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Veneziano amplitude & asymptotic expansion

Analytic expression:

_ D(—a(s))I(=a(t)
At = T als) - alt)

Unphysical region a(s),a(t), a(s) + a(t) < —1

a(r) =x/2+1

Ast ~  (stu) 3/2exp[ ln3+tlnt—|—ulnu)}

l\DIr—\

Physical region  «a(s),a(s) +a(t) > 1, aft) < -1

A - sinm(a(s) + a(t)) I'(a(s) + a(t) + DHI'(—a(t))
ot sin ma(s) ['(a(s) + 1)

__sin m(a(s) + a(t))

1
(Stu)—3/2 exp {—5 (slns+tin|t| +uln |u|)]

Sin ﬂ-a(S) \
reflection formula poles & zeros
7T
L(2)[(1 —2) = 0,+1....
(D1 —2) = ——, z#0,%,

1.1. Veneziano amplitude



Saddle point approx

Suppose that we did not know the analytic expression
Then saddle point approx is a nice method to study asymptotics

Formal integ ral eXpreSSiOn: [Gross, Mende, 88; Gross Manes, 89; Mende Ooguri, 90]

1
Ast fmlnal/ dz e—(a(s)+1)In|z[—(a(t)+1)In|1—z|
0

Saddle

Saddle approx

formal 3 —1/2
A sagi\c}le( a(u) ) o—(a(s)+1) Ina(s)—(a(t)+1) Ina(t)—(a(u)—1) In a(u)
st
a(s)a(t)

1
~  (stu)"3?exp [—§(sln8—|—tlnt—|—ulnu) .

correct fall-off, but missing poles & zeros

1.1. Veneziano amplitude



Missing poles & zeros

— Fixact
—— Formal expansion

—— (Correct expansion

normalized at 6§ = 7 /2

20 25 30 35 40
p| =25
S
90
60 |
o — Exact
= —— Formal expansion
30 +
—— (Correct expansion
normalized at 6§ = 7 /2

O 1
5 p| = 2.5

1.1. Veneziano amplitude
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Reqgularization of the integral

L et us cure the divergences of the formal integral
Feynman-i € :

;t :/ dz Z—a(s)—l—z’e(l . Z)—a(t)—l—ie _@’_@_
C(e)

Now we find infinitely many complex saddles Mizera, Pokraka, 20]
[TY, 24]

[Witten, 13]

a(s) + 1+ e
“n,m — :
’ a(s) + at) + 2 + 2ie

on the (n, m)-th Riemann sheet

In 2y m =Inzoo+ 2min, In(l —z,,) =In(l —200) + 2mim.

Next we identitfy which saddles contribute to the integral

1.1. Veneziano amplitude



Thimble (steepest-descent) structure
Unphysical region a(s),a(t), a(s) + a(t) < —1
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Thimble (steepest-descent) structure
Unphysical region a(s),a(t), a(s) + a(t) < —1
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Thimble (steepest-descent) structure
Unphysical region a(s),a(t), a(s) + a(t) < —1

el
ot z/ dz %)
C((e)
N 27'[' 65(30,0)
—5"(20,0)
—3/2 1
~ (stu) exp —5 (slns+tlnt 4+ ulnwu) correct result

1.1. Veneziano amplitude



Thimble (steepest-descent) structure
a(s),a(s) +a(t) > 1, a(t) < —1

Physical region

Do

T 17

M A

AL |
1A

AL “‘_ 4/
A T
A/ v

<7

v

v,

1.1. Veneziano amplitude



Thimble (steepest-descent) structure
Physical region  a(s),a(s) +a(t) > 1, aft) < -1
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Thimble (steepest-descent) structure
Physical region  a(s),a(s) +a(t) > 1, at) < -1

2T
-~ S(z0,0) S(zn,0) _ S(zn,—1)

. . . : 2
— |1+ —2min(a(s)+1+ie) —2min(a(s)+1+ie)—2mi(—1)(a(t)+1+1€) 65(20,0)
Z Z =1En

_sin m(a(s) + a(t))
sin Ta(s)

