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● Entanglement partner in de Sitter universe

● Separability and monogamy in de Sitter universe

● Summary

● Introduction

In this talk: 

I discuss on entanglement of quantum field in cosmological situation:
primordial quantum fluctuations generated by cosmic inflation  



Introduction
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Classical property of primordial fluctuations

as statistical average
c-number random Gaussian variable

Quantum mechanical variable

Assumption of classicality
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● Usually, quantum expectation value of the fluctuations is adopted as initial value for 
   classical evolution

● Condition of classicality

Bell’s inequality is satisfied

Existence of local probability distribution reproducing quantum correlations
Correlations can be represented as local hidden variable (LHV) theory

For a bipartite system, the condition is equivalent to the state is separable
（no bipartite entanglement）

Although we want to prepare classical initial condition for structure formation,  
seed fluctuation is quantum! We must confirm validity of assumption of classicality.

● Cosmic inflation provides initial seed fluctuations for structure formation 
   as quantum fluctuations of inflaton fields.
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Entanglement of Local Modes in de Sitter universe

k
kc

UV cutoff

● Local oscillator modes
We introduce local modes using a window function
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⌅ window function We adopt k-tophat window function in this study: wk D w0 ✓.kc � jkj/✓.jkj�k0/ where kc is the
IR cutoff corresponds to the total system size and kc is the UV cutoff scale defining local modes. We assume kc � k0.
The normalization w0 is determined by (15):

ıij D 2w
2
0

Z kc

k0

dk cos
�
kÅij

�
D 2w20

sin
�
kcÅij

�
� sin

�
kcÅij

�

Åij
: (20)

For ÅAA D ÅBB D 0,

1 D 2w20.kc � k0/; ) w20 D
1

2.kc � k0/
: (21)

For ÅAB ¤ 0,

sin.kcÅAB/ � sin.kcÅAB/ D 0; ) ÅAB D
.2n � 1/⇡

kc C k0
;
.2n/⇡

kc � k0
; n D 1; 2; � � � : (22)

As ÅAB, we adopt the following in our analysis

jÅABj D
⇡

kc C k0
DW Å; (23)

which represents distance between adjacent two local regions A and B with xB � xA D Å (Fig. 1). Å also represents size
of each region. The spatial profile of the window function is

w.x/ D
2
p
2⇡

Z kc

k0

dkw0e
�ikx

D
1

p
⇡.kc � k0/

sin.kcx/ � sin.k0x/

x
: (24)

Figure 1: Left panel: setup of spatial regions A,B. Right panel: window functions for A:w.xCÅ=2/ and B:w.x�Å=2/
with k0=kc D 0:2. Although two window functions have overlap, local modes A and B are well defined to
satisfy the commutation relation (15).

Covarinaces for local variables are

c1.Å/ D
2

kc � k0

Z kc

k0

dkjfkj
2 cos kÅ D

2

1 � ı

Z 1

ı

dzjfkj
2 cos

✓
⇡z

1C ı

◆
; (25)

c2.Å/ D
2

kc � k0

Z kc

k0

dkjgkj
2 cos kÅ D

2

1 � ı

Z 1

ı

dzjgkj
2 cos

✓
⇡z

1C ı

◆
; (26)

c3.Å/ D
1

kc � k0

Z kc

k0

dki.fkg
⇤

k � f
⇤

k gk/ cos.kÅ/ D
1

1 � ı

Z 1

ı

dzi.fkg
⇤

k � f
⇤

k gk/ cos

✓
⇡z

1C ı

◆
; (27)

where z D k=kc ; ı D k0=kc . The parameter ı represents a size of the local region normalized with the total system size:
ı D .k0Å=⇡/.1 � k0Å=⇡/

�1. The covariance matrix of the bipartite system . OqA; OpA; OqB; OpB/ is

mAB D

2

664

a1 a3 c1 c3
a3 a2 c3 c2
c1 c3 a1 a3
c3 c2 a3 a2

3

775 ; (28)
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The equal-time commutation relations for the field operators are

Œ O'.⌘; x/; O⇡.⌘; y/ç D iı.x � y/; Œ O'.⌘; x/; O'.⌘; y/ç D Œ O⇡.⌘; x/; O⇡.⌘; y/ç D 0: (7)

Covariances of the field operators are

M11 WD hf O'.x/; O'.y/gi D
2

⇡

Z 1

0

dkjfkj
2 cos.k.x � y//; (8)

M22 WD hf O⇡.x/; O⇡.y/gi D
2

⇡

Z 1

0

dkjgkj
2 cos.k.x � y//; (9)

M12 WD hf O'.x/; O⇡.y/gi D
1

⇡

Z 1

0

dk i.fkg
⇤

k � f
⇤

k gk/ cos.k.x � y//: (10)

2.1 Local modes

We consider the measurement of the field operators O'; O⇡ at xA,B. The measurement process can be represented by the
interaction between the field operator and dynamical variables of the measurement apparatus. In the present analysis, we
do not specity details of the apparatus but just assume the interaction Hamiltonian between the field operators and the
appratus is

Hint D
X

jDA,B

�j .t/gj . OqD; OpD/˝

Z
dx.w1j .x/ O'.x/C w2j .x/ O⇡.x//; (11)

where gj is a function of canonical variables of the measurement appratus, w1j .x/; w2j .x/ are window functions defining
a spatial local mode of the field at xA,B, and �j .t/ is a switching function of the interaction. In the present analysis, we
do not consider details of measurement protocols but just pay attention to the behavior of the local modes of the quantum
field introduced by the window functions.

Let us introduce local operators at xj ; j D A,B using a window function wj .x/ D w.x � xj / as

Oqj D

Z 1

�1

dxwj .x/ O'.x/ D
1
p
2⇡

Z 1

�1

dk O'k e
ikxj

Z 1

�1

dxw.x/eikx D

Z 1

�1

dk O'k e
ikxjwk ; (12)

Opj WD

Z 1

�1

dxwj .x/ O⇡.x/ D

Z 1

�1

dk O⇡k e
ikxjwk ; (13)

where wk denotes the Fourier component of the window function:

wk D
1
p
2⇡

Z 1

�1

dxw.x/eikx : (14)

Commutation relations between local operators should satisfy

Œ Oqi ; Opj ç D i

Z 1

�1

dkeik.xi�xj /wkw�k ⌘ iıij ; (15)

Œ Oqi ; Oqj ç D Œ Opi ; Opj ç D 0: (16)

These canonical commuation relations are indepedent of a state of the quantum field and local variables Oqj ; Opj become a
canonical pair. Covarinaces for local operators are

c1.i; j / WD
˝
f Oqi ; Oqj g

˛
D 4

Z 1

0

dkjwkj
2
jfkj

2 cos kÅij ; (17)

c2.i; j / WD
˝
f Opi ; Opj g

˛
D 4

Z 1

0

dkjwkj
2
jgkj

2 cos kÅij ; (18)

c3.i; j / WD
˝
f Oqi ; Opj g

˛
D 2

Z 1

0

dkjwkj
2 i.fkg

⇤

k � f
⇤

k gk/ cos
�
kÅij

�
; (19)

where Åij WD xi � xj .
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where Åij WD xi � xj .
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Covariance matrix

● Bipartite Gaussian state associated with  region AB
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Abstract

Title:

✏ Entanglement partner in de Sitter universe

1 Introduction

✏ Local mode of the scalar field in a de Sitter universe and entanglement

– local modes become separable when their separation exceeds the Hubble horizon scale [1, 2, 3, 4].
– Thermal noise associated with de Sitter horizon breaks entanglement between spatial regions.

✏ Entanglement between local modes and monogamy

– monogamy relation between “internal” and “external” correlations [5, 6, 7, 8, 9].
– Based on general correlation measures, new kinds of monogamy relations have been derived which state

internal entanglement and external entanglement have a tradeoff. It was also shown explict forms of the
monogamy inequality in terms of entanglement measures for qubit cases (finite dimensional Hilbert space).

– In this study, we investigate entanglement behavior of local modes in a de Sitter universe from the viewpoint
of the monogamy of entanglement. For this purpose, we introduce partner modes which purify two spatial
local modes.

✏ A systematic construction of partner modes was proposed by [10, 11, 12, 13, 14].

2 Scalar field and local modes

We consider a quantized massless scalar field O' in a (1+1)-dimensional flat FRW universe. The metric with the conformal
time ⌘ is

ds2 D a2sc.⌘/.�d⌘
2
C dx2/; (1)

where asc.⌘/ is the scale factor of the universe. The field operators are expressed as

O'.x/ D

Z 1

�1

dk
p
2⇡
O'k e

ikx ; O'k D fk.⌘/ Oak C f
⇤

k .⌘/ Oa
é
�k ; (2)

O⇡.x/ D

Z 1

�1

dk
p
2⇡
O⇡k e

ikx ; O⇡k D .�i/.gk.⌘/ Oak � gk.⌘/
⇤
Oa
é
�k/; (3)

Œ O'k1 ; O⇡k2 ç D iı.k1 C k2/; f 00

k C

✓
k2 �

a00
sc

asc

◆
fk D 0; gk D i

✓
f 0

k �
a0

sc

asc
fk

◆
; fkg

⇤

k C f
⇤

k gk D 1; (4)

where O⇡.x/ is the conjugate momentum of the field variable O'.x/, and 0 D d=d⌘. We assume the mode equation for three
spatial dimension but excitations propage only in one spatial direction. In terms of the Fourier components of the field
operators, the creation and the annihilation operators can be represented as

Oak D g
⇤

k O'k C if
⇤

k O⇡k ; Oa
é
�k D gk O'k � ifk O⇡k : (5)

We assume a vacuum state j i associated with the annihilation operator Oak :

Oak j i D 0: (6)
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II. SCALAR FIELD AND LOCAL MODES

We consider a quantized massless scalar field '̂ in a (1+1)-dimensional flat FRW universe. The metric with the
conformal time ⌘ is

ds2 = a2sc(⌘)(�d⌘2 + dx2), (1)

where asc(⌘) is the scale factor of the universe. The field operators of the massless scalar field are expressed as

'̂(x) =

Z 1

�1

dkp
2⇡

'̂k e
ikx, '̂k = fk(⌘)âk + f⇤

k
(⌘)â†�k

, (2)

⇡̂(x) =

Z 1

�1

dkp
2⇡

⇡̂k e
ikx, ⇡̂k = (�i)(gk(⌘)âk � gk(⌘)

⇤â†�k
), (3)

[âk1 , â
†
k2
] = �(k1 � k2), f 00

k
+

✓
k2 � a00sc

asc

◆
fk = 0, gk = i

✓
f 0
k
� a0sc

asc
fk

◆
, fkg

⇤
k
+ f⇤

k
gk = 1, (4)

where âk and â†
k
are annihilation and creation operators, ⇡̂(x) is the conjugate momentum of the field variable '̂(x),

and 0 = d/d⌘. We assume the mode equation for three spatial dimension but excitations propage only in one spatial
direction. In terms of the Fourier components of the field operators, the creation and the annihilation operators can
be represented as

âk = g⇤
k
'̂k + if⇤

k
⇡̂k, â†�k

= gk'̂k � ifk⇡̂k. (5)

We assume the vacuum state | i associated with the annihilation operator âk:

âk | i = 0. (6)

The equal-time commutation relations for the field operators are

['̂(⌘, x), ⇡̂(⌘, y)] = i�(x� y), ['̂(⌘, x), '̂(⌘, y)] = [⇡̂(⌘, x), ⇡̂(⌘, y)] = 0. (7)

Covariances of the field operators are

M11 := h{'̂(x), '̂(y)}i = 2

⇡

Z 1

0
dk|fk|2 cos(k(x� y)), (8)

M22 := h{⇡̂(x), ⇡̂(y)}i = 2

⇡

Z 1

0
dk|gk|2 cos(k(x� y)), (9)

M12 := h{'̂(x), ⇡̂(y)}i = 1

⇡

Z 1

0
dk i(fkg

⇤
k
� f⇤

k
gk) cos(k(x� y)). (10)

A. Local modes

We consider the measurement of the field operators '̂, ⇡̂ at spatial points xA,B. The measurement process can be
represented as the interaction between the field operators and dynamical variables of the measurement apparatus. In
the present analysis, we do not specity details of the apparatus but just assume the interaction Hamiltonian between
the field operators and the appratus has the following form

Hint =
X

j=A,B

�j(t)gj(q̂D, p̂D)⌦
Z

dx(w1j(x)'̂(x) + w2j(x)⇡̂(x)), (11)

where gj is a function of canonical variables of the measurement appratus (q̂D, p̂D), w1j(x), w2j(x) are window functions
defining a spatial local mode of the field at xA,B, and �j(t) is a switching function of the interaction. In the present
analysis, we do not treat details of measurement protocols but only pay attention to the behavior of the local modes
of the quantum field introduced by the window functions.

Let us introduce local operators at xj , j = A,B using a window function wj(x) = w(x� xj) as

q̂j =

Z 1

�1
dxwj(x)'̂(x) =

Z 1

�1
dk '̂k e

ikxjwk, (12)

p̂j :=

Z 1

�1
dxwj(x)⇡̂(x) =

Z 1

�1
dk ⇡̂k e

ikxjwk, (13)
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[âk1 , â
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where âk and â†
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defining a spatial local mode of the field at xA,B, and �j(t) is a switching function of the interaction. In the present
analysis, we do not treat details of measurement protocols but only pay attention to the behavior of the local modes
of the quantum field introduced by the window functions.

