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Depth

・Unitary gates:

・Non-unitary gates:

Time

Quantum computation (Quantum Circuit) can be thought of as a 
(non-unitary) non-equilibrium process.

It would be important to find a non-equilibrium phenomenon where the 
non-local correlation (a quantum property) emerges even during the time 
evolution induced by the Hamiltonian with the strong scrambling ability.



Scrambling is one of the cutting-edge research topics.
This is closely relevant to quantum thermalization.
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This is the process of 
(information) scrambling.
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This late-time reduced density matrix 
associated to A is independent of initial state.
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This late-time reduced density matrix 
associated to A is independent of initial state.

Information on the initial states is locally 
hidden (effectively lost). 
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Scrambling is one of the cutting-edge research topics.
This is closely relevant to quantum thermalization.
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This late-time reduced density matrix 
associated to A is independent of initial state.

Information on the initial states is locally 
hidden (effectively lost). 

Quantum thermalization (the thermalization of the subsystems ) occurs 
because the reduced density matrices are approximated by the thermal 
state with the effective temperature. 
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Scrambling is one of the cutting-edge research topics.
This is closely relevant to quantum thermalization.
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This late-time reduced density matrix 
associated to A is independent of initial state.

Information on the initial states is locally 
hidden (lost). 

It is believed that if the Hamiltonian has a 
strong scrambling ability, information 
scrambling (quantum thermalization) occurs.
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Scrambling is one of the cutting-edge research topics.
This is closely relevant to quantum thermalization.
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This late-time reduced density matrix 
associated to A is independent of initial state.

Information on the initial states is locally 
hidden (lost). 

It is believed that 2d holographic CFT, CFT 
having gravity dual, has such strong 
scrambling ability.
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Möbius(x, θ)dt

2 + dx2

R(x, θ) =
8π2 tanh 2θ cos

(
2πx
L

)

L2
(
tanh 2θ cos

(
2πx
L

)
− 1
) ,

L

2
> lA + lB > 0

1 ≫ ϵ

(0.3)

3
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Non-local correlation
Let us consider the behavior of non-local correlation during the quantum 
thermalization,
The behavior of the reduced density:
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Non-local correlation
Let us consider the behavior of non-local correlation during the quantum 
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Motivation
Find the non-equilibrium phenomenon where the non-
local correlation emerges during the time evolution 
induced by Holographic CFT (strongest scrambling QFT).
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Boundary 
state

Hamiltonian on flat space
The system considered: 
Spatially-periodic one with the circumstance of L 



Idea
We start from short-range entangled state:

|Ψ(t)⟩ = e−itH1
inh |TFD⟩ .x = X1

f , IA,B = SA + SB − SA∪B

|Ψ(t0, t1)⟩ =
(
e−it0H1

0 ⊗ 1H2

)(
e−it1H1

SSD ⊗ 1H2

) 1√
tre−2ϵH0

∑

a

e
−ϵ
2 (H1

0+H2
0) |a⟩H1

⊗ |a⟩H2

ds2 = −dt2 + dx2 ds2 = −f 2(x)dt2 + dx2

dx

dt
= f(x)

dx

dt
(x ≈ 0) ≈ 0 t0 ≫ O(L) IA,B ≈ 0

IA,Bi=1,2 ≥ 0, IB1,B2 ≥ 0.IA,B1∪B2 ≥ 0

|φ(t1)⟩ =
(
e−it1H1

SSD ⊗ 12

)
|TFD⟩
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dxfMöbius(θ, x)h(x) ≈
∫ Leff=L cosh 2θ

0

dx′h′(x′)

τ =
L cosh 2θ

β

ds2 = −f 2(x)dt2 + dx2, R(x) = −2∂2
xf(x)

f(x)

eaH1H2e
−aH1 = Heff c ≫ 1 O(c)

dx

dt
= |f(x)|

O
(
lscale
ϵ

)
lscale
ϵ

≫ 1 θ

Xm =
mL

q
A1 A2

SA1 SA2 SA =
c

3
log

[
L

π
sin

[
πlA
L

]]
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HMöbius =

∫ L

0
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Hamiltonian density
The system considered: 
Spatially-periodic one with the circumstance of L 
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Hq-Möbius =

∫ L

0

dx

(
1− tanh θ cos

(
2qπx

L

))
h(x).

