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Dynamics of quantum many-body systems on guantum computers

Time evolution of a state by the 1D Hubbard Hamiltonian Arute et al., arXiv:2010.07965
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Dynamics of quantum many-body systems on guantum computers

Mi et al., Science 374, 1479 (2021) Kim et al., Nature 618, 500 (2023)
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Dynamics of transverse-field Ising model
Out-of-time-order correlators with random unitaries U A finite signal of (262> with
(not a Hamiltonian dynamics) 20 Trotter steps (144 x 20 = 2880 CNOTSs)

N P P
<Xb(t)Zle(t)Zl> , Xp(1) = U XpU A naive estimation of circuit fidelity

(0.99)2%80 ~ 3 x 1071
0.99: median 2Q gate fidelity
Several followup papers appeared



Dynamics of quantum many-body systems on guantum computers

Purpose:
To develop a finite-temperature method for guantum many-body systems
using time evolution

Time evolution by quantum many-body Hamiltonians is getting feasible




Quantum-classical hybrid method for

microcanonical ensembles



Definition of mlcrocanonlcal density matrix

Conventional definition

Rectangular function
oL

L RN (Center E, width oF)

Po 1

<Em ‘ﬁmic(E) ‘En> — {

Energy eigenvalue
E

n

oL oE
E_T E E+7

PO (E—2 <E,<E+%0)

0 (otherwise)

1

Our definition

Gaussian
oF

L RN (Center E, width oF)

THGAE)]

Tolman (Dover, 1980)
Challa & Hetherington, PRA (1988)
Yoneta & Shimizu, PRA (2019)

Energy eigenvalue

Density matrix operator :

G.(E)

(E) =

p mic,t

Tr

- — GAT(E) — e—(?Af—E)%z
G.(E)




Pure state |y, (E)) corresponding to the density matrix p .. .(E)

"Random state”(r : label for random seeds) Gaussian (center E, width ~ 1/7) Density matrix = N: Number of qubits
A LY S 2.2 i Pmic.(E) = Glb) < D=2%
_ = A _ _ : mic,z — R ~
‘ l//,[,r(E)> - [GT(E)] 2 ‘ ¢I’> GT(E) = C (#-E)7 Tr [GT(E)] © A : Hamiltonian
e ——— « E: Target energy
“* Thermodynamic quantities © 1: ~1/(energy width 6F)

AL B B) ) = T [6.8)] e 1

©S(E)=1n Tr[CA;T(E)] Entropy

o P(E) = 0x5(E) = 272 (%T(E) — E) Inverse temperature

. A Tr[# G (E ,
o 6(E)="Tr [pmic T(E)%] - - il Energy expectation
’ 1r[G(E)]

. . . . _Llgp
® |y, (E)) : a microcanonical version of the canonical TPQ state € 2PH | ) sugiura and Shimizu, PRL 111, 010401 (2013)

(norm of canonical TPQ state ~ partition function Z)

E)) : alinear combination of energy eigenstates | E ) s.t. it 5
© WT””( ) JY €19 | n> |y, (E)) = Z e 2B e |E,) wherec,, = (E,|¢,)
\/ 27 \/ 27 n=0
E < En < EA
T T

® |y, (E)) was introduced in the filter-diagonalization method wall and Neuhauser, J. Chem. Phys. 102, 8011 (1995)



| ¢,) should satisfy...

Random state | ¢ ) on quantum circuit

Variance of ratio (from error propagation) is :

o Statistical average of x. = (¢.| X | ¢ ) coincides with Tr[X]/D
@ Covariance Cov(x, y) decreases exponentially in N

Random phase states | @,) satisfy the above properties, but require

exponentially large number of gates. However, it suffices to prepare states

| §,) which reproduce the properties of |®,) up to 2nd statistical moment.