Let us introduce local operators at xj , j = A,B using a window function wj(x) = w(x� xj) as

q̂j =

Z 1

�1
dxwj(x)'̂(x) =

Z 1

�1
dk '̂k e

ikxjwk, (12)

p̂j :=

Z 1

�1
dxwj(x)⇡̂(x) =

Z 1

�1
dk ⇡̂k e

ikxjwk, (13)

<latexit sha1_base64="l7p3t9mNRHxJDgQQZRYX0B8ROZw="></latexit>

j D A,B

quantum field

<latexit sha1_base64="CLnrdigvW6GG/XMylseKX8axF9Y="></latexit>

wk D w0✓.kc � jkj/
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⌅ window function We adopt k-tophat window function in this study: wk D w0 ✓.kc � jkj/✓.jkj�k0/ where kc is the
IR cutoff corresponds to the total system size and kc is the UV cutoff scale defining local modes. We assume kc � k0.
The normalization w0 is determined by (15):

ıij D 2w
2
0

Z kc

k0

dk cos
�
kÅij

�
D 2w20

sin
�
kcÅij

�
� sin

�
kcÅij

�

Åij
: (20)

For ÅAA D ÅBB D 0,

1 D 2w20.kc � k0/; ) w20 D
1

2.kc � k0/
: (21)

For ÅAB ¤ 0,

sin.kcÅAB/ � sin.kcÅAB/ D 0; ) ÅAB D
.2n � 1/⇡

kc C k0
;
.2n/⇡

kc � k0
; n D 1; 2; � � � : (22)

As ÅAB, we adopt the following in our analysis

jÅABj D
⇡

kc C k0
DW Å; (23)

which represents distance between adjacent two local regions A and B with xB � xA D Å (Fig. 1). Å also represents size
of each region. The spatial profile of the window function is

w.x/ D
2
p
2⇡

Z kc

k0

dkw0e
�ikx

D
1

p
⇡.kc � k0/

sin.kcx/ � sin.k0x/

x
: (24)

xA B
Å
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Figure 1: Left panel: setup of spatial regions A,B. Right panel: window functions for A:w.xCÅ=2/ and B:w.x�Å=2/
with k0=kc D 0:2. Although two window functions have overlap, local modes A and B are well defined to
satisfy the commutation relation (15).

Covarinaces for local variables are

c1.Å/ D
2

kc � k0

Z kc

k0

dkjfkj
2 cos kÅ D

2

1 � ı

Z 1

ı

dzjfkj
2 cos

✓
⇡z

1C ı

◆
; (25)

c2.Å/ D
2

kc � k0

Z kc

k0

dkjgkj
2 cos kÅ D

2

1 � ı

Z 1

ı

dzjgkj
2 cos

✓
⇡z

1C ı

◆
; (26)

c3.Å/ D
1

kc � k0

Z kc

k0

dki.fkg
⇤

k � f
⇤

k gk/ cos.kÅ/ D
1

1 � ı

Z 1

ı

dzi.fkg
⇤

k � f
⇤

k gk/ cos

✓
⇡z

1C ı

◆
; (27)

where z D k=kc ; ı D k0=kc . The parameter ı represents a size of the local region normalized with the total system size:
ı D .k0Å=⇡/.1 � k0Å=⇡/

�1. The covariance matrix of the bipartite system . OqA; OpA; OqB; OpB/ is

mAB D

2

664

a1 a3 c1 c3
a3 a2 c3 c2
c1 c3 a1 a3
c3 c2 a3 a2

3

775 ; (28)

Profile of modes:

localize at A,B

adjacent spatial regions
<latexit sha1_base64="sGxtjwh3moXwV1Jxfk+fi/WqAHc="></latexit>

Å ⇠ k�1
c
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Entanglement negativity

size of local regions/size of total universe
<latexit sha1_base64="bNxIUZHttCBrTAJVy+Q1RPpdWJU="></latexit>

ı D

The local modes A and B become separable for distance larger than the Hubble horizon 

Y.Nambu 2008,2013 
Y.Nambu and Y.Ohsumi 2009,2011 
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Figure 4: Behavior of negativity. Left panel: dependence of scale factor with different values of ı. Right panel: depen-
dence of scale factor and the physical size of local region ıp D ascı. A and B are initially entangled (asc D 1)
and become separable at the physical separation between them exceeds the Hubble horizon scale⇠ H�1 when
kc=asc ⌧ k0 and the effect of the IR cutoff becomes negligible.

3 Purification of local Gaussian modes in quantum field

For a bipartite Gaussian state AB represented by canonical variables . OqA; OpA; OqB; OpB/, we look for partner modes that
purify them.

✏ For the purpose of understanding behavior of entanglement between spatial local modes, we apply the partner
formula introduced by papers [12, 13].

✏ We are interested in disentanglement behavior of two local modes AB [1, 2, 3, 4] and aim to understand this behavior
from the viewpoint of entanglement monogamy.

3.1 Basic tools

We omit time variable t in the field operators to make notations simpler here. For a scalar field O� and its conjugate
momentum O⇡ , we introduce the following local operator using spatial window functions w1; w2:

OO WD

Z
dx

h
w1.x/ O�.x/C w2.x/ O⇡.x/

i
D

Z
dxW T.x/ OR.x/; (46)

where

W D


w1.x/
w2.x/

�
; OR.x/ WD


O�.x/
O⇡.x/

�
: (47)

We assume a Gaussian state j i with h O�i D h O⇡i D 0. The commutator of the field operators is1

Œ OR.x/; OR
T
.y/ç D i


0 ı.x � y/

�ı.x � y/ 0

�
D iJ ı.x � y/; (48)

where J D


0 1
�1 0

�
and the covariance of the field operators with the state j i is

M .x; y/ WD hf OR.x/; OR
T
.y/gi D


hf O�.x/; O�.y/gi hf O�.x/; O⇡.y/gi

hf O⇡.x/; O�.y/gi hf O⇡.x/; O⇡.y/gi

�
: (49)

1Œ OR.x/; OR
T
.y/ç is anti-symmetric part of the operator OR OR

T
and f OR.x/; OR

T
.y/g is anti-symmetric part of the operator OR OR

T
.

IRUV
coarse graining scale

0 1 2 3 4 5
0.00

0.01

0.02
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0.04

rp H

N

a D 100

r
⇤
p ⇡ 1:6H

�1

separable

A B

<latexit sha1_base64="3XcwMH8+qNLH8ruJL3hpfSVcH24="></latexit>

Åp D ı ⇥ asc
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. OqA; OpA/
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. OqB ; OpB/

de Sitter background
<latexit sha1_base64="2pE7+jXEw4G223kMwNOstnH/YGc="></latexit>

ds2 D �dt2 C e2Ht dx2

<latexit sha1_base64="g5R1+zdu5hOnjHAko7d1iiaaYJY="></latexit>

Åp D ascı ⇠ H
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Why the state becomes separable on large scale?

7

● What is the role of “partner” mode E that purifies AB.

TH DH=2⇡
<latexit sha1_base64="+9G1Yjips9cKsgKNyJEX63sPKfo="></latexit><latexit sha1_base64="+9G1Yjips9cKsgKNyJEX63sPKfo="></latexit><latexit sha1_base64="+9G1Yjips9cKsgKNyJEX63sPKfo="></latexit><latexit sha1_base64="+9G1Yjips9cKsgKNyJEX63sPKfo="></latexit>

● “Thermal noise” with Gibbons-Hawking temperature                  destroys  
    quantum correlations

We examine this behavior based on multipartite entanglement

We expect that as correlation between AB and E (partner) increases, 

correlation between A and B decreases

A Brp

<latexit sha1_base64="ht2jb3PZ36wsux5iKBYMo36u4FQ="></latexit>

negativity

rp
H

�1

<latexit sha1_base64="/LBiHDzmUMPytE4f8a6RHnF8w4M="></latexit>

● This separability can be understood based on entanglement monogamy 
(sharing and tradeoff relation of entanglement)

From these observation, we want to understand why the local modes AB

become separable for super-horizon scales.

To answer these questions, 

we obtain explicit form of the partner of the bipartite system AB.

A B
environment

A B

E Environment

X?
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Partner modes and entanglement

● Purification
Let us consider a mode A with mixed state:

O⇢A D

X

nA

pnA
jnAi hnAj

<latexit sha1_base64="cTAE+s5zvDeKatf+JfsH/eHZuto="></latexit>

D
X

n

pn jnAi hnAj

<latexit sha1_base64="dZrQo0igHvg3ASueQE/EeOoe2wc="></latexit>

ˇ̌
A xA

˛
D

X

n

p
pn jnAi

ˇ̌
n xA

˛

<latexit sha1_base64="IxCND2t67/Dd01lewQfWfmv0lfU="></latexit>

tr xA
�ˇ̌

A xA
˛ ˝

A xA
ˇ̌�

D
X

m;n

p
pmpn jmAi hnAj tr

�ˇ̌
m xA

˛ ˝
n xA

ˇ̌�

<latexit sha1_base64="v2ZFuh/QOuruN/p3qW0JnJ9lPPc="></latexit>

D O⇢A

<latexit sha1_base64="xhLyq4LW2iCK7Uu6gyEgtf2PXmY="></latexit>

●     is purification (entanglement) partner of       xA

<latexit sha1_base64="4ajC+ZBOBOPqtDctqDeFpU7NbKo="></latexit>

A

<latexit sha1_base64="z8ueHMK8Z2tEJBmhASzJV4EBlDQ="></latexit>

● If     is pure,        is a product state （no correlation between    and    ）xA

<latexit sha1_base64="4ajC+ZBOBOPqtDctqDeFpU7NbKo="></latexit>

A

<latexit sha1_base64="z8ueHMK8Z2tEJBmhASzJV4EBlDQ="></latexit>

A

<latexit sha1_base64="z8ueHMK8Z2tEJBmhASzJV4EBlDQ="></latexit>

A

<latexit sha1_base64="z8ueHMK8Z2tEJBmhASzJV4EBlDQ="></latexit>

xA

<latexit sha1_base64="4ajC+ZBOBOPqtDctqDeFpU7NbKo="></latexit>

A

<latexit sha1_base64="OOnZ9PPHKlK8ANZs5b1OLoOepCI="></latexit>

xA

<latexit sha1_base64="fFFNmOVWt69iCWHhqKKnqLIR1lQ="></latexit>

It is always possible to embed      in a pure state by adding an ancillary mode      :O⇢A

<latexit sha1_base64="2p7pmSQoyW0/WiWxBOtmuuuGrYo="></latexit>

xA

<latexit sha1_base64="fFFNmOVWt69iCWHhqKKnqLIR1lQ="></latexit>

First, we shortly review concept of purification and entanglement partner

 ( basic concept in QM)

pure state
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Entanglement of Hawking radiation

● Gravitational collapse S.W.Hawking 1975

In-vacuum state two mode squeezed sate (entangled state)

j 0i /
X

n

e�n!=.2TH / jniu jni Nu

<latexit sha1_base64="ODXOMrYNDMNfBh87CmasAR4bIFU="></latexit>

O⇢0 /

X

n

e�n!=TH jnui hnuj

<latexit sha1_base64="fBkR5vfHs3q6h10LtLjYU+JXcME="></latexit>

TH D 

2⇡

<latexit sha1_base64="QpQ9mXut8lChWvjuapauK0aoIO0="></latexit>

Thermal state with Hawking temperature

Reduced state

Infalling      is a purification partner ofNu

<latexit sha1_base64="xChO9gfsLgR05qmKYDuUe6xCba0="></latexit>

u

<latexit sha1_base64="vrxVVtlLfRN6/SXYZ6twQX8oCF8="></latexit>

u

<latexit sha1_base64="vrxVVtlLfRN6/SXYZ6twQX8oCF8="></latexit>

Nu

<latexit sha1_base64="xChO9gfsLgR05qmKYDuUe6xCba0="></latexit>

v

<latexit sha1_base64="mJEFEcjvxyUqyqs6nS5S730IrBs="></latexit>

S12

<latexit sha1_base64="vEjgvV7rPN/DBeHegDoMiTDyKoc="></latexit>

1

<latexit sha1_base64="3uby91ljdk907nEa7W4Ou2d+d7k="></latexit>

2

<latexit sha1_base64="cUIotcPj8uq0PugM4vIRUd3i6ww="></latexit>

u

<latexit sha1_base64="vrxVVtlLfRN6/SXYZ6twQX8oCF8="></latexit>

Nu

<latexit sha1_base64="xChO9gfsLgR05qmKYDuUe6xCba0="></latexit>

3

<latexit sha1_base64="z84I0FcBbc0DjVKeCelI7fXXpZo="></latexit>

v

<latexit sha1_base64="mJEFEcjvxyUqyqs6nS5S730IrBs="></latexit>

squeezing gate

Origin of       is vacuum fluctuation before horizon formationxu

<latexit sha1_base64="Vwk8DFq2mngl4LCqw/hmtj2ISFw="></latexit>

u

<latexit sha1_base64="vrxVVtlLfRN6/SXYZ6twQX8oCF8="></latexit>

It is well known that a partner mode appears in Hawking radiation.

(Hawking radiation)

infalling matter

u

<latexit sha1_base64="vrxVVtlLfRN6/SXYZ6twQX8oCF8="></latexit>

Nu

<latexit sha1_base64="xChO9gfsLgR05qmKYDuUe6xCba0="></latexit>

Hawking  
radiation

partner

v

<latexit sha1_base64="mJEFEcjvxyUqyqs6nS5S730IrBs="></latexit>

horizon
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What is partner mode in de Sitter universe ?

● Fact: entanglement between mode A and mode B is lost on super horizon scale 

● By embedding the original modes AB in a 4-mode pure Gaussian state,

   it is possible to understand structure of entanglement sharing of 

   these 4 modes ( looking for partner modes of AB )

4-mode pure Gaussian state

Purification of AB

A

<latexit sha1_base64="OOnZ9PPHKlK8ANZs5b1OLoOepCI="></latexit>

B

<latexit sha1_base64="vJLd7NBYQ8cBBxvWlmbpI3M3/8A="></latexit>

C
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D
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For de Sitter case, we want to identify partner modes for the bipartite system AB, 

which is defined as two spatially local modes at points A and B.


