
Extremal hypersurfaces and 
expansion of spacetime

Michal P. Heller

based on 2101.01185 and 2203.08842 with Chandra, de Boer, Flory, Hörtner, Rolph,
2212.00043 with Erdmenger, Gerbershagen, Weigel, 2112.12158 + Flory,

2305.11280 with Aguilar-Gutierrez, Van der Schueren



based on 2101.01185 and 2203.08842 with Chandra, de Boer, Flory, Hörtner, Rolph,
2212.00043 with Erdmenger, Gerbershagen, Weigel, 2112.12158 + Flory,

2305.11280 with Aguilar-Gutierrez, Van der Schueren

Michal P. Heller

Holographic Complexity Beyond 
Proposals and AdS Holography



Introduction



Holographic complexity till 2016
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1402.5674 by Susskind,  1509.07876 by Brown et al., 1610.02038 by Couch et al., …

max (Lorentzian)
min (Euclidean) CV
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volume time slice    ~ volume of

CA ⇠
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bulk action in the Wheeler - de Witt patch

CV 2.0 ⇠
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bulk volume of the Wheeler - de Witt patch

As of mid 2010s, novel ways of characterizing states in holographic QFTs



Why interesting for string theory?
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Mainly because holographic complexity are natural probes of black hole interior

In particular, they capture its persistent growth in GR: CV, A, V2.0 |tL+tR≫β ∼ tL + tR



Why is it called holographic complexity?

3/26

If we represent Hamiltonian time evolution as a tensor network and count the 
number of tensors, then one gets the wanted linear growth

|TFD(tL, tR)⟩ ∼ e−iHLtLe−iHRtR ∑
E

e−βE/2 |E⟩L |E⟩R

However, if one additionally requires that that this tensor network is optimized, 
then at some point shortcut circuits not requiring further growth will appear



Post 2016: Saturation of holographic complexity
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= 

≡ ̂t ∼ tL + tR

2107.06286 by Iliesiu, Mezei and Sárosi considered a quantum generalization of CV in JT 
gravity path integral and obtained that it saturates after exp time in BH entropy



Post 2016: QFT complexity
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One* approach that naturally applies to QFTs comes from                           :quant-ph/0502070 by Nielsen

Implementations of these ideas in free QFTs reproduce some of the static 
properties of holographic complexity, but crucially rely on Gaussianity 

U = Pe�i
R 1
0 d⌧ Q(⌧)
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with

Q(⌧) =
X

I

OI ✏
I(⌧)
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CL1 ⇠ min

"Z 1

0
d⌧

X

I

⇧I |✏I(⌧)|
#
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CL2 ⇠ min

2

4
Z 1

0
d⌧

sX

I,J

⇧IJ ✏I(⌧) ✏J(⌧)

3

5
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1707.08570 by Jefferson & Myers, 1707.08582 with Chapman, Marrochio, Pastawski, …

CFS ⇠ min

Z 1

0
d⌧

p
hQ2i � |hQi|2

�
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|T i ⇠ U |Ri

<latexit sha1_base64="YlF+lhV2gyBece+mFpjZpkuG4cs=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyWRgnqRghePVZq20ISy2W7apbubsLsRSlrw4l/x4kERr/4Jb/4bt20O2vpg4PHeDDPzwoRRpR3n2yqsrK6tbxQ3S1vbO7t79v5BU8WpxMTDMYtlO0SKMCqIp6lmpJ1IgnjISCsc3kz91gORisaioUcJCTjqCxpRjLSRuvbRuOFLJPqMQF9RDj04vs+Frl12Ks4McJm4OSmDHPWu/eX3YpxyIjRmSKmO6yQ6yJDUFDMyKfmpIgnCQ9QnHUMF4kQF2eyHCTw1Sg9GsTQlNJypvycyxJUa8dB0cqQHatGbiv95nVRHl0FGRZJqIvB8UZQyqGM4DQT2qCRYs5EhCEtqboV4gCTC2sRWMiG4iy8vk+Z5xa1Wru6q5dp1HkcRHIMTcAZccAFq4BbUgQcweATP4BW8WU/Wi/VufcxbC1Y+cwj+wPr8AVxUl1k=</latexit>

different costs



Holographic Complexity
Beyond Proposals



A Perspective
bulk is a circuit
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bulk cost

(possibly new)
holographic complexities

choices

minimization

fixed bulk geometry
giving rise to many circuits

specially-crafted bulk
geometry dual to a particular circuit

(holding  and  fixed)|R⟩ |T⟩

1808.09072 by Takayanagi



A Perspective
bulk is a circuit

bulk cost

(possibly new)
holographic complexities

choices

minimization

fixed bulk geometry
giving rise to many circuits

specially-crafted bulk
geometry dual to a particular circuit

(holding  and  fixed)|R⟩ |T⟩
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2101.01185 and 2203.08842
with Chandra, de Boer, Flory, Hörtner, Rolph