‘ Diagonal-unitary 2-designs \

Nakata and Murao, Int. J. Quantum Inf. 11, 07 1350062 (2013)
Nakata et al., J. Math. Phys. 58, 052203 (2017)

0)" H RZ(H()) 7N Z4RS AR
V(On)
O)" H RZ(Hl) >k V(0N+1) 71~ 71~ 7S
V(6rn-1)
OV HI R.(62) X | V(o)
0>"H R.(65) 7
V(6an-2)
V(63n-4)
X
NV one-qubit ‘ O(N?) two-qubit gates \ Vo) = |
1 gates —*— RZ(ZQ)
10) HHHR.(0y ) X _ Y
V(OnN+1)/2-1) ©Xp [ IHZ’Z]]

|0) 1 H R (Ov-1) X X

N ) e s
| 0)®Y | §,)

Var

]
Ezrx”

1
_Ezry”

=

E[x]
Ely]

1

~ —Var

R

)|

B

Var|x]

E[x]?

For a review, see
Jin et al., JPSJ 90, 012001 (2021)

Var|y] 5 Cov(x,y)

Ely]°

Elx]E[y] ]

1
Cov(x,y) = E[xy] — E[x]E[y] = 2

where

e'%:| b)Y, D = 2N with E[-++] = J

D—1
Tr{XY] — 2 (X1 1;]
i=0

27 D—1 de
—_b... satisfies

2
0 p—o "

1 . 1 . .
Elx] = —Tr(X], Ely] = =Til¥], x, = (@, |X|®,). y, = (@, V| D))

()A(, Y- Hermitian)

Let X, Ybe X = G(E)2# G (E)?, ¥ = G (E), where

E|x]
Ely]

= & (E).

Since eigenvalues of X, Y are O(N), O(1), Cov(x, y)is OOND™).
Assuming that the energy window considered contains sufficiently large

number of states, Tr[(A;T(E)] =fD, 1/D < f < 1, then

E[x] = f&(E), E[y] = f,and Var(x/y) ~ e~V

Cf. Lu et al., PRX Quantum 2, 020321 (2021), Schuckert et al., PRB 107, L140410 (2023): Micorocanonical, random product states

Cf. Coopmans et al., PRX Quantum 4, 010305 (2023): Canonical TPQ with Random Clifford circuits




Fourier representation of the Gaussian operator

How to compute Tt (A;T(E) and Ir | # (A?T(E) o S(E) =InTr[G(E)] Entropy
) ] ] ] o P(E)=0gS(E) = 272 (%T(E) — E) Inverse temperature

A . . . . Ti[# G (E)] .
|Represent G_(E) as a sum of time-evolution operators| o 6(E)="Tr [pmiC,T(E)% ] Ry Energy expectation

A . 1 = 2. A . &
GT(E) — g—(?/—E)%ﬂ: J' d 6_4_72€1EtU(t), U(t) — e—l%t
PAVE 4 I

el

@ Gaussian of energy £ = Fourier transform of gaussian of time 1

@ Unitary time-evolution operator lA](t) appears naturally

Evaluate (¢, | U(t) | ¢,) and (¢.| ZU(t) | p,) on a quantum computer,
integrate them over f on a classical computer.

A R 2. .
Tr[G(E)] = DAAN  (E)))g, N [(E) = J dre™+e™ (¢, | U | ¢,)

20/ tT J—o

A 1 0 2. A
Tr[Z G (E)] = D(&, (E)))g, &, (E)= > J dre™2e™ (. | Z'U(D) | P,)
T J—00

R
| P
<< ‘e >>R = E E oo © € +Z in the integrand: Range of the integral is effectively O(7)

r=1



Evaluation of Re(w| U|w): Hadamard test

I%asis states
Z10) = |0)
Z|1)=—11)

Projective measurement1
Ancillary qubit Po <1 + Re(y/| fflw))

2
‘O> H ® H /7( pl—%(l—ReWIlAflvf))
5 5 E E ‘Reﬁlf\ml//):l?o—l?l\

N
| W) 7 . . U Born'’s rule
N qubits p;, : Prob. of observing | b) (b = 0,1)
10)® [y | — 12, 1) ||> = (¥| P, | ¥
%UO)"'U))@W) i i PbAH | P A (WP, | W)
| . where P, = | b){(b| ® 1 is the projection
ﬁ( 10)® [w) +[1) @ Uly)) onto eigenspace of Z ® 1 associated