A B

A B❌

C D

deSitter horizon
H

�1

<latexit sha1_base64="/LBiHDzmUMPytE4f8a6RHnF8w4M="></latexit>

space

time
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We adopt the method formulated in these papers (partner formula)
Construction of partner mode

● Single mode case: purification of a mixed state mode A

A

<latexit sha1_base64="OOnZ9PPHKlK8ANZs5b1OLoOepCI="></latexit>

C
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Target mode

Partner mode

Covariance matrix of total system (pure)
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Thus
O⇠C D

1
p

a2 � 1

X O⇣ D
1

p
a2 � 1

X.f . O⇠/ � mJ O⇠/ D
1

p
q2 � 1


f . Op1/ C a Oq1

f . Oq1/ � a Op1

�
: (53)

The covariance of O⇠A WD O⇠; O⇠C system is
D
f O⇠C ; O⇠C g

E
D �A

�1
.m C mJ mJ m/.A

�1
/
T

D aI; (54)
D
f O⇠C ; O⇠Ag

E
D A

�1
.J � mJ m/ D

p

a2 � 1Z; (55)
D
f O⇠A; O⇠Ag

E
D aI: (56)

In a matrix form,

MAC D

"
aI

p
a2 � 1Z

p
a2 � 1Z aI

#
: (57)

This covariance matrix represents the pure two mode squeezed state and characterize the partner system AC.

4.2 two mode system

We look for partner modes for two mode system O⇠ D . Oq1; Op1; Oq2; Op2/
T . These two modes are defined at x1; x2. Following

K. Yamaguchi’s method [2], we introduce the map f :

f . Oqj / WD

Z
dkWk.�i/.fk Oak � f

⇤
k Oa�ké/eikxj ; (58)

f . Opj / WD �

Z
dkWk.gk Oak C g

⇤
k Oa�ké/eikxj ; (59)

Oqj D

Z 1

�1
dkWk.fk Oak C f

⇤
k Oa�ké/eikxj ; (60)

Opj D

Z 1

�1
dkWk.�i/.gk Oak � g

⇤
k Oa�ké/eikxj : (61)

Thus we introduced 4-mode system characterized by the following eight operators

Oq1; Op1; Oq2; Op2; f . Oq1/; f . Op1/; f . Oq2/; f . Op2/: (62)

Commutation relations are

Œ O⇠i ;
O⇠j ç D i�2; Œ O⇠i ; f . O⇠j /ç D i.M/ij ; Œf . O⇠i /;

O⇠j ç D �i.M /ij ; Œf . O⇠i /; f . O⇠j /ç D i.�2/ij ; (63)

�2 D


J 0

0 J

�
; J D


0 1

�1 0

�
; .M/ij WD

D
O⇠i

O⇠j C O⇠j
O⇠i

E
; (64)

and
D
ff . O⇠i /; f . O⇠j /g

E
D .M /ij ;

Dn
O⇠i ; f . O⇠j /

oE
D �.�2/ij : (65)

We define the modes orthogonal to the original mode O⇠AB D O⇠i as

O⇣i WD f . O⇠i / � .M�2⇠/i : (66)

Indeed this operator satisfies Œ O⇣i ;
O⇠j ç D 0 and they are independent:

Œ O⇣i ;
O⇠j ç D Œf . O⇠i /;

O⇠j ç � Œ.M�2
O⇠/i ;

O⇠j ç

D �iMij � .M�2/ik Œ O⇠k ; O⇠j ç

D �iM C iM D 0: (67)

The commutator and the covariance are

Œ O⇣i ;
O⇣j ç D i.�2 � M�2M /ij ;

Dn
O⇣i ;

O⇣j

oE
D � .M C M�2M�2M/ij : (68)

Z D

1 0
0 �1

�

<latexit sha1_base64="eQ/j0GImyEwGjWROTT4d7B4fx4A="></latexit>

This is the standard form of two mode squeezed state (pure state)

Partner of       is represented as A

<latexit sha1_base64="OOnZ9PPHKlK8ANZs5b1OLoOepCI="></latexit>

O⇠C D . OqC ; OpC /

<latexit sha1_base64="GAlPTSn8KuqrXnO8LrrxDtjFUbg="></latexit>

We can obtain spatial profile of the partner mode C :

Covariance matrix of mode A in the standard form (mixed)
<latexit sha1_base64="OySWYqT20vvvh9cD+ZxtnnhUmDM="></latexit>

MA D

a 0
0 a

�
; a � 1

S12
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1
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FIG. 4: Upper panel: the window function wA that represents the spatial profile of the mode A at asc = 1, 10. We set xA = 0.
xp denotes the physical coordinate. Owing to cosmic expansion, width of the profile increases as asc�. Lower panels: convolution
of wA with covariances of the field operators. These functions represent spatial profiles of the partner mode C.

b. Negativity between AC The standard form of the covariance matrix for the mode A is

mA =


a 0
0 a

�
, (92)

where a is the symplectic eigenvalue of mA. The covariance matrix (82) for the pure state AC is

mAC =

2

664

a 0
p
a2 � 1 0

0 a 0 �
p
a2 � 1p

a2 � 1 0 a 0
0 �

p
a2 � 1 0 a

3

775 , (93)

and the smaller symplectic eigenvalue of the partially transposed mAC is

e⌫2 = a�
p

a2 � 1 =
1

a+
p
a2 � 1

 1. (94)

Thus negativity is

NA:C =
1

2
(a+

p
a2 � 1� 1) � 0. (95)

For a > 1, the bipartite state AC is entangled. Figure 5 shows behavior of the symplectic eigenvalue a =
p

a1a2 � a23
as functions of scale factor and �. a1, a2, a3 are components of the covariance matrix (28). For a fixed value of � (left
panel of Fig. 5), a increases as the scale factor increases and entanglement between AC grows. For a fixed value of
scale factor (right panel of Fig. 5), a increases as � (size of region A) decreases which means the state AC is more
squeezed for smaller value of �. For � = 1, a = 1 (A is a pure state).
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● Two mode case: purification of symmetric bipartite state AB
Covariance matrix of target mode AB

(we assume standard form of symmetric bipartite state)

Covariance matrix of total 4 mode system (pure state)

Partner mode in de Sitter spacetime partner-4mode.tex 2021/2/23 Yasusada Nambu 8

We re-define O⇣i to obey the standard commutation relation. We writte O⇣i as

O⇣i D Aik. O⇠CD/k ; Œ. O⇠CD/i ; . O⇠CD/j ç D i.�2/ij : (69)

Then for O⇠CD to obey the standard commutation relation, the 4 ⇥ 4 matrix A should satisfy

A�2A
T

D �2 � M�2M: (70)

The covariance of O⇠CD is
Dn

. O⇠CD/i ; . O⇠CD/j

oE
D .A

�1
/ik.A

�1
/j`

Dn
O⇣k ; O⇣`

oE

D �.A
�1

/ik.A
�1

/j`.M C M�2M�2M /k`

D �.A
�1

/ik.M C M�2M�2M/k`.A
�1

/
T
j̀ ; (71)

and
Dn

. O⇠CD/i ; . O⇠AB/j

oE
D A

�1
.�2 � M�2M /; (72)

Dn
. O⇠AB/i ; . O⇠CD/j

oE
D

⇥
A

�1
.�2 � M�2M /

⇤T
; (73)

Dn
. O⇠AB/i ; . O⇠AB/j

oE
D .M/ij : (74)

These covariance defines the pure 4-mode state ABCD (purity condition is satisfied).

We look for the matrix A satisfying Eq. (70). We assume the following standard form of the covariance matrix

MAB D

2

664

a 0 d1 0

0 a 0 d2

d1 0 a 0

0 d2 0 a

3

775 ; (75)

which is the standard form for the symmetric two mode state. Then the RHS of (70) is

�2 � M�2M D


.1 � a

2 � d1d2/J �a.d1 C d2/J

⇤ .1 � a
2 � d1d2/J

�
: (76)

As the form of the matrix A, we assume

A D


gX hX

hX gX

�
; A�2A D �


.g
2 C h

2
/J 2ghJ

2ghJ .g
2 C h

2
/J

�
: (77)

Thus Eq. (70) yields
g
2

C h
2

D a
2

C d1d2 � 1; 2gh D a.d1 C d2/; (78)

and the solution is

g
2

D
x

2
C

1

2

p
x2 � y2; h

2
D

x

2
�

1

2

p
x2 � y2; x D a

2
C d1d2 � 1; y D a.d1 C d2/: (79)

The inverse of A is
A

�1
D

1

g2 � h2


gX �hX

�hX gX

�
: (80)

Components of the covariance are obtained by (71)-(74):

M D


MAB MABWCD

MABWCD MCD

�
; (81)

MCD D

2

664

a 0 d2 0

0 a 0 d1

d2 0 a 0

0 d1 0 a

3

775 ; MABWCD D

2

664

g 0 h 0

0 �g 0 �h

h 0 g 0

0 �h 0 �g

3

775 : (82)
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where O⇠CD obeys the standard commutation relation. Thus the 4 ⇥ 4 matrix A should satisfy

A�2A
T
D �2 �mAB�2mAB: (95)

Covariances of normalised operators are
Dn
O⇠CD; O⇠

T

CD

oE
D A�1

Dn
O⇣; O⇣

T
oE
.A�1/T

D �A�1.mAB CmAB�2mAB�2mAB/.A
�1/T DW mCD; (96)

Dn
O⇠CD; O⇠

T

AB

oE
D A�1.�2 �mAB�2mAB/ DW m

T
AB,CD; (97)

Dn
O⇠AB; O⇠

T

CD

oE
D

⇥
A�1.�2 �mAB�2mAB/

⇤T
DW mAB,CD; (98)

Dn
O⇠AB; O⇠

T

AB

oE
DW mAB: (99)

These covariances defines a four modes state ABCD and the purity condition is satisfied:

mABCD D


mAB mAB,CD

mT
AB,CD mCD

�
; mABCD�4mABCD D �4; (100)

where �4 D
L4
iD1 J . In this case, the total state is decomposed as

j i D j0iABCD ˝
ˇ̌
 0

˛
ABCD ; (101)

and the partner state j0iABCD has no correlation with its compliment. The information shared between A and B is confined
is the system ABCD and it works as the QIC.

We look for the matrix A satisfying Eq. (95). For this purpose, we consider the following standard form [ref] of the
covariance matrix for the bipartite Gaussian state AB:

m0
AB D

2

664

a 0 d1 0
0 a 0 d2
d1 0 a 0
0 d2 0 a

3

775 D S mABS T : (102)

Of course, the explicit form of the parter mode depends on the representation of the covariance matrix mAB and we have
freedom of global symplectic transformations to identify the partner mode (m0

AB D S 0mABS 0T ). Using the standard form
of mAB, the right hand side of Eq. (95) is

�2 �mAB�2mAB D


.1 � a2 � d1d2/J �a.d1 C d2/J

⇤ .1 � a2 � d1d2/J

�
: (103)

Concering the form of the matrix A, we assume

A D


gX hX
hX gX

�
; A�2A D �


.g2 C h2/J 2ghJ
2ghJ .g2 C h2/J

�
: (104)

Then Eq. (95) yields
g2 C h2 D a2 C d1d2 � 1; 2gh D a.d1 C d2/; (105)

and the solution is
g D

1

2
.
p
x C y C

p
x � y/; h D

1

2
.
p
x C y �

p
x � y/; (106)

with
x D a2 C d1d2 � 1; y D a.d1 C d2/: (107)

The inverse of A is
A�1

D
1

g2 � h2


gX �hX
�hX gX

�
: (108)
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The explict form of the covariance matrix MABCD is

MABCD D

2

66666666664

a 0 d1 0 g 0 h 0

0 a 0 d2 0 �g 0 �h

a 0 h 0 g 0

0 a 0 �h 0 �g

a 0 d2 0

0 a 0 d1

a 0

0 a

3

77777777775

: (83)

The covariance matrices for reduced three modes ABC and ACD are

MABC D

2

6666664

a 0 d1 0 g 0

0 a 0 d2 0 �g

a 0 h 0

0 a 0 �h

a 0

0 a

3

7777775
; MACD D

2

6666664

a 0 g 0 h 0

0 a 0 �g 0 �h

a 0 d2 0

0 a 0 d1

a 0

0 a

3

7777775
: (84)

The covariance matrices for reduced two modes are

MAB D

2

664

a 0 d1 0

0 a 0 d2

a 0

0 a

3

775 ; MAC D

2

664

a 0 g 0

0 a 0 �g

a 0

0 a

3

775 ; MAD D

2

664

a 0 h 0

0 a 0 �h

a 0

0 a

3

775 ; (85)

MCD D

2

664

a 0 d2 0

0 a 0 d1

a 0

0 a

3

775 : (86)

⌅ negativity of 4 mode Symplectic eigenvalues of four modes with bipartition ABjCD are

⌫
2

D.a � d1/.a � d2/ � .g � h/
2
; .a C d1/.a C d2/ � .g C h/

2
; (87)

Q⌫
2

D.a � d1/.a � d2/ C .g � h/
2

˙ 2jg � hj
p

.a � d1/.a � d2/;

.a C d1/.a C d2/ C .g C h/
2

˙ 2jg C hj
p

.a C d1/.a C d2/; (88)

Symplectic eigenvalues of four modes with bipartition AC jBD are

Q⌫
2

D a
2

� d1d2 � g
2

C h
2

˙

p
a2.d1 � d2/

2 C 4.ah � d1g/.ah � d2g/: (89)

Symplectic eigenvalues of four modes with bipartition ADjBC are

Q⌫
2

D a
2

� d1d2 C g
2

� h
2

˙

p
a2.d1 � d2/

2 C 4.ag � d1h/.ag � d2h/: (90)

⌅ negativity of reduced three mode

⌅ negativity of reduced two mode Symplectic eigenvalues of reduced two modes are

✏ MAB : ⌫
2
� D a

2 C d1d2 � ajd1 C d2j; Q⌫2� D a
2 � d1d2 � ajd1 � d2j.

✏ MAC : ⌫
2
� D a

2 � g
2
; Q⌫2� D .a � g/

2.