(related: 2011.08188 and 2104.00010
by Boruch, Caputa, Takayanagi + Ge)



Optimizing a bulk cost
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We want to prepare the state  from  using path integral on |Σ2⟩ |Σ1⟩ M̃(λ)

Each  will be assigned a functional (gravitational representation of a cost);
For an intuition, a candidate functional is the bulk volume in 

M̃(λ)
Σ1 − M̃ − Σ2

Optimal path integral minimizes the cost, which gives rise to complexity

2203.08842 with Chandra, de Boer, Flory, Hörtner, Rolph



What are permitted bulk costs?
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We want to see what bulk functionals act as reasonable costs in a dual QFT; 
we do not insist on knowing what exactly they count. Our key criteria are:

• the cost is non-negative

• if we do not do anything, the cost is zero

• the cost is additive

• the cost is covariant (sounds necessary, but can be relaxed to include 
time foliation dependence as in                                           )

2203.08842 with Chandra, de Boer, Flory, Hörtner, Rolph

1904.02713 with Camargo, Jefferson, Knaute



Cost = bulk+cut-off surface volumes (Lorentzian)
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2203.08842 with Chandra, de Boer, Flory, Hörtner, Rolph

While the Lorentzian action is not a good cost, there is another natural 
candidate that satisfy all our criteria:

cost ~ bulk + cut off boundary volumes

Its optimization subject to a cut-off boundary being timelike (or null as a 
limiting case) gives as a result half of CV2.0 proposal: 

cut off boundary giving
vanishing codim-1 volume bulk volume is minimal by

the timelike requirement

(can be taken as a CV slice)

Cf. geometric interpretation of MERA 1812.00529 by Milsted & Vidal



Summary of possibilities we explored
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2203.08842 with Chandra, de Boer, Flory, Hörtner, Rolph

2101.01185



A Perspective
bulk is a circuit

bulk cost

(possibly new)
holographic complexities

choices

minimization

fixed bulk geometry
giving rise to many circuits

specially-crafted bulk
geometry dual to a particular circuit

(holding  and  fixed)|R⟩ |T⟩

2112.12158 and 2212.00043 with (+ Flory)
Erdmenger, Gerbershagen, Weigel

6/26



Fubini-Study Cost Is Holographic…
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2212.00043 with Erdmenger,  Gerbershagen, Weigel

The Fubini-Study cost for one time step   

Q(τ) ≡ H(t) = ∫t=const
∑

I

JI OI

Let’s zoom out quite a bit and adopt much broader lenses:

|some R⟩ at τ ≡ t = 0

|some T⟩ at τ ≡ t = 1

local holographic QFT operators

holographic QFT sources acting as
boundary conditions for dual bulk fields

⟨ψ(t) |Q(t)2 |ψ(t)⟩ − ⟨ψ(t) |Q(t) |ψ(t)⟩2~

This reduces to a sum of non-equilibrium boundary 2-point functions!

2112.12158 with Erdmenger, Flory,  Gerbershagen, Weigel;
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2212.00043 with Erdmenger,  Gerbershagen, Weigel

One point functions easy to get from the asymptotic fall-offs of bulk fields

…, However, In General Is Subtle to Extract

Fine grained (von Neumann) entropy is also directly encoded in the 
geometry via Ryu-Takayanagi / Hubeni-Rangamani-Takayanagi formulas

However,   Renyi’s already needed backreaction on a given geometryn ≠ 1

It is similar with 2-point functions in general, but no for the pure AdS3 gravity! 

1601.06788 by Dong



Cost of conformal transformations
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1807.04422 by Caputa, Magan;
2004.03619 by Erdmenger et al.; 2005.02415 and 2007.11555 with Flory

The stress tensor sector of 1+1D CFTs offers a soluble example of cost and 
complexity problem, which is universal and, therefore, should map to gravity

Such circuits are realized by unitaries of the form U = Pe�i
R 1
0 d⌧ Q(⌧)
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with Q(⌧) =

Z 2⇡

0

d�

2⇡
T (�) ḟ(⌧, F (⌧,�))
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and f(⌧, F (⌧,�)) = �
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right- or left-moving component of Tµ⌫
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and can be thought of as a gradual diffeomorphism of a circle 

� ! f(�)
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with    f(⌧ = 0,�) = �

<latexit sha1_base64="Nwon3TBM3G9OO/EZi6L9isMxC48=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFqCBlRgrqQim4cVnBXqAzlDNppg3NZIYkI5TSjRtfxY0LRdz6Du58G9N2Ftr6Q+DLf84hOX+QcKa043xbuaXlldW1/HphY3Nre8fe3WuoOJWE1knMY9kKQFHOBK1rpjltJZJCFHDaDAY3k3rzgUrFYnGvhwn1I+gJFjIC2lgd+zAseRpSfIWdU+wp1ovgxFxm1LGLTtmZCi+Cm0ERZap17C+vG5M0okITDkq1XSfR/gikZoTTccFLFU2ADKBH2wYFRFT5o+kWY3xsnC4OY2mO0Hjq/p4YQaTUMApMZwS6r+ZrE/O/WjvV4YU/YiJJNRVk9lCYcqxjPIkEd5mkRPOhASCSmb9i0gcJRJvgCiYEd37lRWicld1K+fKuUqxeZ3Hk0QE6QiXkonNURbeohuqIoEf0jF7Rm/VkvVjv1sesNWdlM/voj6zPHysWlng=</latexit>

and    f(⌧ = 1,�) = f(�)

<latexit sha1_base64="TgH8fGpoQMdYlc+KU2oHhN3LP1I=">AAACCHicbZDLSgMxFIYz9VbrbdSlC4NFqCBlRgrqQim4cVnBXqAzlDNppg3NZIYkI5TSpRtfxY0LRdz6CO58G9N2Ftr6Q+DLf84hOX+QcKa043xbuaXlldW1/HphY3Nre8fe3WuoOJWE1knMY9kKQFHOBK1rpjltJZJCFHDaDAY3k3rzgUrFYnGvhwn1I+gJFjIC2lgd+zAseRpSfIXdU+wp1ovgxFyMO+OOXXTKzlR4EdwMiihTrWN/ed2YpBEVmnBQqu06ifZHIDUjnI4LXqpoAmQAPdo2KCCiyh9NFxnjY+N0cRhLc4TGU/f3xAgipYZRYDoj0H01X5uY/9XaqQ4v/BETSaqpILOHwpRjHeNJKrjLJCWaDw0Akcz8FZM+SCDaZFcwIbjzKy9C46zsVsqXd5Vi9TqLI48O0BEqIRedoyq6RTVURwQ9omf0it6sJ+vFerc+Zq05K5vZR39kff4Ay0CXTg==</latexit>



Towards a precise bulk dual to a circuit

14/26

2112.12158 with Erdmenger, Flory,  Gerbershagen, Weigel

Local conformal transformations lead to a transformation of the stress tensor

hT i ! 1

(@�f)2

⇣
hT i � c

12
{f,�}

⌘

<latexit sha1_base64="iMZxF+g0dzxDNyklZ07fIQZE+HQ="></latexit>

with hT̄ i

<latexit sha1_base64="tuvP54muGMrLT0ZZPqv7BcI/iYk=">AAACAXicbVA9SwNBEN2LXzF+ndoINotBsAp3ElAbCdhYRkhiIBfC3GaSLNnbO3b3hHDExr9iY6GIrf/Czn/j5qPQxAcDb9+bYWdemAiujed9O7mV1bX1jfxmYWt7Z3fP3T9o6DhVDOssFrFqhqBRcIl1w43AZqIQolDgfTi8mfj3D6g0j2XNjBJsR9CXvMcZGCt13KNAgOwLpEEIKquNaaBm745b9EreFHSZ+HNSJHNUO+5X0I1ZGqE0TIDWLd9LTDsDZTgTOC4EqcYE2BD62LJUQoS6nU0vGNNTq3RpL1a2pKFT9fdEBpHWoyi0nRGYgV70JuJ/Xis1vct2xmWSGpRs9lEvFdTEdBIH7XKFzIiRJcAUt7tSNgAFzNjQCjYEf/HkZdI4L/nl0tVduVi5nseRJ8fkhJwRn1yQCrklVVInjDySZ/JK3pwn58V5dz5mrTlnPnNI/sD5/AHcj5aE</latexit>

and            staying the samehTµ
µi

<latexit sha1_base64="rwHTWF+6GJODZEEzNlDg02Bi29I=">AAACDnicbVDLSgMxFM34rPU16tJNsBRcSJmRgrqRghuXFfqCzjhk0kwbmmSGJCOUoV/gxl9x40IRt67d+Tdm2llo6wmBk3Pu5eaeMGFUacf5tlZW19Y3Nktb5e2d3b19++Cwo+JUYtLGMYtlL0SKMCpIW1PNSC+RBPGQkW44vsn97gORisaipScJ8TkaChpRjLSRArvqMSSGjMDWfebxdBpk3ll+YP6AnpybgV1xas4McJm4BamAAs3A/vIGMU45ERozpFTfdRLtZ0hqihmZlr1UkQThMRqSvqECcaL8bLbOFFaNMoBRLM0VGs7U3x0Z4kpNeGgqOdIjtejl4n9eP9XRpZ9RkaSaCDwfFKUM6hjm2cABlQRrNjEEYUnNXyEeIYmwNgmWTQju4srLpHNec+u1q7t6pXFdxFECx+AEnAIXXIAGuAVN0AYYPIJn8ArerCfrxXq3PualK1bRcwT+wPr8AeJVm14=</latexit>

