ)[AB].

deformed SUSY transformation

δAµ = i(ξAσµΛ̄A + ξ̄Aσ̄µΛA),

δΛA = σµνξA(Fµν − iCµν
aφa)

+ (Σa)ABσµξ̄BDµφa − i(Σab)A
BξB[φa, φb],

δΛ̄A = σ̄µν ξ̄AFµν + (Σ̄a)ABσ̄µξBDµφa − i(Σ̄ab) B
A ξ̄B[φa, φb],

δφa = i(ξA(Σ̄a)ABΛB + ξ̄A(Σa)ABΛ̄B),

and we have to require the condition:

εABCDC(αβ)[BC]ξD
β = 0, C(αβ)[AB]ξ̄α̇B = 0.
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− The deformed SUSY transf. contains only the term linear in C.

(In non(anti)commutative case, the SUSY transformation

contains higher order terms of C.)

[Araki-Ito-Ohtsuka, 2004], [Ito-H.N, 2005]

− In generic deformation, all of SUSY are broken.

(non(anti)commutative case ⇒ N = 1/2 SUSY)

number of unbroken SUSY (only C(αβ)[12], C(αβ)[34] ̸= 0)

rank of C(αβ)[12]

0 1 2

0 N = (2, 2) N = (3/2, 1) N = (1, 1)

rank of C(αβ)[34] 1 N = (3/2, 1) N = (1, 0) N = (1/2, 0)

2 N = (1, 1) N = (1/2, 0) N = (0, 0)
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• (A,S)-deformation up to second order

contribution from ⟨⟨VHφφVφVF⟩⟩ and ⟨⟨VΛ̄VΛ̄VF⟩⟩ in α′ → 0 limit

L(A,S) =

1
g2
YM

Tr
[
C(AB)

[
(Σ̄abc)AB φaφbφc + 2Λ̄AΛ̄B

]
+

1
4
CabcCabdφcφd

]
,

where

C(AB) = −πi(2πα′)
1
2F [αβ](AB)ϵαβ,

Cabc = C(AB)(Σ̄abc)AB = C(AB)
(
Σ̄[aΣbΣ̄c]

)
AB

.

− “mass” and superpotential deformation

− SUSY condition ⇒ N = (1/2, 0) or (0, 0)
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• second-order deformation

− We insert only one graviphoton vertex operator.

− second-order deformation ⇐ integration of auxiliary fields

Are there other contributions to the second-order term?

second-order amplitude

⟨⟨VFVF · · · ⟩⟩

{
reducible (reduced to first-order ampl.)

irreducible

possible form of the irreducible amplitude at second order

− (S,A)-type: ⟨⟨VHφφVFVF⟩⟩, but probably no contribution

(conjecture from consistency with N = 2 theory)

− (A,S)-type: no irreducible amplitude
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• fuzzy sphere in (S,A)-deformation

scalar potential

V (φ) = − 1
g2
YM

Tr
[
1
4
[φa, φb]2 +

1
2
(Cµνaφa)2

]
.

stationary condition and fuzzy sphere ansatz[
φb, [φa, φb]

]
+ CµνaC

µνbφb = 0, [φa, φb] = ifabcφc.

relation between fabc and Cµνa

fabcfbcd = CµνaC
µν

d. Killing metric is given by Cµνa.

self-dual condition of Cµνa

⇒ (Killing metric) = diag(X,Y, Z, 0, 0, 0) ⇒ fuzzy S2.
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3. Non-abelian Chern-Simons term

D-brane action ⇒ DBI action + CS term (due to RR fields)

DBI action → super Yang-Mills action in α′ → 0 limit

CS term → (first-order) deformation term in α′ → 0 limit

• CS term [Myers, 1999]

1
λ2g2

YM

STr
∫
M4

P
[
exp(iλi2φ)λ1/2A

]
∧ exp(λF ), λ = 2πα′.

STr: symmetrized trace, P [· · · ]: pullback, iφ: interior product,

A: formal sum of RR potential, F : gauge field strength on D-brane
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• (S,A)-deformation

4-dim. self-dual condition: ∗4Fµνa = Fµνa → ∗10Fµνa = ∗6Fµνa

⇒ We have to consider dual 7-form in addition to 3-form.

lowest contribution from 3-form (potential: Aµa, Aµν)

λ−1/2

g2
YM

STr
∫

P [A]∧F =
1

g2
YM

Tr
∫

d4xλ1/2 (∂aAµν + ∂[µAν]a)
=Fµνa

φaF
µν.