✏ MAD: ⌫
2
� D a

2 � h
2
; Q⌫2� D .a � h/

2.

✏ MCD: same as MAB .

Behavior of negativity:

✏ AC , AD: can be entangled for g; h ¤ 0. As g > h, AC is more entangled than AD.

✏ CD: As the spectrum of negavity is the same as AB , the partner CD shows the same entanglement behavior as
AB .

AB CD

CD

AB
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We re-define O⇣i to obey the standard commutation relation. We writte O⇣i as

O⇣i D Aik. O⇠CD/k ; Œ. O⇠CD/i ; . O⇠CD/j ç D i.�2/ij : (69)

Then for O⇠CD to obey the standard commutation relation, the 4 ⇥ 4 matrix A should satisfy

A�2A
T

D �2 � M�2M: (70)

The covariance of O⇠CD is
Dn

. O⇠CD/i ; . O⇠CD/j

oE
D .A

�1
/ik.A

�1
/j`

Dn
O⇣k ; O⇣`

oE

D �.A
�1

/ik.A
�1

/j`.M C M�2M�2M /k`

D �.A
�1

/ik.M C M�2M�2M /k`.A
�1

/
T
j̀ ; (71)

and
Dn

. O⇠CD/i ; . O⇠AB/j

oE
D A

�1
.�2 � M�2M /; (72)

Dn
. O⇠AB/i ; . O⇠CD/j

oE
D

⇥
A

�1
.�2 � M�2M /

⇤T
; (73)

Dn
. O⇠AB/i ; . O⇠AB/j

oE
D .M /ij : (74)

These covariance defines the pure 4-mode state ABCD (purity condition is satisfied).

We look for the matrix A satisfying Eq. (70). We assume the following standard form of the covariance matrix

MAB D

2

664

a 0 d1 0

0 a 0 d2

d1 0 a 0

0 d2 0 a

3

775 ; (75)

which is the standard form for the symmetric two mode state. Then the RHS of (70) is

�2 � M�2M D


.1 � a

2 � d1d2/J �a.d1 C d2/J

⇤ .1 � a
2 � d1d2/J

�
: (76)

As the form of the matrix A, we assume

A D


gX hX

hX gX

�
; A�2A D �


.g
2 C h

2
/J 2ghJ

2ghJ .g
2 C h

2
/J

�
: (77)

Thus Eq. (70) yields
g
2

C h
2

D a
2

C d1d2 � 1; 2gh D a.d1 C d2/; (78)

and the solution is

g
2

D
x

2
C

1

2

p
x2 � y2; h

2
D

x

2
�

1

2

p
x2 � y2; x D a

2
C d1d2 � 1; y D a.d1 C d2/: (79)

The inverse of A is
A

�1
D

1

g2 � h2


gX �hX

�hX gX

�
: (80)

Components of the covariance are obtained by (71)-(74):

M D


MAB MABWCD

MABWCD MCD

�
; (81)

MCD D

2

664

a 0 d2 0

0 a 0 d1

d2 0 a 0

0 d1 0 a

3

775 ; MABWCD D

2

664

g 0 h 0

0 �g 0 �h

h 0 g 0

0 �h 0 �g

3

775 : (82)

A B

A

B
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Behavior of entanglement

A
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partner mode

target mode

● Target modes AB become separable

   for super horizon scale 
● Entanglement between AB and CD increases 
   monotonically as universe expands

● Trade-off relation between N(A:B)  

   and N(AB:CD)

   (monogamy property of entanglement)
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we can calculate behavior of negativity associated with this state:
As we obtained the explicit form of 4-mode state ABCD, 

<latexit sha1_base64="t8iQyIS/vQtgSPzHSG0fyQc8xsY="></latexit>

NA:B
<latexit sha1_base64="bWoKkG53IVyLn9Uee+N5WiNhwc0="></latexit>

NAB:CD

18

FIG. 8: Behavior of NA:B and g̃(NAB:CD) as functions of x (y = 0). A tradeo↵ relation between the internal entanglement
NA:B and the external entanglement NAB:CD can be observed. For 2(a� 1)  x, NA:B = 0.

C. Monogamy for local modes in de Sitter universe

For the scalar field in the de Sitter universe, Fig. 9 shows evolution of NA:B and NAB:CD with fixed �. Left panel
represents evolution of negativities as functions of the scale factor (� = 0.2). Behavior of NA:B and NAB:CD implies a
tradeo↵ relation. Right panel shows relations between NA:B and NAB:CD with di↵erent values of �. We consider the
evolution from asc = 1 which corresponds to left edges of each line. As we have already observed, NA:B becomes zero
when the scale � exceeds the Hubble horizon scale H�1. NAB:CD increases monotonically in time. For a fixed value
of �, NA:B becomes zero at NAB:CD reaches a critical value which depends of �. This implies the following monogamy
relation holds, which is similar to (143) and explains the separable behavior of the bipartite system AB:

NA:B(asc, �)  g2(NAB:CD(asc, �), asc, �). (146)
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FIG. 9: Left panel: evolution of NA:B and NAB:CD as functions of the scale factor. Right panel: relation between NA:B and
NAB:CD for fixed values of �.

Figure 10 shows evolution of NA:B and NAB:CD for � = 0.2. As the scale factor increases, NAB:CD increases
monotonically and NA:B decreases and becomes zero. For each value of the scale factor, NA:B is always below
g2(NAB:CD) and the monogamy relation (146) holds. For the local modes in de Sitter universe, the inequality is
saturated for small values of the scale factor, and di↵erence of the right hand side and the left hand side of the
inequality grows for large values of the scale factor.

We investigate structure of monogamy for this system in more detail



Monogamy and Separability
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Entanglement Monogamy
Basic properties of entanglement shared by multiple modes

C

A B
EAB
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Monogamy relation of entanglement

qubit system:
square of concurrence, negativity

Gaussian system:
square of negativity

V.Coffman, J.Kundu, W.K.Wootters 1998
T.J.Osbone, F.Verstraete 2006
G.Adesso, F.Illuminati 2006

Trade-off relation between         and        
<latexit sha1_base64="DrT4rGHqjlSvt00eFEizjghCqXU="></latexit>

EC:A
<latexit sha1_base64="CBKmdB/ngD6qk8in1H0g5ijSv5w="></latexit>

EC:B

● Universal relation characterizing multi-partite entanglement 

● Sharing of quantum information, fidelity of quantum teleportation, etc
● This relation may provide upper bound of         and                     

<latexit sha1_base64="CBKmdB/ngD6qk8in1H0g5ijSv5w="></latexit>

EC:B
<latexit sha1_base64="DrT4rGHqjlSvt00eFEizjghCqXU="></latexit>

EC:A



18

Monogamy and Separability
Is it possible to say something about emergence of separable state

just applying this monogamy inequality?

jGHZi D 1p
2

.j111i C j000i/

A

B C

A

B C

N .A W BC/ D 1=2
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X

These inequalities are trivially satisfied for GHZ state and do not provide any 
useful information on entanglement sharing and relation between separability

 and strength of entanglement.
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Monogamy inequalities
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Standard monogamy relation:

This inequality cannot bound strength of correlation between A and B

as a function of correlation between C and AB

A new type of monogamy inequality: S. Camalet 2017

● For maximally entangled system AB,      
and this inequality says
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E.C W AB/ D 0

Conventional monogamy inequality:

● This inequality shows trade-off relation between 

  “internal” and “external” entanglement

C

A B
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We have shown this monogamy inequality indeed holds for Gaussian systems
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Finite dimensional Hilbert space
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Bipartite Gaussian state AB

Entanglement partner in de Sitter universe scalar-entanglement2.tex 2023/4/13 Yasusada Nambu 12

where O⇠CD obeys the standard commutation relation. Thus the 4 ⇥ 4 matrix A should satisfy

A�2A
T
D �2 �mAB�2mAB: (95)

Covariances of normalised operators are
Dn
O⇠CD; O⇠

T

CD

oE
D A�1

Dn
O⇣; O⇣

T
oE
.A�1/T

D �A�1.mAB CmAB�2mAB�2mAB/.A
�1/T DW mCD; (96)

Dn
O⇠CD; O⇠

T

AB

oE
D A�1.�2 �mAB�2mAB/ DW m

T
AB,CD; (97)

Dn
O⇠AB; O⇠

T

CD

oE
D

⇥
A�1.�2 �mAB�2mAB/

⇤T
DW mAB,CD; (98)

Dn
O⇠AB; O⇠

T

AB

oE
DW mAB: (99)

These covariances defines a four modes state ABCD and the purity condition is satisfied:

mABCD D


mAB mAB,CD

mT
AB,CD mCD

�
; mABCD�4mABCD D �4; (100)

where �4 D
L4
iD1 J . In this case, the total state is decomposed as

j i D j0iABCD ˝
ˇ̌
 0

˛
ABCD ; (101)

and the partner state j0iABCD has no correlation with its compliment. The information shared between A and B is confined
is the system ABCD and it works as the QIC.

We look for the matrix A satisfying Eq. (95). For this purpose, we consider the following standard form [ref] of the
covariance matrix for the bipartite Gaussian state AB:

m0
AB D

2

664

a 0 d1 0
0 a 0 d2
d1 0 a 0
0 d2 0 a

3

775 D S mABS T : (102)

Of course, the explicit form of the parter mode depends on the representation of the covariance matrix mAB and we have
freedom of global symplectic transformations to identify the partner mode (m0

AB D S 0mABS 0T ). Using the standard form
of mAB, the right hand side of Eq. (95) is

�2 �mAB�2mAB D


.1 � a2 � d1d2/J �a.d1 C d2/J

⇤ .1 � a2 � d1d2/J

�
: (103)

Concering the form of the matrix A, we assume

A D


gX hX
hX gX

�
; A�2A D �


.g2 C h2/J 2ghJ
2ghJ .g2 C h2/J

�
: (104)

Then Eq. (95) yields
g2 C h2 D a2 C d1d2 � 1; 2gh D a.d1 C d2/; (105)

and the solution is
g D

1

2
.
p
x C y C

p
x � y/; h D

1

2
.
p
x C y �

p
x � y/; (106)

with
x D a2 C d1d2 � 1; y D a.d1 C d2/: (107)

The inverse of A is
A�1

D
1

g2 � h2


gX �hX
�hX gX

�
: (108)

Covariance matrix of symmetric bipartite state AB:
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For convenience, we adopt

parametrization with <latexit sha1_base64="pxhqJx93METfnyzo5kCGsqeUeKQ="></latexit>a; x; y
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Symplectic eigenvalues of partially transposed covariance matrix zmAB are

Q⌫21 D .aC d1/.a � d2/ D 2a
2
� x � 1C

p
y2 � 4a2.x � a2 C 1/; (117)

Q⌫22 D .a � d1/.aC d2/ D 2a
2
� x � 1 �

p
y2 � 4a2.x � a2 C 1/: (118)

Summation of symplectic eigenvalues is
⌫21 C ⌫

2
2 C Q⌫

2
1 C Q⌫

2
2 D 4a

2: (119)

For real values of d1;2,
y2 � 4a2.x � a2 C 1/: (120)

For .x C 2/2 � y2 < 4a2, 0 < Q⌫2 < 1 < Q⌫1. The negativity between AB is

NA:B D
1

2
max


1

Q⌫2
� 1; 0

�
: (121)

The minimum of Q⌫2 is attained at x D y D 0 when the bipartite state is pure and its covariance matrix is given by Eq.
(102) with d1 D �d2 D

p
a2 � 1 (two mode squeezed state):

Q⌫22 jmin D 2a
2
� 1 � 2a

p

a2 � 1 D .a �
p

a2 � 1/2 ) Q⌫2jmin D a �
p

a2 � 1: (122)

Thus the maximum of NA:B is

NA:Bjmax D
1

2

⇣
a � 1C

p

a2 � 1
⌘
: (123)

AB become separable at Q⌫2 D 1 and this condition is

.x C 2/2 � y2 D 4a2: (124)

With a fixed value of a, it is possbile to draw a parameter region in .x; y/-plane where mAB represents a physical Gaussian
state (Fig. 8). The region is bounded by lines determined by ⌫ D 1 (positivity of the state) and d1;2 are real. The region
is divided to two regions; one corresponds to entangled state and the other corresponds to separable states. The pure state
locates at x D y D 0 which corresponds to a separable state for a D 1.

Figure 8: Parameters .x; y/ in the shaded region correspond to a bipartite physical state AB.

Square of symplectic eigenvalues of the four modes state ABCD are

.a � d1/.a � d2/ � .g � h/
2
D 1; .aC d1/.aC d2/ � .g C h/

2
D 1; (125)
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Therefore, the covariance matrix of the four modes pure state ABCD is obtained by (96)-(99) as

mABCD D


mAB mAB,CD

mAB,CD mCD

�
; (109)

mAB D

2

664

a 0 d1 0
0 a 0 d2
d1 0 a 0
0 d2 0 a

3

775 ; mCD D

2

664

a 0 d2 0
0 a 0 d1
d2 0 a 0
0 d1 0 a

3

775 ; mAB,CD D

2

664

g 0 h 0
0 �g 0 �h
h 0 g 0
0 �h 0 �g

3

775 : (110)

The partner mode is expressed as (partner formula for two mode Gaussian state)

O⇠CD D A�1.f . O⇠AB/ �mAB�2
O⇠AB/

D
1

g2 � h2


gX �hX
�hX gX

�
.f . O⇠AB/ �mAB�2

O⇠AB/: (111)

✏ The partner of AB is expressed using O⇠AB and O⇠CD, and the window functions of f . O⇠AB/ D Œf . OqA/; f . OpA/; f . OqB/; f . OpB/ç
T

are obtained by replacing A!B in (79) and (80). Behaviors of the window functions for f . OqB/ and f . OpB/ are
same as those for f . OqA/ and f . OpA/ except centers of the window functions are xB.

