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Circuit Complexity & 2D Bosonisation
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Bosonic states are simultaneously fermionic states, different form of gates 
Bosonic Coherent states & fermionic Gaussian states 
Bosonic Gaussian states & fermionic Gaussian states

More detailed story, come to Y206 #4!!! 
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perturbation

Operator noncommutativity and irreversibility 
 in quantum chaos 

University of Tokyo (Ueda group)　Ryusuke Hamazaki

Irrversibility: traditional probe of chaos
backward 
evolution

time 
evolution
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Noncommutativity and irreversibility 
are almost equivalent!

RH, K. Fujimoto and M. Ueda, arXiv:1807.02360.
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Phase transitions in the Rényi entropies of large-N
interacting vector models in 2 + 1 dimensions

von Neumann entropy can be extracted from Renyi entropies Sn(A)
provided the limit n→ 1 exists.

Renyi entropy of a disc-shaped region can be mapped to the free
energy, evaluated as a path integral on H2 × S1.
1

1−n lnTrρ
n = 2πRn

n−1 F (β = 2πnR) [CHM].

We consider the disc to be in the interacting O(N) vacuum and use
the large N limit (saddle-point)+ Hubbard Stratonovich to solve.

(−∂2 + m2 + gσ)φ = 0; φ is the vev

φ2 − σ +
1

Vol(H2)
tr

(
1

−∂2 + m2 + gσ

)
= 0.

We find strong evidence for an ordering phase transition at n = 1.
But, what does this imply for the replica trick?

Harsha R. Hampapura , Albion Lawrence, Stefan Stanojevic arxiv:1811.04109
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• We consider 4d Maxwell theory in the situation where going around 
nontrivial paths in the spacetime involves EM duality transformation

ØWe found

ØThe interpretation is twofold: one is by the 5d bulk SPT
(top. BdC theory) phase characterizing the anomaly, and 
the other is by the properties of a 6d SCFT (E-string theory) 

ØOur result reproduces, as a special case, the known anomaly of the all-
fermion electrodynamics discovered in the last few years

IPMU-19-0068
TU-1088

On the anomaly of the electromagnetic duality of the Maxwell theory

Chang-Tse Hsieh,1, 2 Yuji Tachikawa,1 and Kazuya Yonekura3

1
Kavli Institute for the Physics and Mathematics of the Universe (WPI),

University of Tokyo, Kashiwa, Chiba 277-8583, Japan

2
Institute for Solid State Physics, University of Tokyo, Kashiwa, Chiba 277-8581, Japan

3
Particle Theory and Cosmology Group, Department of Physics,

Graduate School of Science, Tohoku University, Aoba-ku, Sendai 980-8578, Japan

We consider the 3+1 dimensional Maxwell theory in the situation where going around nontrivial paths in
the spacetime involves the action of the duality transformation exchanging the electric field and the magnetic
field and its SL(2,Z) generalizations. We find that the anomaly of this system in a particular formulation is
56 times that of a Weyl fermion. This result is derived in two independent ways: one is by using the bulk SPT
phase in 4+1 dimensions characterizing the anomaly, and the other is by considering the properties of a 5+1
dimensional superconformal field theory known as the E-string theory. This anomaly of the Maxwell theory
plays an important role in the consistency of string theory.

INTRODUCTION

Z0 =
p

µ0/✏0 (in SI units) or 1 (in Gaussian units) (1)

qm = 2⇡n~, n 2 Z (2)

q1m2 � q2m1 = 2⇡n~, n 2 Z (3)
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E(x+ L, y, z) = B(x, y, z) (8)

B(x+ L, y, z) = �E(x, y, z) (9)

Every physicist knows that the electromagnetic field is de-
scribed classically by the Maxwell equation, and that it is
invariant under the electromagnetic duality S : (E,B) 7!
(B,�E). The properties of the electromagnetic duality in the

quantum theory might not be as well known to physicists in
general, and in fact are not very well understood in the litera-
ture. This is particularly true when going around a nontrivial
path in the spacetime results in a duality transformation.1 In
this letter, we uncover a feature of the Maxwell theory and
its duality symmetry in such a situation, namely that it has a
quantum anomaly.

We recall that a quantum theory in d+1 dimensions with a
symmetry group G can have a quantum anomaly, in the sense
that its partition function has a controllable phase ambigu-
ity. Our modern understanding is that such a theory is better
thought of as living on the boundary of a symmetry protected
topological phase (SPT phase) in the (d+1)+ 1 dimensional
bulk. It was noticed in the last few years in [8–12] that a ver-
sion of the Maxwell theory, often called the all-fermion elec-
trodynamics, where all particles of odd charge are fermions,
has a global gravitational anomaly and lives on the boundary
of a certain bulk SPT phase. As we will see, this result is a
special case of the anomaly and the corresponding bulk SPT
phase we find for the duality symmetry.

We study the anomaly and the bulk SPT phase by imitat-
ing the relationship between the 1 + 1d chiral boson and the
2 + 1d U(1)1 Chern-Simons theory and its generalization to
(4n+1)+ 1d self-dual form field and the (4n+2)+ 1d bulk
theory, studied e.g. in [13–19]. The essential point is that the
3 + 1d Maxwell theory with a nontrivial background for its
duality symmetry is a self-dual field, and we can utilize the

1 One example is a periodic boundary condition twisted by duality: E(x +
L, y, z) = B(x, y, z) and B(x + L, y, z) = �E(x, y, z). This partic-
ular setup was studied by O. Ganor and his collaborators [1–4], but what
happens in a more general situation remains unanswered, to the authors’
knowledge. There is also a series of interesting papers on the flux sectors
of the Maxwell theory by G. W. Moore and his collaborators [5–7], which
are related to the inherent self-dual nature of the Maxwell theory.

On the Anomaly of the Electromagnetic Duality of the 
Maxwell Theory
Chang-Tse Hsieh (Kavli IPMU & ISSP, UTokyo)

e.g. 

BdC
theory

Maxwell 
theory

CTH-Tachikawa-Yonekura, arXiv:1905.08943

Anomaly of EM duality of Maxwell = 56 times that of a chiral fermion 
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Langlands Duality and Quantum Hall Effect

Langlands Duality of  
Quantum Groups 

Langlands Duality of  
Topological Operators

Kazuki Ikeda (Osaka U)

�
xy

�

Langlands Duality of  
W-algebras

Ann. Phys. 397, 136-150 (2018), J.Math.Phys. 59, 061704 (2018), arXiv:1812.11879 (2018)
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Generalized quantum measurements and quantum work 
compatible with fluctuation theorems

[Phys. Rev. A 99, 032117 (2019)]

What generalized quantum measurements (instruments) are compatible 
with fluctuation theorems?

U(⇤)
<latexit sha1_base64="agbsEfcb3NtRircVRdParM+liVU="></latexit><latexit sha1_base64="agbsEfcb3NtRircVRdParM+liVU="></latexit><latexit sha1_base64="agbsEfcb3NtRircVRdParM+liVU="></latexit><latexit sha1_base64="VHqVaw8mLdbAK+BxuEG6etEu0SI="></latexit><latexit sha1_base64="gHs2/xl8HhJxgxGiglWelBe0AOE="></latexit><latexit sha1_base64="gHs2/xl8HhJxgxGiglWelBe0AOE="></latexit><latexit sha1_base64="EtRiM/x3olilz+MZC0siDyjnBjA="></latexit><latexit sha1_base64="agbsEfcb3NtRircVRdParM+liVU="></latexit><latexit sha1_base64="agbsEfcb3NtRircVRdParM+liVU="></latexit><latexit sha1_base64="agbsEfcb3NtRircVRdParM+liVU="></latexit><latexit sha1_base64="agbsEfcb3NtRircVRdParM+liVU="></latexit><latexit sha1_base64="agbsEfcb3NtRircVRdParM+liVU="></latexit><latexit sha1_base64="agbsEfcb3NtRircVRdParM+liVU="></latexit>

⇢(0) =
<latexit sha1_base64="um6OwCY8ZZwkZYcEXPIBeqp9+HE="></latexit><latexit sha1_base64="um6OwCY8ZZwkZYcEXPIBeqp9+HE="></latexit><latexit sha1_base64="um6OwCY8ZZwkZYcEXPIBeqp9+HE="></latexit><latexit sha1_base64="VHqVaw8mLdbAK+BxuEG6etEu0SI="></latexit><latexit sha1_base64="3JkPOiXP/CIuSbv6a49OFcgG+Kc="></latexit><latexit sha1_base64="3JkPOiXP/CIuSbv6a49OFcgG+Kc="></latexit><latexit sha1_base64="GDIDjbyIHJ7s6ug5z4Z53u87eKs="></latexit><latexit sha1_base64="um6OwCY8ZZwkZYcEXPIBeqp9+HE="></latexit><latexit sha1_base64="um6OwCY8ZZwkZYcEXPIBeqp9+HE="></latexit><latexit sha1_base64="um6OwCY8ZZwkZYcEXPIBeqp9+HE="></latexit><latexit sha1_base64="um6OwCY8ZZwkZYcEXPIBeqp9+HE="></latexit><latexit sha1_base64="um6OwCY8ZZwkZYcEXPIBeqp9+HE="></latexit><latexit sha1_base64="um6OwCY8ZZwkZYcEXPIBeqp9+HE="></latexit>

• Projective measurement 
of the Hamiltonian

Jarzynski eq.

