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Krylov complexity and chaos
IN quantfum mechanics

» Classical & guantum chaos in billiard systems
» \\e find significant correlations between indicators of chaos

Classical Lyapunov exponent

Variance of Lanczos coefficients “r ratio” of energy level statistics
0° ()

» These correlations are universal for any billiards (stadium, Sinai, ...)

» Subtlety in Krylov complexity value?
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Classical chaos in billiard system

» Classical chaos in non-linear deterministic dynamical system
= QOrbits sensitive to initial conditions = “information loss”

= | yapunov exponent A > 0 = chaotic

5x(0) % dx(t) ~ 6x(0) exp(/1 t)

= Example: Stadium billiard [Bunimovich ‘74]
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Quantum chaos in billiard system

» Schrodinger eg. = linear equation of wave function
Quantum effect washes out small scale (4x 4p = h)

- No chaos in quantum regime?

» Probes of chaos in quantum billiard

= Energy level statistics
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= Qut-of-time-order correlators (OTOC) in quantum billiard



Krylov operator complexity

» Yet another indicator of quantum chaos: Krylov complexity
= Krylov operator complexity for 0O(t) = et0(0)e Ht
= Krylov state complexity for |Y(t)) = et |1P(0))
® Also variation of Lanczos coefficients can be an indicator of chaos

®» Can we use it to probe guantum chaos in billiard system?

= Comparison with level statistics

» Relationship with classical chaos?

= Comparison with classical Lyapunov exponent ——



Krylov operator/state complexity

» Krylov operator complexity

= Time evolution of an operator O for Hamiltonian H

0(t) = eM0(0)e Mt = ) L
n=0

V" o) (L=[H, 1)
n.

= Krylov space H, = {0, LO, L?0, ...}

= Introduce an inner product by (0,]0,) = Tr[0]0,] cf. WightmaniiiE iR
(04]0,) = Tr [e‘ﬁTHoj e‘ﬁTHoz]

= Switch to orthonormal basis H, = {0, = 0(0), 04, 0,, ... } by Lanczos algorithm

0() = ) " pu(0,

n=0

= Krylov operator complexity Co(t) = Yoo n |, (t)]? ———



Krylov operator/state complexity

» Krylov operator complexity

= |Lanczos algorithm - Orthonormal basis {0,, 04, 0,, ... } & Lanczos coeff. b,
1 by=0, O_1=0

O = 0/||O||, where [|0]| = \/(0]O)

Forn>1: A, = LOp—1 — bp—10p—2

Set by = || An||

|
AR o R S A

If b, = 0 stop; otherwise set O,, = A,,/b,, and go to step 3.

ul O(t) = 27010:0 i" Qon(t)on 2 Qon(t) obeys an(t) = bn wn—l(t) _ bn+1§0n+1 (t)
Po(t)  ©1(t)  @2(0)  @3()  @a(t)

b, b, b, b,

= Krylov complexity Cy(t) = Yo ,n |@,(t)]> ~ Distance from initial 0(0)



Krylov operator/state complexity

» Krylov state complexity

= Time evolution of a state |y) for Hamiltonian H

() = e e ppo) = Y o (o))

n=0

= Krylov space Hy ) = {[¥(0)), H|(0)), H*[$(0)), ...}
= Orthonormal basis # ) = {|1Ko) = [¥(0)), |Ky), |K3), ... } by Lanczos algorithm

ul |l/)(t)) a Z(rjzo=0 lpn(t)lKrJe ilpn(t) = dn lpn(t) + bn lpn—l(t) + bn+17~/)n+1 (t)
Yo(t)  P1(®) V() P3(D)  Pa(t)

ao b1 aq bz a, b3 a3 b4 ay

= Krylov state complexity Cyy))(t) = Xp=on |, (t)]? =~ Distance from initial |)
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Krylov complexity and chaos
IN quantfum mechanics

» Setup: stadium billiard  (with unit area & velocity)

R
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» Classical billiard - Positive Lyapunov exponent A

®» Quantum billiard
= Hamiltonian H = p5 + p; with Dirichlet BC at the wall: ¥(x, ¥)|wan = 0

= Calculate energy level statistics & Krylov operator/state complexity

[cf. Finite temperature case: Camargo+ 23] 2023/9/11




Classical / guantum chaos

In stadium billiard

» Classical Lyapunov exponent A

A maximized ata/R ~ 1

» Energy level statistics

min(sy, Sp-1)

fn (Sn =En41 — En)

max(sy, Sn—1)

(7) ~ 0.38629 (Poisson)
771 053590  (GOE)

Poisson (non-chaotic) - GOE (chaotic)
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Classical / guantum chaos
In stadium billiard

» Krylov complexity for operator p, on stadium billiard

= Solve Schrodinger eq. to obtain eigenvalues E,, & eigenfunctions ¢, (x, y)
H|n) = E, |n), ¢, (x,y) = (x,yln) (n=1.2,..)

= Matrix representation of operators x and p,

Xmn = (M| x| n) = fdx dy dpm(x,y) x dp(x,y)

l

> [H, %

[
Pon =(m|py I n) = <m‘ n>:E(Em_En)xmn

= For numerical calculation, we truncate the energy levels at n = N, = 100

= Lanczos algorithm - Lanczos coefficients b, & Krylov complexity C, (t)
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Classical / guantum chaos
In stadium billiard

» Krylov complexity for operator p, on stadium billiard

Lanczos coefficient b, (0 <n < N2, =104
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« Non-chaotic = larger ¢?
Chaotic

> smaller g2

Variance ¢ of b, [az = Var <1n
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Classical / guantum chaos
In stadium billiard

» Krylov complexity for operator p, on stadium billiard

Correlatlons between 4, (r) a2
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Significant correlations between A, (7), o2

((A—=(A)(B = (B))) A\ vs o2
V(A = (A)2)((B — (B))?) (7) vs o

2

-0.720372
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> o2 can be a robust indicator of qguantum chaos

» Correspondence between classical & quantum chaos

\\ A vs (F)

* Universal for other billiards / for state complexity



Classical / guantum chaos
In stadium billiard

» Krylov complexity for operator p, on stadium billiard
Krylov complexity C,, (t)
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 No exponential growth of C,,_(t) at early time
« Late-time value correlated with classical A ? (turn out to be system dependent)
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Summary
Krylov complexity and chaos in quantum mechanics

» Classical & quantum chaos in billiard systems

» \\e find significant correlations between indicators of chaos

Classical Lyapunov exponent

A

Variance of Lanczos coefficients “r ratio” of level statistics
2 ~
o (')

» These correlations are universal for any billiards (stadium, Sinai, ...),
for both Krylov operator & state complexity

®» Non-universality in time dependence of Krylov complexity?

€ Other quantum mechanical systems? [camargo+ 23, .. ]

€ Implication to holography? [rabinovici+ 23, .. ] 20230111



