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Spectral form factor (SFF)  
is a measure of quantum chaos.
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Figure 1: A log-log plot of SYK g(t; � = 5), plotted against time for N = 34. Here we
use the dimensionless combination tJ for time. Initially the value drops quickly, through a
region we call the slope, to a minimum, which we call the dip. After that the value increases
roughly linearly, ⇠ t, until it smoothly connects to a plateau around tJ = 3 ⇥ 104. We
call this increase the ramp, and the time at which the extrapolated linear fit of the ramp
in the log-log plot crosses the fitted plateau level the plateau time. The data was taken
using 90 independent samples, and the disorder average was taken for the numerator and
denominator separately.

of samples used in the computation. We will discuss this point further in Section 8.)

We will be discussing the curve g(t) at length, so let us point out the main features

in this plot and introduce some nomenclature. Starting with t = 0, at early times the

value of g(t) drops quickly along what we will call the ‘slope’, until it reaches a minimum

at the ‘dip time’ td. Next comes a period of linear growth that we will call the ‘ramp’.

It ends at the plateau time tp, and beyond this we have an almost constant value of g(t)

that we call the ‘plateau’. The plateau height is equal to the long-time average of g(t).

On the plateau only the En = Em terms in the sum (3) survive, and the height of the

plateau is 2Z(2�)/Z2(�) ⇠ e�aS, in accordance with (4). The factor of 2 is due to a 2-fold

degeneracy in the spectrum (see Appendix A).

Quantities such as g, gd, and gc are studied extensively in the field of quantum chaos.

In particular, g(t) (typically used with � = 0) is called the spectral form factor and it is

a standard diagnostic of the pair correlation function of energy eigenvalues. We will often

refer to g(t) by this name. It supplies information about the correlations of eigenvalues at
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“Black Holes and  
  Random Matrices”
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is a sign of chaos.
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Spread and Spectral Complexity
Spread Complexity: Krylov state complexity for 
                              spreading in Krylov subspace 
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J. M. Magan, Q. Wu, 2022]
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These complexities of TFD state are related to SFF, 
and the connection with JT gravity has been discussed.

[L. V. Iliesiu, M. Mezei, G. Sárosi, 2021][E. Rabinovici, A. Sánchez-Garrido,  
R. Shir, J. Sonner, 2023]

Spectral Complexity: Proposed as the dual of  
                                wormhole length[L. V. Iliesiu, M. Mezei,  

G. Sárosi, 2021]
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我々の研究動機
Spin chain modelsの 

Spread, Spectral Complexity

• 重力双対の有無にかかわらず, SFF, Spread Complexity, 
Spectral Complexity は定義・計算できる。

• 他のspin chain modelsでの 
   Spread, Spectral Complexityの振る舞いは？

• SYKやランダム行列理論のSpread, Spectral Complexity は 
　　　　　　　　　                   
   などで詳しく調べられている。

[J. Erdmenger, S.-K. Jian, 
Z.-Y. Xian, 2023]

[V. Balasubramanian, P. Caputa,  
J. M. Magan, Q. Wu, 2022]
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我々の結果
Mixed-field Isingとnext-to-nearest-neighbor  

(NNN) deformed XXZ を調べた。
Spread Complexity Spectral Complexity

(a) H1 (b) H2

Figure 4. Spread complexity of the TFD state in the mixed-field Ising model within each symmetry
sector for N = 10 (red dashed line) and N = 12 (red solid line) when � = 0. Here, di is a scaling
factor given by the dimension of each symmetry sector Hi. This figure shows that if the matrix size
N is large enough, then there is no N dependence on the normalized spread complexity. The black
dashed line is the asymptotic value (3.10) of spread complexity at late times. (d1 = 2080 , d2 = 2016)
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Figure 5. Spread complexity in the mixed-field Ising model within each symmetry block forN = 12.
The red line is the chaotic case and the blue line is the integrable case.

(a) Chaotic case (b) Integrable case

Figure 6. Temperature dependence of spread complexity with finite � = 0, 0.2, 0.5, 1 (red, orange,
purple, blue) when N = 10 for the mixed-field Ising.
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(a) Spectral complexity (b) Early time behavior

Figure 12. Spectral complexity in mixed-field Ising model with H1, � = 0, N = 12. Left: Spectral
complexity with chaotic case (red line) and integrable case (blue line). The black dashed line is
saturation value of (2.17). Right: Early time behavior. The red solid line is spectral complexity
and red dashed line is spread complexity.

