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Introduction
Perturbative string theory

An S-matrix is described as

[Polyakov ’81]

Aj1,⋯,jn(k1, ⋯, kn) = ∑
χ= 2,0,−2,⋯

g −χ
s ∫ DX Dθ Dg Vj1(k1)⋯Vjn(kn) exp[−S(E)

P ]
� : Polyakov-type actionS(E)

P

(Euclidean)

• Is it equivalent to the Minkowskian theory?

• For a Minkowskian theory, how do we define  
the Nambu-Goto-type theory in the path-integral formalism?

exp [−i∫ d 2σ −det h ab]

• Does it have the same features as standard QFT?  
What about the causality?

Questions:

Yes!

�  terms select a branchiϵ

�  does not contributedet h ab > 0



Introduction
Euclidean v. Minkowskian
We start with the Minkowski signature but at some point, 

Wick-rotate the theory to the Euclidean signature.
… because Euclidean theory is usually well-defined

∫ DX Dg exp [−i∫ d 2σ −g g ab∂aXμ∂bXμ]

But we should NOT naively Wick-rotate it; 

otherwise, we might study a different theory.

= ∫ DX Dg exp[ −i∫ d 2σ e2 (e−iθe a
1 e b

1 ∂aXi∂bXi −eiθe a
2 e b

2 ∂aXi∂bXi

−e−3iθe a
1 e b

1 ∂aXD∂bXD + e−iθe a
2 e b

2 ∂aXD∂bXD)]

X0 = e−iθXD, e a
0 = eiθe a

2

g ab = e a
α ηαβe b

β

(θ : 0 → π
2 )

Cauchy’s thm. doesn’t equate the Wick-rot. theory to the original.



Introduction
Nambu-Goto type

SSchild = −1
2 ∫ d 2σ ( −h

eg
+ eg )

SNG = −∫ d 2σ −h h ab = Πμ
aΠbμ, h = det h ab

SP = −1
2 ∫ d 2σ −g g abh ab

Schild type

Polyakov type
g ab = e−ϕ

− 1
Λ0

Λ1
Λ0

Λ1
Λ0

−Λ2
1 + Λ2

0
Λ0

�  are just Lagrange multipliers for the constraints in the NG-type theory.Λa

Quantum mechanically

Equivalent?



Let’s start with the Polyakov’s Euclidean path integral

in the case of critical bosonic string theory.

Path integral—Euclidean to Minkowskian

Z = ∫ DX Dg exp [−1
2 ∫ d 2σ g g abh ab]

Dg = Dϕ ∏
σ

2eϕ dΛ1dΛ2
(Λ2)2

||δg ||2 = 1
2 ∫ d 2σ g g abδg bcg cdδg da = ∫ d 2σ eϕ ( δΛ 2

1 + δΛ 2
2

(Λ2)2 + δϕ2)

g ab = e−ϕ

Λ2
1 + Λ2

2
Λ2

−Λ1
Λ2

−Λ1
Λ2

1
Λ2

= ∫ DX Dg exp [−1
2 ∫ d 2σ{ h 11

Λ2 (Λ1 −h 12
h 11 )

2
+ h 11h 22 −h 2

12
Λ2h 11

+ Λ2h 11}]
= ∫ DX [∏

σ
∫

∞

0

2dΛ2

Λ 3
2 h 11

] exp [−1
2 ∫ d 2σ{ h 11h 22 −h 2

12
Λ2h 11

+ Λ2h 11}]
Schild-type

Polyakov-type



Path integral—Euclidean to Minkowskian

Z = ∫ DX [∏
σ

∫
∞

0

2de(E)
g

e(E) 3/2
g ] exp [−1

2 ∫ d 2σ{ h 11h 22 −h 2
12

e(E)
g

+ e(E)
g }]

Cauchy’s integral thm. equates the path integral to  
its Minkowskian version by the following deformation of the contour:

XD = eiθX0, Λ2h 11 = : e(E)
g = eiθeg , σ2 → σ0

h = 1
2 {(εab∂aXi∂bXj)2 + 2(εab∂aXD∂bXi)2} > 0

(θ : 0 → π
2 , 0 → −π

2 )

= ∫ DX [∏
σ

∫
∞

−∞

−deg

(ieg )3/2 ] exp [−i
2 ∫ d 2σ{ −(h 11h 00 −h 2

10)
eg

+ eg }]
[Y.A. ’24]

−1
2 ∫ d 2σ{ e−iθ(εab∂aXi∂bXj)2 + 2eiθ(εab∂aX0∂bXi)2

2eg
+ eiθeg }

= − i
2 ∫ d 2σ{ −(εab∂aXi∂bXj)2 + 2(εab∂aX0∂bXi)2

2eg
+ eg }θ = π /2



Path integral—Euclidean to Minkowskian

Z = ∫ DX [∏
σ

∫
∞

−∞

−deg

(ieg )3/2 ] exp [−i
2 ∫ d 2σ{ −(h 11h 00 −h 2

10)
eg

+ eg }]
1 = [∏

σ
∫

∞

−∞

dΛ1
(−iΛ0/h 11)1/2 ] exp [−i

2 ∫ d 2σ
h 11
Λ0 (Λ1 −h 10

h 11 )
2

]

Polyakov’s Euclidean path int. is equivalent to its Minkowskian ver.

g ab = e−ϕ
− 1

Λ0

Λ1
Λ0

Λ1
Λ0

−Λ2
1 + Λ2

0
Λ0

eg = Λ0h 11

= ∫ DX [∏
σ

dΛ0dΛ1
(Λ0)2 ] exp [−i

2 ∫ d 2σ −g g abh ab]

[Y.A. ’24]

Polyakov-type



Path integral—Polyakov to Nambu-Goto
We then start with the Minkowskian path integral w/ �  (Polyakov)

in the case of critical Green-Schwarz superstring theory.

