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Operational setup

The guesswork problem can be conveniently framed as a theoretical game involving
two parties, say Alice and Bob. At each round, Alice and Bob are given a classical and
a quantum state, respectively, the latter solely dependant on the former. Bob queries
Alice one state at a time until he correctly guesses her classical state, at which point
he pays a cost that solely depends on the number of queries he had to perform. The
probability distribution according to which classical states are sampled, the mapping
between classical and quantum states, as well as the cost function, are known in ad-
vance to the parties. The minimum guesswork problem consists of the minimization
of Bob's average cost.

Formalization

For any finite dimensional Hilbert space H, we denote with £(#) and L£.(H) the
space of Hermitian operators and the cone of positive semidefinite operators, respec-
tively, on H.

For any finite set M and any finite-dimensional Hilbert space H, we denote with

E(M, H) the set of ensembles from M to H given by

EMH)=Kp: M— [,+(7-[)| Z Tr[p(m)] =1
me M
For any finite set M, we denote with A\ the set of numberings of M given by

Ny = {n {L,..., M|} = /\/l|n bijective} .

For any finite set M and any Hilbert space H, we denote with P(N ¢, H) the set of
numbering-valued measurements given by
PNm, H) =< 7 : Ny %£+(H)| Z w(n)=1
neNy

For any finite set M, any finite dimensional Hilbert space 7, any ensemble p &€
E(M,H), and any numbering-valued measurement w € P(Nuy, H), we denote
with p, » the probability distribution that the outcome of the single-measurement
strategy is n and the t-th query is correct, that is

Pp,m :N./\/l X {177‘/\/”} — [071]

(n,t) = Tr{m(n) p(n(1))],
or, in the quantum circuit formalism, n(t (1)

n(t) — — —
n(t) |, n(t) |ves
Pp. (n7 t) — = = = = =
nin (1) n n (t) n
p(n(t)) - m)— - = —
for any n € Ny and any t € {1,...,|M|}. We denote with g, » the probability

distribution that the t-th guess is correct, obtained marginalizing p, », that is

Gor:{l,..., M|} = ]0,1]

For any finite set M, any function vy : {1, ..., | M|} — R, and any finite dimensional
Hilbert space H, we denote with G7 the guesswork function with single-measurement
strategy, that is, the expectation value of « given by

G7: E(M,H) x P (N, H) — R
M|

(p, ) — Z 7 (t) G (2) -

Definition (Minimum guesswork)

For any finite set M, any function v : {1,...,|M|} — R, any finite dimensional
Hilbert space H, and any ensemble p(M,H) the minimum guesswork G_. is given
by
G/ = min G (p,m).
mn(P) = min G (p,m)
Main result
For any discrete function f, we denote with f its average. For any finite set M, any
function v : {1,...,|M|} — R, any finite-dimensional Hilbert space H, and any
ensemble p € £(M, H), we denote with E] : Nag — L(H) the map given by

M

Ex(n):=2) (v(t)=7)p(n(t)),

for any n € ANy We say that function « is balanced if and only if there exists

permutation o, such that

’y+700;1

2

= 7.

We denote with 1_(-) and [y(-) the projectors on the negative and null parts of (-),
respectively. For any finite set M, any balanced function~y : {1, ..., M|} — R, any
finite-dimensional Hilbert space H, any ensemble p € £(M, H), and any n* € Ny,

we denote with 71'2 .+ the numbering-valued measurement given by

ety {1 HWE) D0 o)

T, =
7n o
P 0 otherwise,

for any n € Ny.

Theorem (Closed-form guesswork under a finite set of conditions)

For any finite set M, any balanced function v : {1,...,|M|} — R, any finite

dimensional Hilbert space H, and any ensemble p € £(M,H), if there exists
numbering n* € N'(M) such that

Ep(n)] = E5(n),
for any n € N, then numbering-valued measurement 7, o« € P(Np, H)
minimizes the guesswork, that is G!. (p) = GV(p, 7 ), with

1
G'(p, Tpn) =7 — 5 |E) (n7)

1

The qubit case

For any function f : {1,... .M} — K, where K is a linear space, we denote
with gram(f) the Gram matrix whose element /,j is f(i) - f(j). For any set
M ={1,...,|M]|} and any numbering n € N, we denote with X, the | M| x | M|
permutation matrix whose element /, j is 0; 5(;). For any two-dimensional Hilbert space
H, let v be the Pauli vector function given by

v:L(H) = R
A (Tr[Acd]);_

basis (04);_;

roduct.

for some orthonorma in the traceless subspace of £(H) equipped with

the Hilbert-Schmidt

Corollary (Guesswork of qubit ensembles)

For any set M = {1,...,| M|}, any balanced function v : {1,...,|M|} — R, any
two dimensional Hilbert space H, and any ensemble p € £(M,H) such that the
prior probability distribution Tr[p(-)] = |M|~" is uniform, the measurement 7, .
attains the minimum guesswork G- (p), that is G (p) = G"(p, = ,.), where n* is
the solution of the following quadratic assignment problem

n* = arg max Tr |[gram (7 — 7) Xa gram (v o p) XnT] ,

nENM
and one has

1
G (p, Tpn) =7 — 5 “’ (EZ (n")) |2 ‘

A square matrix A is Toeplitz if and only if its entry A; ; only depends on i — for any
; and j. A matrix A is benevolent if and only if it is symmetric, Toeplitz, and satisties
the following properties:

1. Ani11is a non-decreasing function of min {1,... || M|/2]}.
2. AM|+1-m1 = Ams11 for any m € {L,..., [(IM]/2]}.

For any set M = {1,... | M|} we define the numbering ny, given by
_ 2m — 1 it m< | |IM/2],
(nbv) l(m) . H / _‘
2(IM|+1—m) otherwise.

Corollary (Guesswork of benevolent ensembles)

For any set M = {1,...,| M|}, any balanced function v : {1,...,|M|} = R, any
two-dimensional Hilbert space H, and any ensemble p € £(M,H) such that the
prior probability distribution Tr[p(-)] = | M|~ is uniform, if — gram(v o p) is
permutationally equivalent to a benevolent matrix and v(p) - v(p(-)) is constant,
the measurement 7, . attains the minimum guesswork G_; (p), that is

Goin(p) = GV(p, 7)) ), where n* = gy 0y, 0 07 and permutations o1, 0 are such

that v o 01 is non-decreasing and — gram(v o p o g,) is benevolent.
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