(a) Spectral complexity (b) Early time behavior

Figure 13. Spectral complexity in the NNN deformation of the XXZ spin chain with � = 0 and
N = 15 and total spin in the z-direction Mz = �5/2 for the positive parity sector H1. Left:
Spectral complexity for the chaotic (red line) and integrable (blue line) cases. The black dashed
line is the saturation value, according to (2.17). Right: Early-time behavior comparison between
spectral (solid line) and spread (dashed line) complexity.

NNN Deformation of the Heisenberg Model. Likewise, we display the spectral

complexity of the next-nearest-neighbor (NNN) deformation of the Heisenberg model in

Fig. 13 and observe similar outcomes. Notably, the saturation time-scale for the integrable

case significantly lags behind that of the chaotic case. Additionally, we observe a discrep-

ancy between spectral and spread complexity in the early-time regime.

Now, we discuss the discrepancy between spectral and spread complexity in the early-

time regime within our spin chain models when � = 0. To explore this, it is beneficial to

examine the early-time behavior of both (2.11) and (2.14), yielding:

C(t) ⇡ b
2

1 t
2
, CS(t) ⇡

✓
1� 1

d

◆
t
2
, (3.12)

– 19 –

chaotic

integrable

0 1 2 3 4 5
0.0

0.1

0.2

0.3

0.4

0.5

t / d1

C
(t)

/d
1

(a) H1 (b) H2

Figure 7. Spread complexity in NNN deformation of the XXZ spin chain within each symmetry
block for N = 15 and total spin in the z-direction Mz = �5/2. The red line represents the chaotic
case, while the blue line represents the integrable case.

sector. For this reason, we focus on one symmetry block H1 in the following discussions.

Finally, we discuss the temperature dependence in the spread complexity of the mixed-

field Ising model. In Fig. 6, we find that finite temperature (� 6= 0) suppresses spread

complexity in both chaotic and integrable cases, and it also diminishes the visibility of

the peak in the chaotic case. These findings align with those discussed in RMT and SYK

models [42]. For further explanation on the finite temperature e↵ect, see the discussion on

the specific role of TFD state in Sec. 4. In short, for finite �, not every energy eigenstate

equally contributes to the dynamics of the spread complexity, which then cannot explore

the full chaotic features of the spectrum of the Hamiltonian.

NNN Deformation of the Heisenberg Chain. The results for the NNN deformation

of the Heisenberg chain are not qualitatively di↵erent from those of the mixed-field Ising

model, which provides further evidence that these quantities are useful to probe signatures

of chaos and potentially distinguish chaotic and integrable quantum many-body systems.

Because of this, we summarize only the key results for � = 0.

As mentioned previously, the NNN deformation of the Heisenberg Hamiltonian (3.6)

also has two parity symmetry sectors, similarly to the mixed-field Ising model. The results

for the spread complexity are shown in Fig. 7. Here, as shown in Fig. 5, the peak structure is

also present in the chaotic case. At the same time, the late-time behaviour is also captured

by (3.10) for the chaotic case.7 Note that the saturation value for the integrable case is

noticeably smaller that the chaotic case, in contrast with the Ising chain (cfr. Fig. 5) [42, 75].

7 Nevertheless, it is not surprising that (3.10) fails to capture the late time behavior of the integrable
case (blue data) depicted in Fig. 7. It has already been demonstrated [84] that the integrable models,
such as LMG models, cannot adhere to (3.10). In the derivation of (3.10), it is assumed that there is no
energy degeneracy. In numerical calculations on integrable systems, approximate energy degeneracy within
numerical precision may occur due to the Poisson distribution of the level spacing. For this reason, within
the numerical precision and time scale of our numerical calculations, (3.10) in the integrable case does not
seem to hold in Fig. 7.
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(a) Spectral complexity (b) Early time behavior