✏ entanglement

4 Separability and Monogamy

We regard the bipartite system AB as a subsystem of pure four modes state ABCD (AB are embbeded in ABCD). Then
an entanglement measure zE.A:B/ between A and B (internal entanglement) and an entanglement measure E.AB:CD/
between AB and CD (external entanglement) are expected to satisfy the following monogamy inequality [5, 6, 7, 8, 9]:

zE.A:B/CE.AB:CD/  zEmax; (112)

where zEmax is the maximum of zE.A:B/.

✏ For qubit systems, explicit forms of the inequality are presented using entanglement measures for qubit systems.

✏ In this paper, based on the explicit representation of the four modes Gaussian state, we show this monogamy
inequality holds for the four modes Gaussian case.

✏

✏

4.1 Parametrization of bipartite Gaussian state

The covariance matrix (102) of the bipartite Gaussian state AB includes three parameters a; d1; d2. For later convienence,
we parametrize it with a; x; y where x; y are defined by (107). By solving Eq. (107) with respect to d1; d2,

d1 D
y

2a
C

r
y2

4a2
� .x � a2 C 1/; d2 D

y

2a
�

r
y2

4a2
� .x � a2 C 1/; (113)

and

d1 � d2 D

r
y2

a2
� 4.x � a2 C 1/ � 0; d1d2 D x � a

2
C 1: (114)

Thus d1; d2 are expressed using a; x; y.

Symplectic eigenvalues of the covariance matrix mAB are

⌫21 D .aC d1/.aC d2/ D x C y C 1 � 1; ⌫22 D .a � d1/.a � d2/ D x � y C 1 � 1; (115)

and
detmAB D .a

2
� d21 /.a

2
� d22 / D ⌫

2
1⌫
2
2 D Q⌫

2
1 Q⌫
2
2 D .x C 1/

2
� y2: (116)
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✏

✏
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d1 D
y
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r
y2

4a2
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y

2a
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Thus d1; d2 are expressed using a; x; y.

Symplectic eigenvalues of the covariance matrix mAB are

⌫21 D .aC d1/.aC d2/ D x C y C 1 � 1; ⌫22 D .a � d1/.a � d2/ D x � y C 1 � 1; (115)

and
detmAB D .a

2
� d21 /.a

2
� d22 / D ⌫

2
1⌫
2
2 D Q⌫

2
1 Q⌫
2
2 D .x C 1/

2
� y2: (116)

For fixed value of the parameter a,

physical states are located in a bounded

region in (x,y)-plane
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Symplectic eigenvalues of partially transposed covariance matrix zmAB are

Q⌫21 D .aC d1/.a � d2/ D 2a
2
� x � 1C

p
y2 � 4a2.x � a2 C 1/; (117)

Q⌫22 D .a � d1/.aC d2/ D 2a
2
� x � 1 �

p
y2 � 4a2.x � a2 C 1/: (118)

Summation of symplectic eigenvalues is
⌫21 C ⌫

2
2 C Q⌫

2
1 C Q⌫

2
2 D 4a

2: (119)

For real values of d1;2,
y2 � 4a2.x � a2 C 1/: (120)

For .x C 2/2 � y2 < 4a2, 0 < Q⌫2 < 1 < Q⌫1. The negativity between AB is

NA:B D
1

2
max


1

Q⌫2
� 1; 0

�
: (121)

The minimum of Q⌫2 is attained at x D y D 0 when the bipartite state is pure and its covariance matrix is given by Eq.
(102) with d1 D �d2 D

p
a2 � 1 (two mode squeezed state):

Q⌫22 jmin D 2a
2
� 1 � 2a

p

a2 � 1 D .a �
p

a2 � 1/2 ) Q⌫2jmin D a �
p

a2 � 1: (122)

Thus the maximum of NA:B is

NA:Bjmax D
1

2

⇣
a � 1C

p

a2 � 1
⌘
: (123)

AB become separable at Q⌫2 D 1 and this condition is

.x C 2/2 � y2 D 4a2: (124)

With a fixed value of a, it is possbile to draw a parameter region in .x; y/-plane where mAB represents a physical Gaussian
state (Fig. 8). The region is bounded by lines determined by ⌫ D 1 (positivity of the state) and d1;2 are real. The region
is divided to two regions; one corresponds to entangled state and the other corresponds to separable states. The pure state
locates at x D y D 0 which corresponds to a separable state for a D 1.

0 1 2 3 4 5

-4

-2

0

2

4

x

y

Q⌫2 < 1

Q⌫2 > 1

a fixed

Q⌫1 > 1

Q⌫1 > 1

Q⌫1 D Q⌫2 > 1

Q⌫1 D Q⌫2 D 1

2.a � 1/ a2 � 1

Figure 8: Parameters .x; y/ in the shaded region correspond to a bipartite physical state AB.

Square of symplectic eigenvalues of the four modes state ABCD are

.a � d1/.a � d2/ � .g � h/
2
D 1; .aC d1/.aC d2/ � .g C h/

2
D 1; (125)

entangled separable

A

<latexit sha1_base64="OOnZ9PPHKlK8ANZs5b1OLoOepCI="></latexit>

B

<latexit sha1_base64="vJLd7NBYQ8cBBxvWlmbpI3M3/8A="></latexit>

C

<latexit sha1_base64="8XtVnPIJNocjaS8VMDBqBAMhLKU="></latexit>

D

<latexit sha1_base64="DPVxi2Wcxd5tzRRZx0ArYn/a9ZI="></latexit>

Partner mode

Target mode3 parameters
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Monogamy for Bipartite Gaussian state
We have embedded a symmetric bipartite state AB

 in a pure 4 mode Gaussian state ABCD
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We re-define O⇣i to obey the standard commutation relation. We writte O⇣i as

O⇣i D Aik. O⇠CD/k ; Œ. O⇠CD/i ; . O⇠CD/j ç D i.�2/ij : (69)

Then for O⇠CD to obey the standard commutation relation, the 4 ⇥ 4 matrix A should satisfy

A�2A
T

D �2 � M�2M: (70)

The covariance of O⇠CD is
Dn

. O⇠CD/i ; . O⇠CD/j

oE
D .A

�1
/ik.A

�1
/j`

Dn
O⇣k ; O⇣`

oE

D �.A
�1

/ik.A
�1

/j`.M C M�2M�2M/k`

D �.A
�1

/ik.M C M�2M�2M /k`.A
�1

/
T
j̀ ; (71)

and
Dn

. O⇠CD/i ; . O⇠AB/j

oE
D A

�1
.�2 � M�2M /; (72)

Dn
. O⇠AB/i ; . O⇠CD/j

oE
D

⇥
A

�1
.�2 � M�2M/

⇤T
; (73)

Dn
. O⇠AB/i ; . O⇠AB/j

oE
D .M/ij : (74)

These covariance defines the pure 4-mode state ABCD (purity condition is satisfied).

We look for the matrix A satisfying Eq. (70). We assume the following standard form of the covariance matrix

MAB D

2

664

a 0 d1 0

0 a 0 d2

d1 0 a 0

0 d2 0 a

3

775 ; (75)

which is the standard form for the symmetric two mode state. Then the RHS of (70) is

�2 � M�2M D


.1 � a

2 � d1d2/J �a.d1 C d2/J

⇤ .1 � a
2 � d1d2/J

�
: (76)

As the form of the matrix A, we assume

A D


gX hX

hX gX

�
; A�2A D �


.g
2 C h

2
/J 2ghJ

2ghJ .g
2 C h

2
/J

�
: (77)

Thus Eq. (70) yields
g
2

C h
2

D a
2

C d1d2 � 1; 2gh D a.d1 C d2/; (78)

and the solution is

g
2

D
x

2
C

1

2

p
x2 � y2; h

2
D

x

2
�

1

2

p
x2 � y2; x D a

2
C d1d2 � 1; y D a.d1 C d2/: (79)

The inverse of A is
A

�1
D

1

g2 � h2


gX �hX

�hX gX

�
: (80)

Components of the covariance are obtained by (71)-(74):

M D


MAB MABWCD

MABWCD MCD

�
; (81)

MCD D

2

664

a 0 d2 0

0 a 0 d1

d2 0 a 0

0 d1 0 a

3

775 ; MABWCD D

2

664

g 0 h 0

0 �g 0 �h

h 0 g 0

0 �h 0 �g

3

775 : (82)
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where O⇠CD obeys the standard commutation relation. Thus the 4 ⇥ 4 matrix A should satisfy

A�2A
T
D �2 �mAB�2mAB: (95)

Covariances of normalised operators are
Dn
O⇠CD; O⇠

T

CD

oE
D A�1

Dn
O⇣; O⇣

T
oE
.A�1/T

D �A�1.mAB CmAB�2mAB�2mAB/.A
�1/T DW mCD; (96)

Dn
O⇠CD; O⇠

T

AB

oE
D A�1.�2 �mAB�2mAB/ DW m

T
AB,CD; (97)

Dn
O⇠AB; O⇠

T

CD

oE
D

⇥
A�1.�2 �mAB�2mAB/

⇤T
DW mAB,CD; (98)

Dn
O⇠AB; O⇠

T

AB

oE
DW mAB: (99)

These covariances defines a four modes state ABCD and the purity condition is satisfied:

mABCD D


mAB mAB,CD

mT
AB,CD mCD

�
; mABCD�4mABCD D �4; (100)

where �4 D
L4
iD1 J . In this case, the total state is decomposed as

j i D j0iABCD ˝
ˇ̌
 0

˛
ABCD ; (101)

and the partner state j0iABCD has no correlation with its compliment. The information shared between A and B is confined
is the system ABCD and it works as the QIC.

We look for the matrix A satisfying Eq. (95). For this purpose, we consider the following standard form [ref] of the
covariance matrix for the bipartite Gaussian state AB:

m0
AB D

2

664

a 0 d1 0
0 a 0 d2
d1 0 a 0
0 d2 0 a

3

775 D SmABS T : (102)

Of course, the explicit form of the parter mode depends on the representation of the covariance matrix mAB and we have
freedom of global symplectic transformations to identify the partner mode (m0

AB D S 0mABS 0T ). Using the standard form
of mAB, the right hand side of Eq. (95) is

�2 �mAB�2mAB D


.1 � a2 � d1d2/J �a.d1 C d2/J

⇤ .1 � a2 � d1d2/J

�
: (103)

Concering the form of the matrix A, we assume

A D


gX hX
hX gX

�
; A�2A D �


.g2 C h2/J 2ghJ
2ghJ .g2 C h2/J

�
: (104)

Then Eq. (95) yields
g2 C h2 D a2 C d1d2 � 1; 2gh D a.d1 C d2/; (105)

and the solution is
g D

1

2
.
p
x C y C

p
x � y/; h D

1

2
.
p
x C y �

p
x � y/; (106)

with
x D a2 C d1d2 � 1; y D a.d1 C d2/: (107)

The inverse of A is
A�1

D
1

g2 � h2


gX �hX
�hX gX

�
: (108)
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and this implies the four modes system ABCD is pure. Symplectic eigenvalues of the partial transposed state with
bipartition AB:CD are

. Q⌫2˙/
2
D .a � d1/.a � d2/C .g � h/

2
˙ 2jg � hj

p
.a � d1/.a � d2/

D .
p
x � y C 1˙

p
x � y/2 D .⌫2 ˙

q
⌫22 � 1/

2; (126)

. Q⌫1˙/
2
D .aC d1/.aC d2/C .g C h/

2
˙ 2jg C hj

p
.aC d1/.aC d2/

D .
p
x C y C 1˙

p
x C y/2 D .⌫1 ˙

q
⌫21 � 1/

2; (127)

hence the symplectic eigenvalues are

Q⌫2˙ D ⌫2 ˙
q
⌫22 � 1; Q⌫1˙ D ⌫1 ˙

q
⌫21 � 1; (128)

and negativity for the bipartition AB:CD is

NAB:CD D
1

2

✓
⌫1 C

q
⌫21 � 1

◆ ✓
⌫2 C

q
⌫22 � 1

◆
�
1

2

D
1

2

⇣p
x C y C 1C

p
x C y

⌘ ⇣p
x � y C 1C

p
x � y

⌘
�
1

2
> 0: (129)

Behavior of negativity:

✏ ??

✏

4.2 Monogamy

We consider following the monogamy inequality proposed by [5]

NA:B CEŒAB:CDç  .NA:B/max; (130)

where EŒAB:CDç represents suitable entanglement measure between AB and CD. For the qubit case treated in [5], this
entanglement measure can be function of negativity NAB:CD and the explicit form of this function is presented. We will
derive its form for the four mode pure Gaussian state to which we are paying attention now.