1
(stu) 72 exp [—5 (slns + t1n [¢ +u1n|u|>] correct poles & zeros

1.1. Veneziano amplitude



Physical interpretation - Semi-classical string path

Semi-classical path of string TV, 24]
X(2) =) (—ipj)In|z — 2|
J Euclidean time

Each complex saddle satisfies

X(Zn,m) — X(Z(),()) — pg(?ﬂ'ﬂ) -+ p3(27rm)
| | Lorentzian time

and adds an extra phase factor to the amplitude,
reproducing poles & zeros

Agt ~ |1+ Z e—27rin(a(s)+1+ie) . Z e—27rin(oz(s)+1—l—ie)—27Ti(—1)(a(t)—l-1+ie) 377— 65(20,0)
n<—1 n<—1 -5 (20,0)

Thus complex saddles are associated with optical paths,
whose interference reproduces poles & zeros of the amplitude

1.1. Veneziano amplitude



Physical interpretation - Stringy mass tower

Poles are associated with stringy mass tower T, 24]
P(—a(s)[(~o

L= 04(8)\&)

Such poles were reproduced by infinitely many complex saddles

A =/ dz %)
C(e)

2T
N S(z0,0) S(zn.,0) S(zn,—1)
\/_S”(Zoo t 2 S” (2n,0) p3 5” (zn1)

n<—1 n<—1

o ) r/2+1

—Il1+ Z —2min(a(s)+1+ie) Z e—27rin(a(s)—|—1—|—ie)—27ri(—l)(a(t)—|—1—{—z'e) \/ eS(zo,o)

n<—1 n<—1

_sin m(a(s) + a(t))
sin Ta(s)

(stu) ™32 exp [—% (slns+tln|t| + uln |u|)]
Thus complex saddles capture stringy mass tower

1.1. Veneziano amplitude



Physical Interpretation - Partial wave unitarity

Residue is expanded in the Gegenbauer polynomials
[Arkani-Hamed, Eberhardt, Huang, Mizera, 22]

n N D — 3 [Maity, 22]
— Res,, = Zan,jCj (), a= 5
j=0
Partial wave unitarity demands that the coeffs are all positive
D =26 —Resy=2 = 2C§ (x)

— Res; = 4x = %Cf(w)
— Resg = — 4+252 = 02()
— Resg = —x + 93 — 57503 ( )

- =3 25,24 01,4 201
—Ress = 7 — 562° + 03" = 3500004 (©) + 250200 C5 () + 7766 C6 ()

Complex saddles reproduce appropriate poles, providing approx

TY, 24
value of the coeffs normalized by hand Y 24l

—Resy ~ —0.250 + 6.712° + O(z?)
— Resz ~ —0.900z + 9.272° 4+ O(z°)
— Resy ~ +0.0428 — 2.3722 + 13.72* + O(z®)

Thus complex saddles are necessary for partial wave unitarity

1.1. Veneziano amplitude



Complex saddles & possible

chaos In string scatterings

1. Complex saddles in string(y) amplitudes
1.1. Veneziano amplitude (tree)
1.2.Stringy toy model (1-loop, multi-loop)
1.3. Higher-genus corrections

2. Application: finding chaos In string scatterings
2.1. BH chaos & BH-string correspondence
2.2. Chaos In classical scatterings
2.3. Possible chaos In string scatterings




A toy model to mimic stringy mass tower

We want to apply cpx saddle analysis to higher genus corrections

As the first step, let us test how cpx saddles detect characteristic
properties of string amplitude

Stringy toy model: [TY, in preparation]

{,my,

reduce by hand

—
U m,
reduce by hand 1 1
— )

2 2 P12 2
n,n’GZZO e + mn € + mn,

1.2 Stringy toy model



A toy model to mimic stringy mass tower

Particularly when m,, = m,,
It Is an integral of the Hurwitz zeta function

Ap*) = )

m2€ZZO
> [ 1
- dZCO diIZl (S(ZEO —|—£Bl — 1) — —
ey 0 [Zoz1p? + m2] (d/2—2)

1
[ drodas doo + 2 ~1) Ga(~(d/2 - 2), 70215
0

1.2 Stringy toy model



Oscillatory behavior & stringy mass tower

It 1Is known that the Hurwitz zeta is decomposed into a oscillatory
part and a polynomial part

C(—k,a}):k!Z(zmn> e _Z(n—l—x—m)—k r—1<m<uz
n#0 n=0

The osclillatory part stems from stringy mass tower m,,

1
1
.A(pZ) = Z /O dxo dxy 5(330 + 21 — 1)

m2€Z> [$0x1p2 —+ 77'12]