≈
θ≫1

∫ L

0

dx 2 sin2
(qπx

L

)
h(x) :=

∫ L

0

h̃(x)

h̃(x = Xm) = 0
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Assumptions:
1. Entangled pairs, constructed of left- and right-moving 

particles, emerge at each spatial point: Entangled pair

The system considered: 
Spatially-periodic one with the circumstance of L 
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HSSD = 2

∫ L

0

dx sin2
(πx
L

)
h(x)

|Ψ⟩ = 1√
⟨B| e−2ϵH |B⟩

e−ϵH |B⟩ , Hq-SSD ∝

(0.4)4

The system considered: 
Spatially-periodic one with the circumstance of L 

Evolve the system with 
Hamiltonian on the curved geometry

|Ψ(t)⟩ = e−itH1
inh |TFD⟩ .x = X1

f , IA,B = SA + SB − SA∪B

|Ψ(t0, t1)⟩ =
(
e−it0H1

0 ⊗ 1H2

)(
e−it1H1

SSD ⊗ 1H2

) 1√
tre−2ϵH0

∑

a

e
−ϵ
2 (H1

0+H2
0) |a⟩H1

⊗ |a⟩H2

ds2 = −dt2 + dx2 ds2 = −f 2(x)dt2 + dx2

dx

dt
= f(x)

dx

dt
(x ≈ 0) ≈ 0 t0 ≫ O(L) IA,B ≈ 0

IA,Bi=1,2 ≥ 0, IB1,B2 ≥ 0.IA,B1∪B2 ≥ 0

|φ(t1)⟩ =
(
e−it1H1

SSD ⊗ 12

)
|TFD⟩

HMöbius =

∫ L

0
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HMöbius =

∫ L

0
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dxfMöbius(θ, x)h(x) ≈
∫ Leff=L cosh 2θ

0

dx′h′(x′)

τ =
L cosh 2θ

β

ds2 = −f 2(x)dt2 + dx2, R(x) = −2∂2
xf(x)

f(x)

eaH1H2e
−aH1 = Heff c ≫ 1 O(c)

dx

dt
= |f(x)|

O
(
lscale
ϵ

)
lscale
ϵ

≫ 1 θ

Xm =
mL

q
A1 A2

SA1 SA2 SA =
c

3
log

[
L

π
sin

[
πlA
L

]]
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HSSD = 2

∫ L

0

dx sin2
(πx
L

)
h(x)

|Ψ⟩ = 1√
⟨B| e−2ϵH |B⟩

e−ϵH |B⟩ , Hq-SSD =

∫
dxf(x)h(x) ∝ ds2 = −f 2(x)dt2 + dx2

dx

dt
= |f(x)|

(0.4)

4

Evolve the system with 
Hamiltonian on the curved geometry

|Ψ(t)⟩ = e−itH1
inh |TFD⟩ .x = X1

f , IA,B = SA + SB − SA∪B

|Ψ(t0, t1)⟩ =
(
e−it0H1

0 ⊗ 1H2

)(
e−it1H1

SSD ⊗ 1H2

) 1√
tre−2ϵH0

∑

a

e
−ϵ
2 (H1

0+H2
0) |a⟩H1

⊗ |a⟩H2

ds2 = −dt2 + dx2 ds2 = −f 2(x)dt2 + dx2

dx

dt
= f(x)

dx

dt
(x ≈ 0) ≈ 0 t0 ≫ O(L) IA,B ≈ 0

IA,Bi=1,2 ≥ 0, IB1,B2 ≥ 0.IA,B1∪B2 ≥ 0

|φ(t1)⟩ =
(
e−it1H1

SSD ⊗ 12

)
|TFD⟩
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dxfMöbius(θ, x)h(x) ≈
∫ Leff=L cosh 2θ

0

dx′h′(x′)