The key idea: embed this kind of circuit on the boundary of AdS3

The gravity dual is obtained by using the exact Fefferman-Graham expansion

Excellent testbed for holographic complexity ideas, since both the bulk is 
known and the circuit is 100% under control

⌧ = 0

<latexit sha1_base64="HyskMaSjOhTmH5NJTfVTfLjzQak=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUA9KwYvHCvYD2lA22027dLOJuxOhhP4JLx4U8erf8ea/cdvmoK0PBh7vzTAzL0ikMOi6305hZXVtfaO4Wdra3tndK+8fNE2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9up33ri2ohYPeA44X5EB0qEglG0UruLNCXXxO2VK27VnYEsEy8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5JNSNzU8oWxEB7xjqaIRN342u3dCTqzSJ2GsbSkkM/X3REYjY8ZRYDsjikOz6E3F/7xOiuGlnwmVpMgVmy8KU0kwJtPnSV9ozlCOLaFMC3srYUOqKUMbUcmG4C2+vEyaZ1XvvHp1f16p3eRxFOEIjuEUPLiAGtxBHRrAQMIzvMKb8+i8OO/Ox7y14OQzh/AHzucPxWKPJQ==</latexit>

⌧ = 1

<latexit sha1_base64="plz9Xz0xjJ4vIsykqRk1FV+IMtM=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUA9KwYvHCvYD2lA22027dLOJuxOhhP4JLx4U8erf8ea/cdvmoK0PBh7vzTAzL0ikMOi6305hZXVtfaO4Wdra3tndK+8fNE2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9up33ri2ohYPeA44X5EB0qEglG0UruLNCXXxOuVK27VnYEsEy8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5JNSNzU8oWxEB7xjqaIRN342u3dCTqzSJ2GsbSkkM/X3REYjY8ZRYDsjikOz6E3F/7xOiuGlnwmVpMgVmy8KU0kwJtPnSV9ozlCOLaFMC3srYUOqKUMbUcmG4C2+vEyaZ1XvvHp1f16p3eRxFOEIjuEUPLiAGtxBHRrAQMIzvMKb8+i8OO/Ox7y14OQzh/AHzucPxuaPJg==</latexit>

|0i

<latexit sha1_base64="e6qrJBlw1P4lOFxdmC0bOUFFnAA=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUC9S8OKxgv2QNpTNdtIu3WzC7kYosb/CiwdFvPpzvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91iMqzWN5b8YJ+hEdSB5yRo2VHp7crqJyILBXrrhVdwayTLycVCBHvVf+6vZjlkYoDRNU647nJsbPqDKcCZyUuqnGhLIRHWDHUkkj1H42O3hCTqzSJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQkv/YzLJDUo2XxRmApiYjL9nvS5QmbE2BLKFLe3EjakijJjMyrZELzFl5dJ86zqnVev7s4rtes8jiIcwTGcggcXUINbqEMDGETwDK/w5ijnxXl3PuatBSefOYQ/cD5/ALfVkF0=</latexit>

|excitedi

<latexit sha1_base64="l7gQ4bN4kqK8Mf3EXX9unbif2Rw=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgETyURQb1IwYvHCvYD2lA2m0m7dLMJuxux1v4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0g5U9p1v63Cyura+kZxs7S1vbNbtvf2myrJJMUGTXgi2wFRyJnAhmaaYzuVSOKAYysYXk/91j1KxRJxp0cp+jHpCxYxSrSRenb5CR8o0xh2JRF9jj274lbdGZxl4uWkAjnqPfurGyY0i1FoyolSHc9NtT8mUjPKcVLqZgpTQoekjx1DBYlR+ePZ4RPn2CihEyXSlNDOTP09MSaxUqM4MJ0x0QO16E3F/7xOpqMLf8xEmmkUdL4oyrijE2eaghMyiVTzkSGESmZudeiASEK1yapkQvAWX14mzdOqd1a9vD2r1K7yOIpwCEdwAh6cQw1uoA4NoJDBM7zCm/VovVjv1se8tWDlMwfwB9bnD0g+k4A=</latexit>

trivial foliation

trivial foliation 

circuit in 
with a nontrivial 

τ ≡ t
Q(τ) ≡ H(t)non-trivial foliation

trivial time evolution of 



2212.00043 with Erdmenger,  Gerbershagen, Weigel
The FS Cost in AdS3 Gravity Is Geometric

