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1. Deformation Quantization

For a Poisson manifold M, deformation quantization (C'°°(M)[A], *) is defined by a pair of the ring of formal
power series C°°(M)[h] and a star product * denoted by f * g = >, Ci(f, g)h¥ satisfying the following
conditions:

® Forany f,g,h € C(M)[h], f=(gxh)=(f*g)*h

@ Forany f € C°(M)|R], fx1=1xf=f.

© Forany f,g € C(M), Cr(f.9) =1 a[“](?]fﬁ‘]g, where I, J are multi-indices.
o Co(f,9)=Tfg, Cilf,9)—Cilg. f)=1{f g}

In particular, for a Kahler manifold, the star product * is separation of variables if % satisfies a x f = af and
f x b= fb for an arbitrary (anti-)holomorphic function a (and b).

2. Previous Results for Kahler Manifolds

Deformation quantization (not necessarily separation of variables)
e Moreno ('86)
e Omori-Maeda-Miyazaki-Yoshioka ('98)
o Reshetikhin-Takhtajan ('00)

Deformation quantization with separation of variables

o Karabegov ('96), Gammelgaard ('14)
—— For arbitrary cases.

e Sako-Suzuki-Umetsu ('12), Hara-Sako ('17)
— For locally symmetric cases (i.e. VRY =0).

3. Construction Method (Hara-Sako ('17))

For arbitrary N-dimensional locally symmetric Kahler manifold M and f,g € C°° (M), there exists a
star product with separation of variables (Iocally) such that

Feg=3 S 17 ", 2 (D7) (Dﬁ_ﬁg), (1)
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where @, 35, are multi-indices of order n, D' := 90, D' := Di, and 1™, . is the coefficient of f * g
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that satisfies some recurrence relations.
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This result states “the existence of star products with separation of variables on arbitrary locally
symmetric Kahler manifolds” .

4. Recurrence Relations Giving Star Product f x g

n .
To give the explicit formulae for f x g, we are necessary to determine 7™, —, from the following recurrence
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5. The Complex Grassmannians G, ,(C)

The complex Grassmannian Gp p+q (C) is defined as follows:
Gpp+q(C) :={V C CPT¥| V : complex vector subspace s.t. dimV = p} .
Let U be an open set of G p+4(C) such that

U = {Y— (%’) S M(p+q,p;<C)|Yo € GLy(C), Y1 € M(q,p;C)},

and ¢ : U — M(q, p; C) be a holomorphic map such that Y +— ¢(Y) := YlYO_l. Then, we can choose the

local coordinates
7 = (z]) — (z”> =YY Y= 6(Y))

by using ¢, where [ := i (e=1,---,q, i = 1,, X ,p/). The Kahler potential ¢ of G 44(C) is given by

O = log det(Id, + Z12).

6. The Recurrence Relations for G5 4(C)

In this work, we focus on G 4(C), i.e. p=¢q = 2. For G9 4(C), the recurrence relations (2) are given by

n—1 n n n , .
hl;IQIDT ;n_e—}z = hBy (e + B7)TZ, 2P h(5 )(5 /+1)T 5 e[+e/+e/ =% (3)

where 7, == 1 —n + % 5;; = (6?,5}7’,6?,5},), and 7 := {],I, m/,iz/} Note that 7 (or z/) is the other
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index which is not ¢ (or not i/). They are uniquely determined when ¢ (or i/) is fixed.

To give the star product with separation of variables on G5 4(C), it is necessary to give the explicit form of

T™ _, as the solution of the recurrence relations (3).
Oén n

7. Main Theorem (0O.-Sako ('24))

For f,g € C*° (G274 ((C)) the star product with separation of variables on G2 4 (C) is (locally) given by
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where § : R — {0, 1} is the step function,
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forl,r=1,--- ,Dp}, and {k;}, = {k1, -, kn}.
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8. Deriving Main Theorem (1)

We can derive the following recurrence relations (5) from the recurrence relations (3):
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Furthermore, 1™, o3t obtained as the solution of (5) is also the solution of (3). However, it is not easy to solve
Qin, n

%
(5) straightforwardly because the multi-index ) —

* * . N [} [ ]
e — 0. | €5 —€e*, ) includes subtraction and addition.
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9. Deriving Main Theorem (2)
f

We mtroduce creation and annihilation operators a;, ay, and the linear operator 7, on a Fock space such that

<ozn|Tn\5n> =T", _,. By using them, the solution of (5) is explicitly given by
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Substituting (6) into (1), we eventually obtain (4) in our main theorem.

10. Application: (Twisted) Fock Representation of G, ,(C)

As an application to physics, (twisted) Fock representation can be given by using a star product with separation

of variables on G5 4(C). Let aj, ay be creation and annihilation operators defined by a} = 21 ,ar .= 0rd/h.

Note that they satisfy the commutation relations [Q[,CLTJ]* = 017, [a;,a?}]* = laj,aj]x = 0. Then, the

(twisted) Fock representation of G 4(C) is defined by
.

Fa, ()= Aﬁ,ﬁ cC

/

Here, a vacuum \ﬁ)(ﬁ\ is defined by | I >< [ \ = ¢ /7 and
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Using the (twisted) Fock representation Fa, y(c) of G24(C), we can expect to formulate field theories on
noncommutative G2 4(C) in the context of deformation quantization. To formulate field theories on noncom—

mutative G9 4(C), it is necessary to give the derivation of the star product and integration formula for \M ﬁ\

11. Outlook: Application for Twistor Theory

As outlooks of the deformation quantization of G2 4(C), we can expect future work related to twistor theory.
As an example, we present the noncommutative deformation of twistor correspondence.

Twistor corresp. N. C. Twistor corresp.
F194(C) F24(C),

Noncommutative

fibratio fibration - S A — - x-fibration

x-fibration

G 4(C) CP3 G 4(C), CP3,

To attempt the noncommutative deformation of twistor correspondence in twistor theory by using the star
product, it is necessary to construct not only the deformation quantization of G 4(C) (complexified space-

time) and CP? (twistor space), but also the complex flag manifold I 9 4(C).
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