τ =
L cosh 2θ

β

ds2 = −f 2(x)dt2 + dx2, R(x) = −2∂2
xf(x)

f(x)

eaH1H2e
−aH1 = Heff c ≫ 1 O(c)

dx

dt
= |f(x)|

O
(
lscale
ϵ

)
lscale
ϵ

≫ 1 θ

Xm =
mL

q
A1 A2

SA1 SA2 SA =
c

3
log

[
L

π
sin

[
πlA
L

]]
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The system considered: 
Spatially-periodic one with the circumstance of L 
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q−1∏

m=0

|Vacuum⟩m = |Vacuum⟩ ⟨Vacuum|q-Möbius
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Hq-Möbius =

∫ L

0

dx

(
1− tanh θ cos

(
2qπx

L

))
h(x).

≈
θ≫1

∫ L

0

dx 2 sin2
(qπx

L

)
h(x) :=

∫ L

0

h̃(x)

h̃(x = Xm) = 0
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q−1∏

m=0

|Vacuum⟩m = |Vacuum⟩ ⟨Vacuum|q-Möbius
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During the time evolution, quasi-
particles move to the fixed points, 
and accumulate there.
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Long-range non-local 
correlation may emerge!!
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Mutual information between 
A and B can be non-zero.
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Details of our project



Note
The parameter region considered in this talk is

The system in |�(t1 � 1)i does not evolve to a typical state under the evolution by

the uniform Hamiltonian.

1.3 One interpretation of scrambling in 2d Holographic CFT

Let us now turn to the possible interpretation for the evolution of entanglement and non-

local correlation. Call the two-dimensional conformal field theory having the gravity dual

as 2d holographic CFT. After we evolve the system with some Hamiltonian, the thermofield

double state in the small ✏ limit may be approximated by the state consisting of product of

Bell pairs,

|TFDi ⇡ ⇧x̃ |Bell; x̃i
L

|Bell; x̃i
R

, (1.7)

where x̃ is defined as x

✏
, and |Bell; x̃i

L,R
denote the Bell pairs consisting of quasi-particles

at x of H1 and H2, respectively. Under the unitary time-evolution, |Bell; x̃i
L

and |Bell; x̃i
R
,

correspond to the left- and right-moving particles, respectively. The entanglement entropy for

trHi=L,R;x |Bell; x̃i hBell; x̃| is O(c). Here Hi=L,R;x̃ denotes the trace-out of the local Hilbert

space at x̃ of Hi=L,R. Starting from this state, we evolve it with H
1

SSD
⌦ 12 and H

1

0
⌦

12 associated with 2d holographic CFT. Under the evolution by these Hamiltonians, the

entanglement entropy for a single interval follows the propagation of quasi-particle. For

H
1

0
⌦ 12, quasi-particles on H1 propagates leftward and rightward at the speed of light.

Therefore, the distribution of quasi-particles is stationary and uniform. Let us consider a

single Bell pair consisting of q1 and q2, the quasi-particles on H1 and H2, respectively. Due

to the scrambling e↵ect of H
1

0
for 2d holographic CFT, q1, a single quasi-particle on H1 is

delocalized, and then is non-locally hidden in the group of quasi-particles that expands to

whole H1. To retrieve the single Bell pair consisting of q1 and q2, we have to be able to

access whole H1. Under the evolution by H
1

SSD
⌦ 12, quasi-particles propagate to x = X

1

f
,

and accumulate there. In this case, to retrieve the single Bell pair, we only need to be able

to access the region near X
f

1
on H1.

1.4 Note that

Here, we describe the parameter region considered in this paper. Let V̂ denote the subsystem

consisting of the spatial intervals, and then let L̂, l̂V , â, ✏̂, and t̂ denote a system size, a

subsystem size, a lattice spacing, a regularization parameter that guarantees the norm of

states considered in in this paper is one, and the times associated to some Hamiltonian

considered. Here, ⇤̂s denote the dimensionfull parameters, and ⇤ is the dimensionless ones

defined as ⇤̂
â
. In the following, we will use only dimensionless parameters. The parameter

region considered is

L � lV , t � ✏ � 1. (1.8)

We call this region as the coarse-grained limit. From now on, we consider the entanglement

dynamics in this coarse-grained limit.

