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¡ Lieb-Robinson bound

¡ Basic problems for bosonic systems

¡ Previous results and our new results

¡ Proofs of main results 

¡ Op;mal transfer protocol in bosonic systems



Summary:
Quantifying the speed limit to generate 
correlations by many-body dynamics 
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[t=0] 

Perturbation is added to the left-edge spin 

[t=1] 

[t=2] 

[t=3] 

Perturbed ! 
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[Light cone in the relativity theory] 

[Effective light cone in the non-relativistic cases] 
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[General limit on the 

information 
propagation]

Lieb-Robinson bound
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[Light cone in the relativity theory] 

[Effective light cone in the non-relativistic cases] 
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[General limit on the 

information 
propagation]

Lieb-Robinson bound

Information propagation is approximately 
constrained in the effective light cone !
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¡ Time evolution:

¡ Local approximation：

¡ Estimation of the approximation error

t
r

i[r]

Oi
Oi(t)

Oi(t, i[r]) :=
1

tri[r]c(1̂)
tri[r]c [Oi(t)]⌦ 1̂i[r]c ,

Oi(t, i[r])

Oi(t) = e
iHt

Oie
�iHt

?
Oi(t) ' Oi(t, i[r])

Lieb-Robinson bound gives a general upper bound on the error  

𝑖[𝑟]: extended region from 𝑖 with a radius 𝑟
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¡ Two conditions for Hamiltonian

(1) Interaction is short range
di,j : distance between i and jhi,j = 0 for di,j � const.

(2) one-site energy is finite
X

j 6=i

khi,jk+ khik = O(1) for 8i 2 ⇤

t
r

i[r]

Oi
Oi(t)

k · · · k: operator norm

e.g., two body Hamiltonian 𝐻 = ∑%,' ℎ%,' + ∑% ℎ%
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𝑶 := Square root of the maximum 
eigenvalue of 𝑶(𝑶

For ∀ | ⟩𝝍 , we have 𝝍 𝑶!𝑶 𝝍 ≤ 𝑶 𝟐



¡ Two conditions for Hamiltonian

(1) Interaction is short range
di,j : distance between i and jhi,j = 0 for di,j � const.

(2) one-site energy is finite
X

j 6=i

khi,jk+ khik = O(1) for 8i 2 ⇤

[Lieb-Robinson bound]

k[Oi(t), Oj ]k  e
�c(di,j�vt) kOi(t)�Oi(t, i[r])k  c

0
r
D�1

e
�c(r�vt)

t
r

i[r]

Oi
Oi(t)

k · · · k: operator norm

Lieb and Robinson, Commun. Math. Phys. 28, 251 (1972).

e.g., two body Hamiltonian 𝐻 = ∑%,' ℎ%,' + ∑% ℎ%
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¡ What happens when one of the conditions breaks down ? 

¡ Effective light cone：

(1) Interaction is short range
hi,j = 0 for di,j � const.

(2) one-site energy is finite
X

j 6=i

khi,jk+ khik = O(1) for 8i 2 ⇤

R = vt

Oi(t) ' Oi(t, i[r]) for r � R
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Cold atom experiment
(C. Chiu/Harvard University)
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[Long-range interactions]
Recent progress 
Chen and Lucas, PRL 123, 250605 (2019).
Kuwahara and Saito,  PRX 10, 031010 (2020)
Tran, et al., PRX, 11, 031016 (2021) 
Kuwahara and Saito, PRL 126, 030604 (2021)
Tran, et al., PRL, 127, 160401 (2021)

Cold atom experiment
(C. Chiu/Harvard University)

[interacFng Bosons]
Ubiquitous in cold atom 
experiment
→ Notoriously difficult ! 



Summary:
In bosonic systems, we need to consider two 
problems:
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(1) Speed of boson transport
(2) Speed of total information propagation 



¡ Restricting the boson number on one site (e.g., Hard-core boson)

¡ Non-interacting bosons 
(e.g., quantum harmonic oscillator)

¡ Systems with bosonic bath
(Spin systems connected to non-interacting bosons)

Practically OK, but no theoretical guarantee …

M. Cramer, A. Serafini, and J. Eisert, arXiv:0803.0890
B. Nachtergaele, H. Raz, B. Schlein, and R. Sims, Commun. Math. Phys., 286, 1073 (2009).