Then under α′ → 0 limit: λ1/2Fµνa ∼ Cµνa = fixed, this

contribution gives the deformation term Tr(CµνaφaFµν).

contribution from 7-form ⇒ higher order of α′ then it disappears

in α′ → 0 limit.

15



• (A,S)-deformation

6-dim. self-dual condition: ∗6Fabc = iFabc → ∗10Fabc = i ∗4 Fabc

⇒ We have to consider dual 7-form in addition to 3-form.

contribution from 3-form ⇒ higher order of α′ then it disappears

in α′ → 0 limit.

lowest contribution from 7-form (potential: Aµνρσab, Aµνρabc)

1
g2
YM

Tr
∫

d4xλ1/2 (∂[aAbc]µνρσ + ∂[µAνρσ]abc)
=Fµνρσabc=ϵµνρσFabc

ϵµνρσ(φaφbφc).

Then under α′ → 0 limit: λ1/2Fabc ∼ Cabc = fixed, this

contribution gives the deformation term Tr(Cabcφaφbφc).
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4. Reduction to N = 2 Super Yang-Mills

• Orbifolding in (S,A)-deformation

N = 4 : type IIB on R4 × R6 ⇒
N = 2 : type IIB on R4 × R2 × R4/Z2

We put N fractional D3-branes at the singularity of the orbifold

R4/Z2. In terms of the fields, Orbifold projection is expressed by

ΛA
α = 0 for A = 3, 4, φa = 0 for a = 3, 4, 5, 6,

and only Cµν[12] and Cµν[34] are nonzero.
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Under the reduction, LN=4 becomes LN=2.

LN=2 =
1

g2
YM

Tr
[
−1

4
FµνF

µν − 1
4
FµνF̃

µν − DµφDµφ̄ − 1
2
[φ, φ̄]2

−iΛiα(σµ)αβ̇DµΛ̄ β̇
i − i√

2
Λi[φ̄, Λi] +

i√
2
Λ̄i[φ, Λ̄i]

]
.

deformation term ([Billo-Frau-Fucito-Lerda] for C̄ = 0 case)

L(S,A) =

1
g2
YM

Tr
[
i(Cµνφ̄ + C̄µνφ)Fµν − 1√

2
C̄µνΛiσµνΛi +

1
2
(Cµνφ̄ + C̄µνφ)2

]
.

Here Cµν and C̄µν are defined by

Cµν = 2
√

2iCµν[12], C̄µν = −2
√

2iCµν[34].
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Cµν : VEV of graviphoton field strength in N = 2 SUGRA

C̄µν : coming from vector multiplet in N = 2 SUGRA

SUSY condition

C̄(αβ)ξi
β = 0, ξ̄i = 0 or C(αβ) = 0.

number of unbroken SUSY

rank of C(αβ)

0 1 2

0 N = (1, 1) N = (1, 0) N = (1, 0)

rank of C̄(αβ) 1 N = (1/2, 1) N = (1/2, 0) N = (1/2, 0)

2 N = (0, 1) N = (0, 0) N = (0, 0)
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• case of (A,S)-deformation

orbifold projection

C(AB) =
1
2

(
C(ij) 0

0 C̄ (̂iĵ)

)
, i, j = 1, 2, î, ĵ = 3, 4.

deformation term

L(A,S) =
1

g2
YM

Tr
[
C(ij)Λ̄α̇iΛ̄α̇

j − C(ij)C(ij)φ̄
2 − C̄ (̂iĵ)C̄(̂iĵ)φ

2
]
.

− “mass” deformation

− SUSY condition ⇒ C(ij)ξ̄j = 0 ⇒ N = (1, 0) or (1, 1/2)
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5. Summary and Outlook

Summary

1. We construct N = 2, 4 super Yang-Mills theory with (S,A) and

(A,S)-type deformation up to the second order of the R-R 3-form

background.

2. In both case of (S,A) and (A,S)-type deformation, the number

of unbroken supersymmetry depends on the rank of deformation

parameter. We also find the fuzzy sphere configuration.

3. (S,A) and (A,S)-type deformations are consistent with the CS

coupling in D-brane effective action.
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Outlook

1. instanton calculus with (S,A)-deformation

• N = 2 case → Nekrasov formula can be obtained.

[Billo-Frau-Fucito-Lerda]

• N = 4 case → ???

2. physical and geometrical meaning of deformation

• (A,S)-type → “mass” and superpotential deformation

• (S,A)-type → correspondence to Ω-background?

3. instanton effects in string theory (D(-1)-side), AdS/CFT, . . .
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