This generalizes to our AdS3 circuit geometry gives explicit gravity dual to the
Fubini-Study costs:

15/26

⟨ψ(t) |Q(t)2 |ψ(t)⟩ − ⟨ψ(t) |Q(t) |ψ(t)⟩2 =

∫
2π

0
dϕ1 ∫

2π

0
dϕ2

Indeed, in this case the operator is  and its correlator is fixed and given 
geometrically in terms of kinematic space formulas, for example:

Tμν

(related: 2103.06920 by Chagnet, Chapman, de Boer, Zukowski



Holographic Complexity 
Beyond AdS Holography

2305.11280 with Aguilar-Gutierrez and Van der Schueren
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A perspective: holographic complexity matured and became robuster. 
Therefore, it is not unreasonable to start using it beyond AdS black holes.



de Sitter Static Patch Holography

17/26

rstrst

tL tR

with f = 1 − r2

2109.14104 by Susskind



Anti-de Sitter Eternal Black Brane

18/26

|TFD(tL, tR)⟩ ∼ e−iHLtLe−iHRtR ∑
E

e−βE/2 |E⟩L |E⟩R

CF
T L

CF
T R

hep-th/0106112 by Maldacena



de Sitter Static Patch Holography

19/26

rstrst

tL tR

2109.14104 by Susskind

Two putative quantum systems in an entangled state with two time evolutions



Hyperfast Growth

20/26

<latexit sha1_base64="qcXJ21CPg9UEeWnxvItCJv6DWqk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GOhF48V7Ac0oWy2k3bpZhN2N0IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZemAqujet+O6WNza3tnfJuZW//4PCoenzS0UmmGLZZIhLVC6lGwSW2DTcCe6lCGocCu+GkOfe7T6g0T+SjmaYYxHQkecQZNVbyc59RQZqzQd6ZDao1t+4uQNaJV5AaFGgNql/+MGFZjNIwQbXue25qgpwqw5nAWcXPNKaUTegI+5ZKGqMO8sXNM3JhlSGJEmVLGrJQf0/kNNZ6Goe2M6ZmrFe9ufif189MdBfkXKaZQcmWi6JMEJOQeQBkyBUyI6aWUKa4vZWwMVWUGRtTxYbgrb68TjpXde+m7j1c1xrXRRxlOINzuAQPbqEB99CCNjBI4Rle4c3JnBfn3flYtpacYuYU/sD5/AHN4ZF+</latexit>

CV

−τ∞ τ∞

in dS1+1

(spatial geodesic length)

In higher number of dimensions,       diverges at  ; similar story for±τ∞
<latexit sha1_base64="qcXJ21CPg9UEeWnxvItCJv6DWqk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GOhF48V7Ac0oWy2k3bpZhN2N0IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZemAqujet+O6WNza3tnfJuZW//4PCoenzS0UmmGLZZIhLVC6lGwSW2DTcCe6lCGocCu+GkOfe7T6g0T+SjmaYYxHQkecQZNVbyc59RQZqzQd6ZDao1t+4uQNaJV5AaFGgNql/+MGFZjNIwQbXue25qgpwqw5nAWcXPNKaUTegI+5ZKGqMO8sXNM3JhlSGJEmVLGrJQf0/kNNZ6Goe2M6ZmrFe9ufif189MdBfkXKaZQcmWi6JMEJOQeQBkyBUyI6aWUKa4vZWwMVWUGRtTxYbgrb68TjpXde+m7j1c1xrXRRxlOINzuAQPbqEB99CCNjBI4Rle4c3JnBfn3flYtpacYuYU/sD5/AHN4ZF+</latexit>

CV
<latexit sha1_base64="dAwsUHE11L0COrwHVfXyKbbXyE0=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAILkpJpKjLSjcuK9gHNCFMppN26OTBzEQoIeCvuHGhiFu/w51/47TNQlsPXDiccy/33uMnnEllWd9GaW19Y3OrvF3Z2d3bPzAPj7oyTgWhHRLzWPR9LClnEe0opjjtJ4Li0Oe0509aM7/3SIVkcfSgpgl1QzyKWMAIVlryzJPMIZijVu5ltzXk1FD3sm7lnlm16tYcaJXYBalCgbZnfjnDmKQhjRThWMqBbSXKzbBQjHCaV5xU0gSTCR7RgaYRDql0s/n5OTrXyhAFsdAVKTRXf09kOJRyGvq6M8RqLJe9mfifN0hVcONmLEpSRSOyWBSkHKkYzbJAQyYoUXyqCSaC6VsRGWOBidKJVXQI9vLLq0TnZV/V7ftGtdko4ijDKZzBBdhwDU24gzZ0gEAGz/AKb8aT8WK8Gx+L1pJRzBzDHxifP29wk84=</latexit>

