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Outline

• Quantum simulation in NISQ era & its scalability


• Scalable quantum simulation of symmetry-protected topological (SPT) states 
[arXiv:2303.17187]


• Scalable quantum simulation of intrinsic topologically ordered (TO) states 
[arXiv:2210.14662]


• Summary



Quantum simulation for quantum many-body systems

“…Nature isn’t classical, dammit, and if you want to make a simulation 
of nature, you’d better make it quantum mechanical, and by golly it’s a 
wonderful problem, because it doesn’t look so easy…”

—— R. P. Feynman, Int. J. Theor. Phys. 21, 467 (1982)

Simulating a quantum system by using other 
quantum systems (i.e. controllable quantum devices)

R. P. Feynman

classical computer

exponentially large 
resource required

other quantum systems 
(quantum computer / simulator)

exponentially large 
resource available

quantum many-body systems

exponentially large 
degrees of freedom

strong quantum 
entanglements+ 



Noisy intermediate-scale quantum (NISQ) device
Capacity metrics of NISQ devices
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log2 VQ = arg max{min[N, D(N)]} : successful performing  two-site gates#AQ = N N2

Noisy intermediate-scale quantum (NISQ) device

Nature 574, 7779 (2019)

53 qubits with 40 depths 127 qubits with 60 depths

Nature 618, 7965 (2023)

 A few  qubits 
without error correction


 A few  circuit 
depths

𝒪(101 ∼ 102)

𝒪(100 ∼ 101)



Variational quantum eigensolver (VQE) algorithm
VQE & its scalabilities

Volume of PQC ≤ O(N2)
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Scalable PQC Ansatz

|Ψ(θopt)⟩

Variational 
Space of 

PQC|Ψ(θ0)⟩

Scalable classical optimizer

In “short enough” time
Peruzzo et. al., Nat. Commun. 5, 4213 (2014)

|Ψ({θi}opt)⟩ ≈ |ΨG⟩

E({θi}) = ∑
k

⟨Ĥk⟩{θi}

expectation value of energy

quantum computer

|Ψ({θi})⟩ = Û({θi}) |0⟩ =

|0⟩
|0⟩
|0⟩
|0⟩
|0⟩

Parametrized quantum circuit (PQC)

Û({θi})

optimization of variational parameters {θi}

θi ← θi − λ∂E({θi})/∂θi

classical computer

variational quantum state:  
        PQC Ansatz

unitary operator

Ĥ |ΨG⟩ = EG |ΨG⟩

Gradient Descent, 
SPSA, COBYLA, …



Scalable quantum simulation of 
symmetry-protected topological 

states

R.-Y. Sun, T. Shirakawa, and S. Yunoki, Phys. Rev. B 108, 075127 (2023) [arXiv:2303.17187]



Scalable PQC Ansatz for topological phases
Quantum circuit definition of topological phases
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Topological phases: Symmetry-protected topological (SPT) state & intrinsic topological order (TO)

•  for symmetric 

• Exist constant  for unsymmetric 

D ∝ N Ĉ
D Ĉ

•  for any D ∝ N Ĉ

SPT (short-range entangled)

TO (long-range entangled)

 is NISQ scalable


 In the same phase <=> 
connected by finite depth 
quantum circuit

Ĉ



Scalable PQC Ansatz for topological phases

R.-Y. Sun, T. Shirakawa & S. Yunoki, PRB 108, 075127 (2023)

Two-layer structured PQC Ansatz

|Ψ(θ)⟩ = Ĉ(θ)Ĉ0 |0⟩

Scalable variational layer Ĉ(θ)
 Constant depth

Scalable initialization layer  Ĉ0
 Constant depth for SPT


 Linear depth for TO
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PQC Ansatz

Physical nature
of the target state

Many-body
Hamiltonian

Final solution

Variational Quantum
Eigensolver

Satisfactory result?

Yes

No

Computation scheme

Possible choice: 
fixed point state



VQE study of SPT spin chain
  alternating Heisenberg chain (AHC)S = 1/2

H =
L/2−1

∑
i=0

(J′ S2i ⋅ S2i+1 + JS2i+1 ⋅ S2(i+1))

1

J′ J J′ J′ J′J J

0

SPT Haldane phase Dimer phase

J′

J = 1

  SPT Haldane phaseJ′ < 1

 Fixed point: 


 Haldane chain: 

J′ = 0

S = 1 J′ = − ∞

 trivial dimer phaseJ′ > 1

 Fixed point: J′ = ∞

In general, non-exactly solvable

1

J′ J J′ J′ J′J J

0

SPT Haldane phase Dimer phase

J′1

J′ J J′ J′ J′J J

0

SPT Haldane phase Dimer phase

J′

Hida, PRB 45, 5 (1992)

Unitcell



VQE study of SPT spin chain
PQC Ansatz for AHC
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Variational layer: 
eSWAP brick wall

e θij∝ e−iθSiSj

For SPT

1

J′ J J′ J′ J′J J

0

SPT Haldane phase Dimer phase

J′

For dimer

Fixed point at J′ = 0 at J′ = ∞

Initialization layer
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VQE study of SPT spin chain
VQE simulation of AHC using  shallow circuit AnsatzD = 1
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Edge spin patterns in SPT

