New Phases in QCD from Topological
Solitons Stabilized by Background Fields
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Main messages

(1) Unstable topological solitons can be stabilized by
a background (gauge) field.

(2) When the background is strong enough,
the soliton’s energy becomes negative.
=» Inhomogeneous (Solitonic) Phases

(3) Examples in QCD & Cond-mat.

(4) Maybe in Early Universe as well?
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The stability of topological solitons 7 = (ny,n,,n3),n%2 =1

Criteria: The conventlonal Derrick’s scaling argument.
E, E,

e.g.O(3) model: £ =9, na“n V(n) + 1c(9,7 X 6vn)
xr - x = Ax n(x) - n(Ax) Skyrme term
E(A) = Eo(4) + E3(4) + E4(4)
=1 %E,(A=1)+2*"E,(A=1) +2*4E, (A =1)

E,(A)h.:l — —dEO + (2 — d)EZ + (4‘ — d)E4_ =0

n(x)t n(Ax)

: 1> 1 e




The stability of topological solitons 7 = (ny,n, n3),n% =1

Criteria: The conventlonal Derrick’s scaling argument.
E, E,

e.g.O(3) model: £ =9, na“n V(n) + 1c(9,7 X 6vn)
Spatial dim Skyrme term
d=2: E'(MD]y=1=-2E¢+2E4,=0

Ey=0,E,=0: lump (scale invariant)

Ey+0,E, +0: baby Skyrmion

Ey+0,E, =0: unstable to shrink

d=3: E,(A)h,:l — —3E0 —Ez + E4_ =0

E, #0,E, #0: Skyrmion & Hopfion
E, #0,E, =0: unstable to shrink



2D (baby) Skyrmion (or lump) 1, (8%) = 7
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Amazon.co.jp: STK 24Hh BYTHFRA DRy BERvE BYE hiRFv 0L Xk FK HER (30cm (EF, 0—TFfE),
10PCS): DIY-TE-H—F>
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The stability of topological solitons
Criteria: The conventional Derrick’s scaling argument.

We should think it more carefully in the presence of
a background (gauge) field.

Examples:
1. Condensed matter systems
(e.g. chiral magnets,
ultracold atomic gases with synthetic gauge field)

2. QCD (or field theory) under external fields
e.g. magnetic field / rotation (relevant to QGP, neutron stars)




1. Examples in Cond-mat




Magnetic Skyrmions in chiral magnets a;(hizniilm 01; Fep5C0g 5Si
.Z.Yu et.a

Important for nanotechnology such as Nature 465, 901 (2010)

low-energy consumption magnetic memories. it
77 - P
L7, P .

O(3) model +
Dzyaloshinsky-Moriya (DM) interaction

Hpv = kn - (V X n)

Derrick’s theorem

E1pm) + 2Eppoty = 0
<0 > 0: prefers shrinking

Negative energy prevents shrinking
. possible only for either of (anti-)Skyrmion



O(3) model + a background SU(2) gauge field

1 B. J. Schroers, SciPost Phys. 7 (2019) 030 [1905.06285].

_ 2 a _ (ra _ a\ u=0,1,2: spacetime index
H ) (Dkn) Aﬂ o (A o O'Ak) a=1,2,3:5U(2) adj index

1 1
— §8kn~6kn+Ak - (n X Opn) |+ 5 (Aj, x n)”

Hpm DM interaction  potential Vit
SU(2) field strength F4, = lc20'3

Cf. Magnetized D-brane



Skyrmion

@ the ferro g.s.
n3 = —

(Anti-Skyrmion
Is unstable)

Anti-Skyrmion
@ the ferro g.s. ..
n3y = +1
(Skyrmion
Is unstable)

ns

Energy density

V(n) = m*(1 —nd)
Skyrmion & anti-Skyrmion are stable (without Zeeman).

Top. charge density
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Ultracold atomic gas with a synthetic gauge field
Lin, Spiermal et.al, Nature 462 (’09)

3D Skyrmions

(without Skyrme term)

T. Kawakami, T. Mizushima,
MN, and K. Machida
PRL 109, 015301 (2012)

j_[O - fdz”r[Dm,‘If,,(r)]* ) [Dvnq,n(r)]
D#y - (_IVO'O + A),u,v

A =k (oX+ 0,3 + k0.2



2. Examples in Sigma Model & QCD




U(1) gauged 0(3) [or CP'] model

1 m

gauge tr. nj+ing — e~ @) (ny +ing), n3— ng

Dunl = 6Mn1 + BAHJTLQ ; DMTLQ = @m,g — eA”nl ; Dﬂng — 6”7’1,3

Well-known model?