Crooks rel.

Fluctuation theorems

[Y206  No.10]

driving

he��wi = e���F
<latexit sha1_base64="p8foztW5jGLzyFl6otl2DBp+kOU="></latexit><latexit sha1_base64="p8foztW5jGLzyFl6otl2DBp+kOU="></latexit><latexit sha1_base64="p8foztW5jGLzyFl6otl2DBp+kOU="></latexit><latexit sha1_base64="VHqVaw8mLdbAK+BxuEG6etEu0SI="></latexit><latexit sha1_base64="F1GJM7CWMRKJT24SjhvwX2ciOTw="></latexit><latexit sha1_base64="F1GJM7CWMRKJT24SjhvwX2ciOTw="></latexit><latexit sha1_base64="ohZTR0bCExBXYLGYzmTcyfsURyY="></latexit><latexit sha1_base64="p8foztW5jGLzyFl6otl2DBp+kOU="></latexit><latexit sha1_base64="p8foztW5jGLzyFl6otl2DBp+kOU="></latexit><latexit sha1_base64="p8foztW5jGLzyFl6otl2DBp+kOU="></latexit><latexit sha1_base64="p8foztW5jGLzyFl6otl2DBp+kOU="></latexit><latexit sha1_base64="p8foztW5jGLzyFl6otl2DBp+kOU="></latexit><latexit sha1_base64="p8foztW5jGLzyFl6otl2DBp+kOU="></latexit>

• Generic instruments
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Computational vs. state complexity
Shira Chapman1 | Lucas Hackl2,3 | Joris Kattemölle1,4 | Freek Witteveen1,4 | 

 
1ITFA, UvA, Amsterdam, The Netherlands | 2 MPQ, MPG, Garching, Germany | 3MCQST, München, Germany | 4QuSoft, CWI, Amsterdam, The Netherlands
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Fermionic phases of matter on unoriented spacetime

Anomaly indicator of rotation symmetry in (3+1)D topological order

Based on arXiv: 1905.05902

We sometimes consider putting topological phases of matter on unoriented spacetime.

Topological phases of matter on unoriented spacetime

We sometimes consider putting topological phases on unoriented spacetime.

Ex. Ø (1+1)d time-reversal SPT phase w/ 

requires pin- structure, and classified by

generated by          ;    i.e.,                                  detects the classification

Ø (3+1)d time-reversal SPT phase w/ 

generated by          ;    i.e.,                                    detects the classification

requires pin+ structure, and classified by

Important to formulate pin+/- TQFT on unoriented spacetime!

Important to formulate pin+/- TQFT on unoriented spacetime!
By extending the lattice construction of spin TQFT by Gaiotto & Kapustin,
we can formulate the pin TQFT on lattice, on unoriented spacetime. Grassmann integral

on spacetimeApplications

Ø (1+1)d time-reversal SPT phase w/               ;  

Ø Time-reversal Gu-Wen SPT phase

Ø Gapped boundary for time-reversal Gu-Wen SPT phase (see 1905.05391 & 1905.05902)

Ø Time reversal anomaly of (2+1)d TQFT w/                       ; 

Applications:
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Upper bounds on the quantum capacity for non-Gaussian channels

Youngrong Lim



#15



Delocalization of energy by local operators in a ground state of 
harmonic oscillators Akira Matsumura (Nagoya Univ.) 

□Reeh-Schlieder theorem in QFT 

Cauchy surface 

A 

this theorem relates to nonlocal correlation in QFT 

polynomial in the field  

arbitrary state 

A 

B To investigate nonlocal property of local 
operators in a discretized system,  

we focus on the energy distribution 
generated by local operators 
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Complexity, Entanglement and Topology
Topological Phase Transitions in the SSH model

Based on 1811.05985 by Tibra Ali, Arpan Bhattacharyya, S. Shajidul Haque, Eugene H. Kim and Nathan Moynihan

We investigate the evolution of circuit complexity and
entanglement following a quench in a one-dimensional
topological system, namely the Su-Schrieffer-Heeger model.

We find that:
• Complexity can detect the various phase transitions
• Complexity can detect revivals in finite-sized quantum

systems
• Entanglement entropy saturates after the circuit complexity

in the SSH model
• Measures of entanglement are more sensitive to

topological order than complexity

Copyright 2019, University of Cape Town. All Rights Reserved. 1 / 1
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Universality in volume-law entanglement of 
scrambled pure quantum states

S2 of scrambled states obeys formula

1 QunaSys Inc. 2 AEC, ITP, U. Bern 3 ISSP, U. Tokyo  4 Dept. Phys., Harvard Univ. 

Rényi EE

L

Vol. law Thermal
pure state 

O

?

L/2

S2 (l) = l lna(β)− ln 1+ a(β)
−(L−2l )( )+ lnK(β)

vol. law deviation offset

non-
integrable

interacting
integrable

quadratic
integrable

Stationary states 
after quench ○ ○ ×

Energy
eigenstates △ × ×

<̀latexit sha1_base64="waS2cGVuErlll2O3+kQMBAHiOhE="></latexit><latexit sha1_base64="waS2cGVuErlll2O3+kQMBAHiOhE="></latexit><latexit sha1_base64="waS2cGVuErlll2O3+kQMBAHiOhE="></latexit><latexit sha1_base64="waS2cGVuErlll2O3+kQMBAHiOhE="></latexit>

Yuya O. Nakagawa1, Masataka Watanabe2, Hiroyuki Fujita3, Sho Sugiura4

Nat. Comm. 9, 1635 (2018)
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Quantum	
  chaos	
  transi.on	
  in	
  a	
  model
dual	
  to	
  eternal	
  traversable	
  wormhole

Tomoki	
  Nosaka	
  (KIAS)

[1804.09934][1901.06031]

(c.f.	
  Tezuka-­‐san's	
  talk	
  on	
  5/27)

When	
  a	
  system	
  shows	
  quantum	
  chaos/integrable	
  transi6on,	
  what	
  happens	
  in	
  gravity	
  side?

Quantum	
  version	
  of	
  chaos	
  is	
  characterized	
  by

"black	
  hole	
  =	
  chaoQc"naive	
  guess:	
   C/I	
  transiQon	
  =	
  Hawking-­‐Page	
  transiQon

-2 -1 1 2

-1.0

-0.5

0.5

1.0

x(t=0)=-1.
x(t=0)=-0.99
x(t=0)=-0.98①.	
  Out	
  of	
  Time	
  Ordered	
  Correlator

quantum	
  Lyapunov	
  exponent

②.	
  Random	
  Matrix	
  Theory-­‐likeness	
  of	
  energy	
  spectrum

integrable chaoQc
e-s (Poisson)

0 1 2 3 4
0.0

0.2

0.4

0.6

0.8

1.0 32
�2
s2 e

-4 s
2

� (Wigner-Dyson)

0.5 1.0 1.5 2.0 2.5
0.0

0.2

0.4

0.6

0.8

h(i[W (t), V (0)])2i ⇠ e�Lt

We	
  elaborate	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  by	
  studying	
  ②	
  in	
  a	
  deformaQon	
  of	
  SYK	
  model	
  dual	
  to	
  BH/wormhole.

�L

?

Our	
  quesQon:

distribuQon	
  of {Ei � Ei�1}dimH
i=2 :
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Finding the semiclassical branches of the wavefunction

With Markus Hauru, Curt von Keyserlingk, Jess Riedel, Daniel Ranard (@ Stanford University)

When a quantum system exhibits classical-ish behavior…

How do you find this decomposition?

We are developing a tensor-network-based algorithm for identifying this 
decomposition in many-body body simulations.
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u = 0

vu

u = u0

1

Shockwaves, the Unruh Effect and Black
Hole Information Loss

Max Riegler
Physique Theorique et Mathématique

Université libre de Bruxelles

[G. Compère, J. Long, M.R; 1903.01812]
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Symmetric Finite-Time Preparation of Cluster States via Floquet Unitary Pumping 
Nathanan Tantivasadakarn, Ashvin Vishwanath
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Can pure states evolve into mixed states?
— Constructing a Lorentz covariant Non-unitary QFT

Tian Wang (IQIM, Caltech)

June 10, 2019

As we all know, QM is a unitary theory. It has been debated whether one can have a fundamentally non-unitary
theory, especially since Hawking discovered his famous Blackhole radiation. In 1983 , Hawking proposed a theory
in which pure states can evolve into mixed states, so as to to solve the Blackhole information paradox. This
received several criticism, most famously the attack from Banks, Peskin and Susskind in 1984, based on Locality.
Srednicki also pointed out the inconsistency with Lorentz covariance (with errors).
Here I present a Lorentz covariant Non-unitary QFT. In Heisenberg picture, the most general CPTP maps are

Ds[A(x, t)] = esµLµA(x, t)

where s is a (time-like) Lorentz four vector parametrizing evolution, and Lµ are the Lorentz covariant evolution
generators

LµA = −i[Pµ, A] +

∫
d3 p

(2π)32ωp
γab pµ

(
(Tαβ)†a(~p)A(Tαβ)b(~p) +

1
2
{(Tαβ)†a(~p)(Tαβ)b(~p), A}

)
Here Tαβ(~p) are momentum dependent jump operators, and double index imply summation, with Greek letters
dedicated for Lorentz index.
This theory has the following properties,
Lorentz covariance:

U(Λ)Ds[A(x)]U(Λ)−1 = DΛs[A(Λx)]

semi-group structure:
Ds1 [Ds2 [A(x, t)]] = Ds1+s2 [A(x, t)]

More specifically, we study the case where the only jump operators are annihilation operators a(p). This can
be thought of as system modes leak into large and refreshing vacuum bath, with the beam splitter interaction
Hamiltonian

Hint =

∫
d3 p

(2π)32ωp
ωp[a∗(p)b(p) + b∗(p)a(p)]

This theory can be solved,

Ds[ψ(x)] =

∫
dp3

(2π)32ωp
a(p)exp[−ipx]exp[−ip(1 −

iγ
2

)] + h.c

and the two point functions are

< Ds[ψ(x)]ψ(x) >=

∫
d3 p

(2π)32ωp
Exp[−ips(1 −

iγ
2

)]

Construction of the interacting theory is under process.