As we have shown, negativities NA:B and NAB:CD are functions of a; x; y:

NA:B.x; y; a/ D
1

2

✓
1

Q⌫2
� 1

◆
; (131)

Q⌫22 D 2a
2
� x � 1 �

p
y2 � 4a2.x � a2 C 1/: (132)

NAB:CD.x; y/ D
1

2

⇣p
x C y C 1C

p
x C y

⌘ ⇣p
x � y C 1C

p
x � y

⌘
�
1

2
: (133)

Figure 9 shows the relation betweenNAB:CD andNA:B for randomly generated bipartite Gaussian states with a fixed a. We
observe that the Gaussian states are confined in a region surrounded byNA:B D g1.NAB:CD/; NA:B D g2.NAB:CD/; NA:B D

0: 8
<̂

:̂

g1.NAB:CD/  NA:B  g2.NAB:CD/; for 0  NAB:CD  ˛

0  NA:B  g2.NAB:CD/; for ˛  NAB:CD  ˇ

NA:B D 0; for ˇ  NAB:CD

(134)

where functions g1 and g2 define the relations between NA:B and NAB:CD on jyj D x and y D 0, respectively. ˛ and ˇ
are defined by g1.˛/ D 0; g2.ˇ/ D 0. NAB:CD D 0 when NA:B is maximum and the state is pure. g2 and ˇ are given as

g2 D
1

2

0

B@�1C

0

@�aC

s

a2 �
.NAB:CD C 1/2

2NAB:CD � 1

1

A
�1

1

CA ; (135)

ˇ D �
1

2
C

⇣p
a � 1=2C

p
a � 1

⌘2
: (136)
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The explict form of the covariance matrix MABCD is

MABCD D

2

66666666664

a 0 d1 0 g 0 h 0

0 a 0 d2 0 �g 0 �h

a 0 h 0 g 0

0 a 0 �h 0 �g

a 0 d2 0

0 a 0 d1

a 0

0 a

3

77777777775

: (83)

The covariance matrices for reduced three modes ABC and ACD are

MABC D

2

6666664

a 0 d1 0 g 0

0 a 0 d2 0 �g

a 0 h 0

0 a 0 �h

a 0

0 a

3

7777775
; MACD D

2

6666664

a 0 g 0 h 0

0 a 0 �g 0 �h

a 0 d2 0

0 a 0 d1

a 0

0 a

3

7777775
: (84)

The covariance matrices for reduced two modes are

MAB D

2

664

a 0 d1 0

0 a 0 d2

a 0

0 a

3

775 ; MAC D

2

664

a 0 g 0

0 a 0 �g

a 0

0 a

3

775 ; MAD D

2

664

a 0 h 0

0 a 0 �h

a 0

0 a

3

775 ; (85)

MCD D

2

664

a 0 d2 0

0 a 0 d1

a 0

0 a

3

775 : (86)

⌅ negativity of 4 mode Symplectic eigenvalues of four modes with bipartition ABjCD are

⌫
2

D.a � d1/.a � d2/ � .g � h/
2
; .a C d1/.a C d2/ � .g C h/

2
; (87)

Q⌫
2

D.a � d1/.a � d2/ C .g � h/
2

˙ 2jg � hj
p

.a � d1/.a � d2/;

.a C d1/.a C d2/ C .g C h/
2

˙ 2jg C hj
p

.a C d1/.a C d2/; (88)

Symplectic eigenvalues of four modes with bipartition AC jBD are

Q⌫
2

D a
2

� d1d2 � g
2

C h
2

˙

p
a2.d1 � d2/

2 C 4.ah � d1g/.ah � d2g/: (89)

Symplectic eigenvalues of four modes with bipartition ADjBC are

Q⌫
2

D a
2

� d1d2 C g
2

� h
2

˙

p
a2.d1 � d2/

2 C 4.ag � d1h/.ag � d2h/: (90)

⌅ negativity of reduced three mode

⌅ negativity of reduced two mode Symplectic eigenvalues of reduced two modes are

✏ MAB : ⌫
2
� D a

2 C d1d2 � ajd1 C d2j; Q⌫2� D a
2 � d1d2 � ajd1 � d2j.

✏ MAC : ⌫
2
� D a

2 � g
2
; Q⌫2� D .a � g/

2.

✏ MAD: ⌫
2
� D a

2 � h
2
; Q⌫2� D .a � h/

2.

✏ MCD: same as MAB .

Behavior of negativity:

✏ AC , AD: can be entangled for g; h ¤ 0. As g > h, AC is more entangled than AD.

✏ CD: As the spectrum of negavity is the same as AB , the partner CD shows the same entanglement behavior as
AB .

AB CD

AB

CD

Covariance matrix

Negativity

A

<latexit sha1_base64="OOnZ9PPHKlK8ANZs5b1OLoOepCI="></latexit>

B

<latexit sha1_base64="vJLd7NBYQ8cBBxvWlmbpI3M3/8A="></latexit>

C

<latexit sha1_base64="8XtVnPIJNocjaS8VMDBqBAMhLKU="></latexit>

D

<latexit sha1_base64="DPVxi2Wcxd5tzRRZx0ArYn/a9ZI="></latexit>

Partner mode

Target mode Internal entanglement:
External entanglement:

<latexit sha1_base64="t8iQyIS/vQtgSPzHSG0fyQc8xsY="></latexit>

NA:B
<latexit sha1_base64="bWoKkG53IVyLn9Uee+N5WiNhwc0="></latexit>

NAB:CD



22

Entanglement partner in de Sitter universe scalar-entanglement2.tex 2023/4/13 Yasusada Nambu 16

Figure 9: Relations between NA:B and NAB:CD for randomly generated bipartite Gaussian states. Physical states are
located in the region sorrounded by the green dashed line (corresponds to y D 0) and the red dashed line
(corresponds to jyj D x). In this case, for states with ˇ D 2C

p
6 < NAB:CD, NA:B D 0; thus the external

correlation between AB and CD limits the internal entanglement between A and B. The same relation holds
for any values of a > 1.

For ˛  NAB:CD  ˇ with a fixed, the following inequality holds:

NA:B  g2.NAB:CD; a/: (137)

We rewrite this inequality as
NA:B C Qg.NAB:CD; a/  NA:Bjmax; (138)

where Qg.NAB:CD; a/ WD NA:Bjmax � g2.NAB:CD; a/. Qg is an increasing function of NAB:CD and Qg.˛; a/ D 0 and Qg.ˇ; a/ D
NA:Bjmax. Thus for Gaussian state, we have obtained the monogamy inequality that represents a trade off relation between
the internal entanglement NA:B and the external entanglement NAB:CD. Figure 10 shows behavior of NA:B and Qg.NAB:CD/
as functions of x (y D 0). In this case, equality holds in Eq. (138).

Figure 10: Behavior of NA:B and Qg.NAB:CD/ as functions of x (y D 0). Tradeoff relation between the internal entangle-
ment NA:B and the external entanglement NAB:CD can be observed. For ˇ  NAB:CD, NA:B D 0.

4.3 Scalar field in de Sitter universe

For the scalar field in a de Sitter universe, Fig. 11 shows evolution of NA:B and NAB:CD. Left panel represents evolution
of negativities as functions of the scale factor (ı D 0:1). Behavior of NA:B and NAB:CD implies a tradeoff relation. Right
panel shows relations betweenNA:B andNAB:CD with different values of ı. We consider the evolution from asc D 1 which
corresponds to left edges of each line. As we have already observed, NA:B becomes zero when the scale ı exceeds the
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Figure 9: Relations between NA:B and NAB:CD for randomly generated bipartite Gaussian states. Physical states are
located in the region sorrounded by the green dashed line (corresponds to y D 0) and the red dashed line
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p
6 < NAB:CD, NA:B D 0; thus the external

correlation between AB and CD limits the internal entanglement between A and B. The same relation holds
for any values of a > 1.

For ˛  NAB:CD  ˇ with a fixed, the following inequality holds:

NA:B  g2.NAB:CD; a/: (137)

We rewrite this inequality as
NA:B C Qg.NAB:CD; a/  NA:Bjmax; (138)

where Qg.NAB:CD; a/ WD NA:Bjmax � g2.NAB:CD; a/. Qg is an increasing function of NAB:CD and Qg.˛; a/ D 0 and Qg.ˇ; a/ D
NA:Bjmax. Thus for Gaussian state, we have obtained the monogamy inequality that represents a trade off relation between
the internal entanglement NA:B and the external entanglement NAB:CD. Figure 10 shows behavior of NA:B and Qg.NAB:CD/
as functions of x (y D 0). In this case, equality holds in Eq. (138).
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Figure 10: Behavior of NA:B and Qg.NAB:CD/ as functions of x (y D 0). Tradeoff relation between the internal entangle-
ment NA:B and the external entanglement NAB:CD can be observed. For ˇ  NAB:CD, NA:B D 0.

4.3 Scalar field in de Sitter universe

For the scalar field in a de Sitter universe, Fig. 11 shows evolution of NA:B and NAB:CD. Left panel represents evolution
of negativities as functions of the scale factor (ı D 0:1). Behavior of NA:B and NAB:CD implies a tradeoff relation. Right
panel shows relations betweenNA:B andNAB:CD with different values of ı. We consider the evolution from asc D 1 which
corresponds to left edges of each line. As we have already observed, NA:B becomes zero when the scale ı exceeds the
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Figure 9: Relations between NA:B and NAB:CD for randomly generated bipartite Gaussian states. Physical states are
located in the region sorrounded by the green dashed line (corresponds to y D 0) and the red dashed line
(corresponds to jyj D x). In this case, for states with ˇ D 2C

p
6 < NAB:CD, NA:B D 0; thus the external

correlation between AB and CD limits the internal entanglement between A and B. The same relation holds
for any values of a > 1.

For ˛  NAB:CD  ˇ with a fixed, the following inequality holds:

NA:B  g2.NAB:CD; a/: (137)

We rewrite this inequality as
NA:B C Qg.NAB:CD; a/  NA:Bjmax; (138)

where Qg.NAB:CD; a/ WD NA:Bjmax � g2.NAB:CD; a/. Qg is an increasing function of NAB:CD and Qg.˛; a/ D 0 and Qg.ˇ; a/ D
NA:Bjmax. Thus for Gaussian state, we have obtained the monogamy inequality that represents a trade off relation between
the internal entanglement NA:B and the external entanglement NAB:CD. Figure 10 shows behavior of NA:B and Qg.NAB:CD/
as functions of x (y D 0). In this case, equality holds in Eq. (138).

Figure 10: Behavior of NA:B and Qg.NAB:CD/ as functions of x (y D 0). Tradeoff relation between the internal entangle-
ment NA:B and the external entanglement NAB:CD can be observed. For ˇ  NAB:CD, NA:B D 0.

4.3 Scalar field in de Sitter universe

For the scalar field in a de Sitter universe, Fig. 11 shows evolution of NA:B and NAB:CD. Left panel represents evolution
of negativities as functions of the scale factor (ı D 0:1). Behavior of NA:B and NAB:CD implies a tradeoff relation. Right
panel shows relations betweenNA:B andNAB:CD with different values of ı. We consider the evolution from asc D 1 which
corresponds to left edges of each line. As we have already observed, NA:B becomes zero when the scale ı exceeds the
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We randomly generate bipartite Gaussian states with fixed a. Figure 7 shows the relation between NAB:CD and NA:B

for randomly generated bipartite Gaussian states. We observe that bipartite Gaussian states are confined in a region
surrounded by lines NA:B = g1(NAB:CD), NA:B = g2(NAB:CD), NA:B = 0:

8
><

>:

g1(NAB:CD)  NA:B  g2(NAB:CD), for 0  NAB:CD  ↵

0  NA:B  g2(NAB:CD), for ↵  NAB:CD  �

NA:B = 0, for �  NAB:CD

(140)

where functions g1 and g2 define the relations between NA:B and NAB:CD on |y| = x and y = 0, respectively. ↵ and �
are defined by g1(↵) = 0, g2(�) = 0. When NA:B is maximum, NAB:CD = 0 and the bipartite state AB is pure. The
functions g2 and � are given as

g2 =
1

2

0

BB@�1 +

0

B@�1 +

0

@a�

s

a2 � (NAB:CD + 1)2

2NAB:CD + 1

1

A
2
1

CA

�1/2
1

CCA , (141)

� = �1

2
+

⇣p
a� 1/2 +

p
a� 1

⌘2
. (142)

FIG. 7: Relations between NA:B and NAB:CD for randomly generated bipartite Gaussian states. Physical states are located in
the region surrounded by the green dashed line (corresponds to y = 0) and the red dashed line (corresponds to |y| = x). In
this case with a = 2, for states with � = 2+

p
6 < NAB:CD, NA:B = 0; thus the external correlation between AB and CD limits

the internal entanglement between A and B. The same relation holds for any values of a > 1.

For ↵  NAB:CD  � with fixed a, the following inequality holds:

NA:B  g2(NAB:CD, a). (143)

Thus the function g2 determines the upper bound of NA:B for given values of NAB:CD and a. We rewrite this inequality
as

NA:B + g̃(NAB:CD, a)  NA:B|max(a), (144)

where g̃(NAB:CD, a) := NA:B|max(a)�g2(NAB:CD, a). The function g̃ monotonically increases with respect to NAB:CD,
and becomes zero at NAB:CD = ↵, and becomes NA:B|max(a) at NAB:CD = �. Thus for Gaussian states with fixed a, we
have obtained the monogamy inequality (144) that represents a trade o↵ relation between the internal entanglement
NA:B and the external entanglement NAB:CD. Figure 8 shows behavior of NA:B and g̃(NAB:CD) as functions of x
(y = 0). This case corresponds to saturation of the equality (144) and the following equality holds:

NA:B + g̃(NAB:CD, a) = NA:B|max(a). (145)

NA:B is bounded by g2(NAB:CD)

Monogamy relation between “internal” and “external” quantum correlations for

bipartite Gaussian states

or

Trade-off relation between NA:B and  NAB:CD 

A
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Local modes in de Sitter universe

Entanglement partner in de Sitter universe scalar-entanglement2.tex 2023/4/13 Yasusada Nambu 7

We introduce a linear map f for OO as [ref]

f . OO/ WD �

Z
dxdy OR

T
.x/J ı.x � y/hf OR.y/; OOT gi

D �

Z
dxdy OR

T
.x/J M .x; y/W .y/

D

Z
dxdyW T.x/M .x; y/J OR.y/

D

Z
dxW T

f 
.x/ OR.x/; (50)

where Wf is the window function defining f . OO/:

Wf .x/ WD �

Z
dyJ M .x; y/W .y/: (51)

This map has the following nice properties for any local operators OO; OO 0 which are given by linear superpositions of
canonical field operators by (46) [12, 13, 14]:

h OOi D 0; hf . OO/i D 0; f .f . OO// D � OO (52)

Œ OO; f . OO
0/ç D ihf OO; OO 0

gi; hf OO; f . OO
0/gi D i Œ OO; OO 0ç; (53)

Œf . OO/; f . OO
0/ç D Œ OO; OO 0ç; hff . OO/; f . OO

0/gi D hf OO; OO 0
gi; (54)

The map preserves commutators and covariances of arbitrary two operators OO; OO 0 and if Œ OO; f . OO/ç ¤ 0, it is possible
to obtain independent (orthogonal) operator for a given operator OO .