5

where these parameters are dimensionless and their unit 
is the lattice spacing. 
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Note

All the theories considered in this talk are 
two-dimensional conformal field theories.



The setup considered
• System: Spatially-periodic one with circumstance of L

• State: 

• Hamiltonian:  

x = Xf
m =

mL

q

dx

dt
= 0 q = 2 Xf

0 Xf
1 |Ψ(t)⟩ = 1√

⟨B| e−2ϵH |B⟩
e−itHq-SSDe−ϵH |B⟩ (0.5)

5

x = Xf
m =

mL

q

dx

dt
= 0 q = 2 Xf

0 Xf
1 |Ψ(t)⟩ = 1√

⟨B| e−2ϵH |B⟩
e−itHq-SSDe−ϵH |B⟩ , SA ∼ log ϵ

(0.5)
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q

dx

dt
= 0 q = 2 Xf

0 Xf
1 |Ψ(t)⟩ = 1√

⟨B| e−2ϵH |B⟩
e−itHq-SSDe−ϵH |B⟩ , SA ∼ log ϵ

H =

∫ L

0

dxh(x)

(0.5)
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mL

q

dx

dt
= 0 q = 2 Xf

0 Xf
1 |Ψ(t)⟩ = 1√

⟨B| e−2ϵH |B⟩
e−itHq-SSDe−ϵH |B⟩ , SA ∼ log ϵ

H =

∫ L

0

dxh(x), Hq-SSD = 2

∫ L

0

dx sin2
(qπx

L

)
h(x)

(0.5)
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2d CFT Hamiltonian on the flat space

2d CFT Hamiltonian 
on the curved background

|Ψ(t)⟩ = e−itH1
inh |TFD⟩ .x = X1

f , IA,B = SA + SB − SA∪B

|Ψ(t0, t1)⟩ =
(
e−it0H1

0 ⊗ 1H2

)(
e−it1H1

SSD ⊗ 1H2

) 1√
tre−2ϵH0

∑

a

e
−ϵ
2 (H1

0+H2
0) |a⟩H1

⊗ |a⟩H2

ds2 = −dt2 + dx2 ds2 = −f 2(x)dt2 + dx2

dx

dt
= f(x)

dx

dt
(x ≈ 0) ≈ 0 t0 ≫ O(L) IA,B ≈ 0

IA,Bi=1,2 ≥ 0, IB1,B2 ≥ 0.IA,B1∪B2 ≥ 0

|φ(t1)⟩ =
(
e−it1H1

SSD ⊗ 12

)
|TFD⟩

HMöbius =

∫ L

0

dxfMöbius(θ, x)h(x) ≈
∫ Leff=L cosh 2θ

0

dx′h′(x′)

τ =
L cosh 2θ

β

ds2 = −f 2(x)dt2 + dx2, R(x) = −2∂2
xf(x)

f(x)

eaH1H2e
−aH1 = Heff c ≫ 1 O(c)

dx

dt
= |f(x)|

O
(
lscale
ϵ

)
lscale
ϵ

≫ 1 θ

Xm =
mL

q
A1 A2

SA1 SA2 SA =
c

3
log

[
L

π
sin

[
πlA
L

]]

Hq-Möbius =

∫ L

0

dx

(
1− tanh θ cos

(
2qπx

L

))
h(x).

≈
θ≫1

∫ L

0

dx 2 sin2
(qπx

L

)
h(x) :=

∫ L

0

h̃(x)

h̃(x = Xm) = 0

Hq-Möbius ≈
θ≫1

∑

m=0,q−1

H̃m,

H̃m =

∫ Xm+1

Xm

dx 2 sin2
(qπx

L

)
h(x), β/L ≫ 1

≈ ρvacuum

|Vacuum⟩q-Möbius ≈
q−1∏

m=0

|Vacuum⟩m = |Vacuum⟩ ⟨Vacuum|q-Möbius

HSSD = 2

∫ L

0

dx sin2
(πx
L

)
h(x)

|Ψ⟩ = 1√
⟨B| e−2ϵH |B⟩

e−ϵH |B⟩ , Hq-SSD =

∫
dxf(x)h(x) ∝ ds2 = −f 2(x)dt2 + dx2

dx

dt
= |f(x)|

(0.4)
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The quantities computed
• Subsystems taken: The subsystem A contains 2 fixed points. 