Figure 12. Spectral complexity in mixed-field Ising model with H1, � = 0, N = 12. Left: Spectral
complexity with chaotic case (red line) and integrable case (blue line). The black dashed line is
saturation value of (2.17). Right: Early time behavior. The red solid line is spectral complexity
and red dashed line is spread complexity.
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(a) Spectral complexity (b) Early time behavior

Figure 13. Spectral complexity in the NNN deformation of the XXZ spin chain with � = 0 and
N = 15 and total spin in the z-direction Mz = �5/2 for the positive parity sector H1. Left:
Spectral complexity for the chaotic (red line) and integrable (blue line) cases. The black dashed
line is the saturation value, according to (2.17). Right: Early-time behavior comparison between
spectral (solid line) and spread (dashed line) complexity.

NNN Deformation of the Heisenberg Model. Likewise, we display the spectral

complexity of the next-nearest-neighbor (NNN) deformation of the Heisenberg model in

Fig. 13 and observe similar outcomes. Notably, the saturation time-scale for the integrable

case significantly lags behind that of the chaotic case. Additionally, we observe a discrep-

ancy between spectral and spread complexity in the early-time regime.

Now, we discuss the discrepancy between spectral and spread complexity in the early-

time regime within our spin chain models when � = 0. To explore this, it is beneficial to

examine the early-time behavior of both (2.11) and (2.14), yielding:
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Random matrix and quantum chaos
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BGS conjecture 
Quantum spectrum of chaotic systems have same 
properties as eigenvalues of random matrix.

[O. Bohigas, M. J. Giannoni, C. Schmit, 1984]
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Gaussian Unitary Ensemble (GUE)
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 Matrix element  
distribution

 Eigenvalue 
distribution

Correlation
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SFF with eigenvalue correlation
Two-point function of spectral density (GUE)

SFF at  infinite temperature <latexit sha1_base64="jky8A/697FPjFADSTVVdm8r2rSs="></latexit>
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SFF without eigenvalue correlation
Two-point function without the sine kernel
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Spread Complexity 
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Time evolution of an initial state
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3. Define Spread Complexity 
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There is an algorithm to compute Spread Complexity  
of TFD state                                           from SFF. 

[V. Balasubramanian, P. Caputa,  
J. M. Magan, Q. Wu, 2022]
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Spectral Complexity 

12

[L. V. Iliesiu, M. Mezei, G. Sárosi, 2021]
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Spectral Complexity is directly related to SFF.
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Spin chain models
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NNN deformed XXZ mixed-field Ising

Energy level spacing (mixed-field Ising)

Figure 1. Block-diagonalized Hamiltonian of the mixed-field Ising model (3.1) for N = 12. Left:
Matrix plot – visual representation showing the places where the Hamiltonian takes non-zero values.
Right: Schematic picture showing the size of each block. H1 (H2) is the Hamiltonian in the sector
of states with positive (negative) parity. Note that d1 + d2 = d = 2N .
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Figure 2. Nearest-neighbor level spacing distribution in the mixed-field Ising model for the
even(odd) symmetry sector H1(H2) with N = 12 sites. The red line is the Wigner–Dyson dis-
tribution (GOE) and the blue line is the Poisson distribution.

– 10 –

Chaotic 
(Wigner-Dyson)

Integrable 
(Poisson)

<latexit sha1_base64="snUeehkfVYU6YcT5UDXEZq7cqJc="></latexit>

(J, hx, hz) =

(
(�1, 1.05, �0.5) , (Chaotic)

(�1, 1, �0.001) , (Integrable)

<latexit sha1_base64="5gKtZ1xSxm+rbZTp1N1AI2glHk8="></latexit>

(J, Jzz, Jc) =

(
(1, 0.5, 1) , (Chaotic)

(1, 0.5, 0) , (Integrable)

<latexit sha1_base64="xFVsiXgNY3PUCdSxZXJxy2zMB/k="></latexit>

H = J

N�1X

i=1

S
z
i S

z
i+1 +

NX

i=1

(hxS
x
i + hzS

z
i )

<latexit sha1_base64="fMSYF32sD9CHPtWWzEFsAOx6BcE="></latexit>

HXXZ =
N�1X

i=1

J (Sx
i S

x
i+1 + S

y
i S

y
i+1) + Jzz S

z
i S

z
i+1

HNNN =
N�2X

i=1

Jc S
z
i S

z
i+2

<latexit sha1_base64="UIm7pRSj/MeEzPSlYNXAyJL4AQI="></latexit>

H = HXXZ +HNNN



15

Our numerical results
Spread Complexity  
in chaotic models 
has a peak.

