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In 2002, Nekrsov performed a technique called 2 deformation in the reduction
from 6D o = 1 gauge theory to 4D N =2 gauge theory, and implied its

connection with 2D conformal theory.

M5 brane
6d theoryon Rx T

N=2 gauge
4d theory on R

CFT
2d theoryon T

He found exact formulae of the partition function (Nekrasov partition
function) of the & =2 gauge theory, and showed that it reproduces the

prepotential as determined by the Seiberg—Witten curve.
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We have been working on the proof of AGT conjecture through two different ways.

DIRECT APPROACH

Conformal blocks

We calculated the conformal block in the form of

1 Dotsenko—Fateev integral and reduce it in the
form of Selberg integral of N Jack polynomials.

Dotsenko-Fateev

integral
1 | We found a formula for such Selberg average
Selbere inteeral of which satisfies some nontrivial consistency
Jack pgolynogmials conditions and showed that it reproduces the

SU(N) version of AGT conjecture.

1

Instanton part of A =1 SU2) [A. Mironov et. al. "10]

partition function

A =1 SU(N) [Zhang Matsuo "11]



RECURSIVE APPROACH

2D CFT 4D Gauge

Conformal AGT conjecture Partition

blocks ? function
(VIVIW) = 2

Satisfy Ward

- Constrained by a
identity trivial nontrivial

recursion Relation

SO IVI) =0 >0z =0

A =1 SU(N) [Kanno—Matsuo—Zhang "12]
arbitrary /£ SUN) [Kanno—Matsuo—Zhang '13]
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Consider lifting the %= 2 four dimensional theory to &= (1, 0) six

dimensional theory, and then compactify the six dimensional %=1 SUSY
gauge theory on the manifold with the topology T2 X R4 with the metric :

ds* = r’dzdz + g, (da" + VFdz + V*dz) (dz¥ + VVdz + VVdZ)

where — VH =QHz¥ VH =QFzY,  and
0O ¢ 0 O 0O & 0 O
Quv _ —e 0 0 0 Q= —€1 0 0
0 0 0 e 0 0 0 &
0 0 —e O 0 0 —& O

The action of the four dimensional theory in the limit » — 0 /s not that of

the pure supersymmetric Yang—Mills theory on R4. Rather, it is a
deformation of the latter by the Q2 —dependent terms. It is called an A= 2

theory in the Q-background.

B=—€1/€



Nekrasov partition function

With his idea of the $2-background, Nekrasov calculated Y '_J
the following partition function

Z(t,a,m,€) = / D®DADN...e 5 |
$(c0)=a

It has the important property that it gives the prepotential
of the Seiberg-Witten theory in the limit ¢, = —e5 = h — 0

F(r,a,m) = %im(.) h? log Zga (T, a, m; h, —h)

Zrai(q; a,m; €) = ZireeL1loopLinst,  Linst(q; a,m;€) = Z qu(Y,a,, m)
Y

where the instanton is labeled by a N-tuple of Young diagrams: Y := (Y(),... [ Y(®) (Fig. 1). The parameter a
(resp. m) represents the diagonalized VEV of vector multiplets (resp. mass of hypermultiplets) whereas ¢; = €™ is
the instanton expansion parameter for ith gauge group SU(N;), q¥ := H:;l qzl-f(l}l. The total partition function is
decomposed into a product of the contributions of the perturbative parts Zi;ce, Z1-100p and non-perturbative instan-
ton correction Z;,.. The latter is further decomposed into a sum of sets of Young diagrams. YO = (Yl(i), e ’K{’i))
1s a collection of N; Young diagram which parameterizes the fixed points of instanton moduli space for 7 th gauge
group U(N;).



Nekrasov partition function

Single gauge group case

qull(q:. a, L 6) — ZtrecZIIOOpZinstv Zinst (Qs @, mm;, 6) — Z q|}"|13\,r)i%15t ((l, ,Ll.),
)-,:

2N N oN
E y % [laei [Ths: fv. (i + as)
N (a, =évcct(Y,a,)Hgfund(y’#i): s=111k=1JY. ).