As a straightforwrd application of the map f , let us look for the canonical conjugate operator for an arbitrary operator
OO . From Eqs. (53) and (54),

hf . OO/i D 0; Œ OO; f . OO/ç D 2ih OO
2
i; hf OO; f . OO/gi D 0; hf

2
 . OO/i D h OO

2
i: (55)

Defining OQ WD OO and OP WD f . OO/=.2h OO2i/, these operators satisfy

Œ OQ; OP ç D i; h OQ2
ih OP 2i D

1

4
; hf OQ; OP gi D 0; (56)

and the operators . OQ; OP / form a canonical pair and the mode specified by these operators represents a pure state (minimum
uncertainty state). Action of the map f to these canonical operators is

f . OQ/ D 2h OQ
2
i OP ; f . OP / D �

OQ

2h OQ2i
: (57)

If we introduce an annihilation operator as

Oa D
1

2
h OQ2
i
�1=2 OQC ih OQ2

i
1=2 OP ; (58)

the the action of f is
f . Oa/ D �i Oa

é; f . Oa
é/ D i Oa: (59)

A

C

A B

C D

(a) (b)

Figure 5: (a) Purification of a single mode A. The mode C is a partner of A. (b) Purification of two modes AB. The mode
C and D are partners of the bipartite system AB.
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FIG. 8: Behavior of NA:B and g̃(NAB:CD) as functions of x (y = 0). A tradeo↵ relation between the internal entanglement
NA:B and the external entanglement NAB:CD can be observed. For 2(a� 1)  x, NA:B = 0.

C. Monogamy for local modes in de Sitter universe

For the scalar field in the de Sitter universe, Fig. 9 shows evolution of NA:B and NAB:CD with fixed �. Left panel
represents evolution of negativities as functions of the scale factor (� = 0.2). Behavior of NA:B and NAB:CD implies a
tradeo↵ relation. Right panel shows relations between NA:B and NAB:CD with di↵erent values of �. We consider the
evolution from asc = 1 which corresponds to left edges of each line. As we have already observed, NA:B becomes zero
when the scale � exceeds the Hubble horizon scale H�1. NAB:CD increases monotonically in time. For a fixed value
of �, NA:B becomes zero at NAB:CD reaches a critical value which depends of �. This implies the following monogamy
relation holds, which is similar to (143) and explains the separable behavior of the bipartite system AB:

NA:B(asc, �)  g2(NAB:CD(asc, �), asc, �). (146)

FIG. 9: Left panel: evolution of NA:B and NAB:CD as functions of the scale factor. Right panel: relation between NA:B and
NAB:CD for fixed values of �.

Figure 10 shows evolution of NA:B and NAB:CD for � = 0.2. As the scale factor increases, NAB:CD increases
monotonically and NA:B decreases and becomes zero. For each value of the scale factor, NA:B is always below
g2(NAB:CD) and the monogamy relation (146) holds. For the local modes in de Sitter universe, the inequality is
saturated for small values of the scale factor, and di↵erence of the right hand side and the left hand side of the
inequality grows for large values of the scale factor.

We can confirm that the trade-off relation between NA:B and  NAB:CD holds:

When NAB:CD reaches a “maximal” value which satisfies g2(NAB:CD)=0,

NA:B=0 and AB becomes separable 

If NAB:CD > β NA:B=0 (separable)
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C. Monogamy for local modes in de Sitter universe

For the scalar field in the de Sitter universe, components of the covariance matrix of local Gaussian modes are
functions of asc, �. Figure 8 shows evolution of NA:B and NAB:CD with fixed �. Left panel shows relations between
NA:B and NAB:CD with di↵erent values of �. The state evolves from asc = 1 which corresponds to left edges of each
line. As we have already observed, NA:B becomes zero when the physical size �⇥asc exceeds the Hubble horizon scale
H�1. NAB:CD increases monotonically in time and for a fixed value of �, NA:B becomes zero as NAB:CD reaches a
some critical value.

Right panel of Fig. 8 represents evolution of negativities and � as functions of the scale factor (with � = 0.2).
Behavior of NA:B and NAB:CD represents a trade-o↵ relation between them already shown in the left panel. For
� < NAB:CD (right side of the solid red circle), NA:B = 0 and A and B are separable. This implies the following
monogamy relation holds:

NA:B  g2(NAB:CD, a(asc, �)). (145)

This inequality is essentially same as (142) but the parameter a becomes a function of asc and �. It explains the
separable behavior of the bipartite system AB as a monogamy relation between the internal entanglement and the
external entanglement; for �(a(asc, �)) < NAB:CD, g2 = 0 by definition of � and NA:B = 0 is derived. Although NA:B

becomes zero before NAB:CD reaches � (see right panel of Fig. 8), this behaviour is consistent with (145). Thus this
monogamy inequality does not provide a strict condition of separability for the bipartite state AB. Tightness of the
monogamy inequality may depends on details of considering bipartite state. In the present case, it is a↵ected by the
shape of window functions and is related to e�ciency of entanglement harvesting of local modes with Unruh-DeWitt
detectors.
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FIG. 8. Left panel: relation between NA:B and NAB:CD for fixed values of �. Right panel: evolution of NA:B, NAB:CD and � as
functions of the scale factor. The solid red circle denote the location at NAB:CD = �. For right side of this point, � < NAB:CD

and the monogamy inequality (145) implies NA:B = 0.

V. SUMMARY AND CONCLUSION

• Summary

– We investigated separability of the local bipartite mode in the de Sitter universe. The bipartite mode AB
becomes separable after their separation exceeds the Hubble horizon scale.

– To understand the emergence of separability from the view point of entanglement monogamy, we consider
purification of the local mode AB and find out the pure four mode state which embeds the original mode
AB.

– Then, preparing the monogamy inequality for the four mode Gaussian state, it is found that the separability
of the mode AB can be understood as the monogamy relation between the internal and the external
entanglement.

• Prospect

Monogamy relation provides a sufficient condition of separability



Summary

24

Structure of entanglement in de Sitter universe

● Entanglement of bipartite system associated with spatial regions

・Spatial profile of partner modes de-localize over super horizon scale

・Two modes AB is becomes separable for super horizon scale

・This behavior can be understood from monogamous property by

　introducing partner modes

・We have proved monogamy relation for 4-mode Gaussian states, 
    and explained emergence of separability of bipartite system AB 
    from the perspective of trade-off between “internal” and “external”  
    entanglement

● Aspect of information

・Information scrambling through partner modes

・Entropy bound in deSitter universe



Back Up



26

Construction of partner mode and QIC

We adopt the method formulated in these papers

QIC : quantum information capsule (by M.Hotta and K.Yamaguchi)

target modes: localize at A,B

A B
r

r D r.ıc/

<latexit sha1_base64="M2YyacEnPoJZTLudXMQzBkJrxlw="></latexit>

K.Yamaguchi et al. PRD 101(2020)105009

J.Trevision et al. PTEP 2018, 103A03
K.Yamaguchi et al. Phys.Lett.A 383 (2019)1255

Hint D � O�.x/ ˝

X

j

OOj

<latexit sha1_base64="+RmmCAsOFHp+h38dcPcevHbVr50="></latexit>

Information associated with original mode         is completely contained in QIC f OOj g

<latexit sha1_base64="mRrXJ2MwTSMILotZiJYjOaXeSJ8="></latexit>

(purification of target modes)

OOj D

Z
d

3
x

�
w1.x; xj / O'.x/ C w2.x; xj / O⇡.x/

�

<latexit sha1_base64="xBrKXJX87jDi6am18PfipjhpjA0="></latexit>

window functions

● “Information” of the local mode at       can be measured by Unruh-DeWitt type 
    detectors:

xj

<latexit sha1_base64="HMg+64FKjVVFUDX/QmqNrTdjGT8="></latexit>

, it is possible to identify 2k independent modes● For given set of operators f OOj g .j D 1; � � � ; 2k/

<latexit sha1_base64="OKbIkwif58SYht0XIxXdt3+Zivo="></latexit>

O⇠j D . Oqj ; Opj /; j D 1; � � � k

<latexit sha1_base64="Ms6Rkc7vYMtivLeVvPj5SoP8M4A="></latexit>

Œ Oqj ; Opj ç D iıkj

<latexit sha1_base64="meMxRNJVMKNawg0/dTkiLPbKfIE="></latexit>

(2)  Modes          constitute a pure state (provides a method of purification) f O⇠j g

<latexit sha1_base64="AK2on6F4hmAJGlntt0LmUUSY/og="></latexit>

(1)

● As already introduced, we define local mode of the quantum field using window 
   function, which determines spatial profile of the modes.
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● Single mode case

Construction of partner mode

Using coarse-grained field, we assign canonical operator at a spatial point x1

We define the following linear map for operators:
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4 Partner formula

We search partner modes for a given system. We following the method by K. Yamaguchi [2]. The key tool to construc
partner modes is the following linear map f for Oak ; Oa

é
k :

f . Oak/ D �i Oak ; f . Oa
é
k/ D i Oa

é
k : (39)

For Oqk D . Oak C Oa
é
k/=

p
2; Opk D . Oak � Oa

é
k/=.i

p
2/,

f . Oqk/ D Opk ; f . Opk/ D � Oqk : (40)

[Meaning of this map]

4.1 Single mode system

We consider a single mode O⇠i D . Oq1; Op1/
T prepared at x D x1:

Oq1 D

Z 1

�1
dkWk.fk Oak C f

⇤
k Oa�ké/eikx1 ; (41)

Op1 D

Z 1

�1
dkWk.�i/.gk Oak � g

⇤
k Oa�ké/eikx1 ; (42)

and apply the map f :

f . Oq1/ WD

Z
dkWk.�i/.fk Oak � f

⇤
k Oa�ké/eikx1 ; (43)

f . Op1/ WD �

Z
dkWk.gk Oak C g

⇤
k Oa�ké/eikx1 : (44)

Thus we introduced two mode system characterized by the following four operators:

Oq1; Op1; f . Oq1/; f . Op1/: (45)

Correlations are D
f O⇠i ;

O⇠j g

E
D

D
ff . O⇠i /; f . O⇠j /g

E
D .m/ij ;

D
f O⇠i ; f . O⇠j /g

E
D �.J /ij ; (46)

where
m D


a 0

0 a

�
D aI; J D


0 1

�1 0

�
: (47)

We assume the standard form of a single mode covariance matrix m. Commutation relations are

Œ O⇠i ;
O⇠j ç D Œf . O⇠i /; f . O⇠j /ç D i.J /ij ; Œ O⇠i ; f . O⇠j /ç D i.m/ij D iaıij : (48)

To extract a mode orthogonal to O⇠i from f . O⇠i /, we define

O⇣i WD f . O⇠i / � .mJ O⇠/i : (49)

Then this quantity satisfies

Œ O⇣i ;
O⇠j ç D Œf . O⇠i /;

O⇠j ç � Œ.mJ O⇠/i ;
O⇠j ç

D �.m/ij � .mJ /ik Œ O⇠k ; O⇠j ç

D �im C im D 0: (50)

and

Œ O⇣i ;
O⇣j ç D i.J � mJ m/ D i.1 � a

2
/J: (51)

To renormalize O⇣, we write O⇣i D Aij
O.⇠C /j with Œ O⇠C ; O⇠C ç D iJ . The matrix A should satisfy

AJA
T

D J � mJ m D .1 � a
2
/J ) A D

p

a2 � 1


0 1

1 0

�
D

p

a2 � 1X; A
�1

D
1

p
a2 � 1

X: (52)
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Thus we introduced 2-mode system characterized by the following 4 operators:
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As a demonstration, we first consider purification of local mode A in de Sitter space
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Op1 D

Z 1

�1
dkWk.�i/.gk Oak � g

⇤
k Oa�ké/eikx1 ; (42)

and apply the map f :

f . Oq1/ WD

Z
dkWk.�i/.fk Oak � f

⇤
k Oa�ké/eikx1 ; (43)

f . Op1/ WD �

Z
dkWk.gk Oak C g

⇤
k Oa�ké/eikx1 : (44)

Thus we introduced two mode system characterized by the following four operators:

Oq1; Op1; f . Oq1/; f . Op1/: (45)

Correlations are D
f O⇠i ;

O⇠j g

E
D

D
ff . O⇠i /; f . O⇠j /g

E
D .m/ij ;

D
f O⇠i ; f . O⇠j /g

E
D �.J /ij ; (46)

where
m D


a 0

0 a

�
D aI; J D


0 1

�1 0

�
: (47)

We assume the standard form of a single mode covariance matrix m. Commutation relations are

Œ O⇠i ;
O⇠j ç D Œf . O⇠i /; f . O⇠j /ç D i.J /ij ; Œ O⇠i ; f . O⇠j /ç D i.m/ij D iaıij : (48)

To extract a mode orthogonal to O⇠i from f . O⇠i /, we define

O⇣i WD f . O⇠i / � .mJ O⇠/i : (49)

Then this quantity satisfies

Œ O⇣i ;
O⇠j ç D Œf . O⇠i /;

