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I. Introduction



Motivation

Is there a covariant conserved quantity in general relativity ?  
If exists, what is its physical meaning ? 

SA and T. Onogi,  “Conserved non-Noether charge in general relativity: Physical definition vs. Noether’s 
2nd theorem”, Int. J. Mod. Phys. A36 (2022) 2250129, 

Some conclusions from our previous studies

1. There exists no covariant definition of conserved energy in general relativity, 
due to Noether’s 2nd theorem.

2. A (matter) energy covariantly defined in general relativity is not conserved in 
general.

I will not discuss this anymore in this talk, due to a limitation of time.

Questions

For more details, please take a look at



This talk

We propose a new covariant conserved quantity in general relativity. 

We call it a “gravitational charge”.
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II. A conserved gravitational charge  
in general relativity



<latexit sha1_base64="/APQO158xtC8+lyJni+YmT/uYK4="></latexit>

Tµ⌫ = ⇢nµn⌫ + Pµ⌫ , Pµ⌫n
⌫ = nµPµ⌫ = 0

<latexit sha1_base64="cruv+ocKDvFlh+T9/xFrv4YjfYk="></latexit>

⇢: energy density
<latexit sha1_base64="Pf4Tx61sVqUpvC3AxPW/4YynqR4="></latexit>

Pµ⌫ : pressure tensor

We construct  a conserved current from this EMT using  asnν(x)

Conservation condition

c.f. This decomposition is not generic but standard for massive classical matters.

<latexit sha1_base64="Y20ZB+CWtOY9K04v5KWEqIM3cNs="></latexit>

Jµ(x) := Tµ
⌫(x)�(x)n

⌫(x) = �⇢(x)�(x)nµ(x)

<latexit sha1_base64="Wak/b8n0mts9JrOtKvgYCrYXWX0="></latexit>

rµJ
µ = rµ(T

µ
⌫�n

⌫) = 0

This definition is coordinate independent.

We start with the following decomposition of  the energy-momentum tensor (EMT)

Hawking-Ellis type I

This current is required to satisfy

<latexit sha1_base64="CS2w1V82LQV7agvkKopC3NJnroc="></latexit>

nµ: a time-like unit vector

Construction of a conserved current



(would be) extrinsic curvature of a hyper-surface normal to nμ

<latexit sha1_base64="V5g2xxcohisOXEUU0pjwapqgtnQ="></latexit>

K := Kµ
µ,

<latexit sha1_base64="rsYMCXh1XLG9BcLJdCpPFQvXMjo="></latexit>

K⌫
µ := rµn

⌫

<latexit sha1_base64="kj87Z9u5P6PEj7/QA000jJUSitM="></latexit>

nµ(x(⌧)) :=
dxµ(⌧)

d⌧

<latexit sha1_base64="XFBwc5eDHmIoFPez6MwambO6GwI="></latexit>

nµ@µ =
dxµ

d⌧

@

@xµ
=

d

d⌧

PDE becomes ODE:

We can determine  by solving the following equation.β
<latexit sha1_base64="USJ7sOneeCdDn6ePi25I/5FiSgw="></latexit>

Jµ = �⇢�nµ

<latexit sha1_base64="M5g98vVijneM2eCwWvzL6FZL14c="></latexit>

rµJ
µ = �rµ(⇢�n

µ) = �nµ@µ(⇢�)� ⇢�K = 0

We introduce a parameter  (proper time) to solve the above equation:τ

<latexit sha1_base64="OtwbKXKS22gWD3JFGFYOzsPTCjg="></latexit>

d

d⌧
⇢ (x(⌧))� (x(⌧)) = �⇢ (x(⌧))� (x(⌧))K (x(⌧))

We can easily solve this ODE on each  asx(τ)
<latexit sha1_base64="o3Ta+fOEbc7u0KZth9+KF52+qug="></latexit>

⇢ (x(⌧))� (x(⌧)) = ⇢ (x(⌧0))� (x(⌧0)) exp


�
Z ⌧

⌧0

d⌘K (x(⌘))

�

We need an initial condition at  .  Among many choices, we propose to takeτ = τ0

<latexit sha1_base64="HCLzT1SfXfD12dzDu+SOcT1+V1k="></latexit>

⇢ (x(⌧0))� (x(⌧0)) = constant in space



M @Ms

<latexit sha1_base64="xjYNRAwv3JmPBymxecPG/reCgb0="></latexit>

⌃2

<latexit sha1_base64="SRin/GIZTEzRS6l/LE1ZCpjSdlU="></latexit>

⌃1

<latexit sha1_base64="m8bG5hbfbgtp94iVOI2VZiAieN8="></latexit>

@M = @Ms � ⌃2 � ⌃1

Conserved charge
We integrate  over a spacetime region  as−g ∇μJμ = ∂μ( −gJμ) = 0 M