CA, V 2.0

2109.14104 by Susskind
2110.05222 by Chapman, Galante, Kramer
2202.10684 by Jørstad, Myers, Ruan



New Game in Town

21/26

In the meantime it was realized that there is a holographic complexity landscape

2111.02429 and 2210.09647 by Belin, Myers, Ruan, Sarosi, Speranza

These so call complexity = anything objects are obtained in a two step procedure

1) optimization of a covariant functional to get a geometric carrier
2) evaluating (possibly other) covariant functional to get a non-negative number

subject to linear growth in AdS black hole background + one more condition 

There is a continuum of options, e.g. spatial volume 2) of constant  slices 1)K
(the original       has )K = 0

<latexit sha1_base64="qcXJ21CPg9UEeWnxvItCJv6DWqk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GOhF48V7Ac0oWy2k3bpZhN2N0IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZemAqujet+O6WNza3tnfJuZW//4PCoenzS0UmmGLZZIhLVC6lGwSW2DTcCe6lCGocCu+GkOfe7T6g0T+SjmaYYxHQkecQZNVbyc59RQZqzQd6ZDao1t+4uQNaJV5AaFGgNql/+MGFZjNIwQbXue25qgpwqw5nAWcXPNKaUTegI+5ZKGqMO8sXNM3JhlSGJEmVLGrJQf0/kNNZ6Goe2M6ZmrFe9ufif189MdBfkXKaZQcmWi6JMEJOQeQBkyBUyI6aWUKa4vZWwMVWUGRtTxYbgrb68TjpXde+m7j1c1xrXRRxlOINzuAQPbqEB99CCNjBI4Rle4c3JnBfn3flYtpacYuYU/sD5/AHN4ZF+</latexit>

CV



Post 2016: QFT complexity

5/26

One* approach that naturally applies to QFTs comes from                           :quant-ph/0502070 by Nielsen

Implementations of these ideas in free QFTs reproduce some of the static 
properties of holographic complexity, but crucially rely on Gaussianity 

U = Pe�i
R 1
0 d⌧ Q(⌧)

<latexit sha1_base64="SGFHtamT110FuhnCyMvNuf9LGdI=">AAACG3icbZDLSgMxFIYzXmu9VV26OVgEBS0zIqgLpeDGZQtWC522ZNK0Dc1khuSMUIZ5Dze+ihsXirgSXPg2ppeFtx8CH/85h5PzB7EUBl3305mZnZtfWMwt5ZdXVtfWCxubNyZKNOM1FslI1wNquBSK11Cg5PVYcxoGkt8Gg8tR/faOayMidY3DmDdD2lOiKxhFa7ULRzU4h9RnVEIlA95KD0GALxS2UzdrpV4GHR9pAv4BVPdGtJ+1C0W35I4Ff8GbQpFMVWkX3v1OxJKQK2SSGtPw3BibKdUomORZ3k8Mjykb0B5vWFQ05KaZjm/LYNc6HehG2j6FMHa/T6Q0NGYYBrYzpNg3v2sj879aI8HuaTMVKk6QKzZZ1E0kYASjoKAjNGcohxYo08L+FVifasrQxpm3IXi/T/4LN0cl77h0Vj0uli+mceTINtkhe8QjJ6RMrkiF1Agj9+SRPJMX58F5cl6dt0nrjDOd2SI/5Hx8AS7Nnw0=</latexit>

with

Q(⌧) =
X

I

OI ✏
I(⌧)

<latexit sha1_base64="k01fK7/6m6n7/uELM5KOu5htRSU=">AAACF3icbVBNS8MwGE79nPOr6tFLcAgTpLQyUA/KwIue3MB9wFpLmmVbWJqWJBVG2b/w4l/x4kERr3rz35h1PejmAwlPnvd5efM+QcyoVLb9bSwsLi2vrBbWiusbm1vb5s5uU0aJwKSBIxaJdoAkYZSThqKKkXYsCAoDRlrB8GpSbz0QIWnE79QoJl6I+pz2KEZKS75p1cuuQskRvICuTEI/vRnD2+x2j6FLYklZxO/1e2rzzZJt2RngPHFyUgI5ar755XYjnISEK8yQlB3HjpWXIqEoZmRcdBNJYoSHqE86mnIUEuml2V5jeKiVLuxFQh+uYKb+7khRKOUoDLQzRGogZ2sT8b9aJ1G9My+lPE4U4Xg6qJcwqCI4CQl2qSBYsZEmCAuq/wrxAAmElY6yqENwZleeJ80Ty6lY5/VKqXqZx1EA++AAlIEDTkEVXIMaaAAMHsEzeAVvxpPxYrwbH1PrgpH37IE/MD5/AJGknlg=</latexit>

