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Main message today
In large  limit, the (metastable) vacua of 2d  
model are not regarded as metastable at large 

N ℂPN−1

θ



1. Introduction



2d  model with theta angle  ℂPN−1 θ

ℒ = − (Dμz)†Dμz − σ (z†z −
N
g2

0 ) +
iθ
4π

ϵμνFμν

Lagrangian

 :  complex scalar field,  : aux.  - gauge field,  : aux. scalar field
 : 't Hooft coupling,  

z N Aμ U(1) σ
g0 Dμ = ∂μ + iAμ

Motivations of 2d  model

• 2d  model shares some properties with 4d pure  theory

• Exactly solvable in large  limit

 2d  model is a good toy model of 4d pure  theory

ℂPN−1

ℂPN−1 SU(N)

N

⟹ ℂPN−1 SU(N)



Instanton effect and  - angleθ
Instanton in 2d spacetime

Configuration (Classical solution) which has a nontrivial winding number   

Winding number ∫M2

F
2π

∈ ℤ

 - angle : Free parameter which gives weights of instanton configurations to 
the partition function
θ

•  because of winding numbers

• Instantons effect on perturbative calculations via the theta angle

θ ∼ θ + 2π



ρ

Vacuum energy in DIGA

Dilute instanton gas approximation (DIGA) 
Instanton size  : sufficiently small
(Each instantons do not overlap)

ρ

Vacuum energy : E(θ) ∝ 1 − cos θ

However this approx. is valid at the weak coupling…

The vacuum energy is nontrivial in the strong coupling regime

Parameter of the instanton solution

Dilute instanton gas configuration

instanton

 : instanton position,  : instanton sizex0 ρ



Evac(θ)

θ0 π 3π2π 4π

Vacuum energy in non-DIGA case
Expectation : If  is changed, true vacuum → metastable vacuum, one of 
metastable vacua → true vacuum

θ

Evidence  Large  limit [D’adda, Lüscher, ‘78], ’t Hooft anomaly [Nguyen, Tanizaki, 
Ünsal, ’22]

⋯ N

Natural candidate (e.g. )N ≥ 3

• Trivially gapped at 

• Charge conjugation symmetry breaking 
at 

θ ∉ (2ℤ + 1)π

θ ∈ (2ℤ + 1)π
 true vacuum⋯
 metastable vacuum⋯

 Energies of all vacua are analytic, but the true vacuum energy is not 
analytic
⇒



Evac(θ)

θ0 π 3π2π 4π

Vacuum energy in large  limitN
The energy of the true vacuum

, Evac(θ) =
3σ0

πN
θ2 −π ≤ θ ≤ π

Let us concentrate on one branch

• The energy of the true vacuum (that is the 
bevavior between ) is well 
understood.

• The metastable vacuum energy (that is the 
behavior at ) is not understood 
completely.

|θ| ≲ O(1)

|θ| ≳ O(1)



Evac(θ)

θ0 π 3π2π 4π

Vacuum energy in large  limitN
The energy of the true vacuum

, Evac(θ) =
3σ0

πN
θ2 −π ≤ θ ≤ π

Let us concentrate on one branch

• The energy of the true vacuum (that is the 
bevavior between ) is well 
understood.

• The metastable vacuum energy (that is the 
behavior at ) is not understood 
completely.

|θ| ≲ O(1)

|θ| ≳ O(1)



Evac(θ)

θ0 π 3π2π 4π

Vacuum energy in large  limitN
The energy of the true vacuum 

, Evac(θ) =
3σ0

πN
θ2 −π ≤ θ ≤ π

Let us concentrate on one branch

• The energy of the true vacuum (that is the 
bevavior between ) is well 
understood.

• The metastable vacuum energy (that is the 
behavior at ) is not understood 
completely.

|θ| ≲ O(1)

|θ| ≳ O(1)



Evac(θ)

θ0 π 3π2π 4π

Target in this talk



Evac(θ)

θ0 π 3π2π 4π

Target in this talk
We would like to study the behavior at θ ∼ O(N)



Symmetry & ’t Hooft anomaly in 2d  modelℂPN−1

2d  modelℂPN−1 Background

 - gauge field PSU(N) B
2d  model w/ ℂPN−1 B

Symmetry in 2d  modelℂPN−1

’t Hooft anomaly in 2d  modelℂPN−1

 gauge symmetry,    global symmetry,   Charge conjugation symmetry ( )U(1) PSU(N) θ = 0, π

Z[θ + 2π] = Z[θ] Z[θ + 2π, B] = ei𝒜[B]Z[θ, B]



Constraints on vacuum energy

• If ,   vac   vac
    The energy of the true vacuum is not analytic as a function of 

• If ,   vac   vac  : possible
    The vacuum energy can be  - periodicity

n = 1,⋯, N − 1 n𝒜[B] ∉ 2πℤ ⇒ [θ = 0] ≠ [θ = 2πn]
θ

n = N n𝒜[B] ∈ 2πℤ ⇒ [θ = 0] = [θ = 2πN]
2πN

Existence of nontrivial phase factor = nontrivial vacuum

• SSB (Discrete symmetry breaking is only possible in 2d)

• Existence of gapless d.o.f.

in 2d  model.ℂPN−1

between 0 ≤ θ < 2π

Does a nontrivial phase factor exist under  ?θ → θ + 2πn



Questions

How do the vacua energies behave as a function of  ? 
(  - periodicity ? # of vacua =  or not ? )

θ
2πN N



2. Method



• Step 1 : Evaluation of the path integral in Euclidean space 
(integrating out , )

• Step 2 : Determination of an analytic form of effective 
                potential

• Step 3 : Wick rotation & Find a saddle point

z z†

Method 

 We will obtain the behavior of the vacua energies beyond 
 

⟹
θ ∼ O(1)

We use large  limitN



Effective potential and saddle point
Effective potential 

Veff = −
N
g2

σ +
θ

2π
ℰ −

N
4π [2iℰ log Γ ( 1

2
− i

σ
2ℰ ) + σ log

2iℰ
M2

− iℰ log 2π]
A saddle point of the real part of the effective potential

,   σ/2ℰ = f −1(θ/N) 2ℰ = σ0 exp (−Reψ (1/2 − if −1 (θ/N)))
,    : Digamma functionσ0 = M2 exp (−4π/g2) ψ

 ,    ⟹ Evac := ReVeff |saddle point Γ := ImVeff |saddle point

 : Const. electric field,  : Const. aux. scalar fieldℰ σ



A plot of σ/2ℰ = f−1(θ/N)

θ/N

f−
1 (θ

/N
)



3. Result



Metastable vacuum energy

Note : It is defined between 0 ≤ θ ≲ 0.2N
θ/N

E v
ac

/N
σ 0



Instability of metastable vacua

 at   It is no longer regarded as metastable.Evac ∼ Γ θ ∼ 0.2N ⇒
θ/N

En
er

gy
/v

ol
um

eσ
0

Evac/Nσ0

Γ/Nσ0



Summary

• We studied the behavior of the vacua energies beyond 
 of 2d  model in large  limit.

• As a result, metastable vacua are not regarded as 
metastable at large  because of high decay rates.

θ ∼ O(1) ℂPN−1 N

θ