N
i=1 Ht,s:l 9v,.Y. (at _ a‘s)

linear quiver gauge case with gauge group SU(N:) X - - X SU(Nn).

~Nek Z Y| < ‘
A — q; "’ﬁl) ' Z?(l)y“'('z) e ‘Z?(n—l)y“'(n) ’ "?(n)
Y1) ... Y(n)
Zowypary = 2Z(@, YOgoth yern, @),
"'3,“'(1) = Z( .ﬁl(_lvﬁ(l).}_:(l)lﬂ(o)).
Tl-) s

STl

>

Vom = Z((

1

Y™ X 1™,

Q



AGT conjecture

For a Liouville theory on a sphere, the four—point correlation function of V at
positions oo, [, g, O s

r 4 r dj * / Ag—LAmym, —AR mp m
(Vo (00) Vo (DVim, (0)V5, (0)) = [ 5-C(B5,m0,B)C(B*,my, Br) ¢~ Ema =85 F g ™0 5™ 5, (q))

2

* ]aﬁdﬂ |Z.'3c] m[}ﬁml.31 (QNZ
Where C(B 1, B2, B 3) is the three point function given by the DOZZ formula.

The function F carries the coordinate (g) dependence and reflects the
contributions of the conformal descendants. It is called conformal block.

2),Nr=4 ~ ~ 9 _ ‘
Z - ), Ny ((l, mo., Mo, M. 772.1) — (1 . q)._m()(Q n”)‘FB() mo BmI 8, (q)

(

it is Checked Fs,"08™ 8,(q) is the conformal block of a virasoro
algebra with central charge ¢ = 1 + 6Q2 at position @0, 1, q, O,

Up to order q11



AGT conjecture

SU(N) generalization

<VO4 (OO)V'as (]‘)‘/0'2 (Q)Vva‘l (O)>

The conformal block of this
correlation function is written in the form,

fa4.a3.02,a1 (Q) - Z q|}"|lz\r;£oda(a,l , (¥g, (X3, 0'4)
Y



and Delbery - Formula



SUIN) Toda

Bosons o(2) = (d1(2), -+ ,on(2))
¢7(3)¢)1 (O) ~~ (5-,jj lIl(Z)
Symmetry: Wy algebra

N

: d L T (k) (4 - =
Ry = H (QI - ’(hm-():‘r'))' = ; W (2) <(2I)

m=1

c=(N-1)(1+ NN +1)Q?

wik satisfies Ww algebra (a nonlinear algebra) with central charge

Vz(z) =: e(®2()

dz dz "
Qg':t) — /—.‘/}(i)(z) — /_ . eai(ejgp(‘,)) :

2w 2mi



Zpr(q) =
N-—-1 q N. o N,
600 1 (2.0 1 (G6(1) (@t . ] ( / : blead(2)) . dz) ( / . blead(2)) . dz)
a=1 0 1
We apply Wick's theorem to evaluate the correlator
<<: (@1:6G)Y . p(Gnid(zn) >> = [I -z
1<i<j<n
N—1 N, ,q No+No oo Nao+N.
ZDF(Q) _ q(01,0'2)/e'3(1 _ q)(az,aa)/ﬁ H H/ dzla) H / dzsa) H (z§a) . Z‘ga))Qﬁ X
a=11=1"0 J=N,+1"71 i<j
N,+N, N—2N,+N, Noz1+N,11

a @1 .€q a a9.€, a ag.e, a+1 a)y —¢
S | G e G R G Vil I 1 A B C )
1 a=1 i j



.-

k
/ Az |2’\ — ( _ Ii)B—l dor — H Na+ (i —1)y(B+ (i —1)y)I(iy+ 1)

: Na+B8+(i+ k=29 (y+1)
[0,1]% =1

When A =1 the Selberg integral simplifies to the Euler beta integral

1 D(a)T(8)
! ilde = ——Z, R - R(/ .
/0 (1-o)"de = oo R(@) >0, R(B) >0,

Here we consider its AN-1 extension (AN-1 Selberg integral):

