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A physical system usually has boundaries, subject to certain boundary 

conditions, they can give rise to boundary effects. For instance,


The situation becomes more interesting when some dynamics is injected 

into the system. A natural question we are asking is whether and how

The question we are asking

the boundary effects influence the bulk dynamics ?



The way we are answering

We choose to answer this question in the “1+1” critical systems with 

conformal boundaries. We have in mind that they have holographic duals, 

in the sense that they have the following properties 


1. Gapped system


2. Large central charge c


3. Sparse light (h<< c) spectrum 

[Hartman, Keller, Stoica ’14]

The system is simply illustrated as the figure. 

It has a finite size L, with generically distinct 

boundary conditions A & B on its two ends.
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The procedures:

• Preparing the initial state with bcc operators


• Injecting dynamics through inhomogeneous quenches


• Probing the real-time evolution via entanglement entropy



Prepare the initial state
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 AB(�1)

We want to have distinct boundary conditions on the two edges, this can 

be done through an insertion of the boundary condition changing (bcc) 

operator at the past infinity of the Euclidean strip. [Cardy 1989]

| ABi =  AB(�1) |0iAA (1)

1
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H0
• An eigenstate of the BCFT Hamiltonian


• The state is normalized

| ABi =  AB(�1) |0iAA (1)

H0 | ABi / hAB | ABi (2)

1



Inject dynamics through deformed Hamiltonians
We want to quench the system using the inhomogeneous Hamiltonians, 

they are deformed from the usual BCFT Hamiltonian,

| ABi =  AB(�1) |0iAA (1)
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The components are written in terms of an integration over the stress 

tensors 
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Sine-square-deformed (SSD) Hamiltonian is obtained once the 

deformation parameter is taken to be infinity   , as
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[Katsura ’11]


[Okunishi ’16]



Probe with Entanglement entropy
[Cardy, Calabrese ’04 & ‘09]

We can calculate the Entanglement entropy using the replica trick. It is 

equivalent to insert a twist operator of conformal dimension                in 

the bulk. Then it is just a calculation of the Bulk-boundary-boundary 

three-point function for the reduced density matrix. The time-dependence 

can be absorbed into the coordinate transformation. So far in Euclidean 

signature, later the Wick rotation will be performed.
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Bulk-boundary-boundary correlation

The bulk-boundary-boundary correlator on the UHP can be evaluated 

using the mirror image method, where the anti-chiral part of the bulk 

operator becomes a chiral operator inserted at its complex conjugate 

position. This actually results in a four-pt function on the full complex 

plane

[Cardy, Lewellen, 1991]

[Fitzpatrick, Kaplan, Walters ’14]
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In the heavy-heavy-light-light (HHLL) regime, such a four-pt correlator is 

dominated by the identity block in the t-channel as the leading contribution
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Entanglement entropy

The boundary entropies contribute to the entanglement entropy, in the 

holographic context, they can be tuned arbitrarily 

1 Introduction

Physical systems usually have boundaries. Those boundaries, subject to proper
boundary conditions, may introduce boundary e↵ects, which shall be probed by some
physical quantities, such as the partition function and correlation functions. They
have been well-studied in statistical physics, especially in the context of quantum
many-body physics[cite]. Of particular interests to us are the conformally invariant
systems with conformal boundaries, which are described by the Boundary Conformal
Field Theory (BCFT). In two dimensions, this subject was laid out by Cardy [1,8,9],
which is our main focus in this paper.

The boundary e↵ects, in the BCFT setup, may be described by the boundary
entropy sB = ln gB = lnh0 |Bi, which measures the ground state degeneracy given
a certain conformal boundary condition B [4, 16]. They can be evaluated explicitly
in rational conformal field theories once the solutions to the Cardy equation are
found [5, 6, 8]. For an infinite strip of width L, the boundary conditions for its two
edges can be chosen di↵erently. This is made possible by inserting the boundary
condition changing (bcc) operators at the past and future infinities [3]. In some
sense, the bcc operators mediate the change of boundary conditions. They are not
local operators in the conventional sense because of that [1]. However, in practice,
they are treated as boundary primary operators with a similar scaling property as
bulk chiral primaries. This is merely a fact that the conformal boundary preserves
one copy of Virasoro symmetries.

As a result, the distinct boundary conditions on the two edges of the strip lead to
two di↵erent boundary entropies. They have a limited number of values in rational
CFTs due to a finitely many number of boundary primaries. However, we are
concerned mainly with holographic BCFTs, which are irrational and have a large
central charge c and a dense spectrum of heavy operators [37, 40]. Therefore, the
boundary entropies can be tuned in a much wider range. In fact, the boundary
entropies in holographic BCFTs are conjectured to be related to the tension Ti of
the end-of-the-world (EoW) branes in the AdS3 bulk [11, 12],

si =
1

4G
tanh�1(Ti) , (1) {eq:BEBT}{eq:BEBT}

where G is the gravitational constant and the AdS radius is taken to be one. The
value of the brane tension is within |Ti| < 1, which manifests the range of the
boundary entropy.

