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Motivation
Every curved manifold can be isometrically embedded into
some higher-dimensional Euclidean spaces.

Embed as
domain-wall
[Nash 1956]

»

Euclidean lattice space

Curved space

Edge modes are localized at the curved domain-wall.
= They feel "gravity" by the equivalence principle.
— Are they chiral? 3



Embedding a Curved Space [Nash, 1956]

For any n-dim. Riemann space (Y, g), there is an embedding
f:Y = R™ (m > n)such that Y is identified as

xuzxu(yl’... ) (p=1,---,m)

z# . Cartesian coordinates of R™
y* : Coordinates of Y/

and the metric is written as
ozt ox¥
9ij = EW:@W Dyt Oy

—— Vielbein and spin connection are also induced!

Any Riemannian manifold can be identified as a submanifold of
a flat Euclidean space!



“Gravity” in Condensed Matter Physics

" [Onoe et al., 2012] observed a
. £ 3
Hf“?j} < < '{’ffp- w\ﬁ'j' A gravitational effect on 1D
ﬂ.»é)bf $2§}~ﬂ é;p" uneven peanut-shaped Cgo

polymer.
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The Hamiltonian on a curved surface is
[Jensen and Koppe, 1971; da Costa, 1981]

h: Extrinsic curvature
k: Gaussian curvature
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— Density of states depends on the curvatures.



Weyl Fermion on Single Spherical Domain-wall

We investigate a S? domain-wall fermion system with
monopole.

3 T
D= O'i( a—ZAZ)—m | “\\ |
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* Spectrum
« Edge modes
+ Continuum Limit

* Restoration of Symmetry
There is an obstacle in formulating lattice chiral gauge theory.
Cf. [Kaplan and Sen, 2024]: S' domain-wall.
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S? domain-wall

Domain-wall:

Dirac operator:

.0
D:ZUZ-%—}—m

+M — oo
—-m

) ) N AW . DS?
= 0r| &7 - r)—o,——,
" 7 or r m

-
NI

r

ZazL +1, o = fal—f— yag—i— 7’03

Boundary condition: o1 (x) =

+ip(x) atr =ry



Effective Dirac op and Dirac op. of 5

A local Lorentz transformation

j (e—ig cos(g) —ei% sin()@)eig
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Edge states feel gravity through the induced connection!
[Takane and Imura, 2013].



Eigenstate of D'D and DD

Let x4 satisfy
DSQXi :)‘X:F7 ()‘: 1727)
OrX+ = EX+-

In the large m limit, we assume ¢+ = %e‘m“"“o‘xi, then we get
o 1 D5 A
Dy = (m« < + ) + me — 0r>¢+ ~ —.
ar r T 70
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ar r r

— DDy, = (%)2¢+ and DDy = (%)Qw_

Chiral fermion appears at the wall!



S? Domain-wall Fermion on Lattice

We consider a lattice on B? with the
radius rg.

The (Wilson) Dirac op is
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+0BC

We analyze DD and DD?.
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Spectrum and Edge modes of DD

ro|E|

We solve D' D1y = E%y when ro = 24a, ma = 0.35.
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chirality

There is a gap from zero (as a gravitational effect )

Agrees well with the Contimrﬁ'\éw
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Spectrum and Edge modes D D'

ro|B|

We also compute DDy = E?1).

DD*?
10.0 1.00

88
60

4.0 025

20 lattice (ro = 24.0 X a)
»  continuum

—0.75

0.0 y v T 7 —1.00
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The result is almost the same as D' D, but edge modes are
negative chiral modes:

o) =~

It seems that a chiral theory is possible...
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Continuum Limit and Finite-volume Effect

Continuum limita — 0 Large volume limit 7y — oo
(mro = 8.4 is fixed) (ma = 0.35 is fixed)
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Agree well with Saturates in the large rg limit!

the conti. prediction!
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Restoration of Rotational Symmetry
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a/ro=1/8 a/rg=1/16 a/ro=1/32

The rotational symmetry
. automatically recovers in the
s continuum limit!
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Chiral Anomaly

S = [+ Dy has a chiral symmetry.
—— jh = v’y is conserved.

Oujly =0

However, a quantum loop correction breaks this conservation
law:

/da:28ujffl:/2l7rF:n+—n_7é0
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This anomaly is related to the zero-mode!
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S? domain-wall with Monopole

A 1— cos@dgb
2
Chiral Anomaly = i/ dA =1
27T S2
Dirac index
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Covariant Derivative: (V1) = exp {—z/ A Aida;"] Vors — Yz
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Dirac Operator:
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Spectrum (D'Dvy = E*)) at ry = 16a, ma = 0.35

D™D
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»  continuum
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Spectrum (D'Dy = E*)) at ry = 16, ma = 0.35

70{ .