Spectral Complexity  
in chaotic models  
saturates early.

(a) H1 (b) H2

Figure 4. Spread complexity of the TFD state in the mixed-field Ising model within each symmetry
sector for N = 10 (red dashed line) and N = 12 (red solid line) when � = 0. Here, di is a scaling
factor given by the dimension of each symmetry sector Hi. This figure shows that if the matrix size
N is large enough, then there is no N dependence on the normalized spread complexity. The black
dashed line is the asymptotic value (3.10) of spread complexity at late times. (d1 = 2080 , d2 = 2016)
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Figure 5. Spread complexity in the mixed-field Ising model within each symmetry block forN = 12.
The red line is the chaotic case and the blue line is the integrable case.

(a) Chaotic case (b) Integrable case

Figure 6. Temperature dependence of spread complexity with finite � = 0, 0.2, 0.5, 1 (red, orange,
purple, blue) when N = 10 for the mixed-field Ising.
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(a) Spectral complexity (b) Early time behavior

Figure 12. Spectral complexity in mixed-field Ising model with H1, � = 0, N = 12. Left: Spectral
complexity with chaotic case (red line) and integrable case (blue line). The black dashed line is
saturation value of (2.17). Right: Early time behavior. The red solid line is spectral complexity
and red dashed line is spread complexity.

(a) Spectral complexity (b) Early time behavior

Figure 13. Spectral complexity in the NNN deformation of the XXZ spin chain with � = 0 and
N = 15 and total spin in the z-direction Mz = �5/2 for the positive parity sector H1. Left:
Spectral complexity for the chaotic (red line) and integrable (blue line) cases. The black dashed
line is the saturation value, according to (2.17). Right: Early-time behavior comparison between
spectral (solid line) and spread (dashed line) complexity.

NNN Deformation of the Heisenberg Model. Likewise, we display the spectral

complexity of the next-nearest-neighbor (NNN) deformation of the Heisenberg model in

Fig. 13 and observe similar outcomes. Notably, the saturation time-scale for the integrable

case significantly lags behind that of the chaotic case. Additionally, we observe a discrep-

ancy between spectral and spread complexity in the early-time regime.

Now, we discuss the discrepancy between spectral and spread complexity in the early-

time regime within our spin chain models when � = 0. To explore this, it is beneficial to

examine the early-time behavior of both (2.11) and (2.14), yielding:

C(t) ⇡ b
2

1 t
2
, CS(t) ⇡

✓
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, (3.12)
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Figure 7. Spread complexity in NNN deformation of the XXZ spin chain within each symmetry
block for N = 15 and total spin in the z-direction Mz = �5/2. The red line represents the chaotic
case, while the blue line represents the integrable case.

sector. For this reason, we focus on one symmetry block H1 in the following discussions.

Finally, we discuss the temperature dependence in the spread complexity of the mixed-

field Ising model. In Fig. 6, we find that finite temperature (� 6= 0) suppresses spread

complexity in both chaotic and integrable cases, and it also diminishes the visibility of

the peak in the chaotic case. These findings align with those discussed in RMT and SYK

models [42]. For further explanation on the finite temperature e↵ect, see the discussion on

the specific role of TFD state in Sec. 4. In short, for finite �, not every energy eigenstate

equally contributes to the dynamics of the spread complexity, which then cannot explore

the full chaotic features of the spectrum of the Hamiltonian.

NNN Deformation of the Heisenberg Chain. The results for the NNN deformation

of the Heisenberg chain are not qualitatively di↵erent from those of the mixed-field Ising

model, which provides further evidence that these quantities are useful to probe signatures

of chaos and potentially distinguish chaotic and integrable quantum many-body systems.

Because of this, we summarize only the key results for � = 0.