The subsystem B contains 2 fixed points.    

• Entanglement entropy (EE):

x = Xf
m =

mL

q

dx

dt
= 0 q = 2 Xf

0 Xf
1 |Ψ(t)⟩ = 1√

⟨B| e−2ϵH |B⟩
e−itHq-SSDe−ϵH |B⟩ , SA ∼ log ϵ

H =

∫ L

0

dxh(x), Hq-SSD = 2

∫ L

0

dx sin2
(qπx

L

)
h(x), Xf

m, Xf
m+1, Sα = −trαρα log ρα

(0.5)

5

• Mutual information (MI) between A and B:

x = Xf
m =

mL

q

dx

dt
= 0 q = 2 Xf

0 Xf
1 |Ψ(t)⟩ = 1√

⟨B| e−2ϵH |B⟩
e−itHq-SSDe−ϵH |B⟩ , SA ∼ log ϵ

H =

∫ L

0

dxh(x), Hq-SSD = 2

∫ L

0

dx sin2
(qπx

L

)
h(x), Xf

m, Xf
m+1, Sα = −trαρα log ρα,

IA,B + SA + SB − SA∪B

(0.5)

5



EE for the single interval
In the twist operator formalism, 
EE for the single interval results in

.

x = Xf
m =

mL
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0
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∫ L

0

dx sin2
(qπx

L

)
h(x), Xf

m, Xf
m+1, Sα = −trαρα log ρα,

IA,B + SA + SB − SA∪B SA = lim
n→1

1

1− n
log

[
⟨B| e−ϵHσn,H(X1)σn,H(X2)e−ϵH |B⟩

⟨B| e−2ϵ |B⟩

]

(0.5)
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1− n
log

[
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]
,
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Operator in Heisenberg picture:
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: Primary operators with 
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EE for the single interval
After the transformation of the twist operators, 
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where the first term is independent of the details of the CFTs, while the second term depends.
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In 2d holographic CFT, this is determined by the geodesic length on 
some background.
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where the first term is independent of the details of the CFTs, while the second term depends.
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Subsequently, consider the n-th moment of the Euclidean Rënyi entanglement entropy for

the double intervals. Define the subsystem constructed of the double intervals as V = A[B.

4

x = Xf
m =

mL

q

dx

dt
= 0 q = 2 Xf

0 Xf
1 |Ψ(t)⟩ = 1√

⟨B| e−2ϵH |B⟩
e−itHq-SSDe−ϵH |B⟩ , SA ∼ log ϵ

H =

∫ L

0

dxh(x), Hq-SSD = 2

∫ L

0

dx sin2
(qπx

L

)
h(x), Xf

m, Xf
m+1, Sα = −trαρα log ρα,

IA,B + SA + SB − SA∪B SA = lim
n→1

1

1− n
log

[
⟨B| e−ϵHσn,H(X1)σn,H(X2)e−ϵH |B⟩

⟨B| e−2ϵ |B⟩

]
,

OH = eitHq-SSDOe−itHq-SSD

σn, σn, (hn, hn) =

(
c(n2 − 1)

24n
,
c(n2 − 1)

24n

)
, (w,w) = (T + iX, T − iX), (z, z) = (e

2πw
L , e

2πw
L ) SA ≈

+ lim
n→1

(0.5)

5

In 2d holographic CFT, this is determined by the geodesic length on 
some background.

