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¡ …for computing von Neumann entropies of subsystems:

(image from Cheng et al., 

“Random Tensor Networks
with Non-trivial Links”)
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¡ Not all states obey it
¡ But the ones that do are an important class of states
¡ Today’s talk is about this class of quantum states

States dual to 
semiclassical spacetimes
in holographic duality
(Ryu-Takayanagi, 2006)



¡ Use the minimal cut prescription to compute S(A), S(B), S(AB):

A B

S(A) S(B)

candidate
for S(AB)

S(AB) 
= min {S(A) + S(B), 
          the other candidate}

¡ Either way: S(AB) =< S(A) + S(B) 
¡ Holographic “proof” of subadditivity

¡ Many other relations also follow
from the min-cut prescription

This talk is about these 
“holographic entropy inequalities.”

They are necessary conditions
for min-cut to work.
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¡ S(AB) = S(A) + S(B)
¡ central region protected 

against erasure of A, B

? ?

¡ S(CD) = S(C) + S(D)
¡ central region protected 

against erasure of C, D

Interpreting our inequalities: Saturation of a holographic inequality tells us 
which bulk regions are protected against which boundary erasure.

Almheiri, Dong, Harlow (2014)
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– –1





A1A2
A3B1

A1A2
B1

A5A1
A2B1

A5A1
B1

A4A5
A1B1

A4A5
B1

A3A4
A5B1

A3A4
B1

A2A3
A4B1

A2A3
B1

A4A5
B3

A3A4
A5B3

A3A4
B3

A2A3
A4B3

A2A3
B3

A1A2
A3B3

A1A2
B3

A5A1
A2B3

A5A1
B3

A4A5
A1B3

A1A2
A3B2

A1A2
B2

A5A1
A2B2

A5A1
B2

A4A5
A1B2

A4A5
B2

A3A4
A5B2

A3A4
B2

A2A3
A4B2

A2A3
B2

A4A5
B1

A3A4
A5B1

A3A4
B1

A2A3
A4B1

A2A3
B1

A1A2
A3B1

A1A2
B1

A5A1
A2B1

A5A1
B1

A4A5
A1B1

A1A2
A3B3

A1A2
B3

A5A1
A2B3

A5A1
B3

A4A5
A1B3

A4A5
B3

A3A4
A5B3

A3A4
B3

A2A3
A4B3

A2A3
B3

A4A5
B2

A3A4
A5B2

A3A4
B2

A2A3
A4B2

A2A3
B2

A1A2
A3B2

A1A2
B2

A5A1
A2B2

A5A1
B2

A4A5
A1B2

A1A2
A3B1

A1A2
B1

A5A
A2B

A4A5
B3

A3A4
A5B3

A3A
B3

A1A2
A3B2

A1A2
B2

A5A
A2B

A4A5
B1

A3A4
A5B1

A3A
B1

A1A2
A3B3

A1A2
B3

A5A
A2B

A4A5
B2

A3A4
A5B2

A3A
B2

A1A2
A3B1

A1A2
B1

A5A1
A2B1

A5A1
B1

A4A5
A1B1

A4A5
B1

A3A4
A5B1

A3A4
B1

A2A3
A4B1

A2A3
B1

A4A5
B3

A3A4
A5B3

A3A4
B3

A2A3
A4B3

A2A3
B3

A1A2
A3B3

A1A2
B3

A5A1
A2B3

A5A1
B3

A4A5
A1B3

A1A2
A3B2

A1A2
B2

A5A1
A2B2

A5A1
B2

A4A5
A1B2

A4A5
B2

A3A4
A5B2

A3A4
B2

A2A3
A4B2

A2A3
B2

A4A5
B1

A3A4
A5B1

A3A4
B1

A2A3
A4B1

A2A3
B1

A1A2
A3B1

A1A2
B1

A5A1
A2B1

A5A1
B1

A4A5
A1B1

A A A A A A A A A A A A A A A A A A A A

A1A2
A3B1

A1A2
B1