J. Jünemann, et al., Phys. Rev. Lett. 111, 230404 (2013).
M. P. Woods, M. Cramer, and M. B. Plenio,, Phys. Rev. Lett. 115, 130401 (2015).

M. B. Hastings and T. Koma, Communications in Mathematical Physics 265, 781 (2006).
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In general cases ? NO!
Counterexample by Eisert and Gross (QIP2009)

“ There exists a 1D boson model with translation invariance which 
allows exponential speed of information propagation in arbitrary 
low-energy states” J. Eisert and D. Gross, Phys. Rev. Lett. 102, 240501 (2009).

However, the model is unphysical. 
What happens in more realistic models? 



¡ Generalized Bose-Hubbard model (SpaCal dimension: D )

H =
X

hi,ji

J(bib
†
j + h.c.) +

U

2

X

i2⇤

n̂i(n̂i � 1)� µ

X

i2⇤

n̂i

[Bose-Hubbard]

H =
X

hi,ji

Ji,j(bib
†
j + h.c.) +

X

i

f(n̂i, n̂i1 , n̂i2 , . . . , n̂ik)

f(n̂i, n̂i1 , n̂i2 , . . . , n̂ik) =
U

2
n̂i(n̂i � 1)� µn̂i

One-site energy:

N bosons on the site i : local energy is proportional to 𝑵𝟐

X

j:di,j=1

J(bib
†
j + h.c.) +

U

2
n̂i(n̂i � 1)� µn̂i

Boson-boson interaction

n̂i = b†i bi

Cold atom experiment
(C. Chiu/Harvard University)
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The first experiment for the Lieb-Robinson bound M. Cheneau, et al., Nature 481, 484 (2012).
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X
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†
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2
n̂i(n̂i � 1)� µn̂i

Boson-boson interaction

n̂i = b†i bi

Cold atom experiment
(C. Chiu/Harvard University)

Our goal: establishing Lieb-
Robinson bound for Bose-Hubbard 
model

17
The first experiment for the Lieb-Robinson bound M. Cheneau, et al., Nature 481, 484 (2012).



¡ We need to consider two problems

(1) Speed of boson transport

(2) Speed of total informaFon propagaFon 
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'𝑛/ 𝑡 0 ≼ '𝑛/ 1 + 𝜀1,0,2
0 (𝑠 ∈ ℕ)

lim
!→#

𝜀!,%,& = 0

𝑂/! 𝑡 − 𝑂/! 𝐻/![1], 𝑡 𝜌3 4
≤ 𝛿1,2

𝑶𝑿𝟎

𝑂/! 𝑡 ≈ 𝑂/! 𝐻/![1], 𝑡

𝑋([𝑅]

𝑅

𝑶𝑿𝟎(𝒕)
t

lim
!→#

𝛿!,& = 0

𝐻)"[!]: subset Hamiltonian on extended region 𝑋([𝑅] 

/𝑛) ≔2
,∈)

/𝑛,
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0
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𝐻)"[!]: subset Hamiltonian on extended region 𝑋([𝑅] 

/𝑛) ≔2
,∈)

/𝑛,

Probability distribution for boson 
number after time evolution

tr 𝜌3(𝑡) '𝑛/0 ≲ tr 𝜌3 '𝑛/[1]
0

𝜌3: initial state

Lieb-Robinson effecFve 
light cone is characterized



¡ (1) Speed of boson transport

¡ The upper bound of the boson number distribuEon 

¡ TruncaEon of the boson number

¡ Deriving the Lieb-Robinson bound for the effecEve Hamiltonian 

21

tr 𝜌3(𝑡) '𝑛/0 ≲ tr 𝜌3 '𝑛/[1]
0

Effective Hamiltonian 
(Bounded local energy)

(2) Speed of total information propagation 

Kuwahara and Saito, PRL, 127, 070403 (2021)



Summary:
Previous results:

Our main results:
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Schuch, Harrison, Osborne, Eisert, PRA 84, 032309 (2011).
Faupin, Lemm, and Sigal, PRL 128, 150602 (2022).