<latexit sha1_base64="f5pr3cf+aw6i7pFFEj8q+aHRMrg="></latexit>

If d⌃µJµ = 0 on @Ms (space boundary)

<latexit sha1_base64="w5L4oM5Qhsg3W9eYq1Y1MyiocCM="></latexit>

Q(⌃2) = Q(⌃1)

<latexit sha1_base64="1dOXgEXIU1FJ5u/kP8pZwxrIz4k="></latexit>

Q(⌃) :=

Z

⌃
d⌃µJ

µ

conserved 

<latexit sha1_base64="OftE54ZPQL6pomAsXJQPkVIu8wk="></latexit>

0 =

Z

M
ddx

p
�grµJ

µ =

Z

@M
d⌃µJ

µ = Q(⌃2)�Q(⌃1) +

Z

@Ms

d⌃µJ
µ

covariant 



Covariant & conserved charge = Gravitational charge

<latexit sha1_base64="+NvldYQ/kWmvKd/BjDvttqHliko="></latexit>

⌃: spacelike-hyper surface

What is a physical meaning of the  gravitational charge ?

SA,  “Noether’s 1st theorem with local symmetries”, PTEP 2023 (2023)1, 013B03.

The gravitational charge is a Noether charge of the matter action invariant 
under a global transformation .δxμ = ϵβ(x)nμ(x)

<latexit sha1_base64="8VtA1qjkRAlj0MSIDCsr+0RP1zw="></latexit>

Q(⌃) = �
Z

⌃
d⌃µn

µ(x)⇢(x)�(x)



III. Gravitational charge for massive particles

SA, T. Onogi and T. Yamaoka, “Energies and a gravitational charge for massive particles in 
general relativity’’, [arXiv:2305.09849 [gr-qc]].



Free massive particles with gravitational interactions

The EMT for free massive particles with gravitational interaction is explicitly given by
<latexit sha1_base64="Pd9qXgXp0H2FoV3KNlm6EDTeArU="></latexit>

Tµ⌫(x) =
1p

�g(x)

NX

n=1

mn

Z
dsn v

µ
n(sn)v

⌫
n(sn)�

(4)(x� xn(sn))

4 velocity, which satisfies
<latexit sha1_base64="kyKCHbRyGgn2A6Q/rmB51UjpPoY="></latexit>

gµ⌫v
µ
nv

⌫
n = �1

On the other hand,  it is very difficult to exactly solve Einstein equation.

 is a proper time for the n-th particle.sn

<latexit sha1_base64="p9dKQB0bZiG21pXXl9dELMtRzGM="></latexit>

vµn(sn) :=
dxµ

n(sn)

dsn



Determination of β

　Since it is enough to determine  at  where particles exit, we takeβ(x) x ≃ xn(sn)

<latexit sha1_base64="zS1L61TOu7HEdwwf7uYY/1afJCs="></latexit>

�(x)nµ(x) ' �n(sn)v
µ
n(sn) +O (|x� xn|)

<latexit sha1_base64="uXR0+sNYKO7zZCYhwYXQTXUdIZg="></latexit>

d�n(sn)

dsn
= 0

<latexit sha1_base64="P/amDueofqPOOLFgByKsbqIzwzg="></latexit>

�n(x
0) = ��0

n

<latexit sha1_base64="zDBDZbtGcpY+vGQnjt4fdtw1Q9c="></latexit>

p
�gJµ = �

NX

n=1

mn

Z
dsn �(sn)v

µ
n(sn)�

(4)(x� xn(sn))

The conserved current becomes

The current conservation implies

initial condition

<latexit sha1_base64="PlaRTvGRMntxEqFERExKwhRWTzg="></latexit>

0 = @µ(
p
�gJµ) = �

NX

n=1

mn

Z
dsn �(sn)v

µ
n@µ�

(4)(x� xn(sn)) =
NX

n=1

mn

Z
dsn �(sn)

d

dsn
�(4)(x� xn(sn))

= �
NX

n=1

mn

Z
dsn

d�(sn)

dsn
�(4)(x� xn(sn))



Gravitational charge

（There are N independent conserved charges depending on initial conditions.）

Our proposal for the initial condition that  leads toρ(x(τ0))β(x(τ0)) = constant

Gravitational charge = particle number

This result looks trivial, but it is non-trivial to obtain this trivial but exact result from 
the gravitational charge constructed from the EMT.