A5A
A2B

A4A5
B3

A3A4
A5B3

A3A
B3

A1A2
A3B2

A1A2
B2

A5A
A2B

A4A5
B1

A3A4
A5B1

A3A
B1

A1A2 A1A2 A5A

A2A3
B1

A4A5
A1B3

A2A3
B2

A4A5
A1B1

A2A3
B3

A4A5
A1B2

A2A3
B1

A4A5
A1B3

A2A3
B2

A4A5
A1B1

A A
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torus



– –1faces nodes

B1B2
B3B4

B1B2
B3

A1B1
B2B3

A1B2
B3

A1A2
B2B3

A1A2
B3

A1A2
A3B3

A1A2
A3

A1A2
A3A4

A1A2
A3A4

A2A3
A4

A2A3
A4B1

A3A4
B1

A3A4
B1B2

A4B1
B2

A4B1
B2B3

B1B2
B3

B1B2
B3B4

B1B2
B3B4

B2B3
B4

A2B2
B3B4

A2B3
B4

A2A3
B3B4

A2A3
B4

A2A3
A4B4

A2A3
A4

A1A2
A3A4

A1A2
A3A4

A3A4
A1

A3A4
A1B2

A4A1
B2

A4A1
B2B3

A1B2
B3

A1B2
B3B4

B2B3
B4

B1B2
B3B4

B1B2
B3B4

B3B4
B1

A3B3
B4B1

A3B4
B1

A3A4
B4B1

A3A4
B1

A3A4
A1B1

A3A4
A1

A1A2
A3A4

A1A2
A3A4

A4A1
A2

A4A1
A2B3

A1A2
B3

A1A2
B3B4

A2B3
B4

A2B3
B4B1

B3B4
B1

B1B2
B3B4

B1B2
B3B4

B4B1
B2

A4B4
B1B2

A4B1
B2

A4A1
B1B2

A4A1
B2

A4A1
A2B2

A4A1
A2

A1A2
A3A4

A1A2
A3A4

A1A2
A3

A1A2
A3B4

A2A3
B4

A2A3
B4B1

A3B4
B1

A3B4
B1B2

B4B1
B2

B1B2
B3B4

projective plane RP2



A1A2A3

B1B2 B2B3

B3B1

A1A2

A2A3A3A1

A1A2B1

A2A3B1

A2A3B2A3A1B2

A3A1B3

A1A2B3

A3B3B1

A3B3B1

A2B2B3

A2B2B3 A1B1B2

A1B1B2

A3B3

A1B1

A3B1

A1B2

A1B1

A2B2A1B2

A2B3

A2B2

A3B3

A2B3

A3B1
A1B1B2

A1B1B2

A3B3B1A3B3B1

A2B2B3

A2B2B3 embedded on the
g=2 Riemann surface

faces

nodes



¡ A node (RHS term)
is incident to 
a face (LHS term)
if and only if
they do not cross:
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LHS terms are faces RHS terms are nodes

They are disjoint 
or one is a subset 

of the other

¡ What is the significance of this condition?
Their minimal cuts also do not cross. 

Entanglement Wedge Nesting:
This cannot happen!



¡ Look at one edge in this graph:
+ S(A1A2A3B2) + S(A3A4A5B3) 
  – S(A1A2B2) – S(A4A5B3)

¡ When these regions form a pure 
state, this is a conditional 
mutual information:
+ (A1A2B2)(A3) + (A1A2B2)(B1) 
  – (A1A2B2) – (A1A2B2)(A3)(B1)

¡ Every edge is non-negative 
by strong subadditivity!
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𝐶𝑀𝐼 𝑒𝑑𝑔𝑒 ≥ 𝑆(𝐴%𝐴&…𝐴')

Why do we have this structure?
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𝐶𝑀𝐼 𝑒𝑑𝑔𝑒 ≥ 𝑆(𝐴%𝐴&…𝐴')

Why? I’ll try to give an answer on two levels:

¡ What does it mean, 
or what can it mean,
in holographic duality?
 

¡ What makes it true?
Topology!



¡ Consider a pure state on many Ais and Bjs
¡ Picture them as living on two circles:

¡ Holographically, this is a two-sided black hole.
The dotted thing is a black hole horizon.
This is the term S(A1A2…Am) on RHS.