Wang and Hazzard, PRX Quantum 1, 010303 (2020) 
Kuwahara and Saito, PRL, 127, 070403 (2021) .
Yin and Lucas, PRX, 12, 021039 (2022).

optimal light cone and gate complexity 
of the digital quantum simulation 



¡ Schuch-Harrison-Osborne-Eisert (QIP2011) 

¡ Diffusion of the concentrated bosons in the vacuum

N. Schuch, S. K. Harrison, T. J. Osborne, and J. Eisert,
Phys. Rev. A 84, 032309 (2011).

𝒕 = 𝒕𝟎

𝒕 = 𝟎

e�iHt

(𝑁/0/ : total boson number、𝑑1,): distance from X

23

| ⟩𝜓/ : 𝜓/ '𝑛% 𝜓/ = 0 for  𝑖 ∉ 𝑋
Bosons exist only in the region X

𝜓/ '𝑛' 𝜓/ ≤ 𝑁898𝑒:; (<",$:=2)
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| ⟩𝜓/ : 𝜓/ '𝑛% 𝜓/ = 0 for  𝑖 ∉ 𝑋
Bosons exist only in the region X

𝜓/ '𝑛' 𝜓/ ≤ 𝑁898𝑒:; (<",$:=2)

The speed of boson diffusion is finite!

Concentration on the vacuum is crucial.
(No generalization had been known… )

Can one prove it in a more realistic condition?



¡ Faupin, Lemm and Sigal

¡ Macroscopic transport 

¡ Transport of a macroscopic number of bosons has finite 
speed!

J. Faupin, M. Lemm, and I. M. Sigal, Phys. Rev. Lett. 128, 
150602 (2022).

𝒕 = 𝟎

25

𝜓 '𝑛/ 𝜓 ≥ (1 − 𝜂)𝑁898 𝑌

𝑋

𝑅

Prob '𝑛> ≥ 𝜉𝑁898 (𝜉 > 𝜂)
𝑒2,3&

Adiabatic spacetime localization observables (ASTLO)
was utilized



¡ Wang and Hazzard 

¡ IniEal state: steady state with low-boson density
Z. Wang and K. R. Hazzard, PRX Quantum 1, 010303 (2020) 

f(n̂i, n̂i1 , n̂i2 , . . . , n̂ik) =
U

2
n̂i(n̂i � 1)� µn̂i

Light cone (𝑁898 : total boson number)

¡ Lieb-Robinson bound

C1, C2 : constants of O(1)

It gives 𝑂/! 𝑡 ≈ 𝑂/! 𝐻/![1], 𝑡 for 𝑅 ≳ 𝑡 log?(𝑡)

・ Almost linear light cone up to logarithmic corrections

Thm. 1 in Kuwahara and Saito, PRL, 127, 070403 (2021)

𝑂/! 𝑡 − 𝑂/! 𝐻/![1], 𝑡 𝜌3 4
≤ 𝑂/! exp −𝐶4

𝑅
𝑡 log 𝑅

+ 𝐶? log 𝑅

26

R /

p
Ntott, v = O(

p
Ntot)



¡ Yin and Lucas 

¡ Initial state: steady state with low-boson density

Improvement to the linear Light cone

¡ Lieb-Robinson bound for average of commutator

Weaker than the trace norm 𝑂/! 𝑡 , 𝑂> 𝜌3 4

・ But, in 1D case, the condition of the steady state can be removed!

tr 𝑂/! 𝑡 , 𝑂> 𝜌3 ≤ 𝑂/! U 𝑂> 𝑒:;(<$!,%:=2)

Yin and Lucas, PRX, 12, 021039 (2022)
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¡ Yin and Lucas 