1
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• Thermodynamic Arrow of Time: 
Heat spontaneously pass from a hotter system to a colder system.
However, it does not always hold in the present of initial correlation.
• Anomalous Heat Flow:
It is possible that energy can pass from colder 
system to hotter system by consuming correlation.
• AdS2/CFT1: Hilbert space      ℋ = ℋ𝐿𝐿 ⊗ℋ𝑅𝑅 .
Hamiltonian 𝐻𝐻𝑡𝑡𝑡𝑡𝑡𝑡 𝑡𝑡 = 𝐻𝐻⊗ 1 + 1 ⊗𝜆𝜆𝐻𝐻 + 𝐻𝐻𝐼𝐼 𝑡𝑡 , with 𝜆𝜆 > 1,

where 𝐻𝐻𝐼𝐼 𝑡𝑡 = �𝑔𝑔 𝑉𝑉𝐿𝐿𝑊𝑊𝑅𝑅 −𝑊𝑊𝐿𝐿𝑉𝑉𝑅𝑅 , 𝑡𝑡𝑖𝑖 < 𝑡𝑡 < 𝑡𝑡𝑓𝑓
0, 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜

, scalar operators 𝑉𝑉 ≠ W.

State at 𝑡𝑡 = 0, 𝑇𝑇𝑇𝑇𝑇𝑇 = 1
𝑍𝑍
∑𝑛𝑛 𝑒𝑒 −𝛽𝛽𝐸𝐸𝑛𝑛/2 𝑛𝑛 𝐿𝐿 𝑛𝑛 𝑅𝑅.

Wormhole and the Thermodynamic Arrow of Time 
– Zhuo-Yu Xian (ITP-CAS)

Entanglement

Anomalous Heat Flow

Cold Hot
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Han Yan, Okinawa Inst. of Sci. and Tech.
FRACTON STATES AND HOLOGRAPHY

Phys. Rev. B 99, 155126 and arXiv:1906.02305 

1 2

3 4

Motivated by
fracton states

of matter

Obeys RT-
formula

and subregion
duality —

key properties 
of holography

A naively 
defined black 
hole has the 

correct 
entropy

Equivlaent to 
another 

holographic 
construction 
— bit-thread 

model
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Measurements

q
A

Right Horizon

AdS Black Brane

A’
B
B’

Measurements

q

Left Horizon

MIT-CTP/4869

Holographic Bell Inequality

Jiunn-Wei Chen1,2,⇤ Sichun Sun1,† and Yun-Long Zhang3‡
1
Department of Physics, Center for Theoretical Sciences,

and Leung Center for Cosmology and Particle Astrophysics,

National Taiwan University, Taipei 10617, Taiwan

2
Center for Theoretical Physics, Massachusetts Institute of Technology, Cambridge, MA 02139, USA and

3
Asia Pacific Center for Theoretical Physics, Pohang 790-784,

and Center for Quantum Spacetime, Sogang University, Seoul 121-742, Korea

(Dated: January 10, 2017)

We study the Bell inequality in a holographic model of a casually disconnected Einstein-Podolsky-
Rosen (EPR) pair. The CHSH form of Bell inequality are computed using holographic Schwinger-
Keldysh(SK) correlators. We show that the manifestation of quantum entanglement in Bell inequal-
ity can be reproduced from the classical gravitation theory in the bulk, which lends support to the
ER=EPR conjecture.

PACS numbers: 11.25.Tq, 03.65.Ud

I. INTRODUCTION

Bell inequalities play an important role in quantum
physics. Correlations in local classical theories are
bounded by the Bell inequality, which can be violated
only by the presence of the non-local entanglement in
quantum theories. The violation of Bell inequality in
the entangled Einstein-Podolsky-Rosen (EPR) pair, indi-
cates that two particles have an “instant interaction”, in
contrast to theories of hidden variables to preserve strict
locality [1–4]. There are also some discussions about Bell
inequality in cosmology, to measure whether the origins
of fluctuations are classical or quantum mechanical [5, 6].

Recently, Maldacena and Susskind proposed the
ER=EPR conjecture [7, 8] which stated that the quan-
tum entanglement of the EPR pair is related to the non-
traversable Einstein-Rosen (ER) bridge. It would be very
interesting to further investigate how Bell inequality is
realized in this paradigm, such as whether the classical
bulk geometry can produce the quantum behavior in Bell
inequality of the EPR pair.

In this paper, we study the Bell inequality in a par-
ticular holographic model of the EPR pair proposed by
Jensen and Karch [9] (see also [10]), based on the Anti-
de Sitter/Conformal Field Theory(AdS/CFT) correspon-
dence [11]. Two particles of the boundary EPR pair are
connected by a string in the AdS background of the bulk,
where an ER bridge lives on the string worldsheet. Var-
ious studies of related models can also be found in [12–
16]. The two particles in the EPR pair on the boundary
are treated as probe particles in N=4 supersymmetric
Young-Mills theory (SYM). Thus, they do not change
the AdS geometry. We will use the CHSH formulations
of the Bell inequality [2], and identify the holographic
Schwinger-Keldysh(SK) correlator as the measurement of

⇤
jwc@phys.ntu.edu.tw

†
sichunssun@gmail.com

‡
yunlong.zhang@apctp.org

correlation between the two causally disconnected EPR
particles. We discuss the physical interpretation of the
Bell Inequality in both the bulk and the dual boundary
theories.

II. BELL INEQUALITY

The essence of Bell Inequality is captured in the CHSH
correlation parametrizations [2] which is reviewed here
briefly. The entangled states made of a pair of spin 1/2
particles (the generalization to particles of higher spin
is straight forward) are detected by two observers, Al-
ice and Bob, respectively. The operators correspond to
measuring the spin along various axes with outcomes of
eigenvalues ±1. Performing the operations A and A0 on
the first particle at Alice’s location, and operations B
and B0 on the second particle at Bob’s location. With
the Pauli matrices ~� = (�x,�y,�z), and normalized 3-
vector ~n = (nx, ny, nz) to indicate the spatial direction
of the measurement, we have the following operators

As = ~nA·~�, A0
s = ~nA0 ·~�, (1)

Bs = ~nB ·~�, B0
s = ~nB0 ·~�. (2)

Then the CHSH correlation formulation is introduced as

hCsi = hAsBsi+ hAsB
0
si+ hA0

sBsi � hA0
sB

0
si, (3)

which is a linear combination of crossed expectation val-
ues of the measurements.
In a local classical theory with hidden variables the for-

mula is bounded by the Bell inequality |hCsi|  2. While
in quantum mechanics, this inequality can be violated,
with a higher bound |hCsi|  2

p
2 [3] (see also [5]). For

example, if we choose the entanglement state of a spin
singlet

| si =
1p
2

�
|"i ⌦ |#i � |#i ⌦ |"i

�
, (4)
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Constructing Holographic Bell Inequality

Jiunn-Wei Chen1,2,⇤ Sichun Sun1,† and Yun-Long Zhang3‡
1
Department of Physics, Center for Theoretical Sciences,

and Leung Center for Cosmology and Particle Astrophysics,

National Taiwan University, Taipei 10617, Taiwan

2
Center for Theoretical Physics, Massachusetts Institute of Technology, Cambridge, MA 02139, USA and

3
Asia Pacific Center for Theoretical Physics, Pohang 790-784,

and Center for Quantum Spacetime, Sogang University, Seoul 121-742, Korea

(Dated: December 27, 2016)

We study the Bell inequality in holographic model of the Einstein-Podolsky-Rosen (EPR) pair. It
is related to the correlation function of di↵erent modes on the worldsheet of an accelerating string
in the higher dimensional Anti-de Sitter(AdS) space. We use the CHSH forms of Bell inequality,
and identify the normalized holographic Schwinger-Keldysh(SK) correlator as the two measurement
correlation in the EPR pair. We conclude that the Bell inequality can be reproduced from the bulk
theory, and further support the ER=EPR conjecture.