1.With a potential V(n) = m?n3, half gauged-lumps
(merons) are BPS and stable. B.J.Schroers(‘95)

2. Without potential, lumps are unstable to expand.



2. Without potential, lumps are unstable to expand.

-

Background gauge field (constant magnetic field)
By Bz

A():O, ./41:—7, A2:7 F12:B(: —Bg)
Y. Amari, M.Eto & MN,
We find 2403.06778

1. For non-dynamical gauge field,
k = 1 stable & k = —1 unstable (similar to magnetic Skyrmion)
2. For dynamical gauge field, both are stable.
k =1 lighter & k = —1 heavier


https://arxiv.org/abs/2403.06778

Non-dynamical gauge field

E[ii] = /d% | D; i)
— /dQ:r; [|8@-ﬁ|2 + 2eA;e0;nqM0p + eQAg(n% + n%)}
E, E, E
0 = E1 + ZEO =0
<0 > 0: prefers shrinking
M (z) =i(\x), 87N (x) = NR(\x)
AN (2) = A1 4 ()
e(\) = E [ﬁ()‘) (m)} — B+ A 2B 4+ A 4R,

Derick’s
Scaling

de(2)




Axisymmetric ansatz
T
ny =v—sinO(r), ng= v? sin O(r), mns=wcosO(r)
r r

/ 2 _ B22
Eom o'+ & 2= eBr)
r 4r
k=+1: n3(o) = —v, n3(0) = +v
k=-1: ny(0) = +v, n3(0) = —v
22,2 o0
Eo:WeJQBU/ drr3sin?® >0 0=E{+2E,=0
0

sin® cos® =0

B~ o oBy? Ood 2 <OforB >0: OK
1—““’/0 e > 0 for B < 0:



Axisymmetric ansatz ~ Charge conjugation

x —
r T

/ 2\2
EOM @”+@ —(2+€BT) sin © cos ©® = 0

r Ar?
k=—-1: n3(0) = —v, n3(0) = +v
k=+1: n3(c0) = +v, n3(0) = —v

22,2 o0
Eozm’g”/ drr3sin® >0 60=E{+2E;=0
0

B a0 Bl [ drrsin? © <0forB <0: OK
1_+”€”/0 rrsmtO 0 S 0 for B> 0



Stable solution m = vz sin©(r), ng= vy sin©(r), n3=wvcosO(r)

T T
Tk 47T
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Profile Energy density
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Profiles

(1) Mass: = 3.62188
M
<4 = 27';’::: 90.5% of BPS lump mass
. 0.544784 . 2
(2) Size: rg = \/73 40% of 719 = B
€ -
(3) Magnetic flux inside a superconducting ring:
9 5
O = mr2B~015x 2% 15%0f § = "
e e

(4) As for stability, very similar to magnetic skyrmions



Why do we consider this model? =» It appears in QCD !

Chiral Soliton Lattice(CSL) phase

chemical pot. ug
magnetic field B ...
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Solitons carry baryon #



Why do we consider this model? =» It appears in QCD !

Chiral Soliton Lattice(CSL) phase =~ Domain-Wall
I I Skyrmion Crystal

(DW-SkX) phase

chemical pot. ug — B.
magnetic field B .|

A&

Tension<0 K Vacuum 4
Son & Stephanov(‘07);  *  ” Gevl DWSk: = lump in
Brauner & Yamamoto(‘17) KB b.g. U(1)-gauged O(3) model

Solitons carry baryon # M.Eto, K.Nishimura & MN, 2304.02940

B

[GeV?]



https://arxiv.org/abs/2304.02940

Macarons Pancake tower
small ugB large ugB

\/eB/éx o
M.Eto, K.Nishimura & MN, JHEP, arXiv: 2311.01112
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M.Eto, K.Nishimura & MN, JHEP, arXiv: 2311.01112
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Lump = a superconducting ring m,(8%) = Z

I I I I



Superconducting ring in magnetic field
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