—(d/2-2)

r%omentum shift can be absorbed Iinto the sum

Next we show the osclillatory part Is captured by complex saddles

1.2 Stringy toy model



Regularization of an integral representation

Schwinger parameter representation

C(—k, z) ! / at ¢h-ie-1_€
b —
’ F(—k — ’1,5) Cs 1 — e‘t

The divergence at the origin is cured by the Feynman prescription

Complex saddles

t, >~ 2min

Next we identitfy which saddles contribute to the integral

1.2 Stringy toy model



Thimble (steepest-descent) structure
When 0 <z <1

K

%

7 x INnfinitely many sheets

-

VARNEVE

C(—k,x) ~

0 2
S‘ S“ ane—27m'(k+1)m n oS (tn)
) ) — S (tn)

n;&m — 00

e :

i ()
e 2TIN

Complex saddles capture oscillatory behaviors associated

with stringy mass tower

1.2 Stringy toy model



Multi-loop cases
Consider a nested multi-loop diagram

depth-n /®

Symmetry of the diagram allows us to find complex saddles

s 1/4n—z'-|—1 s . An—i+1
~J P(—k) k! S: S:C4n_i+1m(§, ]{;)( ) e—27rzm-4 §_|_ o

me47 1=1 o 2mm 1
§ = on+1 ap k= (2 - 1) 9  ontl _1q

Complex saddles capture oscillatory behaviors

1.2 Stringy toy model



Complex saddles & possible

chaos In string scatterings

1. Complex saddles in string(y) amplitudes
.1. Veneziano amplitude (tree)

1.2. Stringy toy model  (1-loop, multi-loop)
1.3.Higher-genus corrections

2. Application: finding chaos In string scatterings
2.1. BH chaos & BH-string correspondence
2.2. Chaos In classical scatterings
2.3. Possible chaos In string scatterings




Extend complex saddle analysis to higher genus corrections

Original saddle point approx used an analogy to electromagnetic
equilibrium

For example, In genus-one case (Gross, Mende, 88]

/dTHdQVZ CXP _sz Pj 111XZ]

1<]

01(vi — vj|T)
01(0[7)

—mIm®(v; — v;)

Inx;; = + In

| Im T

green function on torus

Saddle = EM equilibrium
® d
0= E In Xij

1/1:1/2; 1/2:7'/2, 1/3:(1+7')/2, 1/420,

1.3 Higher genus corrections



Extend complex saddle analysis to higher genus corrections
Using the Feynman-i e prescription,
string lives on infinitely many copies of the worldsheet

@ @/ | orentzian time
\ . .

Fuclidean time

Then we may find infinitely many cpx saddles on different sheets

himble (steepest-descent) structure depends on their topology
'hus we may arrive at more general formula for general #genus

A (8 t U (Z 620 (8¢, u))‘AGross Mende(s t ’U,)‘

J:ontrlbutlng complex saddles may
be determined only by its topology

1.3 Higher genus corrections




Complex saddles & possible
chaos In string scatterings

1. Complex saddles in string(y) amplitudes

1.1. Veneziano amplitude (tree) (9)
1.2. Stringy toy model  (1-loop, multi-loop) (6)
1.3. Higher-genus corrections (2)
2. Application: finding chaos in string scatterings
2.1.BH chaos & BH-string correspondence (3)
2.2. Chaos In classical scatterings (2)

2.3. Possible chaos In string scatterings (2)




Black hole chaos

"Scatterings” by a black hole are sensitive to initial conditions

due to the redshift near horizon
[ Polchinski 15; See also Polchinski 16; Dray, 't Hooft 84; 't Hooft 96 ]
[ Shenker, Stanford; 14, 15. Kitaev (KITP seminar); 14, 15 ]

\/ At — /ﬁ?_l k(t—r )AU

exp growth

variation of initial condition

Such sensitivity Is mapped to quantum chaos on holographic side
Surface gravity k is interpreted as the Lyapunov exponent

2.1 BH chaos & BH-string correspondence



BH-string correspondence

Self-gravitating string turns into a black hole

At the critical point, called the corresponding point, the entropy

of a string Is equal to the entropy of a black hole
[Horowitz, Polchinski, 97, 98; Amati, Russo, 99; Chen, Maldacena, Witten, 21]

2.1 BH chaos & BH-string correspondence



Comparison of BH & string as scatterers

Both of black hole and string look like chaotic scatterers

TA
1 1
. Initial conditions are forgotten due to . Initial conditions are forgotten due to
complicated scattering processes Hawking radiation
. It takes long time for a particle to escape - It takes long time for a particle to escape
from scattering region due to redshift