¡ Initial state: steady state with low-boson density

Improvement to the linear Light cone

¡ Lieb-Robinson bound for average of commutator

Weaker than the trace norm 𝑂/! 𝑡 , 𝑂> 𝜌3 4

・ But, in 1D case, the condi<on of the steady state can be removed!

tr 𝑂/! 𝑡 , 𝑂> 𝜌3 ≤ 𝑂/! U 𝑂> 𝑒:;(<$!,%:=2)

Yin and Lucas, PRX, 12, 021039 (2022)

This point is critical in developing efficiency guaranteed 
algorithm for simulating quantum dynamics 

e.g., using Haah-Hastings-Kohtari-Low algorithm

J. Haah, M. Hastings, R. Kothari, and G. H. Low, 2018 IEEE 59th Annual 
Symposium on Foundations of Computer Science (FOCS) (2018) pp. 350–360.
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• Optimal forms of the effective light cone

29/2129

(1) Speed of boson transport (Result 1 in arXiv:2206.14736)

(2) Speed of total information propagation (Result 2 in arXiv:2206.14736) 

'𝑛/ 𝑡 0 ≼ '𝑛/ 1 + 𝑒:𝒪(1/2) + 𝒪(𝑠𝑡) 0

𝑂/! 𝑡 − 𝑂/! 𝐻/![1], 𝑡 𝜌3 4
≤ 𝑂/! 𝑒:B(1/2&)'/(*&)

Kuwahara, Vu and Saito, arXiv:2206.14736

Initial state 𝜌3 : low-boson density max
$

tr H𝑛$%𝜌 ≤
1
𝑒
𝑏&
𝑒 𝑠

'
%



• Optimal forms of the effective light cone

30/2130

(1) Speed of boson transport (Result 1 in arXiv:2206.14736)

(2) Speed of total information propagation (Result 2 in arXiv:2206.14736) 

'𝑛/ 𝑡 0 ≼ '𝑛/ 1 + 𝑒:𝒪(1/2) + 𝒪(𝑠𝑡) 0

𝑂/! 𝑡 − 𝑂/! 𝐻/![1], 𝑡 𝜌3 4
≤ 𝑂/! 𝑒:B(1/2&)'/(*&)

Kuwahara, Vu and Saito, arXiv:2206.14736

Initial state 𝜌3 : low-boson density max
$

tr H𝑛$%𝜌 ≤
1
𝑒
𝑏&
𝑒 𝑠

'
%

The probability of the 
boson number at each site 
decays (sub)exponentially



¡ Speed of information propagation

• Schematic pictures of the effective light cones

Kuwahara, Vu and Saito, arXiv:2206.14736

𝑹 ∝ 𝒕𝑫

𝑹 ∝ 𝒕
Particle transport

Information transfer

boson interaction

Time

boson hopping

Accelerating in high dimensions

31/21

(D: spatial dimension) 

31
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𝑹 ∝ 𝒕𝑫
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Time

boson hopping

Accelerating in high dimensions

32/21

(D: spatial dimension) 

32

There exist quantum 
dynamics that saturate the 
bound.
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¡ Speed of information propagation

• Schematic pictures of the effective light cones

𝑹 ∝ 𝒕𝑫

𝑹 ∝ 𝒕
Particle transport

Information transfer

boson interaction

Time

boson hopping

Accelerating in high dimensions

33/21

(D: spatial dimension) 

33

There exist quantum 
dynamics that saturate the 
bound.

Clear difference between 
boson and fermion (or spin) 

systems ! 



• Gate complexity of quantum simulation

How many elementary quantum gates  (e.g., CNOT, Hadamard, Phase 
shift gates) are sufficient to implement the quantum dynamics 

≈
?

Kuwahara, Vu and Saito, arXiv:2206.14736
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How many elementary quantum gates  (e.g., CNOT, Hadamard, Phase 
shift gates) are sufficient to implement the quantum dynamics 

• Gate complexity of quantum simulation Kuwahara, Vu and Saito, arXiv:2206.14736

≈
?