/le[|A (a) ﬁ (a) ]H|/_\ (a) g(at1) ’—'



n Nr
= / O(:L"(l), . ,.I:(n)) H H ( 57))% il — x§r))vr
Cévl,---'an 0.1] g=ta—1
n n—1
x [T1aE)* [T 1869, o049) 7 de. .. dz®
r=1 r=1

Seamus P. Albion, Eric M. Rains, and S. Ole Warnaar, 2021

ForB =1 T e SO,  liele 2" =Cp X--- X Cyp

o~

~"

N, times

n N,
1 n T r)\ur (T Up
Nit+-+Nn / O(=Y,...,a) 11 (Jjg )) ( 5 e 1)
(27i) i
CN1,--Nn r=1li=1
n n—1

< [ 22 [] A~} @, a0 +D) da® ... dz®



ZDF(Q)=;q" <HJ> i /v"+> <HJ<3>(7<a> é_

Jack polynomials

DI Selberg average

p,(f) Z(LEQ))k

Cauchy—Stanley identity

exp(B ) Epkp’k)= > i )iy @)
k=1 R

)



Jack polynomials

Jack polynomials are characterized by the fact that they are the eigenfunctions of

Calogero-Sutherland Hamiltonian written in the form,

H = ZD2+3Z”+'JD D;). Di::;.a,,_‘?_

i<h

The explicit form of low level ones are listed below;

T v) =p1

B p2 + Bp3 3 1
-][(Q])(I’L) Tll *][(11)] (pr) = 5(1’1 - 1’2)

(B), \ _ 2p3+3Ppip2 + /32 Pi () (1 —08)pip2 —p3 + .;"))])'1 (8) L 3
Ty (1) = BB Jon(Pr) = B+ 13 +2) Juiy (Pe) = 1 —

1
2

—P1P9 I

1

—P2 |
33



Schur functions, X (z) =

Seamus P. Albion, Eric M. Rains, and S. Ole Warnaar, 2021

n+1 N0 Nn
< IT xye [ - $(7‘_1)}>
r=1

|5 SRS | SO |

B riif H }/Z(”) }/](7') +4—1 Ti‘_F[l Er (Ar,s e WV e g NG —1 1)}/1_(7‘)
r=11<i<j <ty iy rs=1i=1 (Ars + s =i+ 1))

< I I — 5 —
A7~’8+j_ll: 3
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Reduction to Selherg integral
Before we go to the details conclusion first
Zinst (@) = ZprF(q)
Ninst — yToda

A‘ri_‘nsty — Afinst-j\rinst ArTod'l — ArTodaj\rToda
> — v - . + } _ 3

n n n+1
Ninst  — [122, Tty f. G+ as) f[ )Yl Gy,,v.(0)
Y+ ) ’

1 f
:t::l Gy’t wy’.‘? (at - as) s=1 G}’a ,}”3 (1 _ '3

n+1 8) 'l',:t n+1 G) v, n+1 (&) () .
v = (T2 - 500) =TT [ (T -
+ @ ==

a=1



Known results on Selberg average

SU(2) case: The relevant Selberg averages for one and two Jack polynomials were obtained
by Kadell.

SU(2) i
(8) > | , SU(2)
<Jy (p) - <J‘E1‘3)(p+ u.r).]g)(p)>

SU(n+1) case:
The one-Jack Selberg integral for SU(n+1) could be calculated by the formula offered by Warnaar.

SU(n+1)
5] n
(T9w™)
u,v.3
| | SU(3)
He also gives A: two Jack integral <J§3)(p§\_l))¢]g)(p§{2))>
' u,v,3



A conjecture on Selberg average

To evaluate we need Selberg average of (n + 1) Jack polynomials. While we do not
perform the integration so far, we find a formula for 8 = 1 which reproduces known results
and satisfies consistency conditions.