These stories motivate us to find chaos in string scatterings
and to measure their Lyapunov exponents

2.1 BH chaos & BH-string correspondence



Complex saddles & possible
chaos In string scatterings

1. Complex saddles in string(y) amplitudes

1.1. Veneziano amplitude (tree) (9)
1.2. Stringy toy model  (1-loop, multi-loop) (6)
1.3. Higher-genus corrections (2)
2. Application: finding chaos in string scatterings
2.1. BH chaos & BH-string correspondence (3)
2.2.Chaos in classical scatterings (2)

2.3. Possible chaos In string scatterings (2)




Chaos in genera

et us make the concept of chaos more solid
[ Textbooks e.g. Lai, Tél, 11; Seoane, Sanjuan, 12 ]

. Sensitive to initial condition

5q(7
3q(t) ~ e**6q(0)

»0q(0)

- Long time-delay

Prob(T) $

Prob(T) ~ e~ 7*

> I

2.2 Chaos in classical scatterings




Chaos In classical scatterings
Chaos can be detected by fractal structure of scattering data
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In fact, the Lyapunov exponent is determined by
fractal dimension

2.2 Chaos in classical scatterings



Chaos In classical scatterings
Chaos can be detected by fractal structure of scattering data
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In fact, the Lyapunov exponent is determined by
fractal dimension

2.2 Chaos in classical scatterings



Chaos In classical scatterinas
Chaos can be detected by fractal «*
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In fact, the Lyapunov exponent is determined by
fractal dimension

2.2 Chaos in classical scatterings



Key mechanisms

Chaotic scatterings are associated with three key mechanisms:
« Stretching
« Folding
« Escape

Chaotic Not chaotic

2.2 Chaos in classical scatterings



Key mechanisms

Chaotic scatterings are associated with three key mechanisms:

« Stretching
« Folding

« ESCape

Chaotic Not chaotic

2.2 Chaos in classical scatterings



Key mechanisms

Chaotic scatterings are associated with three key mechanisms:
« Stretching
« Folding

Chaotic Not chaotic

2.2 Chaos in classical scatterings



Toy model for key mechanisms

— 0009

| Stretching
| <> <> T |

' Folding

- \Eseape
- )

| | | |
| | | —

0, 1 L




Toy model for key

o . | 1

mechanisms

L

Original pie
Survived after 1st iteration

Survived after Z2nd iteration



Fractal dimension & Lyapunov exponent

. Stretching
. Folding
.- Escape



Fractal dimension & Lyapunov exponent

Lyapunov exponent

. Stretching A _—average
. Folding A\ = In "3(0) T~ after n-th iteration
- Escape A; ~original interval



Fractal dimension & Lyapunov exponent

Lyapunov exponent

. Stretching A _—average

. Folding A\ = In "3(0) ~after n-th iteration

- Escape )\ A, T original interval
Escape rate

(survived sets) oc e *"



Fractal dimension & Lyapunov exponent

Lyapunov exponent

. Stretching A _—average
. Folding A\ = In "3(0) T~ after n-th iteration
- Escape )\ A, T original interval
Escape rate
(survived sets) oc e *"
Then we find
K
AL, =
1—D

Lyapunov exponent  escape rate & fractal dim
harder to compute easler to compute
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Complex saddle & semi-classical picture

Complex saddle approx gives us a semi-classical picture [TY, 24]

X(Zn,m) — X(Z(),()) — p2(27m) + p3(27rm)

that zeros are interpreted as interference of optical paths

Tree-level scatterings are analogous to scatterings by slits,
which imply that string scatterings cannot be chaotic at tree-level

[Hashimoto, Matsuo, TY, 22, 23]
2
90

A

60 -

— Exact S1
30 F

Formal expansion

>
Y ‘/ T
| So
Correct expansion

2.3 Possible chaos in string scatterings

A2
(am)
7>
D
)
c»o|l‘3 —————




Complex saddle & semi-classical picture

Complex saddle analysis imply that higher genus corrections may
generate highly oscillating structure

It the spacetime dim approaches classically conformal point

15x1013 "
1.0x1013 -

50x1012 -

~5.0x1012 -
_1.0x1013 "

_15x1013 -

—2.0x1013 "

amplitude looks self-similar [TY, in preparation]

At the limit of infinitely many genera, string scatterings may
approach chaotic region