PACS numbers: 11.25.Tq, 03.65.Ud

I. INTRODUCTION

Bell inequalities play an important role in quantum
physics. Correlation in local classical theories is bounded
by the Bell inequality, which can be violated only by the
presence of the entanglement in quantum theories. The
violation of Bell inequality in the entangled Einstein-
Podolsky-Rosen (EPR) pair, indicates that two parti-
cles have an “instant interaction”, without the local
hidden variables [1–4]. Recently, there are also some
discussions about Bell inequality in cosmology, to test
whether the origins of fluctuations are classical or quan-
tum mechanical.[5, 12]

Recently, Maldacena and Susskind [6] proposed the
ER=EPR conjecture, which stated that the quantum
entanglement of the EPR pair is related to the non-
traversable Einstein-Rosen (ER) bridge. It is very inter-
esting to see the role of Bell inequality in this paradigm,
such as whether the classical bulk geometry can produce
the quantum behavior in Bell inequality of the EPR pair.

In this paper, we study the Bell inequality in a par-
ticular holographic model of the EPR pair proposed
by Jensen and Karch [7], based on the Anti-de Sit-
ter/Conformal Field Theory(AdS/CFT) correspondence
[8]. Two particles of the boundary EPR pair are con-
nected by a string in the AdS background of the bulk,
where an ER bridge lives on the string worldsheet. Var-
ious studies of related models can also be found in [9–
11, 20]. Two particles in the EPR pair on the boundary
are treated as probe particles in N=4 supersymmetric
Young-Mills theory (SYM), thus do not change the AdS
geometry. We will use the CHSH formulations of the Bell
inequality [2], and identify the holographic Schwinger-
Keldysh(SK) correlator as the correlated measurements
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between two causally disconnected EPR particles. We
discuss the physical interpretation of the Bell Inequality
in both bulk and dual boundary theories.

II. BELL INEQUALITY

As reviewed in [12], we start with the CHSH corre-
lation parametrizations of Bell inequality [2]. The en-
tangled states made of a pair of spins are detected by
Alice and Bob, respectively. The operators correspond
to measuring the spin along various axes with outcomes
of eigenvalues ±1. Performing the operations A and A0

on the first particle at Alice’s location, and operations B
and B0 on the second particle at Bob’s location. With
the Pauli matrices ~� = (�x,�y,�z), and normalized 3-
vector ~n = (nx, ny, nz) to indicate the spatial direction
of the measurement, we have the following operators

A = ~nA·~�, A0 = ~nA0 ·~�, (1)

B = ~nB ·~�, B0 = ~nB0 ·~�. (2)

Then the CHSH correlation formulation is introduced as

hCi = hABi+ hAB0i+ hA0Bi � hA0B0i, (3)

which is a linear combination of crossed expectation val-
ues of the measurements.
In a local classical theory with hidden variables the for-

mula is bounded by the Bell inequality |hCi|  2. While
in quantum mechanics, this inequality can be violated,
with a higher bound |hCi|  2

p
2 [3]. For example, if we

choose the entanglement state of a spin singlet

| si =
1p
2

�
|"i ⌦ |#i � |#i ⌦ |"i

�
, (4)

and take the measurements along the (x, y) plane, i.e.
nA = (cos ✓A, sin ✓A, 0) etc., it is straightforward to show

Gs
AB ⌘ h s|AB| si = � cos ✓AB . (5)

1] Bell inequality in the holographic EPR pair [Chen, Sun, Zhang,  on  Phys.Lett. B791 (2019) 73-7 ]                     
2] The String Worldsheet as the Holographic Dual of SYK State [Cai, Ruan, Yang, Zhang: 1709.06297]
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and T0 is the tension of string. The equations of motion
for the fluctuations on the string are

@r̃

⇣2f �̃0i
r̃1/2

⌘
� @⌧̃

⇣ ˙̃
�i

2f r̃3/2

⌘
= 0. (14)

Performing a Fourier transform, and assigning i to x, y

�̃i(r̃, ⌧̃) =

Z
d!

2⇡
e�i!⌧̃ �̃i(!)Y!(r̃), (15)

where �̃i(!) is defined as the Fourier transform of fluctu-
ation on the boundary. Following [21–23], one can com-
pute the retarded Green’s function from the kinetic part
of the action by using the AdS/CFT correspondence.

Constructing Bell’s inequality.— The retarded Green’s
function of the quark under e↵ective random force Fi can
be defined as iGij

R(⌧) = ✓(⌧)[F i(⌧),Fj(0)]i, where i, j
label the x, y, z̃ directions [10]. In the AdS/CFT corre-
spondence, F i(⌧) is the operator conjugate to the fluc-
tuations �i(⌧), where the units have been restored with
⌧ = b⌧̃ , �i = b�̃i. In the low frequency limit ! ! 0, it can
be obtained analytically as

Gij
R(!) = �2T0L

2

b2r̃1/2
f(r̃)Y�!(r̃)@r̃Y!(r̃)�

ij
��
r̃!0

= �a2
p
�

2⇡
i!�ij +O(!2), (16)

and we have used the fact that T0L
2 =

p
�

2⇡ .
What we need for Bell measurements are

iGij
AB(⌧, x) = hF i

A(⌧, x)F
j
B(0)i. (17)

In holography, F i
A and Fj

B are separately defined on
the causally disconnected left and right wedges of Pen-
rose diagram, corresponding to the boundary of di↵erent
patches of the AdS space. This o↵-diagonal Schwinger-
Keldysh propagator is examined in Ref. [22] and found
to be related to the retarded Green’s function,

Gij
AB(!) =

2ie�!/2TU

1� e�!/TU
ImGij

R (!) . (18)

For fluctuations coming from two causally separated
quarks of an EPR pair along x, y directions, and in the
low frequency limit ! ! 0,

iGxx
AB = iGyy

AB =

p
�a3

2⇡2
, iGxy

AB = iGyx
AB = 0. (19)

which indicates that the spatial correlator Gij
AB / �ij .

The
p
� factor is consistent with the observation that

the entanglement entropy of the entangled pair is of or-
der

p
� [9]. It is also interesting that this SK correlator

does not vanish when the quarks are separated at long
distance. This is consistent with the non-local nature of
entanglement. However, the SK correlator vanishes when
the acceleration a becomes zero, which seems to indicate
the system cannot describe the entanglement between
free particles. This is because the particles always expe-
riences the 1/r potential in holography, so they never act
like free particles. Thus, we can only approach the free
particle limit after we identify the spin correlation with
the normalized operators as in the following Eq.(20) in
which a dependence cancels.
To study the correlators, we normalize the operators

such that only the dependence on the spin wave function
remains:

AF = (cos ✓AFx
A + sin ✓AFy

A)/hF
x
AFx

Bi1/2,
BF = (cos ✓BFx

B + sin ✓BFy
B)/hF

x
AFx

Bi1/2, (20)

The mixed measurements for correlators in CHSH corre-
lation formulation become

hAFBF i = cos(✓A � ✓B) ⌘ cos ✓AB . (21)

Together with the similar normalization of the operators
A0

F and B0
F , the CHSH correlation formulations becomes

hCF i = hAFBF i+ hAFB
0
F i+ hA0

FBF i � hA0
FB

0
F i

= cos ✓AB + cos ✓AB0+ cos ✓A0B � cos ✓A0B0. (22)

For example, when ✓AB = ✓AB0 = ✓A0B = ⇡/4, and
✓A0B0 = 3⇡/4, we can reach the maximum value 2

p
2.

In this derivation, we see the bulk string fluctuations,
which come from classical gravity, reproduce the quan-
tum entanglement of an EPR pair on the boundary. If
this derivation is correct, then there is no information
propagating from quark to anti-quark through the string
or vice versa since the quark pairs are not in causal
contact. The entanglement is encoded in the fact that
Green’s function is non-vanishing outside the horizon
which is a familiar, yet mysterious, feature in (both clas-
sical and quantum) field theory. Somehow the behaviors
of the SK correlators outside the two horizons need to be
correlated otherwise when they are extended insides the
horizons the two extensions will not match. At this level
of understanding, entanglement is still a mysterious phe-
nomenon. However, our work does lend further support
to the intriguing ER=EPR conjecture.

IV. CONCLUSION AND DISCUSSIONS

We have studied the Bell inequality in a holographic
model of a casually disconnected EPR pair. The CHSH
form of Bell inequality were computed using holographic
Schwinger-Keldysh correlators. We have shown that the
manifestation of quantum entanglement in Bell inequal-
ity can be reproduced, through duality, from a purely
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I. INTRODUCTION

Bell inequalities play an important role in quantum
physics. Correlation in local classical theories is bounded
by the Bell inequality, which can be violated only by the
presence of the entanglement in quantum theories. The
violation of Bell inequality in the entangled Einstein-
Podolsky-Rosen (EPR) pair, indicates that two parti-
cles have an “instant interaction”, without the local
hidden variables [1–4]. Recently, there are also some
discussions about Bell inequality in cosmology, to test
whether the origins of fluctuations are classical or quan-
tum mechanical.[5, 12]

Recently, Maldacena and Susskind [6] proposed the
ER=EPR conjecture, which stated that the quantum
entanglement of the EPR pair is related to the non-
traversable Einstein-Rosen (ER) bridge. It is very inter-
esting to see the role of Bell inequality in this paradigm,
such as whether the classical bulk geometry can produce
the quantum behavior in Bell inequality of the EPR pair.