<latexit sha1_base64="atdSy3ovYyGiUxGZt1jBlg+Tjiw="></latexit>

Q :=

Z
dd�1x

p
�gJ0 =

X

n

mn�
0
n

Z
dsnv

0
n(sn)�(x

0 � x0
n(sn))

=
X

n

mn�
0
n

Z
dx0

n(sn)�(x
0 � x0

n(sn)) =
X

n

mn�
0
n

<latexit sha1_base64="z2DwY3CpR1UAwKxbObMUM4ass/I="></latexit>

Q = N

<latexit sha1_base64="Noul6qKO9Ub2Dzb37xdOzjCCAMY="></latexit>

mn�
0
n = constant = 1



IV. Gravitational charge in expanding Universe

SA and K. Kawana, “Entropy and its conservation in expanding Universe’’,  
International Journal of Modern Physics A38 (2023) 2350072  [arXiv:2210.03323 [hep-th]].

SA, Y. Hidaka, K. Kawana and K. Shimada, work in progress.



Homogeneous and isotropic expanding Universe

ds2 = �(dx0)2 + a2(x0)g̃ijdx
idxj

<latexit sha1_base64="5OilFTJzdRbHocLwPMc0SHZnOSM="></latexit>

T 0
0 = �⇢(x0), T i

j = P (x0)�ij , T 0
j = T i

0 = 0

The covariant conservation,  , implies∇μTμ
ν = 0

<latexit sha1_base64="h6ChvQn3Yg5L8aIPXzBsKjcBdog="></latexit>

⇢̇+ (d� 1)(⇢+ P )
ȧ

a
= 0

<latexit sha1_base64="WxMhp2q2cs62374WyN0o+7fu0sY="></latexit>

E(x0) := �
Z

dd�1x
p
�g T 0

0 = Vd�1a
d�1⇢, Vd�1 :=

Z
dd�1x

p
g̃.

This is a good example for an absence of conserved energy in general relativity.

<latexit sha1_base64="DzWPvWBi55lCwIcgJbXSI9MFYuw="></latexit>

Ė = E


⇢̇

⇢
+ (d� 1)

ȧ

a

�
= �(d� 1)

ȧ

a

P

⇢
E 6= 0

The metric for homogeneous and isotropic expanding Universe is given by

The corresponding EMT is described by a perfect fluid as

A matter energy is calculated from the EMT as

The matter energy is not conserved as



<latexit sha1_base64="mzwnNFspyICcOacoKrNgqrxwrWE="></latexit>

P (x0) = w⇢(x0)

Einstein equation (or covariant conservation) determines the energy density as

while equation for  can be solved asβ

<latexit sha1_base64="d0cn6nczsaEQaRfxFNdMNHpl7gQ="></latexit>

⇢(x0) = ⇢0

✓
a0

a(x0)

◆(d�1)(1+w)

<latexit sha1_base64="GdnhrTusMpYc9/aIRMI5SStv8z4="></latexit>

�(x0) = �0

✓
a(x0)

a0

◆(d�1)w

<latexit sha1_base64="3RNwh+TiKpxO7fd3U0G4RdsNyJM="></latexit>p
�g ⇠ a(x0)d�1

What is a physical meaning ?

Gravitational charge

For simplicity, we consider a constant equation of state (EoS) as

<latexit sha1_base64="QDsrrSKwIg7Xz0D5Hp/tXJ+7SzY="></latexit>

Q(x0) =

Z
dd�1x

p
�g⇢(x0)�(x0) = Vd�1⇢0�0a

d�1
0

By combining these, the gravitational charge is given by

conserved



Thermodynamics for radiation-like matters

Let us consider an entropy for radiation-like matters assuming that the system is in equilibrium.