If so, the Lyapunov exponent is determined by fractal dim,
It will be nice If it agrees with the BH surface gravity

2.3 Possible chaos in string scatterings



Complex saddles & possible

chaos In string scatterings
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1.2. Stringy toy model  (1-loop, multi-loop)
1.3. Higher-genus corrections

2. Application: finding chaos In string scatterings
2.1. BH chaos & BH-string correspondence
2.2. Chaos in classical scatterings
2.3. Possible chaos In string scatterings
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Complex saddles & possible
chaos In string scatterings

4 O

« Complex saddles contribute to string amplitudes

« Complex saddles have physical meanings:
Semi-classical string path in Lorentzian signature
Stringy mass tower
Partial wave unitarity

« Complex saddle analysis can be applied to finding chaos
In string scatterings

\_ .
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1. Is single string a chaotic scatterer?

1-1. Chaos in general

1-2. Black hole chaos

1-3. String (basics)

1-4. String (characteristic properties)
1-5. Black hole-string correspondence
1-6. Comparison of them as scatterers



Motivation & Main guestion

Black hole is chaotic

@ — &

Black hole-string correspondence




Motivation & Main guestion

Then, is single string
also chaotic?

@ — &

Black hole-string correspondence

Black hole is chaotic




Toward chaos In
string scatterings

1. Is single string a chaotic scatterer?
2. Chaotic scatterings & fractal
3. Analysis In string scatterings

3.1. Tree-level
3.2. Strategy for higher-genus corrections
3.3. String-like melon diagrams




1-3. String (basics)

. Finite sized 1-dim object
. Constant tension
. Infinite tower of excitations



1-4. String (characteristic properties)

. Finite sized -> Single string has entropy

M? x N

(# states) ~ (# integer partition of IV)

. Constant tension -> Self-gravitating

tension = energy/length

S




1-4. String (characteristic properties)

. Infinite tower of excitations -> multiple poles/zeros

/

m?2 + s

N



1. Is single string a chaotic scatterer?

1-1. Chaos in general
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1-6. Comparison of them as scatterers
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2. Chaotic scatterings & fractal

[ Textbooks e.qg. Lai, Tél, 11. Seoane, Sanjuan, 12 ]

Z2-1. Requirements for chaotic scatterings
2-2. Fractal structure In phase space

2-3. Toy model: the gluttonous baker’'s map
2-4. Toy model: the map generates Cantor set

2-5. Fractal dimension & Lyapunov exponent
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Z2-1. Requirements for chaotic scatterings
2-2. Fractal structure In phase space
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2. Chaotic scatterings & fractal

3. Analysis in string scatterings

3.1. Tree-level
3.2. Strategy for higher-genus corrections
3.3. String-like melon diagrams




3-1. Tree-level analysis

[K. Hashimoto, Y. Matsuo, TY, 22, 23]

Tree-level scattering is NOT chaotic

3-1-1. Classical to quantum
3-1-2. Setups for highly excited string

3-1-3. Result: no self-similar structure



-1-1. Classical to guantum




3-1-1. Classical to quantum

Proposal:
R (p; 0)

A(p;e,ef));ﬁ( 0, (p; 0)

g . Choose the maximum

Ly ne
I \'AA:\ I I Il I I 1 B TR I I I L ¢ 3 I Il
3 4 I 5 6 6 >0



3-1-2. Setups for highly excited string

D2 P1
_N1Q7 A

_NJQ7>‘

_Nl/]q/, \

!/

o 1Q7>‘,



3-1-2. Setups for highly excited string

Target:
highly excited string

D2 P1
_N1Q7 A

_NJQ7)‘

P1 ph



3-1-2. Setups for highly excited string

Target:
highly excited string

D2 P1
_N1Q7 A

_NJQ7)‘

Probe:
light tachyon —Niq', X

P1 ph




3-1-2. Setups for highly excited string

A:&/_o@ [I dws [] o

i=1,2,2"1/ i<j
J
o0
_ —Di - A
< [ Tz [Tl — w30 2
J

o0 /
/ / —B; pj - A
X/ [z 11z —wi|™ > ;

b=1 b,J J

/

For simplicity, ¢ oc ¢’ to drop } Za — 21



3-1-3. Result; no self-similar structure

Complicated,
o' / but no hierarchical structure
6//’,’1 .:.
E ’d';::;/"""
S
4 P
9 -
2
1 R i