O⇠j ç � Œ.mJ O⇠/i ;
O⇠j ç

D �.m/ij � .mJ /ik Œ O⇠k ; O⇠j ç

D �im C im D 0: (50)

and

Œ O⇣i ;
O⇣j ç D i.J � mJ m/ D i.1 � a

2
/J: (51)

To renormalize O⇣, we write O⇣i D Aij
O.⇠C /j with Œ O⇠C ; O⇠C ç D iJ . The matrix A should satisfy

AJA
T

D J � mJ m D .1 � a
2
/J ) A D

p

a2 � 1


0 1

1 0

�
D

p

a2 � 1X; A
�1

D
1

p
a2 � 1

X: (52)

commutators
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4 Partner formula
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é
k :

f . Oak/ D �i Oak ; f . Oa
é
k/ D i Oa

é
k : (39)

For Oqk D . Oak C Oa
é
k/=

p
2; Opk D . Oak � Oa

é
k/=.i

p
2/,
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where
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To extract a mode orthogonal to O⇠i from f . O⇠i /, we define
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Then this quantity satisfies

Œ O⇣i ;
O⇠j ç D Œf . O⇠i /;

O⇠j ç � Œ.mJ O⇠/i ;
O⇠j ç

D �.m/ij � .mJ /ik Œ O⇠k ; O⇠j ç

D �im C im D 0: (50)

and

Œ O⇣i ;
O⇣j ç D i.J � mJ m/ D i.1 � a

2
/J: (51)

To renormalize O⇣, we write O⇣i D Aij
O.⇠C /j with Œ O⇠C ; O⇠C ç D iJ . The matrix A should satisfy

AJA
T

D J � mJ m D .1 � a
2
/J ) A D

p

a2 � 1


0 1

1 0

�
D

p

a2 � 1X; A
�1

D
1

p
a2 � 1

X: (52)

covariance

By re-defining combination of 4 ops., it is possible to identify independent two mode
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Thus
O⇠C D

1
p

a2 � 1

X O⇣ D
1

p
a2 � 1

X.f . O⇠/ � mJ O⇠/ D
1

p
q2 � 1


f . Op1/ C a Oq1

f . Oq1/ � a Op1

�
: (53)

The covariance of O⇠A WD O⇠; O⇠C system is
D
f O⇠C ; O⇠C g

E
D �A

�1
.m C mJ mJ m/.A

�1
/
T

D aI; (54)
D
f O⇠C ; O⇠Ag

E
D A

�1
.J � mJ m/ D

p

a2 � 1Z; (55)
D
f O⇠A; O⇠Ag

E
D aI: (56)

In a matrix form,

MAC D

"
aI

p
a2 � 1Z

p
a2 � 1Z aI

#
: (57)

This covariance matrix represents the pure two mode squeezed state and characterize the partner system AC.

4.2 two mode system

We look for partner modes for two mode system O⇠ D . Oq1; Op1; Oq2; Op2/
T . These two modes are defined at x1; x2. Following

K. Yamaguchi’s method [2], we introduce the map f :

f . Oqj / WD

Z
dkWk.�i/.fk Oak � f

⇤
k Oa�ké/eikxj ; (58)

f . Opj / WD �

Z
dkWk.gk Oak C g

⇤
k Oa�ké/eikxj ; (59)

Oqj D

Z 1

�1
dkWk.fk Oak C f

⇤
k Oa�ké/eikxj ; (60)

Opj D

Z 1

�1
dkWk.�i/.gk Oak � g

⇤
k Oa�ké/eikxj : (61)

Thus we introduced 4-mode system characterized by the following eight operators

Oq1; Op1; Oq2; Op2; f . Oq1/; f . Op1/; f . Oq2/; f . Op2/: (62)

Commutation relations are

Œ O⇠i ;
O⇠j ç D i�2; Œ O⇠i ; f . O⇠j /ç D i.M/ij ; Œf . O⇠i /;

O⇠j ç D �i.M /ij ; Œf . O⇠i /; f . O⇠j /ç D i.�2/ij ; (63)

�2 D


J 0

0 J

�
; J D


0 1

�1 0

�
; .M /ij WD

D
O⇠i

O⇠j C O⇠j
O⇠i

E
; (64)

and
D
ff . O⇠i /; f . O⇠j /g

E
D .M /ij ;

Dn
O⇠i ; f . O⇠j /

oE
D �.�2/ij : (65)

We define the modes orthogonal to the original mode O⇠AB D O⇠i as

O⇣i WD f . O⇠i / � .M�2⇠/i : (66)

Indeed this operator satisfies Œ O⇣i ;
O⇠j ç D 0 and they are independent:

Œ O⇣i ;
O⇠j ç D Œf . O⇠i /;

O⇠j ç � Œ.M�2
O⇠/i ;

O⇠j ç

D �iMij � .M�2/ik Œ O⇠k ; O⇠j ç

D �iM C iM D 0: (67)

The commutator and the covariance are

Œ O⇣i ;
O⇣j ç D i.�2 � M�2M /ij ;

Dn
O⇣i ;

O⇣j

oE
D � .M C M�2M�2M/ij : (68)
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a2 � 1Z aI

#
: (57)

This covariance matrix represents the pure two mode squeezed state and characterize the partner system AC.

4.2 two mode system

We look for partner modes for two mode system O⇠ D . Oq1; Op1; Oq2; Op2/
T . These two modes are defined at x1; x2. Following

K. Yamaguchi’s method [2], we introduce the map f :

f . Oqj / WD

Z
dkWk.�i/.fk Oak � f

⇤
k Oa�ké/eikxj ; (58)

f . Opj / WD �

Z
dkWk.gk Oak C g

⇤
k Oa�ké/eikxj ; (59)

Oqj D

Z 1

�1
dkWk.fk Oak C f

⇤
k Oa�ké/eikxj ; (60)

Opj D

Z 1

�1
dkWk.�i/.gk Oak � g

⇤
k Oa�ké/eikxj : (61)

Thus we introduced 4-mode system characterized by the following eight operators

Oq1; Op1; Oq2; Op2; f . Oq1/; f . Op1/; f . Oq2/; f . Op2/: (62)

Commutation relations are

Œ O⇠i ;
O⇠j ç D i�2; Œ O⇠i ; f . O⇠j /ç D i.M/ij ; Œf . O⇠i /;

O⇠j ç D �i.M /ij ; Œf . O⇠i /; f . O⇠j /ç D i.�2/ij ; (63)

�2 D


J 0

0 J

�
; J D


0 1

�1 0

�
; .M /ij WD

D
O⇠i

O⇠j C O⇠j
O⇠i

E
; (64)

and
D
ff . O⇠i /; f . O⇠j /g

E
D .M /ij ;

Dn
O⇠i ; f . O⇠j /

oE
D �.�2/ij : (65)

We define the modes orthogonal to the original mode O⇠AB D O⇠i as

O⇣i WD f . O⇠i / � .M�2⇠/i : (66)

Indeed this operator satisfies Œ O⇣i ;
O⇠j ç D 0 and they are independent:

Œ O⇣i ;
O⇠j ç D Œf . O⇠i /;

O⇠j ç � Œ.M�2
O⇠/i ;

O⇠j ç

D �iMij � .M�2/ik Œ O⇠k ; O⇠j ç

D �iM C iM D 0: (67)

The commutator and the covariance are

Œ O⇣i ;
O⇣j ç D i.�2 � M�2M /ij ;

Dn
O⇣i ;

O⇣j

oE
D � .M C M�2M�2M/ij : (68)

O⇠A D O⇠;

<latexit sha1_base64="oLTKrxUVp3sY6o1mdy6oIraW2qg="></latexit>

Œ O⇠A; O⇠Aç D iJ; Œ O⇠C ; O⇠C ç D iJ; Œ O⇠A; O⇠C ç D 0

<latexit sha1_base64="tOoF+3eoNS89xjRfQfHDHzqrdHA="></latexit>

Covariance of total 2 mode system (pure)

X D

0 1
1 0

�

<latexit sha1_base64="9AG7wNBklqlNO4Fi/Kc62dJkn9c="></latexit>
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Thus we introduced 4-mode system characterized by the following eight operators

Oq1; Op1; Oq2; Op2; f . Oq1/; f . Op1/; f . Oq2/; f . Op2/: (62)

Commutation relations are

Œ O⇠i ;
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�2 D


J 0

0 J

�
; J D


0 1

�1 0

�
; .M/ij WD

D
O⇠i

O⇠j C O⇠j
O⇠i

E
; (64)

and
D
ff . O⇠i /; f . O⇠j /g

E
D .M /ij ;

Dn
O⇠i ; f . O⇠j /

oE
D �.�2/ij : (65)

We define the modes orthogonal to the original mode O⇠AB D O⇠i as

O⇣i WD f . O⇠i / � .M�2⇠/i : (66)

Indeed this operator satisfies Œ O⇣i ;
O⇠j ç D 0 and they are independent:

Œ O⇣i ;
O⇠j ç D Œf . O⇠i /;

O⇠j ç � Œ.M�2
O⇠/i ;

O⇠j ç

D �iMij � .M�2/ik Œ O⇠k ; O⇠j ç

D �iM C iM D 0: (67)

The commutator and the covariance are

Œ O⇣i ;
O⇣j ç D i.�2 � M�2M /ij ;

Dn
O⇣i ;

O⇣j

oE
D � .M C M�2M�2M/ij : (68)

Z D

1 0
0 �1

�

<latexit sha1_base64="eQ/j0GImyEwGjWROTT4d7B4fx4A="></latexit>

This is the standard form of two mode squeezed state (pure)

covariance matrix of target mode

S12

<latexit sha1_base64="vEjgvV7rPN/DBeHegDoMiTDyKoc="></latexit>

1

<latexit sha1_base64="3uby91ljdk907nEa7W4Ou2d+d7k="></latexit>

2

<latexit sha1_base64="cUIotcPj8uq0PugM4vIRUd3i6ww="></latexit>

A

<latexit sha1_base64="OOnZ9PPHKlK8ANZs5b1OLoOepCI="></latexit>

C

<latexit sha1_base64="8XtVnPIJNocjaS8VMDBqBAMhLKU="></latexit>

˝
Oq2
1

˛
D

˝
Op2
1

˛
D a=2

<latexit sha1_base64="Ze5Yix59UqsrLJOpERfeGkI0YDc="></latexit>

Partner of       is represented as A

<latexit sha1_base64="OOnZ9PPHKlK8ANZs5b1OLoOepCI="></latexit>

O⇠C D . OqC ; OpC /

<latexit sha1_base64="GAlPTSn8KuqrXnO8LrrxDtjFUbg="></latexit>

A

<latexit sha1_base64="OOnZ9PPHKlK8ANZs5b1OLoOepCI="></latexit>

C

<latexit sha1_base64="8XtVnPIJNocjaS8VMDBqBAMhLKU="></latexit>

target mode

partner mode

partner modetarget mode
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4 Partner formula

We search partner modes for a given system. We following the method by K. Yamaguchi [2]. The key tool to construc
partner modes is the following linear map f for Oak ; Oa

é
k :

f . Oak/ D �i Oak ; f . Oa
é
k/ D i Oa

é
k : (39)

For Oqk D . Oak C Oa
é
k/=

p
2; Opk D . Oak � Oa

é
k/=.i

p
2/,

f . Oqk/ D Opk ; f . Opk/ D � Oqk : (40)

[Meaning of this map]

4.1 Single mode system

We consider a single mode O⇠i D . Oq1; Op1/
T prepared at x D x1:

Oq1 D

Z 1

�1
dkWk.fk Oak C f

⇤
k Oa�ké/eikx1 ; (41)

Op1 D

Z 1

�1
dkWk.�i/.gk Oak � g

⇤
k Oa�ké/eikx1 ; (42)

and apply the map f :

f . Oq1/ WD

Z
dkWk.�i/.fk Oak � f

⇤
k Oa�ké/eikx1 ; (43)

f . Op1/ WD �

Z
dkWk.gk Oak C g

⇤
k Oa�ké/eikx1 : (44)

Thus we introduced two mode system characterized by the following four operators:

Oq1; Op1; f . Oq1/; f . Op1/: (45)

Correlations are D
f O⇠i ;

O⇠j g

E
D

D
ff . O⇠i /; f . O⇠j /g

E
D .m/ij ;

D
f O⇠i ; f . O⇠j /g

E
D �.J /ij ; (46)

where
m D


a 0

0 a

�
D aI; J D


0 1

�1 0

�
: (47)

We assume the standard form of a single mode covariance matrix m. Commutation relations are

Œ O⇠i ;
O⇠j ç D Œf . O⇠i /; f . O⇠j /ç D i.J /ij ; Œ O⇠i ; f . O⇠j /ç D i.m/ij D iaıij : (48)

To extract a mode orthogonal to O⇠i from f . O⇠i /, we define

O⇣i WD f . O⇠i / � .mJ O⇠/i : (49)

Then this quantity satisfies

Œ O⇣i ;
O⇠j ç D Œf . O⇠i /;

O⇠j ç � Œ.mJ O⇠/i ;
O⇠j ç

D �.m/ij � .mJ /ik Œ O⇠k ; O⇠j ç

D �im C im D 0: (50)

and

Œ O⇣i ;
O⇣j ç D i.J � mJ m/ D i.1 � a

2
/J: (51)

To renormalize O⇣, we write O⇣i D Aij
O.⇠C /j with Œ O⇠C ; O⇠C ç D iJ . The matrix A should satisfy

AJA
T

D J � mJ m D .1 � a
2
/J ) A D

p

a2 � 1


0 1

1 0

�
D

p

a2 � 1X; A
�1

D
1

p
a2 � 1

X: (52)

target mode: O⇠i ; f . O⇠i /

<latexit sha1_base64="vBGsZ0P11dgcoAhEPLJioygiSq4="></latexit>

The map f preserves commutation relation and covariance:

As we will see, this method provides spatial profile of partner mode