As mentioned previously, the NNN deformation of the Heisenberg Hamiltonian (3.6)

also has two parity symmetry sectors, similarly to the mixed-field Ising model. The results

for the spread complexity are shown in Fig. 7. Here, as shown in Fig. 5, the peak structure is

also present in the chaotic case. At the same time, the late-time behaviour is also captured

by (3.10) for the chaotic case.7 Note that the saturation value for the integrable case is

noticeably smaller that the chaotic case, in contrast with the Ising chain (cfr. Fig. 5) [42, 75].

7 Nevertheless, it is not surprising that (3.10) fails to capture the late time behavior of the integrable
case (blue data) depicted in Fig. 7. It has already been demonstrated [84] that the integrable models,
such as LMG models, cannot adhere to (3.10). In the derivation of (3.10), it is assumed that there is no
energy degeneracy. In numerical calculations on integrable systems, approximate energy degeneracy within
numerical precision may occur due to the Poisson distribution of the level spacing. For this reason, within
the numerical precision and time scale of our numerical calculations, (3.10) in the integrable case does not
seem to hold in Fig. 7.
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(a) Spectral complexity (b) Early time behavior

Figure 12. Spectral complexity in mixed-field Ising model with H1, � = 0, N = 12. Left: Spectral
complexity with chaotic case (red line) and integrable case (blue line). The black dashed line is
saturation value of (2.17). Right: Early time behavior. The red solid line is spectral complexity
and red dashed line is spread complexity.
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Figure 13. Spectral complexity in the NNN deformation of the XXZ spin chain with � = 0 and
N = 15 and total spin in the z-direction Mz = �5/2 for the positive parity sector H1. Left:
Spectral complexity for the chaotic (red line) and integrable (blue line) cases. The black dashed
line is the saturation value, according to (2.17). Right: Early-time behavior comparison between
spectral (solid line) and spread (dashed line) complexity.

NNN Deformation of the Heisenberg Model. Likewise, we display the spectral

complexity of the next-nearest-neighbor (NNN) deformation of the Heisenberg model in

Fig. 13 and observe similar outcomes. Notably, the saturation time-scale for the integrable

case significantly lags behind that of the chaotic case. Additionally, we observe a discrep-

ancy between spectral and spread complexity in the early-time regime.

Now, we discuss the discrepancy between spectral and spread complexity in the early-

time regime within our spin chain models when � = 0. To explore this, it is beneficial to

examine the early-time behavior of both (2.11) and (2.14), yielding:

C(t) ⇡ b
2

1 t
2
, CS(t) ⇡

✓
1� 1

d

◆
t
2
, (3.12)
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Why Spread Complexity  
in chaotic models has a peak?

16

This was observed in the original paper.
[V. Balasubramanian, P. Caputa, J. M. Magan, Q. Wu, 2022]
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SYK2

A peak does not appear if the ramp is not linear 
(         , our integrable case). [J. Erdmenger, S.-K. Jian,  Z.-Y. Xian, 2023]
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|�0(t)|2 = SFF(t)
           is smaller than the 
plateau value in the middle time.
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Why Spectral Complexity  
in chaotic models saturates early?

17

This was observed  
in our previous paper.

[Hugo A. Camargo, Viktor Jahnke, Hyun-Sik Jeong, Keun-Young Kim, MN, 2023]
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In chaotic models,  
  is not small due to  
eigenvalue correlation.

Figure 1. Block-diagonalized Hamiltonian of the mixed-field Ising model (3.1) for N = 12. Left:
Matrix plot – visual representation showing the places where the Hamiltonian takes non-zero values.
Right: Schematic picture showing the size of each block. H1 (H2) is the Hamiltonian in the sector
of states with positive (negative) parity. Note that d1 + d2 = d = 2N .

0 1 2 3 4
0.0

0.2

0.4

0.6

0.8

s

p ℋ
1(s

)

(a) H1 : (hx, hz) = (�1.05, 0.5)

0 1 2 3 4
0.0

0.2

0.4

0.6

0.8

1.0

s
p ℋ

1(s
)

(b) H1 : (hx, hz) = (�1, 0.001)

(c) H2 : (hx, hz) = (�1.05, 0.5) (d) H2 : (hx, hz) = (�1, 0.001)

Figure 2. Nearest-neighbor level spacing distribution in the mixed-field Ising model for the
even(odd) symmetry sector H1(H2) with N = 12 sites. The red line is the Wigner–Dyson dis-
tribution (GOE) and the blue line is the Poisson distribution.
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Figure 4. Spectral complexity at infinite temperature with a/R = 0, 0.1, 0.3, 0.5, 0.7, 0.9, 1 (black,
purple, blue, green, yellow, orange, red).

result of the stadium billiard, i.e.,

Stadium billiard:
a

R
= 1 , Circle billiard:

a

R
= 0 . (3.4)

3.2 Spectral complexity

In this section we discuss how the spectral complexity (2.1) behaves in the billiard systems.