𝑵𝒕𝑫I𝟏𝐩𝐨𝐥𝐲𝐥𝐨𝐠(𝑵𝒕/𝜺)

Quantum dynamics by the Bose-Hubbard 

model 𝒆"𝒊𝑯𝒕 (N: system size, D: spatial 

dimension) 

Sufficient number of quantum gates 
up to an error 𝜺

Result 3 in arXiv:2206.14736

35



Summary:
Deriva?on of the finite speed of boson transport

36

%𝒏𝑿 𝒕 𝒔 ≼ %𝒏𝑿 𝑹 + 𝒆"𝓞(𝑹/𝒕) + 𝓞(𝒔𝒕)
𝒔



¡ Original result implies

¡ Generalization to /𝑛KL 𝜏
[Subtheorem 1 in arXiv:2206.14736]

'𝑛/ 𝜏 ≼ '𝑛/ + 𝑐O,4Y𝒟/ + 𝑐O,?

N. Schuch, S. K. Harrison, T. J. Osborne, and J. Eisert,
Phys. Rev. A 84, 032309 (2011).

𝑋
2𝓓𝑿

N𝒟) = 2
,∈4)

2
1∈5

𝑒26#,% /𝑛1 Boson number on the surface of 𝑋

𝑐O,4, 𝑐O,? = 𝑒𝒪(O)

'𝑛/ 𝜏 0 ≼ '𝑛/ + 𝑐O,4Y𝒟/ + 𝑐O,?𝑠
0

37



¡ Original result implies

¡ Generalization to /𝑛KL 𝜏
[Subtheorem 1 in arXiv:2206.14736]

'𝑛/ 𝜏 ≼ '𝑛/ + 𝑐O,4Y𝒟/ + 𝑐O,?

N. Schuch, S. K. Harrison, T. J. Osborne, and J. Eisert,
Phys. Rev. A 84, 032309 (2011).

𝑋
2𝓓𝑿

N𝒟) = 2
,∈4)

2
1∈5

𝑒26#,% /𝑛1 Boson number on the surface of 𝑋

𝑐O,4, 𝑐O,? = 𝑒𝒪(O)

'𝑛/ 𝜏 0 ≼ '𝑛/ + 𝑐O,4Y𝒟/ + 𝑐O,?𝑠
0

Meaningful only for a short 
Fme 𝝉 = 𝓞(𝟏) …

P𝒟( should be less dominant than H𝑛(
if 𝑋 is sufficiently large. 

Most of the boson may concentrate 
on 𝜕𝑋.  

38



¡ Optimization problem as  max
ℓ

𝜓 '𝑛/[ℓ]+𝑐O,4Y𝒟/[ℓ] + 𝑐O,? 𝜓 for  ∀| ⟩𝜓

¡ Optimal choice gives
[Propositions 16,18 in arXiv:2206.14736]

𝜓 /𝑛) 𝜏 𝜓 ≤ 𝜓 /𝑛)[ℓ] 𝜏 𝜓 ≤ 𝜓 /𝑛)[ℓ]+𝑐8,9N𝒟)[ℓ] + 𝑐8,: 𝜓

'𝑛/ 𝜏 0 ≼ '𝑛/[ℓ] + 𝑒:𝒪(ℓ) + 𝑐O,?𝑠
0

𝑋
2𝓓𝑿

2𝓓𝑿[ℓ]

ℓ

'𝑛/ 𝜏 ≼ '𝑛/[ℓ] + 𝑒:𝒪(ℓ) + 𝑐O,?

General order s

39



¡ From time 0 to 𝜏, we have 

¡ From time 𝜏 to 2𝜏, we have

¡ From time (𝑚 − 1)𝜏 to 𝑚𝜏, we have

'𝑛/ 𝜏 ≼ '𝑛/[ℓ] + 𝑒:𝒪(ℓ) + 𝑐O,?

'𝑛/ 2𝜏 ≼ '𝑛/ ℓ 𝜏 + 𝑒:𝒪 ℓ + 𝑐O,? ≼ '𝑛/[?ℓ] + 2 𝑒:𝒪(ℓ) + 𝑐O,?