In this paper, we study the Bell inequality in a par-
ticular holographic model of the EPR pair proposed
by Jensen and Karch [7], based on the Anti-de Sit-
ter/Conformal Field Theory(AdS/CFT) correspondence
[8]. Two particles of the boundary EPR pair are con-
nected by a string in the AdS background of the bulk,
where an ER bridge lives on the string worldsheet. Var-
ious studies of related models can also be found in [9–
11, 20]. Two particles in the EPR pair on the boundary
are treated as probe particles in N=4 supersymmetric
Young-Mills theory (SYM), thus do not change the AdS
geometry. We will use the CHSH formulations of the Bell
inequality [2], and identify the holographic Schwinger-
Keldysh(SK) correlator as the correlated measurements
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between two causally disconnected EPR particles. We
discuss the physical interpretation of the Bell Inequality
in both bulk and dual boundary theories.

II. BELL INEQUALITY

As reviewed in [12], we start with the CHSH corre-
lation parametrizations of Bell inequality [2]. The en-
tangled states made of a pair of spins are detected by
Alice and Bob, respectively. The operators correspond
to measuring the spin along various axes with outcomes
of eigenvalues ±1. Performing the operations A and A0

on the first particle at Alice’s location, and operations B
and B0 on the second particle at Bob’s location. With
the Pauli matrices ~� = (�x,�y,�z), and normalized 3-
vector ~n = (nx, ny, nz) to indicate the spatial direction
of the measurement, we have the following operators

As = ~nA·~�, A0
s = ~nA0 ·~�, (1)

Bs = ~nB ·~�, B0
s = ~nB0 ·~�. (2)

Then the CHSH correlation formulation is introduced as

hCsi = hAsBsi+ hAsB
0
si+ hA0

sBsi � hA0
sB

0
si, (3)

which is a linear combination of crossed expectation val-
ues of the measurements.
In a local classical theory with hidden variables the for-

mula is bounded by the Bell inequality |hCi|  2. While
in quantum mechanics, this inequality can be violated,
with a higher bound |hCi|  2

p
2 [3]. For example, if we

choose the entanglement state of a spin singlet

| si =
1p
2

�
|"i ⌦ |#i � |#i ⌦ |"i

�
, (4)

and take the measurements along the (x, y) plane, i.e.
nA = (cos ✓A, sin ✓A, 0) etc., it is straightforward to show

Gs
AB ⌘ h s|AB| si = � cos ✓AB . (5)
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and T0 is the tension of string. The equations of motion
for the fluctuations on the string are

@r̃

⇣2f �̃0i
r̃1/2

⌘
� @⌧̃

⇣ ˙̃
�i

2f r̃3/2

⌘
= 0. (14)

Performing a Fourier transform, and assigning i to x, y

�̃i(r̃, ⌧̃) =

Z
d!

2⇡
e�i!⌧̃ �̃i(!)Y!(r̃), (15)

where �̃i(!) is defined as the Fourier transform of fluctu-
ation on the boundary. Following [21–23], one can com-
pute the retarded Green’s function from the kinetic part
of the action by using the AdS/CFT correspondence.

Constructing Bell’s inequality.— The retarded Green’s
function of the quark under e↵ective random force Fi can
be defined as iGij

R(⌧) = ✓(⌧)[F i(⌧),Fj(0)]i, where i, j
label the x, y, z̃ directions [10]. In the AdS/CFT corre-
spondence, F i(⌧) is the operator conjugate to the fluc-
tuations �i(⌧), where the units have been restored with
⌧ = b⌧̃ , �i = b�̃i. In the low frequency limit ! ! 0, it can
be obtained analytically as

Gij
R(!) = �2T0L

2

b2r̃1/2
f(r̃)Y�!(r̃)@r̃Y!(r̃)�

ij
��
r̃!0

= �a2
p
�

2⇡
i!�ij +O(!2), (16)

and we have used the fact that T0L
2 =

p
�

2⇡ .
What we need for Bell measurements are

iGij
AB(⌧, x) = hF i

A(⌧, x)F
j
B(0)i. (17)

In holography, F i
A and Fj

B are separately defined on
the causally disconnected left and right wedges of Pen-
rose diagram, corresponding to the boundary of di↵erent
patches of the AdS space. This o↵-diagonal Schwinger-
Keldysh propagator is examined in Ref. [22] and found
to be related to the retarded Green’s function,

Gij
AB(!) =

2ie�!/2TU

1� e�!/TU
ImGij

R (!) . (18)

For fluctuations coming from two causally separated
quarks of an EPR pair along x, y directions, and in the
low frequency limit ! ! 0,

iGxx
AB = iGyy

AB =

p
�a3

2⇡2
, iGxy

AB = iGyx
AB = 0. (19)

which indicates that the spatial correlator Gij
AB / �ij .

The
p
� factor is consistent with the observation that

the entanglement entropy of the entangled pair is of or-
der

p
� [9]. It is also interesting that this SK correlator

does not vanish when the quarks are separated at long
distance. This is consistent with the non-local nature of
entanglement. However, the SK correlator vanishes when
the acceleration a becomes zero, which seems to indicate
the system cannot describe the entanglement between
free particles. This is because the particles always expe-
riences the 1/r potential in holography, so they never act
like free particles. Thus, we can only approach the free
particle limit after we identify the spin correlation with
the normalized operators as in the following Eq.(20) in
which a dependence cancels.
To study the correlators, we normalize the operators

such that only the dependence on the spin wave function
remains:

AF = (cos ✓AFx
A + sin ✓AFy

A)/hF
x
AFx

Bi1/2,
BF = (cos ✓BFx

B + sin ✓BFy
B)/hF

x
AFx

Bi1/2, (20)

The mixed measurements for correlators in CHSH corre-
lation formulation become

hAFBF i = cos(✓A � ✓B) ⌘ cos ✓AB . (21)

Together with the similar normalization of the operators
A0

F and B0
F , the CHSH correlation formulations becomes

hCF i = hAFBF i+ hAFB
0
F i+ hA0

FBF i � hA0
FB

0
F i

= cos ✓AB + cos ✓AB0+ cos ✓A0B � cos ✓A0B0. (22)

For example, when ✓AB = ✓AB0 = ✓A0B = ⇡/4, and
✓A0B0 = 3⇡/4, we can reach the maximum value 2

p
2.

In this derivation, we see the bulk string fluctuations,
which come from classical gravity, reproduce the quan-
tum entanglement of an EPR pair on the boundary. If
this derivation is correct, then there is no information
propagating from quark to anti-quark through the string
or vice versa since the quark pairs are not in causal
contact. The entanglement is encoded in the fact that
Green’s function is non-vanishing outside the horizon
which is a familiar, yet mysterious, feature in (both clas-
sical and quantum) field theory. Somehow the behaviors
of the SK correlators outside the two horizons need to be
correlated otherwise when they are extended insides the
horizons the two extensions will not match. At this level
of understanding, entanglement is still a mysterious phe-
nomenon. However, our work does lend further support
to the intriguing ER=EPR conjecture.

IV. CONCLUSION AND DISCUSSIONS

We have studied the Bell inequality in a holographic
model of a casually disconnected EPR pair. The CHSH
form of Bell inequality were computed using holographic
Schwinger-Keldysh correlators. We have shown that the
manifestation of quantum entanglement in Bell inequal-
ity can be reproduced, through duality, from a purely
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and T0 is the tension of string. The equations of motion
for the fluctuations on the string are

@r̃

⇣2f �̃0i
r̃1/2

⌘
� @⌧̃

⇣ ˙̃
�i

2f r̃3/2

⌘
= 0. (14)

Performing a Fourier transform, and assigning i to x, y

�̃i(r̃, ⌧̃) =

Z
d!

2⇡
e�i!⌧̃ �̃i(!)Y!(r̃), (15)

where �̃i(!) is defined as the Fourier transform of fluctu-
ation on the boundary. Following [21–23], one can com-
pute the retarded Green’s function from the kinetic part
of the action by using the AdS/CFT correspondence.

Constructing Bell’s inequality.— The retarded Green’s
function of the quark under e↵ective random force Fi can
be defined as iGij

R(⌧) = ✓(⌧)[F i(⌧),Fj(0)]i, where i, j
label the x, y, z̃ directions [10]. In the AdS/CFT corre-
spondence, F i(⌧) is the operator conjugate to the fluc-
tuations �i(⌧), where the units have been restored with
⌧ = b⌧̃ , �i = b�̃i. In the low frequency limit ! ! 0, it can
be obtained analytically as

Gij
R(!) = �2T0L

2
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f(r̃)Y�!(r̃)@r̃Y!(r̃)�

ij
��
r̃!0
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2⇡
i!�ij +O(!2), (16)

and we have used the fact that T0L
2 =

p
�

2⇡ .
What we need for Bell measurements are

iGij
AB(⌧, x) = hF i

A(⌧, x)F
j
B(0)i. (17)

In holography, F i
A and Fj

B are separately defined on
the causally disconnected left and right wedges of Pen-
rose diagram, corresponding to the boundary of di↵erent
patches of the AdS space. This o↵-diagonal Schwinger-
Keldysh propagator is examined in Ref. [22] and found
to be related to the retarded Green’s function,

Gij
AB(!) =

2ie�!/2TU

1� e�!/TU
ImGij

R (!) . (18)

For fluctuations coming from two causally separated
quarks of an EPR pair along x, y directions, and in the
low frequency limit ! ! 0,

iGxx
AB = iGyy

AB =

p
�a3

2⇡2
, iGxy

AB = iGyx
AB = 0. (19)

which indicates that the spatial correlator Gij
AB / �ij .