¡ Let’s redraw the same picture “from above”
¡ Let’s look at any term like S(Ai

+ Bj
–)

¡ Generally, it can be in one of several phases.

A B A

B
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This is the term S(A1A2…Am) on RHS.
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¡ Let’s look at any term like S(Ai
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A B A

B



¡ Suppose S(Ai
+ Bj

–) can only be 
in one of these two phases:

¡ Each CMI(edge) looks like:
   CMI = S(A1A2B2A3) + S(A1A2B2B1) – S(A1A2B2) – S(A1A2B2A3B1)

¡ We vary the right endpoint of Ai
+ and left endpoint of Bj

–. 
This vanishes in each phase!

A

B

A

B

!
!"#!$

𝐶𝑀𝐼 ≥ 𝑆(𝐴%𝐴&…𝐴')

The only 
non-zero 
CMI(edge) 

occur
when terms

live in 
different
phases.



¡ Take a continuum limit with MANY Ais and Bjs.
¡ The inequality localizes on the phase transition.

Many different behaviors are possible, depending on phase structure.
¡ For example, one possibility is:

A

B

A

B
!
!"#!$

𝐶𝑀𝐼 ≥ 𝑆(𝐴%𝐴&…𝐴')

ongoing work with 
Bowen Chen, 

Ricardo Espindola,
Dachen Zhang



Differential Entropy >= Black Hole Entropy

¡ This has a nice 
geometric interpretation:
(differential entropy)

!
!"#!$

𝐶𝑀𝐼 ≥ 𝑆(𝐴%𝐴&…𝐴')

A

B

Purple curve >= Dotted curve

A B



¡ I will try to convince you that the answer is:

It is the topology of an error correcting scheme.

¡ I will sketch the proof of the inequalities.
It is entirely topological in character.

topology



¡ Take an inequality, for example:
S(AB) + S(BC) + S(AC) >= S(A) + S(B) + S(C) + S(ABC)

¡ Construct a table like so, such that
|x – x’| >= |f(x) – f(x’)|

¡ Every region indicator must map to a region indicator. 

Bao, Nezami, Ooguri, Stoica, Sully (2015)

Why is this 
a proof?



¡ Take an even simpler inequality:
S(AB) + S(BC) >= S(B) + S(ABC)

¡ Area     x | x’ 
contributes
|x – x’| on LHS
|f(x) – f(x’)| on RHS

¡ So |x – x’| >= |f(x) – f(x’)| suffices

A C

S(BC)

B

S(AB)

00

011110

A CB



Notation:

– –1





faces nodes

0
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0
0 1

1

11

1 0

0

0
0

0

0

0

1

1

1

1
1

1
1

?
¡ Draw a graph…
¡ Bottommost, rightmost

node surrounded by a loop
gets a 1, all others get a 0



¡ A loop that wraps the torus is not a boundary of a region on the torus.

¡ To show |x – x’| >= |f(x) – f(x’)|
consider the effect of flipping any one bit in x.

¡ These are the only possibilities:
1. 2.

3. 4.

5.

2 
lo

op
s 

<-
> 

1 
lo

op

1 
lo

op
 <

->
 1

 lo
op

x x

x

Nodes where 
f(x) changes are 
marked in red.

There is at most 
one in every 
picture.

Therefore 
x -> f(x)
is a contraction.

Therefore
the inequalities 
are true.



¡ This was for the toric inequalities.
The proof for the RP2 inequalities is very similar.

¡ I didn’t say anything about the special (black hole) term S(A1A2…Am).
It’s fixed by a simple parity argument.

¡ We also have 
the condition: 
region 
indicator 
–> 
region 
indicator

It works:
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¡ Two new infinite families of holographic entropy inequalities
¡ They naturally live on (discretized) 2d manifolds. 

One of the resulting polytopes is the cubohemioctahedron. 
¡ The spatial organization on the 2d manifolds 

is dictated by entanglement wedge nesting.
¡ The argument is entirely topological. 

The topology characterizes a nesting pattern.
¡ The effect is an enhancement in the erasure-correcting property 

of a holographic code. 
¡ This enhancement is sometimes manifested 

as the entropy of a black hole.
¡ The loops on the torus are reminiscent of the toric code.

THANK YOU!
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