The Jack polynomial for 8 = 1 is called Schur polynomial. .]y(,fj)|3=1 = Yy.

Conjecture : We propose the following formula of Selberg average for n + 1

Schur polynomials,
(n+1)

(1) —1 r
<\Y1(—1)k - 11) e \)’,-(1—’};.7 ) —pi') - l,) \1"+1(1’An))>~ 7, 8=1
u,v,B=

. H { D | [l s + \. rq 1])’/ % H (I _ ] + 1))’;":—}’9{1 } v H (.] _ ] + 1)}’("’_{_1)?;_}’(”4_1))_
[\ + \ —1]) f (_] = 'I‘))'/ r y R ;

—V! -_1 L i

]-S'i'<jg‘.\’.s—l+l\rs i )Sj ].SI{_]SJ'\'-,” (J )}(77—4—1)1 }(71-{-1)]
o H { [l't + Uy —|— - + Ug—1 + \‘ = \t 1]}'! 9 [_l"s + Uy _I_ . 10l & + Ug—] — -’NTS _|_ -‘\TS—].])VS

i — U u Ny — Ni—1 — Ng U — Vg cort+uUg—1 — Ni—1 — Ng + No—1ly

lSt<SS71+1 [if lS+ f+ +u§‘ 1+ 1 ] [ t ‘_+“t+ + S 1 t 1 ._+ S 1])3

l'.tA'rs— AT AT AT AT . .
" 1\—[ 1—[1 vp —vs+up+ - g1+ Ny — Ny — Ng+ N1 +1—-(i4+7) }
Uy — Ug + ty + + Ug—1 + \* - \'t 1 — -‘N—s + -‘Nrs—l + 1 + },t,l + );J - (1 +]) .

i=1 =1



y)

B=1

ntl n—i—l |Y(S)| n+1 n—l—l
<H Xy () [x( D) — g )]> 1(~1) y (s (1 )
+

e Gy(r),y(s) (ar — ag)

and the second part,

o ") _ =D Tt ()Y ITIEES S T Fre (s + as)
H Xy (r) [ ] =

Hr,s:l GY(") Y (9) (a'r o as)

B=1



Lemma 1
(Vi =Y+ B —i)s 15 1 |
1<’L£7[<ly (B —1))p g (Bly —i+1)) Gyy (0)
Lemma 2
ly
[I(=2=B8i+ By, = (-1 fr (2)
=1
Lemma 3
ly lw Y W j—i ly 1 i 1
LI *’HJ -H(—x+lw—i+1)ng(fc+ly—z'+1)wi

i=1j=1 i=1

(W
- Gyw(z)Gwy (—x)

=i



Lemma 1
(Vi =Y+ B —i)s 15 1 |
1<’L£7[<ly (B —1))p g (Bly —i+1)) Gyy (0)
Lemma 2
ly
[I(=2=B8i+ By, = (-1 fr (2)
=1
Lemma 3
ly lw Y W j—i ly 1 i 1
LI *’HJ -H(—x+lw—i+1)ng(fc+ly—z'+1)wi

i=1j=1 i=1

(W
- Gyw(z)Gwy (—x)

=i



prove the conjecture

have already been made. Some have been
successful but have mostly

proven the conjecture under some special
assumptions/choice of

parameters. The present proof is relatively
general, but still

considers the algebra A_n only and the case
beta=1.

B e

As far as | can follow the derivation, the proof
presented in the

paper seems correct and provides a good
contribution to understanding

of this rather specialized subject. However, in my
view this is not a

result that deserves publication in PRL. My
reason for this is that

the paper is too technical and would be better
suited for a more

technical/specialized journal. It also presents a
really specialized

result, the proof a very particular conjecture in a
very particular

case. Even if the conjecture itself is significant in
estab®shing a

relationship between Gauge Theories and
Conformal Field theory, its

proof for such an specific case seems only of
interest to specialists,

which supports my suggestion of submitting to a
more specialized

journal where some aspects of the proof could
be expanded upon, once

the page limit is removed.

