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QIMG2023, Foundations and Developments of Quantum Information
Theory, September 18-22, 2023



Bell-type scenario

𝑎1 𝑎𝑖 𝑎𝑛

𝑥𝑛𝑥𝑖𝑥1

𝐴1 𝐴𝑖 𝐴𝑛

Probabilistic description of an experiment with n parties, m measurements,
and k outcomes, where xn = (x1, . . . , xn) and an = (a1, . . . , an), is given by

P = {p(an|xn)}an,xn .



Relationship between sets of correlations

NS(n,m, k) - polytope of no-signaling correlations

Q(n,m, k) - convex sets of quantum correlations

LOC(n,m, k) - polytope of local correlations

LOC(n,m, k) ⊊ Q(n,m, k) ⊊ NS(n,m, k)

Theorem ([RTHH16])

Consider any Bell-type experiment given by n,m, k. Let P ∈ NS(n,m, k)
be an extreme point in NS(n,m, k) such that P /∈ LOC(n,m, k). In that
case P /∈ cl(Q(n,m, k)).
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Steering scenario

𝑎1 𝜎a𝑛|x𝑛
𝑎𝑖 𝑎𝑛

𝑥𝑛𝑥𝑖𝑥1

𝐴1 𝐴𝑖 𝐴𝑛 𝐵 𝐴𝑛

Probabilistic description of an experiment with n parties, m measurements,
and k outcomes, where xn = (x1, . . . , xn) and an = (a1, . . . , an), is given by

Σ =
{
σan|xn

}
an,xn

.

Remark: One can consider steering in an infinite dimensional setting of
C*-algebras [B23].
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Quantum, local and no-signaling assemblages

Collection of subnormalized states Σ =
{
σan|xn

}
an,xn

form a quantum

assemblage if it can be realized as

σan|xn = TrA1...An(M
(A1)
a1|x1 ⊗ . . .M

(An)
an|xn ⊗ 1ρA1...AnB).

Additionally, we say that Σ =
{
σan|xn

}
an,xn

is a local assemblages if

σan|xn =
∑
j

qjp
(1)
j (a1|x1) . . . p

(n)
j (an|xn)σj

where qi ≥ 0,
∑

j qj = 1, and σj are some states of trusted subsystem B.

Finally, Σ =
{
σan|xn

}
an,xn

is a no-signaling assemblage if∑
aj ,j /∈I

σan|xn = σai1 ...ais |xi1 ...xis ,
∑
an

σan|xn = σ,

for any set of indexes I = {i1, . . . , is} ⊂ {1, . . . , n} and some state σ on B.
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Relationship between sets of assemblages

nsA(n,m, k, dB) - convex set of no-signaling assemblages

qA(n,m, k, dB) - convex set of quantum assemblages

lA(n,m, k , dB) - convex set of local assemblages

lA(n,m, k , dB) ⊊ qA(n,m, k, dB) ⊂ nsA(n,m, k, dB)

Remark: There is no post-quantum steering for n = 1 [G89,HJW93].

Main question: Is there a possibility of quantum realization of extreme
yet non-local point in nsA(n,m, k , dB) for non-trivila case?
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Inflexibility of assemblages

We say that Σ =
{
σan|xn

}
an,xn

is an assemblage of pure states if a rank of

σan|xn is not greater than one for all an, xn.

For Σ =
{
pan|xn |ψan|xn⟩⟨ψan|xn |

}
an|xn

define SΣ ⊂ nsA(n,m, k , dB) as a set

of all assemblages of the form Σ′ =
{
qan|xn |ψan|xn⟩⟨ψan|xn |

}
an|xn

such that

pan|xn = 0 implies qan|xn = 0 for arbitrary an, xn.

Definition ([RBRH20])

We say that Σ =
{
σan|xn

}
an,xn

is inflexible if SΣ = {Σ}.
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Extremality of inflexible assemblages

Consider an inflexible assemblage Σ =
{
σan|xn

}
an,xn

∈ nsA(n,m, k , dB)

and define

ρan|xn =

{
0 for σan|xn = 0,

σan|xn
Tr(σan|xn )

for σan|xn ̸= 0.

We introduce the following functional

FΣ(Σ̃) =
∑
an,xn

Tr(ρan|xn σ̃an|xn).

where Σ̃ =
{
σ̃an|xn

}
an,xn

∈ nsA(n,m, k , dB). One can show that

FΣ(Σ̃) ≤ mn

for all Σ̃ and equality holds if and only if Σ̃ = Σ.
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Extremality of quantum assemblages

In the simplest non-trivial case nsA(2, 2, 2, dC ) we introduce as set of
sufficient conditions for inflexibility.

Theorem ([RBRH22])

For any genuine entangled pure state |ψ⟩ ∈ C2 ⊗ C2 ⊗ CdC there are
PVMs, defined by Pa|x ,Qb|y when a, b, x , y = 0, 1, such that

σab|xy = TrAB(Pa|x ⊗ Qb|y ⊗ 1|ψ⟩⟨ψ|)

defines an inflexible assemblage. Moreover, Σ is not local, nor it belongs
to the set of biseparable assemblages.