CL1 ⇠ min

"Z 1

0
d⌧

X

I

⇧I |✏I(⌧)|
#

<latexit sha1_base64="8vyGG5R3WW4PWOUo4AiP4VvN0tU="></latexit>

CL2 ⇠ min

2

4
Z 1

0
d⌧

sX

I,J

⇧IJ ✏I(⌧) ✏J(⌧)

3

5

<latexit sha1_base64="NnZSd0wJToCtZN1qJkUoqKx0NSs="></latexit>

1707.08570 by Jefferson & Myers, 1707.08582 with Chapman, Marrochio, Pastawski, …

CFS ⇠ min

Z 1

0
d⌧

p
hQ2i � |hQi|2

�

<latexit sha1_base64="Fl9po0AQuWOQQ3pz7vwdAOM67Io="></latexit>

|T i ⇠ U |Ri

<latexit sha1_base64="YlF+lhV2gyBece+mFpjZpkuG4cs=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyWRgnqRghePVZq20ISy2W7apbubsLsRSlrw4l/x4kERr/4Jb/4bt20O2vpg4PHeDDPzwoRRpR3n2yqsrK6tbxQ3S1vbO7t79v5BU8WpxMTDMYtlO0SKMCqIp6lmpJ1IgnjISCsc3kz91gORisaioUcJCTjqCxpRjLSRuvbRuOFLJPqMQF9RDj04vs+Frl12Ks4McJm4OSmDHPWu/eX3YpxyIjRmSKmO6yQ6yJDUFDMyKfmpIgnCQ9QnHUMF4kQF2eyHCTw1Sg9GsTQlNJypvycyxJUa8dB0cqQHatGbiv95nVRHl0FGRZJqIvB8UZQyqGM4DQT2qCRYs5EhCEtqboV4gCTC2sRWMiG4iy8vk+Z5xa1Wru6q5dp1HkcRHIMTcAZccAFq4BbUgQcweATP4BW8WU/Wi/VufcxbC1Y+cwj+wPr8AVxUl1k=</latexit>

different costs



Our Idea



Our Idea
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Our Idea
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<latexit sha1_base64="Qr3qUINBjL15+8L6TsvZxj27myw=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgCCURUZdFN7qrYB/QxjKZTtqhk0mYmQg15EvcuFDErZ/izr9x0mahrQcGDufcyz1z/JgzpR3n21paXlldWy9tlDe3tncq9u5eS0WJJLRJIh7Jjo8V5UzQpmaa004sKQ59Ttv++Dr3249UKhaJez2JqRfioWABI1gbqW9XeiHWI4J5eps9pCdZ3646NWcKtEjcglShQKNvf/UGEUlCKjThWKmu68TaS7HUjHCalXuJojEmYzykXUMFDqny0mnwDB0ZZYCCSJonNJqqvzdSHCo1CX0zmcdU814u/ud1Ex1ceikTcaKpILNDQcKRjlDeAhowSYnmE0MwkcxkRWSEJSbadFU2JbjzX14krdOae15z786q9auijhIcwCEcgwsXUIcbaEATCCTwDK/wZj1ZL9a79TEbXbKKnX34A+vzB+XXkz8=</latexit>

I+

<latexit sha1_base64="FjhlrymUru50HvGZTqV8Ijx1TGU=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgxpKIqMuiG91VsA9oY5lMJ+3QySTMTIQa8iVuXCji1k9x5984abPQ1gMDh3Pu5Z45fsyZ0o7zbS0tr6yurZc2yptb2zsVe3evpaJEEtokEY9kx8eKciZoUzPNaSeWFIc+p21/fJ377UcqFYvEvZ7E1AvxULCAEayN1LcrvRDrEcE8vc0e0pOsb1edmjMFWiRuQapQoNG3v3qDiCQhFZpwrFTXdWLtpVhqRjjNyr1E0RiTMR7SrqECh1R56TR4ho6MMkBBJM0TGk3V3xspDpWahL6ZzGOqeS8X//O6iQ4uvZSJONFUkNmhIOFIRyhvAQ2YpETziSGYSGayIjLCEhNtuiqbEtz5Ly+S1mnNPa+5d2fV+lVRRwkO4BCOwYULqMMNNKAJBBJ4hld4s56sF+vd+piNLlnFzj78gfX5A+jhk0E=</latexit>I�

For large enough 
our surfaces do not touch  

K
<latexit sha1_base64="Qr3qUINBjL15+8L6TsvZxj27myw=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgCCURUZdFN7qrYB/QxjKZTtqhk0mYmQg15EvcuFDErZ/izr9x0mahrQcGDufcyz1z/JgzpR3n21paXlldWy9tlDe3tncq9u5eS0WJJLRJIh7Jjo8V5UzQpmaa004sKQ59Ttv++Dr3249UKhaJez2JqRfioWABI1gbqW9XeiHWI4J5eps9pCdZ3646NWcKtEjcglShQKNvf/UGEUlCKjThWKmu68TaS7HUjHCalXuJojEmYzykXUMFDqny0mnwDB0ZZYCCSJonNJqqvzdSHCo1CX0zmcdU814u/ud1Ex1ceikTcaKpILNDQcKRjlDeAhowSYnmE0MwkcxkRWSEJSbadFU2JbjzX14krdOae15z786q9auijhIcwCEcgwsXUIcbaEATCCTwDK/wZj1ZL9a79TEbXbKKnX34A+vzB+XXkz8=</latexit>

I+
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<latexit sha1_base64="Qr3qUINBjL15+8L6TsvZxj27myw=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgCCURUZdFN7qrYB/QxjKZTtqhk0mYmQg15EvcuFDErZ/izr9x0mahrQcGDufcyz1z/JgzpR3n21paXlldWy9tlDe3tncq9u5eS0WJJLRJIh7Jjo8V5UzQpmaa004sKQ59Ttv++Dr3249UKhaJez2JqRfioWABI1gbqW9XeiHWI4J5eps9pCdZ3646NWcKtEjcglShQKNvf/UGEUlCKjThWKmu68TaS7HUjHCalXuJojEmYzykXUMFDqny0mnwDB0ZZYCCSJonNJqqvzdSHCo1CX0zmcdU814u/ud1Ex1ceikTcaKpILNDQcKRjlDeAhowSYnmE0MwkcxkRWSEJSbadFU2JbjzX14krdOae15z786q9auijhIcwCEcgwsXUIcbaEATCCTwDK/wZj1ZL9a79TEbXbKKnX34A+vzB+XXkz8=</latexit>

I+

<latexit sha1_base64="FjhlrymUru50HvGZTqV8Ijx1TGU=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgxpKIqMuiG91VsA9oY5lMJ+3QySTMTIQa8iVuXCji1k9x5984abPQ1gMDh3Pu5Z45fsyZ0o7zbS0tr6yurZc2yptb2zsVe3evpaJEEtokEY9kx8eKciZoUzPNaSeWFIc+p21/fJ377UcqFYvEvZ7E1AvxULCAEayN1LcrvRDrEcE8vc0e0pOsb1edmjMFWiRuQapQoNG3v3qDiCQhFZpwrFTXdWLtpVhqRjjNyr1E0RiTMR7SrqECh1R56TR4ho6MMkBBJM0TGk3V3xspDpWahL6ZzGOqeS8X//O6iQ4uvZSJONFUkNmhIOFIRyhvAQ2YpETziSGYSGayIjLCEhNtuiqbEtz5Ly+S1mnNPa+5d2fV+lVRRwkO4BCOwYULqMMNNKAJBBJ4hld4s56sF+vd+piNLlnFzj78gfX5A+jhk0E=</latexit>I�

= min±Kvol
<latexit sha1_base64="ysePnpOHIKyUgfBNYA8EHU5BXCc=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVERF0Wu3FZwT6gCWEynbRDZyZhZiKUmIW/4saFIm79DXf+jZM2C209MHA4517umRMmjCrtON9WZWV1bX2julnb2t7Z3bP3D7oqTiUmHRyzWPZDpAijgnQ01Yz0E0kQDxnphZNW4fceiFQ0Fvd6mhCfo5GgEcVIGymwjzIPIwZbeZB5HOmx5Fmq8jyw607DmQEuE7ckdVCiHdhf3jDGKSdCY4aUGrhOov0MSU0xI3nNSxVJEJ6gERkYKhAnys9m+XN4apQhjGJpntBwpv7eyBBXaspDM1lkVIteIf7nDVIdXfsZFUmqicDzQ1HKoI5hUQYcUkmwZlNDEJbUZIV4jCTC2lRWMyW4i19eJt3zhnvZcO8u6s2bso4qOAYn4Ay44Ao0wS1ogw7A4BE8g1fwZj1ZL9a79TEfrVjlziH4A+vzB7ZMlpA=</latexit>

Cus
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For  we do get the hyperfast growthK < Kcrit

For  we get a linear late time growth (and early time decay)K > Kcrit

In dS1+1 and dS1+2 at  linear           exponentialKcrit
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Holographic complexity got matured

New in dS: the hyperfast growth

Time to start thinking about it outside AdS/CFT

In 2305.11280 with Aguilar-Gutierrez and Van der Schueren we show complexity = anything 
does not make the hyperfast growth a necessity

In particular, 2212.00043 with Erdmenger, Gerbershagen, Weigel, 2112.12158 + Flory we established 
that the Fubini-Study cost is holographic for any geometric quantum circuit