6.0

lattice (rgg#® 16.0 x a)
contiggMim

0 mode appears as well as the continuum theory.
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Spectrum (DD = E*)) at ry = 16, ma = 0.35
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Spectrum (DD = E*)) at ry = 16, ma = 0.35

709« lattice (£ 16.0 x a)
6.0 cont ui

* An extra 0 mode appears.
» The chirality is opposite to the localized modes.
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Distribution of Extra Zero Mode of DDf

0.03

0.02

i

0.01

0.00

0
& <
@ 10 10 i

The extra 0 mode is localized around the monopole.

1.0

0.5

0.0

—0.5

-1.0

chirality

24



Contents

Summary

25



Conclusion

We investigate a fermion system with a S? domain-wall.

» Weyl fermions appear at the wall.
+ Continuum limit is good!

» There is an obstacle in formulating lattice chiral gauge
theory.
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Outlook

« Symmetric mass generation
[Wang and You, 2022]

+ Embedding
4D Schwarzschild space into
6D flat space [Kasner, 1921].

ds® =da” + dy® + d2* + dX (r,7)* + dY (r,7)? + dZ(r,T)?

d 2
=(1 — i)dr2 + 1% + r2dQ?

4y _ b
Amr

27



Reference i

Ambijern, J., Jurkiewicz, J., and Loll, R. (2001). Dynamically triangulating lorentzian
quantum gravity. Nuclear Physics B, 610(1):347-382.
Brower, R. C., Weinberg, E. S., Fleming, G. T., Gasbarro, A. D., Raben, T. G., and Tan,

C.-1. (2017). Lattice dirac fermions on a simplicial riemannian manifold. Physical
Review D, 95(11).

da Costa, R. C. T. (1981). Quantum mechanics of a constrained particle. Phys. Rev. A,
23:1982-1987.

Jensen, H. and Koppe, H. (1971). Quantum mechanics with constraints. Annals of
Physics, 63(2):586-591.

Kaplan, D. B. (1992). A method for simulating chiral fermions on the lattice. Physics
Letters B, 288(3):342-347.

Kaplan, D. B. and Sen, S. (2024). Weyl Fermions on a Finite Lattice. Phys. Rev. Lett.,
132(14):141604.

Kasner, E. (1921). Finite representation of the solar gravitational field in flat space of
six dimensions. American Journal of Mathematics, 43(2):130—-133.

28



Reference ii

Nash, J. (1956). The imbedding problem for riemannian manifolds. Annals of
Mathematics, 63(1):20—63.

Onoe, J., lto, T., Shima, H., Yoshioka, H., and ichi Kimura, S. (2012). Observation of
riemannian geometric effects on electronic states. EPL (Europhysics Letters),
98(2):27001.

Regge, T. (1961). General relativity without coordinates. Il Nuovo Cimento
(1955-1965), 19(3):558-571.

Takane, Y. and Imura, K.-I. (2013). Unified description of dirac electrons on a curved
surface of topological insulators. Journal of the Physical Society of Japan,
82(7):074712.

Wang, J. and You, Y.-Z. (2022). Symmetric Mass Generation. Symmetry, 14(7):1475.

29



Lattice gauge theory on a curved space

Can't put up
a square lattice
around these points

!

We can not approximate d-dim space with d-dim square lattice.
— Can’t handle gravity!



Triangular Lattice

Arbitrary space can be discretezed by a triangular lattice. Their
length and angle represent the gravity. [Regge [1961]; Ambjom et al.
[2001]; Brower et al. [2017]]

Triangular lattice on 2-dim sphere[Brower et al. [2017]]

However, continuum limit is not unique and symmetry
restoration is non-trivial.



Curved Kaplan Domain-Wall [sA and H. Fukaya, 2022

Domain-wall

Edge modes (Yhormal = +1) appear at the wall.

They feel gravity through the induced spin connection.
» The continuum limit is unique (lattice spacing — 0).
Rotational symmetry is automatically recovered.

cf. flat case [Kaplan, 1992], spherical Tl [Takane and Imura, 2013]



With nontrivial U(1) link variables

ol E|

o

o
chirality

When the monopole exists in the ball, another 0-mode appears
around the monopole.

— An obstacle in formulating lattice chiral gauge theory.



	Introduction
	S2 domain-wall without link variables
	S2 domain-wall with monopole
	Summary
	References
	Appendix