The
p
� factor is consistent with the observation that

the entanglement entropy of the entangled pair is of or-
der

p
� [9]. It is also interesting that this SK correlator

does not vanish when the quarks are separated at long
distance. This is consistent with the non-local nature of
entanglement. However, the SK correlator vanishes when
the acceleration a becomes zero, which seems to indicate
the system cannot describe the entanglement between
free particles. This is because the particles always expe-
riences the 1/r potential in holography, so they never act
like free particles. Thus, we can only approach the free
particle limit after we identify the spin correlation with
the normalized operators as in the following Eq.(20) in
which a dependence cancels.
To study the correlators, we normalize the operators

such that only the dependence on the spin wave function
remains:

AF = (cos ✓AFx
A + sin ✓AFy

A)/hF
x
AFx

Bi1/2,
BF = (cos ✓BFx

B + sin ✓BFy
B)/hF

x
AFx

Bi1/2, (20)

The mixed measurements for correlators in CHSH corre-
lation formulation become

hAFBF i = cos(✓A � ✓B) ⌘ cos ✓AB . (21)

Together with the similar normalization of the operators
A0

F and B0
F , the CHSH correlation formulations becomes

hCF i = hAFBF i+ hAFB
0
F i+ hA0

FBF i � hA0
FB

0
F i

= cos ✓AB + cos ✓AB0+ cos ✓A0B � cos ✓A0B0. (22)

For example, when ✓AB = ✓AB0 = ✓A0B = ⇡/4, and
✓A0B0 = 3⇡/4, we can reach the maximum value 2

p
2.

In this derivation, we see the bulk string fluctuations,
which come from classical gravity, reproduce the quan-
tum entanglement of an EPR pair on the boundary. If
this derivation is correct, then there is no information
propagating from quark to anti-quark through the string
or vice versa since the quark pairs are not in causal
contact. The entanglement is encoded in the fact that
Green’s function is non-vanishing outside the horizon
which is a familiar, yet mysterious, feature in (both clas-
sical and quantum) field theory. Somehow the behaviors
of the SK correlators outside the two horizons need to be
correlated otherwise when they are extended insides the
horizons the two extensions will not match. At this level
of understanding, entanglement is still a mysterious phe-
nomenon. However, our work does lend further support
to the intriguing ER=EPR conjecture.

IV. CONCLUSION AND DISCUSSIONS

We have studied the Bell inequality in a holographic
model of a casually disconnected EPR pair. The CHSH
form of Bell inequality were computed using holographic
Schwinger-Keldysh correlators. We have shown that the
manifestation of quantum entanglement in Bell inequal-
ity can be reproduced, through duality, from a purely
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and T0 is the tension of string. The equations of motion
for the fluctuations on the string are
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⌘
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Performing a Fourier transform, and assigning i to x, y

�̃i(r̃, ⌧̃) =

Z
d!

2⇡
e�i!⌧̃ �̃i(!)Y!(r̃), (15)

where �̃i(!) is defined as the Fourier transform of fluctu-
ation on the boundary. Following [21–23], one can com-
pute the retarded Green’s function from the kinetic part
of the action by using the AdS/CFT correspondence.

Constructing Bell’s inequality.— The retarded Green’s
function of the quark under e↵ective random force Fi can
be defined as iGij

R(⌧) = ✓(⌧)[F i(⌧),Fj(0)]i, where i, j
label the x, y, z̃ directions [10]. In the AdS/CFT corre-
spondence, F i(⌧) is the operator conjugate to the fluc-
tuations �i(⌧), where the units have been restored with
⌧ = b⌧̃ , �i = b�̃i. In the low frequency limit ! ! 0, it can
be obtained analytically as

Gij
R(!) = �2T0L
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i!�ij +O(!2), (16)

and we have used the fact that T0L
2 =

p
�

2⇡ .
What we need for Bell measurements are

iGij
AB(⌧, x) = hF i

A(⌧, x)F
j
B(0)i. (17)

In holography, F i
A and Fj

B are separately defined on
the causally disconnected left and right wedges of Pen-
rose diagram, corresponding to the boundary of di↵erent
patches of the AdS space. This o↵-diagonal Schwinger-
Keldysh propagator is examined in Ref. [22] and found
to be related to the retarded Green’s function,

Gij
AB(!) =

2ie�!/2TU

1� e�!/TU
ImGij

R (!) . (18)

For fluctuations coming from two causally separated
quarks of an EPR pair along x, y directions, and in the
low frequency limit ! ! 0,

iGxx
AB = iGyy

AB =

p
�a3

2⇡2
, iGxy

AB = iGyx
AB = 0. (19)

which indicates that the spatial correlator Gij
AB / �ij .

The
p
� factor is consistent with the observation that

the entanglement entropy of the entangled pair is of or-
der

p
� [9]. It is also interesting that this SK correlator

does not vanish when the quarks are separated at long
distance. This is consistent with the non-local nature of
entanglement. However, the SK correlator vanishes when
the acceleration a becomes zero, which seems to indicate
the system cannot describe the entanglement between
free particles. This is because the particles always expe-
riences the 1/r potential in holography, so they never act
like free particles. Thus, we can only approach the free
particle limit after we identify the spin correlation with
the normalized operators as in the following Eq.(20) in
which a dependence cancels.
To study the correlators, we normalize the operators

such that only the dependence on the spin wave function
remains:

AF = (cos ✓AFx
A + sin ✓AFy

A)/hF
x
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Bi1/2,
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The mixed measurements for correlators in CHSH corre-
lation formulation become

hAFBF i = cos(✓A � ✓B) ⌘ cos ✓AB . (21)

Together with the similar normalization of the operators
A0

F and B0
F , the CHSH correlation formulations becomes
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0
F i+ hA0

FBF i � hA0
FB

0
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= cos ✓AB + cos ✓AB0+ cos ✓A0B � cos ✓A0B0. (22)

For example, when ✓AB = ✓AB0 = ✓A0B = ⇡/4, and
✓A0B0 = 3⇡/4, we can reach the maximum value 2

p
2.

In this derivation, we see the bulk string fluctuations,
which come from classical gravity, reproduce the quan-
tum entanglement of an EPR pair on the boundary. If
this derivation is correct, then there is no information
propagating from quark to anti-quark through the string
or vice versa since the quark pairs are not in causal
contact. The entanglement is encoded in the fact that
Green’s function is non-vanishing outside the horizon
which is a familiar, yet mysterious, feature in (both clas-
sical and quantum) field theory. Somehow the behaviors
of the SK correlators outside the two horizons need to be
correlated otherwise when they are extended insides the
horizons the two extensions will not match. At this level
of understanding, entanglement is still a mysterious phe-
nomenon. However, our work does lend further support
to the intriguing ER=EPR conjecture.

IV. CONCLUSION AND DISCUSSIONS

We have studied the Bell inequality in a holographic
model of a casually disconnected EPR pair. The CHSH
form of Bell inequality were computed using holographic
Schwinger-Keldysh correlators. We have shown that the
manifestation of quantum entanglement in Bell inequal-
ity can be reproduced, through duality, from a purely
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and T0 is the tension of string. The equations of motion
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pute the retarded Green’s function from the kinetic part
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be defined as iGij
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B are separately defined on
the causally disconnected left and right wedges of Pen-
rose diagram, corresponding to the boundary of di↵erent
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p
2.

In this derivation, we see the bulk string fluctuations,
which come from classical gravity, reproduce the quan-
tum entanglement of an EPR pair on the boundary. If
this derivation is correct, then there is no information
propagating from quark to anti-quark through the string
or vice versa since the quark pairs are not in causal
contact. The entanglement is encoded in the fact that
Green’s function is non-vanishing outside the horizon
which is a familiar, yet mysterious, feature in (both clas-
sical and quantum) field theory. Somehow the behaviors
of the SK correlators outside the two horizons need to be
correlated otherwise when they are extended insides the
horizons the two extensions will not match. At this level
of understanding, entanglement is still a mysterious phe-
nomenon. However, our work does lend further support
to the intriguing ER=EPR conjecture.
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and T0 is the tension of string. The equations of motion
for the fluctuations on the string are
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ation on the boundary. Following [21–23], one can com-
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of the action by using the AdS/CFT correspondence.

Constructing Bell’s inequality.— The retarded Green’s
function of the quark under e↵ective random force Fi can
be defined as iGij
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label the x, y, z̃ directions [10]. In the AdS/CFT corre-
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AB(⌧, x) = hF i

A(⌧, x)F
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B are separately defined on
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rose diagram, corresponding to the boundary of di↵erent
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Keldysh propagator is examined in Ref. [22] and found
to be related to the retarded Green’s function,
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For fluctuations coming from two causally separated
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which indicates that the spatial correlator Gij
AB / �ij .