\_ with eigenvalue (— l)b ),

A\ A\

|l11>z|0>®1+2U|w>+|1><x>12 W)

Py|P) P, |¥)



Evaluation of Re(w| U|w): Hadamard test

Basis states
Z10) = |0)
Z|1)=—1)

Projective measurement1
Ancillary qubit Do (1 + Re(y| ml//))

0 % A
10) H T H /7( p1_5<1_Re<V/|U|W>>
|Rand tate Time elution ‘Re<l/f‘ U |w) = py — Pl\

Born’s rule

4/ I p;, : Prob. of observing | b) (b = 0,1)
10) ® |y) | — ||, | )| > = (| P, | ¥
%UO)"'U))@W) i i pp=11P] )| | A (Y| bl )
| . where P, = | b){(b| ® 1 is the projection
—(0) & [w) + 1) @ Uly)) onto eigenspace of 7 X 1 associated
V2 E L b
\_ with eigenvalue (—1) /

|l11>z|0>®1+2U|w>+|1><x>12 W)

Py|P) P, |¥)



Evaluation of Im{y| U |yw): Hadamard test

I%asis states
Z10) = |0)
Z|1)=—11)

Projective measurement1
Ancillary qubit Do = <1 + Im(y | l7|z//)>

2
10) H ST ¢ H /7( p1=%(1—lm<wll7|l/f>)
5 5 E E ‘Im<l/f\ Uly) =P0—P1\

N
| W) 7 . . U Born'’s rule
N qubits p;, : Prob. of observing | b) (b = 0,1)
| a i b 2 5
10) ® |w) i | ; 5 P, =P, |¥)||"=(¥Y|P,|¥)
—(10) =1 1)) ® |w) E ; X X
V2 | . where P, = | b){(b| ® 1 is the projection
—((10) ® |[y) —i]1) @ Ulwy)) onto eigenspace of Z ® 1 associated
V2 E L b
\_ with eigenvalue (—1) )
Phase gate A A
1 —1U 1 +1U
q ;l1 o] ¥)=10) @ —— W)+ 1) ®@——1v)
|0 i

Py|P) P, | W)



Evaluation of Im{y| U |yw): Hadamard test

I%asis states
210) = 10)
Z|1)=—11)
W——

. . 1 2
Ancillary qubit Po = <1 + Im(y/| Ull//>>

0 T 2 A
[0) H S T H /75 p1=5(1—lm<l/f|U|l/f>)
‘Rand tate Time elution ‘ImW/‘ U |w) = po — Pl\

Projective measurement

i 7 ’ . . | : . . Born’s rule
4/ T p;, : Prob. of observing | b) (b = 0,1)
' i g g A 5 2
0 & lw) L0 —i11) ® [u) i i Py =P, [ P)|" = (¥ |P,|¥)
2 (10) =i W : E
V2 | . where P, = | b){(b| ® 1 is the projection
ﬁ( 10) ® |y) —i|1) @ Uly)) onto eigenspace of Z ® 1 associated
: L NG
\_ with eigenvalue (—1) )
Phase gate A A
1 —1U 1 +1U
q ;l1 o] ¥)=10) @ —— W)+ 1) ®@——1v)
10 i

Py|P) P, | W)



Roles of quantum and classical computers

Quantum computer Classical computer
Hadamard test Fourier transformation Thermodynamic
“From time-evolved states to quantities
o TSl 7 Re(¢), IA{( N1, energy-resolved states b (E) = éi(E) |
Im(4,| U ¢, . o)
N GT(E) — e—(?/—E) T
————————
16.) —“—U(t) —— % ) —_ _
0 ) miGEn s [ ae (@ 1001g))) & S idth
0){EH R0 | L s g S 5
0){H R@ V) X o0 , % S
0y (A} R@ ] Vel Ti[# G (E)] J dr e +2 <<<¢,.| ?A’/ﬁ(r)|¢,ﬂ>>> e'tt 8 —
o (B Ew] y . ’ O 'S
o
Random quantum circuit Time evolution > ©
(0% 71 )