Scalable: Keeping accuracy with increasing system size
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VQE study of SPT spin chain
Realize SPT state on real quantum computer
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Quantum devices & gate realization

3 CNOT layers
 CNOT layers


Constant scaling with  
6 × D + 1

L

R.-Y. Sun, T. Shirakawa & S. Yunoki, PRB 108, 075127 (2023)

Real quantum experiments with   AnsatzD = 1
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Scalable quantum simulation of 
intrinsic topologically ordered 

states

R.-Y. Sun, T. Shirakawa, and S. Yunoki, Phys. Rev. B 107, L041109 (2023) [arXiv:2210.14662]



Scalable PQC Ansatz for quantum loop gas
Toric code model and its realization on NISQ device

Bp

As

Toric code model

HTC = − ∑
s

As − ∑
p

Bp

As = ∏
i∈s

σz
i Bp = ∏

i∈p

σx
i

|1⟩

= | �+ + + · · ·| � | �|ΨG

• Intrinsic topological 
order


• Quantum loop gas 
with equal weights

0 0
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H H
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0 0 0
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1 0

1 1 0
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0 1

0 1 1

0 1

0

1 1
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NISQ realization of toric code state

NISQ scalable: 
 

CNOT layers
3 + 2[(N − 1)/2]

H

CNOT

H =
1

2 (1 1
1 −1)

Hadamard gate

PRX Quantum 3, 040315 (2022)

Science 374, 1237 (2021)

N

31 qubits



Scalable PQC Ansatz for quantum loop gas
Toric code model in a magnetic field
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(b)
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Loop weights
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HTCM(x) = (1 − x)HTC − x
N

∑
i=1

σz
i x ∈ [0,1]

hz =
x

1 − x

Topological order 
to ferromagnetic 
order: xc ∼ 0.25

PRB 85, 195104 (2012)

QMC phase diagram

Goal: simulate  on quantum computerHTCM(x)

Non-exactly 
solvable



Scalable PQC Ansatz for quantum loop gas
Parametrized loop gas circuit (PLGC)

R.-Y. Sun, T. Shirakawa & S. Yunoki, PRB 107, L041109 (2023)
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Scalable on NISQ devices 
No additional complexity

PLGC Ansatz: weight-adjustable loop gas
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VQE study of toric code model in a magnetic field
VQE simulation of  using PLGC AnsatzHTCM(x)

Realize scalable VQE simulations R.-Y. Sun, T. Shirakawa & S. Yunoki, PRB 107, L041109 (2023)

0.0 0.2 0.4 0.6 0.8 1.0
x

0.0

0.2

0.4

0.6

0.8

1.0

S
to

p
o
/(
−
ln
2)

ED
ED
ED

VQE: 3× 3
VQE: 4× 3
VQE: 4× 4

3× 3 4× 3

4× 4

Topological entanglement entropy

Magnetization

0.0 0.2 0.4 0.6 0.8 1.0
x

0.0

0.2

0.4

0.6

0.8

1.0

hm
z
i

ED
ED
ED

VQE: 3 £ 3
VQE: 4 £ 3
VQE: 4 £ 4

TO

Trivial⟨mz⟩ =
1
N

N

∑
i=1

⟨σz
i ⟩

Stopo = SA + SB + SC − SAB − SBC − SAC + SABC

Ground state energy

PLGC (our work) QAOA-type (previous result)

|Ψ(θ0
l , θ1

l )⟩ =
D

∏
l=1

[e−iθ0
l HTCe−iθ1

l Hh] |Ψ0⟩

0.0 0.2 0.4 0.6 0.8 1.0
x

°1.05

°1.00

°0.95

°0.90

°0.85

E
0
/N

0.0 0.5 1.0
x

10°8

10°5

10°2

(E
0

°
E

E
D
)/

N

ED
ED
ED

VQE: 3 £ 3
VQE: 4 £ 3
VQE: 4 £ 4

(a)

(b)

0.0 0.1 0.2 0.3 0.4 0.5
hz

28.0

27.5

27.0

26.5

26.0

25.5

25.0

24.5

24.0

E

D=1
D=2
D=3
D=4
D=5
ED

0.0 0.1 0.2 0.3 0.4 0.5
hz

0.0

0.2

0.4

0.6

0.8

1.0

W

D=1
D=2
D=3
D=4
D=5
ED

arXiv:2202.02909

TO Trivial

TO
Trivial

Energy 
difference



Take home message

Thank you for your attention!

Two-layer structured PQC Ansatz

Topo. Phase

|ΨG⟩Ĉ(θ)Ĉ0 |0⟩
Ĉ0 |0⟩

|Ψ(θ)⟩ = Ĉ(θ)Ĉ0 |0⟩

R.-Y. Sun et. al., arXiv:2303.17187
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Scalable VQE for 1D SPT

Parametrized loop gas circuit (PLGC)

R.-Y. Sun et. al., arXiv:2210.14662
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 NISQ playgroundN × N

N
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NISQ scalability:  circuit N × N

Scalable PQC: Volume ≤ O(N2)

Enough for topological states

Promising in the near future