"' T ’/”/

% 1 2 a4 s 6 6

numerical plot N = 27



3-1. Tree-level analysis

Tree-level scattering is NOT chaotic

3-1-1. Classical to quantum
3-1-2. Setups for highly excited string

3-1-3. Result: no self-similar structure



Toward chaos In
string scatterings

1. Is single string a chaotic scatterer?
2. Chaotic scatterings & fractal
3. Analysis in string scatterings

3.1. Tree-level

3.2. Strategy for higher-genus corrections
3.3. String-like melon diagrams




3-2. Strategy for higher-genus corrections

[TY, in progress]

Complex saddles tell us poles/zeros

3-2-1. Corrections are notoriously hard to compute
3-2-2. Saddle approximation of string amplitudes
3-2-3. Real saddle is insufficient to detect poles/zeros

3-2-4. Complex saddles detect poles/zeros



3-2-1. Notoriously hard to compute

0000
< ‘e’
/

A = Z/DJab/DX’HV( Spoly

topo.
No systematical method to com
full higher genus corrections
see e.g. [Kaku, Introduction to Supers

[D'Hoker, Phong, The geometry of ¢

[Gopakumar, Perlmutter, Pufu, Yin, Snowmass Whi



3-2-2. Saddle approximation of string amplitudes

[Gross, Mende, 88; Gross Manes, 8

4 2
. d Zq
:gQ/HZ—l exp —sz pjln|z; — 2

1<

1 | i
= gz/dzz exXp | 5P1 " P3 In |z| 5P1 " P4 In|1 — z|

P1 - P3
P1°P3 +P1 P4

2 =

~ (fluc.) exp _Z(S Ins+tlnt+ ulnwu)

s = —(p1+p2)° = +4(p° — 2)

t = —(p1+p3)° = —4p”cos®

0
u=—(p1 +ps)* = —4p*sin? 5



3-2-2. Saddle approximation of string amplitudes

[Gross, Mende, 88; Gross Manes, 8

4 2 I
o [ 1]z d7z 1
=g/ — exp §sz--pjln|zz-—zj\

1<]

1 1 -
292/d22 €Xp oP1 -p3In |z §P1'P41n|1—2|

Saddle
P1

2 =

" P3
P1P3 T P1- P4

ApPProx.

1
~ (fluc.) exp —Z(slns +tint + ulnwu)

s = —(p1+p2)” = +4(p° — 2)

t=—(p —|—103)2 = —4p” cos 5

u=—(p1+pa)® = —4p*sin® S



3-2-2. Saddle approximation of string amplitudes

[Gross, Mende, 88; Gross I\/lanes, 8

/dT H d*v; Q(1)exp | = sz p; In xi;

z<]

—7rIm2(1/z- — T/j) 01 (vi — Vj‘T)

Iny;; = 1
A Im 7 o 6 (0|7)
d
0= e In x;;
. 1/1:1/2, 1/2:7'/2, l/;g:(l—l-T)/Q, 1/4:0,

1
~ (fluc.) exp _§(S Ins+tlnt +ulnwu)

* Other 63 saddles are subdominant



3-2-2. Saddle approximation of string amplitudes

[Gross, Mende, 88; Gross I\/lanes, 8

/dTHdQVZ eXp _sz Pj lang

1<9

—7rIm2(1/z-—1/-) 01(v; — vj|T)
Inv,: = J ] J
1 Xiy mr | g 0r)
Saddgle
0= Elnxm
‘ 1/1:1/2, 1/2:7'/2, V3=(1+T)/2, 1/4:0,
ApPpProx.

1
~ (fluc.) exp —g(slns—i—tlnt-l—ulnu)

* Other 63 saddles are subdominant



3-2-2. Saddle approximation of string amplitudes

[Gross, Mende, 88; Gross Manes, ¢

1
A(N = 1)-100p =~ (fluc.) N, Ly = N (slns+tlnt + ulnu)

F\_‘ *k Other saddles are expected to be subdominant
® e
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3-2-3. Real saddle is insufficient to detect poles/zeros

1
:g/ dz exp[p1-p2In|z| +p1 - p3in|l — z|]
0

* For simplicity, open & bosonic

Real saddle approx
1
(fluc.) exp [—i(slns +tint + ulnu)

Exact
I['(—1—s/2)T(—1—1t/2)

T(—2— s/2 —t/2)

| 4

2.0



3-2-4. Complex saddles detect poles/zeros

[Witten

1
g/ dz exp|p1-p2In|z| +p1-p3ln|l — z|]
0

X X

g/ dz exp|[(p1-p2 —ie)In|z| + (p1 - p3 —ie)In |l — 2|
C

g

X X




3-2-4. Complex saddles detect poles/zeros

[Witten

1
g/ dz exp [p1 - p2In|z[ + p1 - psIn|l — z|]
0

X X

gdz exp [(p1 - p2[C3 In 2| + (p1 - ps[=7e) In |1 — 2]
C.