After employing the method of image, this is determined by the four-
point function on the torus with and     .

x = Xf
m =

mL

q

dx

dt
= 0 q = 2 Xf

0 Xf
1 |Ψ(t)⟩ = 1√

⟨B| e−2ϵH |B⟩
e−itHq-SSDe−ϵH |B⟩ , SA ∼ log ϵ

H =

∫ L

0

dxh(x), Hq-SSD = 2

∫ L

0

dx sin2
(qπx

L

)
h(x), Xf

m, Xf
m+1, Sα = −trαρα log ρα,

IA,B + SA + SB − SA∪B SA = lim
n→1

1

1− n
log

[
⟨B| e−ϵHσn,H(X1)σn,H(X2)e−ϵH |B⟩

⟨B| e−2ϵ |B⟩

]
,

OH = eitHq-SSDOe−itHq-SSD

σn, σn, (hn, hn) =

(
c(n2 − 1)

24n
,
c(n2 − 1)

24n

)
, (w,w) = (T + iX, T − iX), (z, z) = (e

2πw
L , e

2πw
L ) SA ≈

+ lim
n→1

, L, ϵ

(0.5)

5

x = Xf
m =

mL

q

dx

dt
= 0 q = 2 Xf

0 Xf
1 |Ψ(t)⟩ = 1√

⟨B| e−2ϵH |B⟩
e−itHq-SSDe−ϵH |B⟩ , SA ∼ log ϵ

H =

∫ L

0

dxh(x), Hq-SSD = 2

∫ L

0

dx sin2
(qπx

L

)
h(x), Xf

m, Xf
m+1, Sα = −trαρα log ρα,

IA,B + SA + SB − SA∪B SA = lim
n→1

1

1− n
log

[
⟨B| e−ϵHσn,H(X1)σn,H(X2)e−ϵH |B⟩

⟨B| e−2ϵ |B⟩

]
,

OH = eitHq-SSDOe−itHq-SSD

σn, σn, (hn, hn) =

(
c(n2 − 1)

24n
,
c(n2 − 1)

24n

)
, (w,w) = (T + iX, T − iX), (z, z) = (e

2πw
L , e

2πw
L ) SA ≈

+ lim
n→1

, L, 4ϵ

(0.5)

5

x = Xf
m =

mL

q

dx

dt
= 0 q = 2 Xf

0 Xf
1 |Ψ(t)⟩ = 1√

⟨B| e−2ϵH |B⟩
e−itHq-SSDe−ϵH |B⟩ , SA ∼ log ϵ

H =

∫ L

0

dxh(x), Hq-SSD = 2

∫ L

0

dx sin2
(qπx

L

)
h(x), Xf

m, Xf
m+1, Sα = −trαρα log ρα,

IA,B + SA + SB − SA∪B SA = lim
n→1

1

1− n
log

[
⟨B| e−ϵHσn,H(X1)σn,H(X2)e−ϵH |B⟩

⟨B| e−2ϵ |B⟩

]
,

OH = eitHq-SSDOe−itHq-SSD

σn, σn, (hn, hn) =

(
c(n2 − 1)

24n
,
c(n2 − 1)

24n

)
, (w,w) = (T + iX, T − iX), (z, z) = (e

2πw
L , e

2πw
L ) SA ≈

+ lim
n→1

, L, 4ϵ
L

4ϵ
> 1

(0.5)

5

In high temperature region,         , this is determined by the geodesic 
length on geometry with the end of the world brane (EOW).
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where the first term is independent of the details of the CFTs, while the second term depends.
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Subsequently, consider the n-th moment of the Euclidean Rënyi entanglement entropy for
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Subsequently, consider the n-th moment of the Euclidean Rënyi entanglement entropy for

the double intervals. Define the subsystem constructed of the double intervals as V = A[B.
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where the first term is independent of the details of the CFTs, while the second term depends.

We call them S
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Subsequently, consider the n-th moment of the Euclidean Rënyi entanglement entropy for

the double intervals. Define the subsystem constructed of the double intervals as V = A[B.
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Subsequently, let us consider the transformation induced by H0, and then it is given by
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Consequently, the transformation of the local operator is given by
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After using this transformation, (2.5) reduces to

S
(n)
Euc.;A =

hn

1� n
log

2

4
Y

i=1,2

�����
dw

New,q
Xi

dwXi

�����

2
3

5

+
1

1� n
log

2

4
hB| e�2✏H0�n

⇣
w

New,q
X1

, w
New,q
X1

⌘
�n

⇣
w

New,q
X2

, w
New,q
X2

⌘
|Bi

hB| e�2✏H0 |Bi

3

5,

(2.15)

where the first term is independent of the details of the CFTs, while the second term depends.