'𝑛/ 𝑚𝜏 ≼ '𝑛/ Uℓ +𝑚 𝑒:𝒪(ℓ) + 𝑐O,?

Repeating the same process
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¡ From time 0 to 𝜏, we have 

¡ From time 𝜏 to 2𝜏, we have

¡ From time (𝑚 − 1)𝜏 to 𝑚𝜏, we have

'𝑛/ 𝜏 ≼ '𝑛/[ℓ] + 𝑒:𝒪(ℓ) + 𝑐O,?

'𝑛/ 2𝜏 ≼ '𝑛/ ℓ 𝜏 + 𝑒:𝒪 ℓ + 𝑐O,? ≼ '𝑛/[?ℓ] + 2 𝑒:𝒪(ℓ) + 𝑐O,?

'𝑛/ 𝑚𝜏 ≼ '𝑛/ Uℓ +𝑚 𝑒:𝒪(ℓ) + 𝑐O,?

Repeating the same process

𝒕 = 𝒎𝝉 , 𝒎ℓ = 𝑹

Choosing 𝑚, ℓ, 𝜏 as  
𝒎 = 𝒕/𝝉 ,  ℓ = 𝝉𝑹/𝒕 , 𝝉 = 𝓞(𝟏)

4𝒏𝑿 𝒕 ≼ 4𝒏𝑿 𝑹 + 𝒕
𝝉
𝒆`𝓞(𝑹/𝒕) + 𝒄𝝉,𝟐
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Summary:
Derivation of the Lieb-Robinson light cone

42

𝑶𝑿𝟎 𝒕 − 𝑶𝑿𝟎 𝑯𝑿𝟎[𝑹], 𝒕 𝝆𝟎 𝟏
≤ 𝑶𝑿𝟎 𝒆"𝑪(𝑹/𝒕𝑫)𝟏/(𝜿𝑫)



¡ Πb,cd: projection for boson truncation up to 𝑞 at the site 𝑖

¡ Effective Hamiltonian =𝐻 ≔ @ΠK,d𝐻@ΠK,d

¡ Initial state 𝜌e : low-boson density

¡ Error estimation for arbitrary projection @Π (@Πf = 1 − @Π) 

43
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¡ Effective Hamiltonian =𝐻 ≔ @ΠK,d𝐻@ΠK,d
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[Corollary 26 in arXiv:2206.14736]

It roughly gives 

𝑶 𝑯, 𝒕 − 𝑶 f𝜫𝑯f𝜫, 𝒕 𝝆𝟎 𝟏 ≲ 𝐭𝐫 f𝜫𝒄 𝝆𝟎(t) f𝜫𝒄

It is criKcal to esKmate the boson number 
distribuKon aLer the Kme evoluKon 𝒆`𝒊𝑯𝒕



¡ Π%,YZ: projection for boson truncation up to 𝑞 at the site 𝑖

¡ Initial state 𝜌3 : low-boson density

¡ Upper bound for the boson number distribution after time evolution

45

Lemma 28 in arXiv:2206.14736]

ℓ2
𝒆)𝒊𝑯𝒕𝒊 𝒊

\𝒏𝒊 ≲ ℓ𝒕𝑫 ∝ [𝒕 𝐥𝐨𝐠 𝒕 ]𝑫

'𝑛/ 𝑡 0 ≼ '𝑛/ 1 + 𝑒:𝒪(1/2) + 𝒪(𝑠𝑡)
0

Result 1 (finite speed of boson transport).