Our main discovery is that, once the di↵erence between the boundary entropies
are properly tuned, a special pattern of dynamical phase transition appears, after
the system is quenched by the sine-square deformed (SSD) Hamiltonian [17–19] or
the Möbius Hamiltonian [20]. This phase transition is probed by the entanglement
between the bipartite subsystems, instead of the Loschmidt amplitude,1 though the
latter is often used in the study of the dynamical quantum phase transition, for
instance reviewed in [46]. As the boundary entropy is part of the entanglement
entropy [16], the boundary e↵ects naturally enter into the dynamical process. This
is a distinct feature compared to the previous studies on SSD or Möbius quench
[17–21, 24, 25], where the boundary e↵ects are suppressed, though the focus is on
the ground state energy.

1
The Loschmidt amplitude measures the overlap between the time-evolved quantum state | (t)i

and its initial state | (0)i, defined as h (0) | (t)i.
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Collecting all the pieces and taking the replica index to 1, the entanglement 

entropy has to be minimized over the two “phases”
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with

boundary condition B in the conformal block decomposition [Better way of phrasing
this??]. Here this corresponds to a di↵erent choice of branch cut when evaluating

z! / 2
t and z̄! / 2

t , or equivalently ! i log zt
øzt
in (42). The result can be expressed in terms

of the original phase ! (t) via the replacement! (t) " 2" ! ! (t) in (42) and now
identifying the coe�cient C0 with the expectation value of the one point function
of the operator � in the boundary state with boundary conditions B

##| eiH SSD t�(w, w̄)e! iH SSD t |#$= Bn

! "$
2L

" 2h
••

f(t)2 + sin2
•
2"%
L

‹‹
sin2

! $
2
(2" ! ! (t))

" ˜ ! h

.

(50) { SSDtB}{ SSDtB}
As mentioned above there in principle are other choices one can perform, but these
will not be relevant here. That is to say, these will never be the dominant (most
diverging) channel when approximating the CFT correlator with the contribution
of the identity block. Or, in terms of the evaluation of the entanglement entropy,
they will never represent a configuration that minimize the entanglement entropy.

M¬obius quench. For the Möbius case the evaluation of the correlator (37) is
performed with a completely similar computation which yields an analogous result.
Starting from the Euclidean expressions (37) and (38), using the explicit coordi-
nate transformation (15), continuing to Lorentzian time & " it and defining for
compactness a rescaled time variable

T =
" t

L cosh 2'
, (51) { eq:Teff }{ eq:Teff }

one obtains

##| eiH ! t�e! iH ! t |#$= An
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2L

" 2h
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f" (T )
2 + sin2

•
2"%
L

‹‹
sin2

! $
2

! " (T )
" ˜ ! h

(52)
for the correlator evaluated as the identity block contribution from the expansion of
the correlator in the A-channel. The result for the identity contribution in the the
B-channel is obtained in a completely similar way as for the SSD case

##| eiH ! t�e! iH ! t |#$= Bn

! "$
2L

" 2h
••

f" (T )
2 + sin2

•
2"%
L

‹‹
sin2

! $
2
(2" ! ! " (T ))

" ˜ ! h

(53)
for the B-channel. The di↵erence with respect to the SSD case thus completely
resides in the explicit time dependence of the function f" and the phase delta" . The
function

f" (T ) = ! sin2(T ) sinh(4' ) +
#
cos2(T ) + cosh(4' ) sin2(T )

$
cos

•
2"%
L

‹
(54)

is the finite ' generalization of the function f(t) defined above for the SSD case,
which is recovered in the limit ' " % re-expressing everything in function of t
according to (51). The phase ! " is again defined from the ratio of zt and z̄t

e#! (T ) &
zt

z̄t
. (55) { phasedef}{ phasedef}
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Boundary entropies determine the dynamical patterns

1. Phase A dominant 


2. Phase B dominant 


3. Transition from B to A
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Holographic interpretation 
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<latexit sha1_base64="b7NBbBrJVn4fVsb2NcViExXXaAo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHUi8cK9gPaUCbbTbt0dxN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0nGqCG2SmMeqE6KmnEnaNMxw2kkURRFy2g7HtzO//USVZrF8MJOEBgKHkkWMoLFSpzdEIbBf75crXtWbw10lfk4qkKPRL3/1BjFJBZWGcNS663uJCTJUhhFOp6VeqmmCZIxD2rVUoqA6yOb3Tt0zqwzcKFa2pHHn6u+JDIXWExHaToFmpJe9mfif101NdBNkTCapoZIsFkUpd03szp53B0xRYvjEEiSK2VtdMkKFxNiISjYEf/nlVdK6qPpX1cv7y0qtnsdRhBM4hXPw4RpqcAcNaAIBDs/wCm/Oo/PivDsfi9aCk88cwx84nz/M54/T</latexit>! B

Competition of the two minimal geodesics gives rise to the dynamical 

behavior.




Future questions:

• Rational models exhibit similar phase transition features ? 

Or it is the large c behavior, due to its chaotic nature ?


• Thermal case, strip -> rectangle ? [Cardy ’14]
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