We call them S
(n),Uni
Euc.;A and S

(n),Non-Uni
Euc.;A , respectively.

Perform the analytic continuation ⌧ = it, and then explore the time dependence of the

universal piece. After the analytic continuation, let S(n),Uni
A

denote the universal piece. Then,

the time dependence of S(n),Uni
A

is given by

S
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A

= �c(1 + n)
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log

"
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L
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�
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!#

(2.16)

In the Von Neumann limit, n ! 1, S(n),Uni
A

reduces to

S
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A

=
c

12
log

"
Y
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 �
L
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�
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�
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L

�
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!#
. (2.17)

Subsequently, consider the n-th moment of the Euclidean Rënyi entanglement entropy for

the double intervals. Define the subsystem constructed of the double intervals as V = A[B.
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Consequently, the transformation of the local operator is given by
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where the first term is independent of the details of the CFTs, while the second term depends.

We call them S
(n),Uni
Euc.;A and S

(n),Non-Uni
Euc.;A , respectively.

Perform the analytic continuation ⌧ = it, and then explore the time dependence of the

universal piece. After the analytic continuation, let S(n),Uni
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denote the universal piece. Then,

the time dependence of S(n),Uni
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is given by
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In the Von Neumann limit, n ! 1, S(n),Uni
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Subsequently, consider the n-th moment of the Euclidean Rënyi entanglement entropy for

the double intervals. Define the subsystem constructed of the double intervals as V = A[B.
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where the first term is independent of the details of the CFTs, while the second term depends.

We call them S
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Subsequently, consider the n-th moment of the Euclidean Rënyi entanglement entropy for

the double intervals. Define the subsystem constructed of the double intervals as V = A[B.
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Mutual information
The subsystem A contains 2 fixed points. 
The subsystem B contains 2 fixed points.    
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Since this is in the case of (4) with (N,M,P ) = (0, 0, 0), at the leading order in the large t

expansion, '12 and '12 are approximately given by

'12 ⇡ �'12 ⇡ ⇡ (2.42)
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Thus, in the late-time regions, t � 1, SNon-Uni
A

is given by
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Thus, even in the large t, SNon-Uni
A

is determined by S
1
A,end.

Then, let us take another subsystem B to be
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4
. (2.46)
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Furthermore, let us consider the behavior of SNon-Uni
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Mutual information
The subsystem A contains 2 fixed points. 
The subsystem B contains 2 fixed points.    
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B

Since this is in the case of (4) with (N,M,P ) = (0, 0, 0), at the leading order in the large t

expansion, '12 and '12 are approximately given by

'12 ⇡ �'12 ⇡ ⇡ (2.42)

Then, the minimal ones of Si

A,connect are S
1
A,connect and S

3
A,connect, and they are approximately

given by

S
1
A,connect ⇡ S

3
A,connect ⇡

c

3
· L⇡
8✏

. (2.43)

Thus, in the late-time regions, t � 1, SNon-Uni
A

is given by

S
Non-Uni
A

⇡ c

3
· L⇡
8✏

. (2.44)

To determine the minimal surface for t � 1, we need look at the time dependence of the

next-to-leading term. By the next-to-leading term, S1
A,end and S

i=1,3
A,connect are approximately

given by

S
1
A,end ⇡ c

3
· L
8✏

✓
⇡ � L

2⇡t

◆
,

S
i=1
A,connect ⇡

c

3
· L
8✏

0

@⇡ +
L
2 sin

⇣
2⇡(X1�X2)

L

⌘

16⇡2t2
Q

i=1,2 sin
�
2⇡Xi

L

�

1

A ,

S
i=3
A,connect ⇡

c

3
· L
8✏

0

@⇡ �
L
2 sin

⇣
2⇡(X1�X2)

L

⌘

16⇡2t2
Q

i=1,2 sin
�
2⇡Xi

L

�

1

A .