The number of bosons at each site is at 
most of 𝓞(ℓ𝒕𝑫)

ℓ𝒕 ∝ 𝒕 𝐥𝐨𝐠(𝒕)



¡ The number of boson truncation should be taken as 𝓞(ℓ𝒕𝑫) ∝ [𝒕 𝐥𝐨𝐠 𝒕 ]𝑫

¡ One-site energy ∝ boson number truncation = =𝓞(𝒕𝑫)

¡ Lieb-Robinson velocity = =𝓞(𝒕𝑫)
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Theorem 2 in arXiv:2206.14736]

ℓ2
𝒆)𝒊𝑯𝒕𝒊 𝒊

\𝒏𝒊 ≲ ℓ𝒕𝑫 ∝ [𝒕 𝐥𝐨𝐠 𝒕 ]𝑫
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¡ The number of boson truncaEon should be taken as 𝓞(ℓ𝒕𝑫) ∝ [𝒕 𝐥𝐨𝐠 𝒕 ]𝑫

¡ One-site energy ∝ boson number truncaEon = =𝓞(𝒕𝑫)

¡ Lieb-Robinson velocity = =𝓞(𝒕𝑫)
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Theorem 2 in arXiv:2206.14736]

ℓ2
𝒆)𝒊𝑯𝒕𝒊 𝒊

\𝒏𝒊 ≲ ℓ𝒕𝑫 ∝ [𝒕 𝐥𝐨𝐠 𝒕 ]𝑫

���OX0(t)�OX0(HX[R], t)
�
⇢0
��
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"
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✓
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◆1/

+ log(|X0[R]|)
#

Worse than the expected 
speed =𝓞(𝒕𝑫`𝟏)

How to improve it?



!!"#$!

"#" ≲ ℓ$% ∝ [(	*+, ( ]%
High-boson density

Low-boson density

¡ Point: Boson concentration cannot occur simultaneously

¡ One-dimensional region:
Average boson number ≤ =𝓞(𝒕𝑫`𝟏)

¡ Lieb-Robinson velocity = =𝓞(𝒕𝑫`𝟏)

¡ Difficulty:

48

ℓ!

!

!′

!!

!![ℓ"]

!"!![ℓ"]
|$% ℓ& |

~	1

!"!# 	~	1

!"! ≫ 1

The configuration of the boson densities is not 
fixed. A quantum state includes various 
configurations as superposition.
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"#" ≲ ℓ$% ∝ [(	*+, ( ]%
High-boson density

Low-boson density

¡ Point: Boson concentration cannot occur simultaneously

¡ One-dimensional region:
Average boson number ≤ =𝓞(𝒕𝑫`𝟏)

¡ Lieb-Robinson velocity = =𝓞(𝒕𝑫`𝟏)

¡ Difficulty:
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ℓ!

!

!′

!!

!![ℓ"]

!"!![ℓ"]
|$% ℓ& |

~	1

!"!# 	~	1

!"! ≫ 1

The configuraFon of the boson densiFes is not 
fixed. A quantum state includes various 
configuraFons as superposiFon.

Over half of the proof is 
devoted to this improvement !

Can we get a simpler proof?



Summary:
Optimality of the Effective light cone as 𝑹 ∝ 𝒕𝑫

50

Step 1: Collection of bosons onto the information path
Step 2: CNOT operation on the information path



¡ Initial state: Mott state with one boson

¡ Boson hopping 

¡ It takes a time of 𝒪(1)

51

transport transport

()*+,-./0+)	2./3

! ∝ #$! = &(("#$)

|N, 1i |0, N + 1i

boson hopping

Using half of the time, f𝒏𝒕 = 𝓞(𝒕𝑫:𝟏)
bosons concentrate on the information 
path.



¡ Encoding to qubit

52

···

|l𝑛&, ⟩l𝑛& 9

···

encode
| ⟩1 9

| ⟩1 :

| ⟩1 =

|l𝑛. − 1, ⟩l𝑛. + 1 → | ⟩0
|l𝑛. , ⟩l𝑛. → | ⟩1

|l𝑛&, ⟩l𝑛& :

|l𝑛&, ⟩l𝑛& =

|l𝑛&, ⟩l𝑛& 129

𝐣𝐭𝐡

𝐣 − 𝟏 𝐭𝐡

No hopping

|l𝑛& − 1, ⟩l𝑛& + 1 129

𝐣𝐭𝐡

𝐣 − 𝟏 𝐭𝐡

hopping

|l𝑛&, ⟩l𝑛& 1 = | ⟩1 /

= | ⟩0 /

⇎

| l𝑛& − 1, ⟩l𝑛& + 1 1

|l𝑛&, ⟩l𝑛& 1 = | ⟩1 /

= | ⟩0 /

⇔

| l𝑛& − 1, ⟩l𝑛& + 1 1

= | ⟩1 /)0

= | ⟩0 /)0

¡ CNOT operation



¡ Encoding to qubit
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···

|l𝑛&, ⟩l𝑛& 9

···

encode
| ⟩1 9

| ⟩1 :