Remark: Self-testing results from FΣ for pure states and projection
measurements.
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Exmaple of steering inequality from inflexibility

Consider a three-qubits GHZ state |ψ⟩ = 1√
2

(|000⟩ + |111⟩).

Define σab|xy = TrAB(Pa|x ⊗ Qb|y ⊗ 1|ψ⟩⟨ψ|) where P0|0 = Q0|0 = |+⟩⟨+|
and P0|1 = Q0|1 = |0⟩⟨0|, i.e.

ΣGHZ =
1

4


|+⟩⟨+| |−⟩⟨−| |0⟩⟨0| |1⟩⟨1|
|−⟩⟨−| |+⟩⟨+| |0⟩⟨0| |1⟩⟨1|
|0⟩⟨0| |0⟩⟨0| 2|0⟩⟨0| 0
|1⟩⟨1| |1⟩⟨1| 0 2|1⟩⟨1|

 .

ΣGHZ is inflexible and not biseparable

ClA = sup
Σ∈lA

FΣGHZ
(Σ) =

4 +
√

10

2
,

CbisA = sup
Σ∈bisA

FΣGHZ
(Σ) =

5 +
√

5

2
.
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Channel steering

𝑎1

𝜎a𝑛|x𝑛
𝑎𝑖 𝑎𝑛

𝜌B

𝑥𝑛𝑥𝑖𝑥1

𝐴1 𝐴𝑖 𝐴𝑛

𝐴1 𝐴𝑖 𝐴𝑛



Channel assemblages

Family L =
{

Λan|xn
}
an,xn

of CP maps Λan|xn : B(HB) → B(HB̃) defines a

weakly no-signaling channel assemblage if∑
aj ,j /∈I

Λan|xn = Λai1 ...ais |xi1 ...xis ,
∑
an

Λan|xn = Λ,

for any subset of indexes I = {i1, . . . , is} ⊂ {1, . . . , n} and a CPTP map Λ.

We say that it admits a quantum realization if

Λan|xn(·) = TrA1,...,An(M
(1)
a1|x1 ⊗ . . .⊗M

(n)
an|xn ⊗ 1(E(ρA1,...,An ⊗ ·))).

Possible description on the level of assemblages of Choi matrices

J (Λ) = Λ ⊗ id(|ϕ+BB⟩⟨ϕ
+
BB |).

Analogous result: Existence of quantum yet non-local extreme points.
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Family L =
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}
an,xn

of CP maps Λan|xn : B(HB) → B(HB̃) defines a
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∑
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Λan|xn = Λ,
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Asymmetric channel assemblages

The family L =
{

Λab|xy
}
a,b,x ,y

of CP maps Λab|xy : B(HB′) → B(HB̃)

defines an asymmetric channel assemblage if∑
a

Λab|xy =
∑
a

Λab|x ′y ,∑
b

Tr(Λab|xy ) =
∑
b

Tr(Λab|xy ′)∑
a,b

Λab|xy = Λ|y , Λ|y − CPTP

Proposition ([BRH22])

Family L =
{

Λab|xy
}
a,b,x ,y

given by Λab|xy : B(HB′) → B(HB̃) defines an

asymmetric channel assemblage if and only if a family of positive Choi
matrices Σ =

{
σab|xy = J (Λab|xy )

}
ab|xy fulfills the following conditions i)∑

a σab|xy =
∑

a σab|x ′y , ii)
∑

b TrB̃(σab|xy ) =
∑

b TrB̃(σab|xy ′), and iii)∑
a,b σab|xy = σ|y where σ|y ∈ B(HB̃) ⊗ B(HB′) such that TrB̃(σ|y ) = 1

dB′
.
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Security from asymmetric channel assemblages

Consider a channel assemblage L =
{

Λab|xy
}
a,b,x ,y

for a, b, x , y ∈ {0, 1}
where Λab|xy : B(C2) → B(C2) admits quantum realization

Λab|xy (·) = TrAB(Pa|x ⊗ Qb|y ⊗ 1B̃(1A ⊗ ECNOT (|ϕ+AB⟩⟨ϕ
+
AB | ⊗ ·)))

with P0|0 = Q0|0 = |0⟩⟨0| and P0|1 = Q0|1 = |+⟩⟨+|.

Observe that

p(iii |000) = Tr(|i⟩⟨i |Λii |00(|0⟩⟨0|)) =
1

2
, i = 0, 1

provides a perfectly random one bit.

Possible eavesdropper attack: Λab|xy =
∑

e qeΛ
(e)
ab|xy with some

asymmetric channel assemblages L(e).

Analysis of the assemblage of Choi matrices =⇒ Λab|00 = Λ
(e)
ab|00 for all

a, b.
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Hybrid channel behaviors
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Security from hybrid channel behaviors

The family O =
{

Ωabc|xyz
}
a,b,c,x ,y ,z

of CP maps Ωabc|xyz : B(HB′) → C
defines a hybrid channel behavior if there exists an asymmetric channel
assemblage L =

{
Λab|xy

}
a,b,x ,y

and POVMs elements Mc|z such that

Ωabc|xyz(·) = Tr(Mc|zΛab|xy (·)).

Possible description on the level of assemblages of Choi matrices.

Analogous result: Perfectly secure one bit against adversary attack
modeled by convex combinations of hybrid channel behaviors.
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