o o | gb,i)) lA](t) Target energy L
® Prepare random state | ¢,) and time evolve it. ° sum ?nfl Integrate (¢, | U(1)| ¢,) and ° Sf(lg) N lan gr[gT(E)z] 2 (% (B — E
o Evaluate (.| U®) | ¢,y and (¢, | Z U(D)| p,) for (gbr|%U(t)|gbgoverbrand t'd ol with @ Pl = 0pSE) = 2 (B T)[;/é ()E)]

B @ Target energy E can be varied solely wit % (E) = Tr [A | (E)?A/] _ TG,
= 1...- <t< ~ T mic,t A
r=1-Rand0<s7scr c~ O classical post processing. © Pmic, TrlG(E)]




Numerical results




e Classical simulation

1D Heisenberg model, 20, 22, 24 and 28sites

Numerical Results

® Time discretization : A,J = 0.01, number of samples R = 64 fixed

® First-order Suzuki-Trotter decomposition of lA](t)

o0 107
@J d¢--- — J dz---, trapezoidal rule
— 0 —107

Tr[GE)] ~ DN (E)g, N (E) =

20/ T J -0

e Quantum simulation (preliminary results)

2-site Heisenberg model (No Trotter errors)

J die 2B g | U(r) | )

@ ibm_manila (Superconducting qubits)
@ ibm_kawasaki (Superconducting qubits)

® lonQ Harmony (Trapped ion qubits)

1time step

(5K

K

()

Suzuki-Trgtter decgmposition
U( A) = e  FeabiemiZoil 4 O(A?)

1D Heisenberg model

H =J) SWAP; =273 5,8+
' . (i)

Exponential SWAP (e-SWAP) gate

l _—
. = exp(~iA JSWAP,)

J




Classical simulation results




1D PBC S = 1/2 Heisenberg model, N = 24
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Importance of the number of states for thermodynamic quantities
N =20 N=22 N =24 Larger system size N

5 |
10" 4@ N=20,Npin=32 | | OYN=22,Noin=32 _— | T | 105 JON=24, N =32 2| |
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N i N ] 10t - B 01 AT e o N =24
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3084 £ 10
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= 9 i — ~10
21073 | 2102 s
s 7 510 10
Z10' 3 | Z Z o
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- - ER A 1 A 7 | A
= 8 1 P 810 A 8 43
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Improvement is expected
for larger systems

Irrelevant for thermodynamics |e.g., f.(E) frequently changes its sign with increasing £




1D PBC S = 1/2 Heisenberg model, N = 24 and 28

10 _QQ)___ .—A--:::::::::::::::::::::
~ v
<
@05 -"C'C::C::CC:CC::::::C::C::CC:333335
SN —Full diag. & D1+ )
3 F01+) 004
50.0- EINT=0.125
05‘ i
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< ]
@: i
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_05_- A OG5 0 0000 00000000000 g
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S
VS) : Y A a ey V-V ODPPPP

0.2
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1.5 i
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(No full-diagonalization
results)



Quantum simulation results




Two-site Heisenberg model: 7 = J
co- exp(—iJtZ,Z,)

__________________________________________________________________________________________________________________________________________________________________________________

Test on ibm_manila (work in progress)
()A(lf(z +Y,Y, + 2122)

co- exp(—iJtY,Y,) N, shot — 4096

0) —

0)

ReTr|U(7)

Manila raw
—=<=— Manila PS
——  Exact

3

Orange: Parity and Scale corrected
= ReTr [lA](—t)]

ReTIr
ImTr
ReTr

le](O)] /D =1

ImTr|U(#)]
-}

= — ImTr [U(—t)]

Manila raw
—=— Manila PS

4_
3 _
2__ ——  Exact

1_

__________________________________________________________________________________________________________________________________________________________________________________

Evaluate (00| U(7) | 00) and (01| U(r)|01)