| ⟩1 =

|l𝑛. − 1, ⟩l𝑛. + 1 → | ⟩0
|l𝑛. , ⟩l𝑛. → | ⟩1

|l𝑛&, ⟩l𝑛& :

|l𝑛&, ⟩l𝑛& =

|l𝑛&, ⟩l𝑛& 129

𝐣𝐭𝐡

𝐣 − 𝟏 𝐭𝐡

No hopping

|l𝑛& − 1, ⟩l𝑛& + 1 129

𝐣𝐭𝐡

𝐣 − 𝟏 𝐭𝐡

hopping

|l𝑛&, ⟩l𝑛& 1 = | ⟩1 /

= | ⟩0 /

⇎

| l𝑛& − 1, ⟩l𝑛& + 1 1

|l𝑛&, ⟩l𝑛& 1 = | ⟩1 /

= | ⟩0 /

⇔

| l𝑛& − 1, ⟩l𝑛& + 1 1

= | ⟩1 /)0

= | ⟩0 /)0

¡ CNOT operation

H0 + h(n̂2 � n̂1)n̂3 + U(n̂3n̂4 + n̂4 � n̄t)

𝟏 𝟐

𝟑 𝟒

The operation can be implemented by 
1/r𝑛2 time using the Hamiltonian with 
two-body interactions  

ℎ, 𝑈 ≫ 1

Using the latter half of the time, one can 
implement (𝒕/𝟐)f𝒏𝒕 = 𝓞 𝒕𝑫 CNOT 
operations on the information path.

Effective light cone as 𝑹 ∝ 𝒕𝑫



Future direction: 
・ Prove the linear light cone in other natural setups (e.g., translation invariance) 
・ Integrating long-range interactions and boson interactions

! ∝ #!

! ∝ #
!"#$%&'(	$#"*+,-#$

.*/-#0"$%-*	
,#-,"1"$%-*

boson	interaction

Time

boson	hopping

¡ We have idenCfied the effecCve light cones for the Bose-Hubbard type model.

¡ The obtained light cone is opCmal up to a logarithmic factor

¡ Gate complexity of the quantum simulaCon

54

H =
X

hi,ji

Ji,j(bib
†
j + h.c.) +

X

i

f(n̂i, n̂i1 , n̂i2 , . . . , n̂ik)

(1) Speed of boson transport 
(Result 1 in arXiv:2206.14736)

(2) Speed of total information propagation 
(Result 2 in arXiv:2206.14736) 

𝑅 ∝ 𝑡>

𝑅 ∝ 𝑡

𝑵𝒕𝑫@𝟏𝐩𝐨𝐥𝐲𝐥𝐨𝐠(𝑵𝒕/𝜺)
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H =
X

hi,ji

Ji,j(bib
†
j + h.c.) +

X

i

f(n̂i, n̂i1 , n̂i2 , . . . , n̂ik)

(1) Speed of boson transport 
(Result 1 in arXiv:2206.14736)

(2) Speed of total information propagation 
(Result 2 in arXiv:2206.14736) 

𝑅 ∝ 𝑡>

𝑅 ∝ 𝑡

𝑵𝒕𝑫@𝟏𝐩𝐨𝐥𝐲𝐥𝐨𝐠(𝑵𝒕/𝜺)

Partial success
Lemm and Kuwahara, in preparation

Future direction: 
・ Prove the linear light cone in other natural setups (e.g., translation invariance) 
・ Integrating long-range interactions and boson interactions

ParIal success (macroscopic boson transport)
Vu-Kuwahara-Saito, arXiv:2307.01059