The essential ingredient is the energy spectrum, which we obtain numerically following

Eq. (3.3) for Ntrunc = 100.

In Fig. 4, we show how its behavior at infinite temperature changes as we tune the

value of a/R. Here we observe a distinct feature in the late-time regime: the spectral com-

plexity saturates at a later time scale for the circle (integrable) billiards as compared to

the stadium (non-integrable) billiards. In particular, this shows that even a small breaking

of integrability, by virtue of a change of the ratio a/R, leads to a change in the satura-

tion time scale and value of the spectral complexity. As a consequence, this finding may

reveal the importance of the saturation time-scales and value of spectral complexity as a

distinguishing factor between integrable and non-integrable systems.

The late-time behavior of the spectral complexity can be understood as follows. At

infinite temperature (� = 0), the spectral complexity is given by

CS(t)|�=0 =
1

D2

X

p 6=q


sin (t(Ep � Eq)/2)

(Ep � Eq)/2

�2
 1

D2

X

p 6=q


1

(Ep � Eq)/2

�2
. (3.5)

This expression shows that the complexity is bounded by the energy di↵erence �E :=

Ep � Eq. In other words, the saturation value of the complexity can be larger when �E

is small. However, in chaotic systems, the presence of level repulsion prevents �E from

becoming zero. As a result, the saturation value of the complexity for the stadium billiard

can be smaller compared to the circle billiard.

We note, however, a stark contrast with results for Krylov complexity in spin systems

– 12 –



Timescales in chaotic mixed-field Ising
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Figure 16. Comparison of the characteristic timescales for the mixed-field Ising model with d1 =
2080 (left) and the deformed Heisenberg XXZ model with d1 = 1512 (right) for the chaotic cases. In
both cases we consider the positive parity sector. Additionally, in the deformed Heisenberg model
we consider the sector with Mz = �5/2.

identified in RMTs, where tdip ⇠ d
1/2 [98]. In RMT, this scaling of the dip time is influenced

by the disconnected part of the SFF, primarily a↵ected by the region near the spectrum’s

edge, characterized by a semicircular density of states. However, in the case of spin chains,

we have identified a Gaussian-shaped density of states. The deviation in scaling behavior

– 26 –

(a) Spectral form factor

0.1 1 10 100 1000 104
0.01

0.10

1

10

100

1000

t

(
)

100 1000 10000

800

1000

1200

(b) Spread complexity

(c) Spectral complexity

Figure 16. Comparison of the characteristic timescales for the mixed-field Ising model with d1 =
2080 (left) and the deformed Heisenberg XXZ model with d1 = 1512 (right) for the chaotic cases. In
both cases we consider the positive parity sector. Additionally, in the deformed Heisenberg model
we consider the sector with Mz = �5/2.
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2080 (left) and the deformed Heisenberg XXZ model with d1 = 1512 (right) for the chaotic cases. In
both cases we consider the positive parity sector. Additionally, in the deformed Heisenberg model
we consider the sector with Mz = �5/2.
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we have identified a Gaussian-shaped density of states. The deviation in scaling behavior
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まとめ

/2019

• Mixed-field Isingと NNN deformed XXZ の 
   Spread, Spectral Complexityを調べた。

• Chaoticな場合のSpread Complexityは 
   peakを持つことを確認した。
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Figure 7. Spread complexity in NNN deformation of the XXZ spin chain within each symmetry
block for N = 15 and total spin in the z-direction Mz = �5/2. The red line represents the chaotic
case, while the blue line represents the integrable case.

sector. For this reason, we focus on one symmetry block H1 in the following discussions.