TI‘ [GAT(E)] — e—(E+3J)2’L'2 4+ 36_(E_])272

37 —e— Manila raw
--<=--  Manila PS
| —— Exact

R T R T
ElJ
(o) t2
Tr [GT(E)] = J dre 2 e'F' Ty [U(t)]
20/ 7T J -



ReTr [lA](t)]

0) —

0)

0)

Test on ibm_kawasaki (work in progress)

Two-site Heisenberg model: 7 = J

co- exp(—iJtZ,Z,)

()A(lf(z +Y,Y, + 2122)

Evaluate (00| U(7) | 00) and (01| U(r)|01)

Co- exp(—iJ1X, X,) co- exp(—iJtY, 1)) N, shot — 4096
______________________________________________________________ T HI- A
o [R2I0 |- TH ) {5 -0 [RQI0 |- H 5
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Test on lonQ (work in progress)

Two-site Heisenberg model: 7 = J

co- exp(—iJtZ,Z,)

0) —

co- exp(—iJitX X))

()A(lf(z +Y,Y, + 2122)
co- exp(—iJtY,Y,)
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X

Evaluate (00| U(7) | 00) and (01| U(r)|01)
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ReTr|U()|/D
-}

Test on ibm_kawasaki with random states (work in progress)

Two-site Heisenberg model: ' = J ()A(lf(z + IA/IIA’z + 2122)

Co- eXp(—iJtZ,Z,) Co- exp(—iJ1X, X5) Co- exp(—iJiY Y, N, shot — 4096
oA R S =2
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A related work using Quantinuum H1-1 (20-qubit) device

Summer et al., arXiv:2303.13476

All-to-all connection 12-site XYZ model
(0) O
' « Cheb
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erations on a many-qubit register. We emphasise that
the accuracy of our hardware results has been limited
primarily by financial constraints, and not by fundamen-
tal resource scalings nor even by noise on the H1-1 device.
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Summary

A quantum-classical hybrid method for microcanonical ensembles is proposed

Microcanonical TPQ state

[y, (E)) = [G(E)7 | ,)

Random state

! Gaussian (center E, width ~ 1/7)

G (E) = 7~

Density matrix

)= —2
Tr [GT(E )]

P mic,t

Requirements for random states| ¢,)

© Statistical average of (¢, | )A(| ¢,) coincides with Tr[X]/D.

@ Covariance Cov(x, y) decreases exponentially in V.

Diagonal-unitary 2-design

Quantum circuit reproducing the properties of the random

phase states up to 2nd statistical moments.

|01 H [r_R-(6o) P X
V(On)

0){H I R(6) h—%—{V(On:1) X

V(Orn-1)
0 H [ R.(62) S V(6ay)
|0} H [_R.(63)

V(0rn-2)

V(03n-4)
10> 1 H [FR-(Ov—2) X
V(Onin+1)2-1)
10> 1 H FR(Ov-1) N2
J2E D 5@

| ¢,) can be prepared withO(Nz) 2 qubit gates

Thermodynamic quantities
o S(E) =InTr[G(E)]
o PAE) = 0S(E) = 27* (E(E) — E)

A ~ Tr[#Z G (E)]
E) =Tr |pic E)Z | = T
o 6(E) I [pmlc,f( ) ] Tr[G (E)]

Gaussian as a sum of time-evolution operators

A 1
G(L) =

2\/ T

0 t2 . A A .2
[ dre +2e'B'U(r), U®t) = e !

“FT from time-evolved states to energy-resolved states’
. Width ~ 1/7

Target energy E

Classical simulation

N = 20 N =24
AN LU &
1 ¥ S
03s 1013

0] |
1073 {7 10°

i
S

=5

’

e 2-designs are important to obtain
thermodynamic quantities with a fixed

number R of samples.

« The method becomes more relevant
for energy windows with the larger
number of states.

Quantum simulation

Evaluate (¢, | U(1) | ¢,) and (| ZU(t) | ¢,) on QC

and classically sum and integrate over r and t.

Work in progress