The
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� factor is consistent with the observation that

the entanglement entropy of the entangled pair is of or-
der
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� [9]. It is also interesting that this SK correlator

does not vanish when the quarks are separated at long
distance. This is consistent with the non-local nature of
entanglement. However, the SK correlator vanishes when
the acceleration a becomes zero, which seems to indicate
the system cannot describe the entanglement between
free particles. This is because the particles always expe-
riences the 1/r potential in holography, so they never act
like free particles. Thus, we can only approach the free
particle limit after we identify the spin correlation with
the normalized operators as in the following Eq.(20) in
which a dependence cancels.
To study the correlators, we normalize the operators

such that only the dependence on the spin wave function
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The mixed measurements for correlators in CHSH corre-
lation formulation become

hAFBF i = cos(✓A � ✓B) ⌘ cos ✓AB . (21)

Together with the similar normalization of the operators
A0

F and B0
F , the CHSH correlation formulations becomes
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For example, when ✓AB = ✓AB0 = ✓A0B = ⇡/4, and
✓A0B0 = 3⇡/4, we can reach the maximum value 2
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2.

In this derivation, we see the bulk string fluctuations,
which come from classical gravity, reproduce the quan-
tum entanglement of an EPR pair on the boundary. If
this derivation is correct, then there is no information
propagating from quark to anti-quark through the string
or vice versa since the quark pairs are not in causal
contact. The entanglement is encoded in the fact that
Green’s function is non-vanishing outside the horizon
which is a familiar, yet mysterious, feature in (both clas-
sical and quantum) field theory. Somehow the behaviors
of the SK correlators outside the two horizons need to be
correlated otherwise when they are extended insides the
horizons the two extensions will not match. At this level
of understanding, entanglement is still a mysterious phe-
nomenon. However, our work does lend further support
to the intriguing ER=EPR conjecture.
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and T0 is the tension of string. The equations of motion
for the fluctuations on the string are
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where �̃i(!) is defined as the Fourier transform of fluctu-
ation on the boundary. Following [21–23], one can com-
pute the retarded Green’s function from the kinetic part
of the action by using the AdS/CFT correspondence.

Constructing Bell’s inequality.— The retarded Green’s
function of the quark under e↵ective random force Fi can
be defined as iGij

R(⌧) = ✓(⌧)[F i(⌧),Fj(0)]i, where i, j
label the x, y, z̃ directions [10]. In the AdS/CFT corre-
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In holography, F i
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B are separately defined on
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rose diagram, corresponding to the boundary of di↵erent
patches of the AdS space. This o↵-diagonal Schwinger-
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to be related to the retarded Green’s function,
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which indicates that the spatial correlator Gij
AB / �ij .

The
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� factor is consistent with the observation that

the entanglement entropy of the entangled pair is of or-
der
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� [9]. It is also interesting that this SK correlator

does not vanish when the quarks are separated at long
distance. This is consistent with the non-local nature of
entanglement. However, the SK correlator vanishes when
the acceleration a becomes zero, which seems to indicate
the system cannot describe the entanglement between
free particles. This is because the particles always expe-
riences the 1/r potential in holography, so they never act
like free particles. Thus, we can only approach the free
particle limit after we identify the spin correlation with
the normalized operators as in the following Eq.(20) in
which a dependence cancels.
To study the correlators, we normalize the operators

such that only the dependence on the spin wave function
remains:
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The mixed measurements for correlators in CHSH corre-
lation formulation become
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Together with the similar normalization of the operators
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F , the CHSH correlation formulations becomes
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For example, when ✓AB = ✓AB0 = ✓A0B = ⇡/4, and
✓A0B0 = 3⇡/4, we can reach the maximum value 2
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2.

In this derivation, we see the bulk string fluctuations,
which come from classical gravity, reproduce the quan-
tum entanglement of an EPR pair on the boundary. If
this derivation is correct, then there is no information
propagating from quark to anti-quark through the string
or vice versa since the quark pairs are not in causal
contact. The entanglement is encoded in the fact that
Green’s function is non-vanishing outside the horizon
which is a familiar, yet mysterious, feature in (both clas-
sical and quantum) field theory. Somehow the behaviors
of the SK correlators outside the two horizons need to be
correlated otherwise when they are extended insides the
horizons the two extensions will not match. At this level
of understanding, entanglement is still a mysterious phe-
nomenon. However, our work does lend further support
to the intriguing ER=EPR conjecture.
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We have studied the Bell inequality in a holographic
model of a casually disconnected EPR pair. The CHSH
form of Bell inequality were computed using holographic
Schwinger-Keldysh correlators. We have shown that the
manifestation of quantum entanglement in Bell inequal-
ity can be reproduced, through duality, from a purely
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I. INTRODUCTION

Bell inequalities play an important role in quantum
physics. Correlation in local classical theories is bounded
by the Bell inequality, which can be violated only by the
presence of the entanglement in quantum theories. The
violation of Bell inequality in the entangled Einstein-
Podolsky-Rosen (EPR) pair, indicates that two parti-
cles have an “instant interaction”, without the local
hidden variables [1–4]. Recently, there are also some
discussions about Bell inequality in cosmology, to test
whether the origins of fluctuations are classical or quan-
tum mechanical.[5, 12]

Recently, Maldacena and Susskind [6] proposed the
ER=EPR conjecture, which stated that the quantum
entanglement of the EPR pair is related to the non-
traversable Einstein-Rosen (ER) bridge. It is very inter-
esting to see the role of Bell inequality in this paradigm,
such as whether the classical bulk geometry can produce
the quantum behavior in Bell inequality of the EPR pair.

In this paper, we study the Bell inequality in a par-
ticular holographic model of the EPR pair proposed
by Jensen and Karch [7], based on the Anti-de Sit-
ter/Conformal Field Theory(AdS/CFT) correspondence
[8]. Two particles of the boundary EPR pair are con-
nected by a string in the AdS background of the bulk,
where an ER bridge lives on the string worldsheet. Var-
ious studies of related models can also be found in [9–
11, 20]. Two particles in the EPR pair on the boundary
are treated as probe particles in N=4 supersymmetric
Young-Mills theory (SYM), thus do not change the AdS
geometry. We will use the CHSH formulations of the Bell
inequality [2], and identify the holographic Schwinger-
Keldysh(SK) correlator as the correlated measurements
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between two causally disconnected EPR particles. We
discuss the physical interpretation of the Bell Inequality
in both bulk and dual boundary theories.

II. BELL INEQUALITY

As reviewed in [12], we start with the CHSH corre-
lation parametrizations of Bell inequality [2]. The en-
tangled states made of a pair of spins are detected by
Alice and Bob, respectively. The operators correspond
to measuring the spin along various axes with outcomes
of eigenvalues ±1. Performing the operations A and A0

on the first particle at Alice’s location, and operations B
and B0 on the second particle at Bob’s location. With
the Pauli matrices ~� = (�x,�y,�z), and normalized 3-
vector ~n = (nx, ny, nz) to indicate the spatial direction
of the measurement, we have the following operators

As = ~nA·~�, A0
s = ~nA0 ·~�, (1)

Bs = ~nB ·~�, B0
s = ~nB0 ·~�. (2)

Then the CHSH correlation formulation is introduced as

hCsi = hAsBsi+ hAsB
0
si+ hA0

sBsi � hA0
sB

0
si, (3)

which is a linear combination of crossed expectation val-
ues of the measurements.
In a local classical theory with hidden variables the for-

mula is bounded by the Bell inequality |hCi|  2. While
in quantum mechanics, this inequality can be violated,
with a higher bound |hCi|  2

p
2 [3]. For example, if we

choose the entanglement state of a spin singlet

| si =
1p
2

�
|"i ⌦ |#i � |#i ⌦ |"i

�
, (4)

and take the measurements along the (x, y) plane, i.e.
nA = (cos ✓A, sin ✓A, 0) etc., it is straightforward to show

Gs
AB ⌘ h s|AB| si = � cos ✓AB . (5)

3

is identified as the temperature of the dual states on the
AdS boundary r ! 1. In the context of AdS/CFT cor-
respondence [12], the black brane is dual to a thermal
bath on the boundary, and an open string connecting
the horizon and boundary could be interpreted as a dual
particle state, such as the heavy quark [13] or Brownian
particle [14]. In the following we will show that the prop-
erties of the dual “particle” behave as the well studied
SYK state.

Worldsheet Metric. — For an open string that hangs
from the AdS boundary to the horizon of the black brane,
we choose the static gauge (⌧,�) = (t, r) and parametrize
the embedding of the string as Xµ = {t, r,x(t, r)}. Then
the position of the dual particle is given by ✏(t) ⌘ x(t, rc),
where rc ! 1 is an UV cut-o↵. For the static particle in
average h✏(t)i = 0, and the solution of the corresponding
static string is x(t, r) = 0. The induced metric on the
string worldsheet embedded in the black brane (11) is an
AdS2 black hole

ds2ws = habd�
ad�b = �r2f(r)dt2 +

dr2

r2f(r)
, (13)

with the same f(r) in Eq.(12). We will consider the per-
turbations of the static string in the bulk, which also in-
duce the perturbations on top of this worldsheet metric
[11].