(2.45)

Thus, even in the large t, SNon-Uni
A

is determined by S
1
A,end.

Then, let us take another subsystem B to be

B = {x|Y2 < x < Y1} ,
L

4
< Y2 <

L

2
< Y1 <

3L

4
. (2.46)

This is in the case (3) with (N,M,P ) = (0, 0, 0). For the large times, the non-universal piece

is approximately given by

S
Non-Uni
B

⇡ S
1
A,end ⇡ c

3
· L⇡
8✏

. (2.47)

Furthermore, let us consider the behavior of SNon-Uni
A[B in the late-time region. For large

times regime, t � 1,
P

↵=A,B
S↵,end and

P
↵=A,B

S↵,connect are approximately given by

X

↵=A,B

S↵,end ⇡ 2c

3
log

✓
2✏

⇡

◆
+

c

3
· L⇡
4✏

,

X

↵=A,B

S↵,connect ⇡
2c

3
log

✓
2✏

⇡

◆
+

c

3
· L⇡
4✏ (2.48)
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In the early-time region, 
is determined by the 

geodesic penetrating the interior 
of black hole.  
This geodesic linearly grows in 
time.

Interior
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In the late-time region, 
is determined by the 

geodesics connecting 
the spatial points 
on the same Hilbert space. 
This is independent of time.
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Hq-Möbius ≈
θ≫1

∑

m=0,q−1

H̃m,

H̃m =

∫ Xm+1

Xm

dx 2 sin2
(qπx

L

)
h(x), β/L ≫ 1

≈ ρvacuum

|Vacuum⟩q-Möbius ≈
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Even in the late-time regime, 
is determined by the 

geodesic penetrating the interior 
of black hole.  
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Even in the late time regime,          
can probe the interior of B.H..
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Summary and future direction
1. During the time evolution induced by

x = Xf
m =

mL

q

dx

dt
= 0 q = 2 Xf

0 Xf
1 |Ψ(t)⟩ = 1√

⟨B| e−2ϵH |B⟩
e−itHq-SSDe−ϵH |B⟩ , SA ∼ log ϵ

H =

∫ L

0

dxh(x), Hq-SSD = 2

∫ L

0

dx sin2
(qπx

L

)
h(x), Xf

m, Xf
m+1, Sα = −trαρα log ρα,

IA,B = SA + SB − SA∪B SA = lim
n→1

1

1− n
log

[
⟨B| e−ϵHσn,H(X1)σn,H(X2)e−ϵH |B⟩

⟨B| e−2ϵ |B⟩

]
,

OH = eitHq-SSDOe−itHq-SSD

σn, σn, (hn, hn) =

(
c(n2 − 1)

24n
,
c(n2 − 1)

24n

)
, (w,w) = (T + iX, T − iX), (z, z) = (e

2πw
L , e

2πw
L ) SA ≈

+ lim
n→1

, L, 4ϵ
L

4ϵ
> 1, XNew, q =

wNew,q − wNew,q

2i
,Xf

k , X
f
k+1, X

f
k − L

2q
,Xf

k+1 +
L

2q
,∝ 2L

q
,

∝ L

q
Xf

k+2 Xf
k+3 Sα=A,B ≈

SA∪B ≈ O(1)

SA ≈ c

3
· πL
4qϵ

|Ψ(t)⟩ = 1√
tre−2ϵH

e−
(it)
2 (H1

q-SSD+H2
q-SSD)e−

(ϵ)
2 (H1+H2)

∑

a

|a⟩H1
⊗ |a⟩H2

H i |a⟩Hi
,

|Ψ(t)⟩ = 1√
tre−2ϵH

e−
(it+ϵ)

2 (H1+H2)
∑

a

|a⟩H1
⊗ |a⟩H2

H i |a⟩Hi

(0.5)

5

system evolves:

No non-local correlation Long-range non-local correlation

2. In the case of the thermofield double state, during the time 
evolution induced by            , EE can probe the interior of B.H..      
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Future direction
• Holographic complexity

• Beyond holographic CFT

• Magic

• Simulation in Lab..