Finally, we discuss the temperature dependence in the spread complexity of the mixed-

field Ising model. In Fig. 6, we find that finite temperature (� 6= 0) suppresses spread

complexity in both chaotic and integrable cases, and it also diminishes the visibility of

the peak in the chaotic case. These findings align with those discussed in RMT and SYK

models [42]. For further explanation on the finite temperature e↵ect, see the discussion on

the specific role of TFD state in Sec. 4. In short, for finite �, not every energy eigenstate

equally contributes to the dynamics of the spread complexity, which then cannot explore

the full chaotic features of the spectrum of the Hamiltonian.

NNN Deformation of the Heisenberg Chain. The results for the NNN deformation

of the Heisenberg chain are not qualitatively di↵erent from those of the mixed-field Ising

model, which provides further evidence that these quantities are useful to probe signatures

of chaos and potentially distinguish chaotic and integrable quantum many-body systems.

Because of this, we summarize only the key results for � = 0.

As mentioned previously, the NNN deformation of the Heisenberg Hamiltonian (3.6)

also has two parity symmetry sectors, similarly to the mixed-field Ising model. The results

for the spread complexity are shown in Fig. 7. Here, as shown in Fig. 5, the peak structure is

also present in the chaotic case. At the same time, the late-time behaviour is also captured

by (3.10) for the chaotic case.7 Note that the saturation value for the integrable case is

noticeably smaller that the chaotic case, in contrast with the Ising chain (cfr. Fig. 5) [42, 75].

7 Nevertheless, it is not surprising that (3.10) fails to capture the late time behavior of the integrable
case (blue data) depicted in Fig. 7. It has already been demonstrated [84] that the integrable models,
such as LMG models, cannot adhere to (3.10). In the derivation of (3.10), it is assumed that there is no
energy degeneracy. In numerical calculations on integrable systems, approximate energy degeneracy within
numerical precision may occur due to the Poisson distribution of the level spacing. For this reason, within
the numerical precision and time scale of our numerical calculations, (3.10) in the integrable case does not
seem to hold in Fig. 7.
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(a) Spectral complexity (b) Early time behavior

Figure 12. Spectral complexity in mixed-field Ising model with H1, � = 0, N = 12. Left: Spectral
complexity with chaotic case (red line) and integrable case (blue line). The black dashed line is
saturation value of (2.17). Right: Early time behavior. The red solid line is spectral complexity
and red dashed line is spread complexity.
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Figure 13. Spectral complexity in the NNN deformation of the XXZ spin chain with � = 0 and
N = 15 and total spin in the z-direction Mz = �5/2 for the positive parity sector H1. Left:
Spectral complexity for the chaotic (red line) and integrable (blue line) cases. The black dashed
line is the saturation value, according to (2.17). Right: Early-time behavior comparison between
spectral (solid line) and spread (dashed line) complexity.

NNN Deformation of the Heisenberg Model. Likewise, we display the spectral

complexity of the next-nearest-neighbor (NNN) deformation of the Heisenberg model in

Fig. 13 and observe similar outcomes. Notably, the saturation time-scale for the integrable

case significantly lags behind that of the chaotic case. Additionally, we observe a discrep-

ancy between spectral and spread complexity in the early-time regime.

Now, we discuss the discrepancy between spectral and spread complexity in the early-

time regime within our spin chain models when � = 0. To explore this, it is beneficial to

examine the early-time behavior of both (2.11) and (2.14), yielding:

C(t) ⇡ b
2

1 t
2
, CS(t) ⇡

✓
1� 1

d

◆
t
2
, (3.12)

– 19 –

NNN  
deformed 
XXZ

• Chaoticな場合のSpectral Complexityは 
   早く飽和することを確認した。



今後の課題

/2020

• SFFの　　　　　 がRMTの               と違う理由は？ 
   　　　がWigner 半円ではなくGaussianだから？ 
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⇢(E)

• 我々が調べたのはTFDのSpread, Spectral Complexity. 
   他の状態の Complexity はどうなる？

• RMTではSpread ComplexityとSpectral Complexityが 
　early time で一致する。 
   我々のspin modelsでは一致しない。一般には？

[J. Erdmenger, S.-K. Jian, Z.-Y. Xian, 2023]