An entropy  is concave (凸) function for  (energy) and  (volume).S(U, V ) U V

By definition, we obtain

<latexit sha1_base64="nCZkekOjSpu0NpzxtPYyDSw+GiQ="></latexit>

S(U, V ) = UG

✓
V

U

◆

<latexit sha1_base64="GRYzyBGgBY11hu5M/w1L04+1ZmE="></latexit>

1

T
:=

@S

@U
= G(x)� xG0(x)

<latexit sha1_base64="lAzOUldW6DAAoGKq7F58RJ8ghB0="></latexit>

P

T
:=

@S

@V
= G0(x)

The EoS that  impliesP = wρ =
w
x

<latexit sha1_base64="HqplOl8qA+1/o8WqQaejfI9E5Ag="></latexit>

(1 + w)xG0(x) = wG(x)

The solution is given by
<latexit sha1_base64="gWfxtdmuV2La18rNkxNtuALSSBY="></latexit>

G(x) = c0x
w

1+w

We finally obtain the fundamental relation as
<latexit sha1_base64="An69+0Au6ng+KkHGeYSDYSIkZwY="></latexit>

S(U, V ) = c0U
1

1+w V
w

1+w concavity (凸) requires w ≥ 0

<latexit sha1_base64="5oOb4YtDAj+mYU4FNDTQfL7WEZg="></latexit>

with a positive constant c0

The fundamental relation of thermodynamics takes a form as



Confirmation of thermodynamic relations

<latexit sha1_base64="TwsHR6sGTPBF+Tq1l2BJq6UzX7U="></latexit>

P

T
:=

@S

@U
=

c0w

1 + w

✓
U

V

◆ 1
1+w

<latexit sha1_base64="u9rxlxQkY5e/zPdenjFqp//zmVc="></latexit>

1

T
:=

@S

@U
=

c0
1 + w

✓
V

U

◆ w
1+w

<latexit sha1_base64="+r10Uq2+SHN3EL2i85lVAXPRFMc="></latexit>

s :=
S

V
= c0

✓
U

V

◆ 1
1+w

=
⇢+ P

T

<latexit sha1_base64="YFjPG/gbNCbKZzdAFkLRfXdIu/Q="></latexit>

⇢ :=
U

V
= �dT

1+w
w

<latexit sha1_base64="RZ0UoJJbB5pJd5TXZCeILEX9zPI="></latexit>

w =
1

d� 1
For radiation

<latexit sha1_base64="y7k4PsZwy+7LMX6W+y99vthHcp0="></latexit>

⇢ = �dT
d

An entropy density satisfies a thermodynamic relation as

An energy density satisfies a generalized Stefan-Boltzmann law as

<latexit sha1_base64="pmTilsadch4Z5HU+nAtcurvUChc="></latexit>

�d :=

✓
c0

1 + w

◆ 1+w
w

We confirm that  is indeed a thermodynamic entropy.S

Assumption on equilibrium is justified.



Physical interpretation of the gravitational charge

<latexit sha1_base64="4gnAtz4EY0uGmEMDqYaFQaAriC8="></latexit>

c0 = �0⇢
w

1+w

0

gravitational charge = entropy !

If we take  and  for the expanding Universe asU V
<latexit sha1_base64="04PYRwJoZkxt7iIHl/Co6yf1E3M="></latexit>

U(x0) := E(x0) = Vd�1⇢0
a(d�1)(1+w)
0

a(x0)(d�1)w

<latexit sha1_base64="I41O/82RByvR3UnyjtdYHWA8tRk="></latexit>

V (x0) := a(x0)d�1

Z
dd�1x

p
g̃ = Vd�1a(x

0)d�1

the entropy  becomes time-independent asS

On the other hand, the gravitational charge is also time-independent as already seen:
<latexit sha1_base64="hRxPABd1cHJkQGtm7R5/kU8IdoA="></latexit>

Q(x0) = Vd�1⇢0�0a
d�1
0

Therefore we conclude
<latexit sha1_base64="9ibFrY97JAnF2xTLKYAc6rJ4qEw="></latexit>

Q(x0) = S(U, V ) with
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S(U, V ) = c0U
1

1+w V
w

1+w = c0V
1

1+w

d�1 ⇢
1

1+w

0

ad�1
0

a(x0)(d�1) w
1+w

V
w

1+w

d�1 a(x0)(d�1) w
1+w = c0Vd�1⇢

1
1+w

0 ad�1
0

energy of Universe volume of Universe



V. Conclusion



1. We propose a new conserved charge (gravitational charge) in 
general relativity. 

2. Massive particles: gravitational charge = a number of particles 

3. Expanding Universe: gravitational charge = entropy  

1.  is an (time-dependent) inverse temperature as 

4. (Future) More examples for gravitational charges will be 
considered to understand their physical meaning.

β(x0)
<latexit sha1_base64="kAf1iK6aRKkTR6IDp6kKc3xiWNQ="></latexit>

�(x0) =
1 + w

T

Thank you for your attention !