SP

Zb = ∫ [∏
σ

dΛ0dΛ1
(Λ0)2 ] exp [−i

2 ∫ d 2σ −g g abh ab ]

Zb = [∏
σ

∫
∞

−∞

−deg

(ieg )3/2 ] exp [−i
2 ∫ d 2σ{ −h

eg
+ eg −iϵ |eg | −i

ϵ̃
|eg | }]

eg = Λ0h 11

Regulators for the convergence of the path integral:

• ¤a corresponds to constraints:
• �  terms coming from the ground state wave functioniϵ

δ(χ) = ∫
∞

−∞

dΛ
2π

eiΛχ−ϵ|Λ|

→ �Λa ∈(−∞, ∞)• gauge invariant

−iϵ |Λ0 | −i
ϵ̃(Λ1 −c)2

|Λ0 |

Z = ∫ DX Dθ Zb[X, θ] eiΔSfermion

[Y.A. ’24]



Path integral—Polyakov to Nambu-Goto

= [∏
σ

∑
s(σ)= ± 1

2π

−h −iϵs ] exp [−i∫ d 2σ s −h −iϵs]
The Polyakov, Schild and Nambu-Goto types are 

quantum mechanically equivalent.

cancel if �h > 0

[Y.A. ’24]

Zb = [∏
σ

∫
∞

−∞

−deg

(ieg )3/2 ] exp [−i
2 ∫ d 2σ{ −h

eg
+ eg −iϵ |eg | −i

ϵ̃
|eg | }]

= ∏
σ

( 2π

−h −iϵ
e−iΔΣ −h −iϵ +

2π

−h + iϵ
eiΔΣ −h + iϵ)

The causality is realised by an anti-F1.

s = —1: anti-F1
s = 1: F1(



The path integral of perturbative string theory:
Toward the non-pert. definition

A(k1, ⋯, kn) = ∑
χ= 2,0,−2,⋯

g −χ
s ∫ DX Dθ Deg exp [iSSchild] V(k1)⋯V(kn)

SSchild = − 1
2π ∫ d 2σ{ −1

2 ( h
eg

−eg ) −iεab∂aXμ(θ1TΓμ∂bθ1 −θ2TΓμ∂bθ2)

+ εabθ1TΓμ∂aθ1 θ2TΓμ∂bθ2}
… This is merely perturbation theory around the 10D flat spacetime.

A(k1, ⋯, kn) = ∫ dμ exp [iSMM] V(k1)⋯V(kn) Ã !
Xμ =

We expect the matrices describe multi-body systems of superstrings.

Matrix regularisation



Matrix regularisation

Matrix regularisation of the Schild-type theory
1. Matrix Regularisation after the Wick rotation

2. Matrix Regularisation w/o Wick rotation

It is manifestly well-defined because  
the worldsheet and the target space are Riemannian.

A map of functions on a compact space to matrices

f(σ) =
∞

∑
l= 0

l

∑
m= −l

flmYlm(σ) ⟼
N−1

∑
l= 0

l

∑
m= −l

flm(Ylm)ij = fij

spherical harmonics
matrixfn. on �S2

Though the target space is Lorentzian, 
the worldsheet coordinates are just parameters.

Cauchy’s thm. equates the Euclidean theory to the original.



Toward the non-pert. definition

φ = θ1 + iθ2 = 0
Then we obtain

SSchild = 1
2π ∫ d 2σ[ 1

4eg
{Xμ, Xν}2

P̂ + 2iψTΓμ{Xμ, ψ}P̂ −
eg

2 ] [Ishibashi, Kawai,  
 Kitazawa, Tsuchiya ’96]

Ghosts are decoupled

We fix the gauge of the Schild-type theory by

By matrix regularisation, { ⋅ , ⋅ }P̂ ↦ N
i

[ ⋅ , ⋅ ], 1
π ∫ d 2σ ↦ 1

N
tr,

∫ DX Dθ Deg eiSSchild
∫ DX Dψ e−S(E)

IKKT

∫ DX Dψ DY eiSNBI

S(E)
IKKT = −N tr( 1

4 [Xm, Xn]2 + 1
2 ψTΓm[Xm, ψ])

SNBI = N tr( 1
4 Y−1[Xμ, Xν]2 + 1

2 ψTΓm[Xm, ψ] + Y + i
N

(N+ 1
2 )ln(−iY ))]

1. MR after Wick rot.

w/ �e2

g = 1

2. MR w/o Wick rot.

[Fayyazuddin, Makeenko, Olesen, Smith, Zarembo ’96]



Summary
• The Minkowskian superstring theory is quantum mechanically equivalent  

to its Euclidean version in terms of path integration.

• We obtained two matrix models as matrix regularisation of IIB string:  
the Euclidean IKKT model and the Minkowskian NBI-type IKKT model.

• The Polyakov, Schild and Nambu-Goto-type formulations are quantum 
mechanically equivalent in the case of critical string theory (bosonic & type II).

• Full integration over the worldsheet metric provides the causality. 
Since configs. with �  don’t contribute to the path integral, 
string propagation between points at space-like separation is prohibited.

det h ab > 0

• I plan to find out the exact relationship between perturbative superstring d.o.f. 
and matrix d.o.f., starting with the identification for the vertex operator. 

[cf. Kitazawa ’02; Iso, Terachi, Umetsu ’04;
 Kitazawa, Mizoguchi, Saito ’07]