@-®




3-2-4. Complex saddles detect poles/zeros

[TY, In pr
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3-2-4. Complex saddles detect poles/zeros
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3-2-4. Complex saddles detect poles/zeros

[TY, In pr
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3-2-4. Complex saddles detect poles/zeros

[TY, In pr

(st) _1 2min(—2—s/2)|l _ —2mi(—2—t/2)4+2wim(—2—s/2)
Al ~ (fluc.) exp 2(slns+tlnt—|—ulnu)] 1 fi+- Z e Z e
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- i
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1
= (fluc.) exp [—5(31n3+tlnt+ulnu)]

1 — e2mi(2+s/2)



3-2-4. Complex saddles detect poles/zeros

[TY, In pr

(st) _hl 2min(—2—s/2)|| _ —2mi(—2—t/2)4+2wim(—2—s/2)
A _(ﬂuc.)exp[ 2(slns—l—tlnt—|—ulnu)] 1 fi+- Z e Z e
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1 — e2mi(2+s/2)

poles/zeros



3-2. Strategy for higher-genus corrections
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3-3. String-like melon diagrams

[TY, in preparation]

String-like melon diagrams exhibit
fractal behavior

3-3-1. A model to mimic stringy mass tower

3-3-2. Mass tower makes amplitude periodic

3-3-3. Nested melon diagrams exhibit fractal behavior
3-3-4. Fractal when classically conformall?



3-3-3. Nested melon diagram exhibits fractal behavior
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3-3-3. Nested melon diagram exhibits fractal behavior

saddle pt. approx. and assuming large p, large d
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3-3-3. Nested melon diagram exhibits fractal behavior

saddle pt. approx. and assuming large p, large d
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3-3-4. Estimation of fractal dimension

Neat model: Welerstrass function

<a<l

i~ 1
Wix) = a” cos(2mb" b>1, —
(@)= > acosonta)  b>1, ;

Ina

Inb

fractal dimension D = 2



3-3-4.

-stimation of fractal dimension

Neat model: Welerstrass function

W(x) = Z a" cos(2mwb"x) b>1
n=0

fractal dimension D = 2

1< <1
, - <@
b

Ina

Inb

Nested melon diagram

n

=1

estimated

1 k+1 |
Z p—2mimAN TG
_ 2mim - 47—l

4—k
D ~ 24 =2—k

fractal dimension 4
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k= (2"t —1)( =
@1 (5 -2




3-3-4. Fractal when classically conformall?

Neat model: Welerstrass function

©.@)
W(z) = Zan cos(2mb" ) b>1, ! <a<l
n=0 Ina ’
fractal dimension D = 24 |
Inb
Nested melon diagram 1 < D < 2 when the
. . bl | y theory Is classically
Z (2 — +1) e—2mim-4"""¢ | conformal
: mem - 470
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estimated 4=k
fractal dimension D~ 24 4 2=k <
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1. Is single string a chaotic scatterer?
2. Chaotic scatterings & fractal
3. Analysis In string scatterings

3.1. Tree-level
3.2. Strategy for higher-genus corrections
3.3. String-like melon diagrams




Toward chaos In
string scatterings

Take-home messages

« Iree-level scattering is not chaotic
« Complex saddles tell us poles/zeros
« String mass tower may cause fractal
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Computation of HES scattering amplitude
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Chaos in dynamical system

- Stretching ::> Exponential growth of deviation
. Folding Finite phase space

Chaotic Not chaotic
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- [Folding Finite phase space

Chaotic Not chaotic

&ﬁzﬂ




Transient chaos

Chaotic behavior during finite time

/\Exponential growth after long time
/\Finite phase space

Alternative characterizations are needed



Chaotic scattering

::> Non-trivial geometrical structure

. Foldi
oding which is NOT on the straight line

Chaotic Not chaotic




. Stretching

Chaotic scattering

Z:> Sensitive to initial angle