B = s e e = Rt

$\beta$ parameter. Such a proof is not only
interested for

mathematicians, but may also further elucidate
the underlying physical

mechanism. In this aspect, there seems not
much meaningful efforts for

a long time. Therefore it is delightful to see that
the authors are

making some good progress in this paper.

The paper considers the case of $\beta=1$, and
builds on earlier works

on the $A_1$ case [18] and a conjectural
formula in [19] for general

$A_n$ cases by one of the authors. The key is
the evaluations of some

Selberg integrals, studied recently by some
mathematicians in [20].

With the new technical tool, the authors are able
to prove the AGT

conjecture for the general $A_n$ cases. | don't
find obvious gaps in

the proof. Since one of the authors has done
some good research on the

topic in the past, the current results are
reasonable and trustworthy,

and may be useful to prove the case of general
$\beta$ pggmeter in

the future. | recommend publication of the

papeli



1nst Z qlYINmSt

n+1

Ngt* = 11 Fy ) (4r + s, ¢~ )Fy ) (Bnti4r + @s,9)
ras—=1 GY(T)aY(S) (a”' — Us, Q)GY(s),Y(r) (CLS — i +foll == 57 q_l)7

FY(Z,Q) = H (1 — qzw("'—l)—(j—l))’
(2,7)€Y

Gyw(r,q) = J[ (1 — ¢ HP0T-D+Wimi+sy
(4,5)€Y






g-deformed Selberg integral

1N, v, (O3t i, 03 B)
1 Nn q /x ql a”x . E o ()
- (1) (™) ) Joo r
=mrmaey | 0k ) [t T [
TN1+:+Nn &=

r=1 ¢=1
s ﬁ H ( (7)/3351")’ jT)/x r)’q ﬁﬁNﬁl )1/2 (r—l—l)/x(r)’ Q)oo dCC(l) dZC(n)
7 T r 1 T 1 o n) ’

Ol o o R L I e e (e R R T )

In [11] the Selberg integral formula for n 4+ 1 Schur polynomials is proposed. We now

find a new g-deformed Selberg integral average formula, containing a product of n+1 Schur
functions:

n+1 N1,...,Np,
< I xye [z — 33(T_1>]>
r=1

UL yuneyUpy U

n+l1 1 _ q—Nr+Nr—1+i_j Y(T) LY(S) q_Y;-(T)‘FY;-(S)_Ar,S_j+i
SV | = muauy | B | (| (e R——
r=1 (i,j)eY(T) 1— q J 1<r<s<n+1 =1 j=1
o H H 1 _ q_AT,S+NS—1_NS+i_j 1 . q_A’f‘,S_i—N’r‘_N’r—]__i—*_j

. _AT‘,S_L (s)‘f‘l_] L —Ar,s—l-L (T.)—Z—|—]
1<r<s<n+1 (4,5)eY(r) 1 q Y (i,5)€Y (s) 1 Y



g-deformed conformal blocks

n+1

qu |<H Xy [ (r—1) _xm}

<<ﬁ{ﬁ 23 @), lji[qyz ,qvﬁ}j[ul“(qﬂ?( "y ,q)B > >

) Al

N N,

n—+1

H Xy (r)

+' —

) - y<r—1>}>



n—+1 n+1
<H Xy [a7D :z:<?“>]> <H Yy [y - y<r_1)}>
=1 4+ \r=1 2

= ﬁl Fy (o) (ftr + @5, O)Fy @) (Bnt14r + a5, ¢77)

rs=1 GY(T‘),Y(S) (ar — as, q)GY(S),Y(T) (as —ar +1—5, q_l) |

Lemma
Ly Lw 1 — q:p+YZ~—Wj+j—z’ 1 1
H H 1 — gzti—i H 1 — q:c+LW—i+j H 1 — qx—LYH'—j
1=175=1 (1,7)€Y (2,0)EW
1

- GY,W(—Qf,q_l)GW,Y(x7Q) B=1 .