String Fluctuations— Now let us consider the string
fluctuations in the Nambu-Goto action (4). For sim-
plicity, we consider the perturbation along one trans-
verse direction, and fix one parameterization through
setting � = r. The fluctuation with such fixed back-
ground breaks the original reparametrization as well as
the SL(2,R) symmetry. Up to the leading quadratic order
of the perturbations x(t, r), it is given by

SNG ' � 1

2⇡↵0

Z
drdt

h
1� 1

2f(r)
(ẋ)2 +

r4f(r)

2
(x0)2

i
,

where ẋ ⌘ @x(t, r)/@t, and x

0 ⌘ @x(t, r)/@r. This ac-
tion is divergent because of the constant term in the ac-
tion (14) and the UV asymptotic behavior of x(t, r). The
constant term has no contribution on the dynamic so it
can be neglected. The UV divergent term coming from
x(t, r) can be canceled by following counterterm proposed
in Ref. [15],

Sct :=
1

4⇡↵0

Z
dt
p
��r2c (r�x)

2 = � 1

4⇡↵0

Z
dt(rcẋ

2) .

(14)
� is the induced one dimensional metric at the boundary
of the worldsheet r = rc and (r�x)2 = �(ẋ)2/r2c . We
will define the renormalized on-shell action of the world-
sheet as Sren = SNG + Sct. Let us make an periodic
boundary condition in time x(t, r) ⇠ x(t + �0, r), we
extract the following quadric order of the Nambu-Goto

action of the worldsheet

S(2)
NG

= � 1

4⇡↵0

Z rc

rh

dr

Z �0
2

��0
2

dt


r4f(r)(x0)2 � 1

f(r)
(ẋ)2

�
.

(15)
As we work in the Lorentz signature, this period has
nothing to do with the inverse temperature 1/T = �.
The value of �0 will be determined later to match the
quadratic order of the Schwarzian action (7) in Eu-
clidean signature. Let us make a Fourier’s transformation
x(t, r) = 1p

2⇡

P1
n=�1 bn(r)ei�nt with �n :=2⇡n/�0,

then the renormalized quadric order action of the string
worldsheet is

S(2)
ren := S(2)

NG
+ S

(2)
ct =

1X

n=�1
sn, (16)

with the n-th induced action,

sn=
1

4⇡↵0

nZ rc

rh

dr
⇣�2n
f
bnb�n � r4fb0

nb
0
�n

⌘

� �2nbnb�n|rc
o
.

(17)

We see that s�n = sn. Since x(t, r) is real valued, we
see that b�n(r) = b

⇤
n(r). Thus the induced action (18)

has a global U(1) symmetry with the following conserved
current,

Jn(r) = ir4f(bnb
0
�n � b�nb

0
n). (18)

In order to see what fluctuation of bulk open string
x(t, r) corresponds in the boundary, let us write down
the equation of motion for x(t, r) in terms of bn(r), which
reads,

b

00
n +

(r4f)0

r4f
b

0
n +

�2nbn

r4f2
= 0. (19)

At the horizon, we impose the in-falling boundary condi-
tion,

bn(r) = �ne
i�nr⇤ , r⇤ :=

Z
dr

r2f
. (20)

�n is a finite constant and determined by x(t, r) at the
horizon. Putting the equation of motion (20) into the
action (18) yields the formula,

(4⇡↵0)sn = � b�nr
4fb0

n

��rc
rh

� rc�
2
nbnb�n|rc , (21)

with the UV cut-o↵ rc � rh.

On the other hand, from equation of motion (20), the
function bn(r) has the following asymptotic solution at
the boundary,

bn(r) = "n

h�
1 +

�2n
2r2

· · ·
�
�  (�n)

3r3
(1 + · · · )

i
. (22)

2

Schwarzian action in Euclidean signature [3, 5],

SSch := � 1

g2s

Z �

0
d⌧{f(⌧), ⌧} , 1

g2s
⌘ ↵SN

J , (2)

with the Schwarzian derivative

{f(⌧), ⌧} :=

...

f

.

f

� 3

2

 ..

f

.

f

!2

. (3)

The coupling constant gs is related to the original SYK
coupling J , the number of Majorana fermions N , and
the coe�cient ↵S is determined by the even number q of
interacting fermions [3]. As its most important property,
Schwarzian derivative is invariant under SL(2,R) trans-
formation: f ! (af + b)/(cf + d) with ad� bc = 1. The
AP model with the near AdS2 geometry as the candidate
duality of SYK model also exhibits the same pattern in
explicit and spontaneous symmetry breaking [4].

Now let us consider an alternative dual description of
SYK model, the open string with a worldsheet horizon.
The dynamics of an open string follows from the Nambu-
Goto action of the worldsheet

SNG = � 1

2⇡↵0

Z
d�d⌧

p
�dethab , (4)

where hab = gµ⌫@aX
µ@bX

⌫ is the induced metric on
the worldsheet with a, b = �, ⌧ , and Xµ(⌧,�) are the
embedding coordinates into the target spacetime with
metric gµ⌫ . The Nambu-Goto action is invariant under
reparametrization of the worldsheet coordinates which
means

S̃NG = � 1

2⇡↵0

Z
d�̃d⌧̃

q
�det h̃ab, (5)

under (�, ⌧)!(�̃(�, ⌧), ⌧̃(�, ⌧)). This kind of
reparametrization can be apparently considered as
two-copy counterpart of conformal symmetry in SYK
model and includes the SL(2,R) symmetry as the special
case when �̃ = a� + b⌧ , ⌧̃ = c� + d⌧ .

Small Reparametrization. — Let us first consider the
small reparametrization of SYK model. If we make
the reparametrization f(⌧)= tan ⇡⌧

� ! tan ⇡g(⌧)
� , then the

Schwarzian action (2) becomes

SSch =
1

2g2s

Z �

0
d⌧

"✓ ..
g

.
g

◆2

�
✓
2⇡

�

◆2 � .
g

�2
#
. (6)

Now making the small fluctuation g(⌧) = ⌧ + ✏(⌧) and
expanding in ✏(⌧), we get a quadratic action,

S

(2)
Sch :=

1

2g2s

Z �

0
d⌧

"
�..
✏
�2 �

✓
2⇡

�

◆2 � .
✏
�2
#
. (7)

As we have fixed the fluctuation on the fixed parametriza-
tion g(⌧) = ⌧ , the quadratic action in terms of fluctu-

ation ✏(⌧) loses the SL(2,R) symmetry. However, this
quadratic action has an new scaling symmetry. To see
this, let us first make a rescaling on time ⌧ = ⌧̃µ, then
Eq. (7) reads,

1

2g2sµ
3

Z �/µ

0
d⌧̃

"
�..
✏
�2 �

✓
2⇡

�

◆2

µ2
� .
✏
�2
#
, (8)

which is di↵erent from its original action in Eq. (7) and
can lead a di↵erent equation of motion. If we apply the
following combinations under the rescaling,

⌧̃ = ⌧/µ, �̃(µ̃) = �/µ, ✏̃(⌧̃) = ✏(⌧)µ�3/2, (9)

with the new time ⌧̃ and the new variable ✏̃(⌧̃), the action
action (7) becomes

1

2g2s

Z �̃

0
d⌧̃

"
�..
✏̃
�2 �

✓
2⇡

�̃

◆2 � .
✏̃
�2
#
. (10)

We see that it is just as the same as the action (7). The
transformation (9) is only the symmetry of quadratic
Schwarzian. This is a new symmetry and is not contained
in the SL(2,R) symmetry. The scaling transformation (9)
shows that the conformal dimension of ✏(⌧) is 3/2. Be-
cause of this scaling symmetry, the quadratic Schwarzian
actions of di↵erent temperatures are equivalent to each
other.
If it is ture as what we proposed, that the open string

worldsheet action is a candidate dual description of SYK
model, then its fluctuation can also give the symmetry
of Eq (9) and the dual boundary theory should be equiv-
alent to Eq. (7). In the following, we will show that
the fluctuation of an open string in AdS black brane is
dual to a one dimensional system which has an asymp-
totic scaling symmetry just like the transformation (9).
This symmetry leads to an IR theory, which is just the
quadratic Schwarzian action of SYK shown in Eq. (7).

III. ACTION OF THE WORLDSHEET

We begin with the black brane solution in 2+1 dimen-
sional Maxwell-Einstein gravity with a negative cosmo-
logical constant. The generalization to higher dimensions
is straightforward. The metric of the charged BTZ black
brane is given by

ds2 = �r2f(r)dt2 +
dr2

r2f(r)
+ r2dx2, (11)

where

f(r) = 1� r2h
r2


1 + q2 ln

✓
r

rh

◆�
. (12)

The horizon is located at r = rh, and the Hawking

temperature of the black brane is T= 1
�=

(2�q2) rh
4⇡ , which

4

And at the horizon, the ingoing condition implies

b�nr
4fb0

n|rh = ir2h�n|�n|2 . (23)

In (23), the constant "n is determined by boundary value
of x(t, r) in the following way,

lim
rc!1

x(t, rc) =
1p
2⇡

1X

n=�1
"ne

i�nt. (24)

Since the dual boundary describes a heavy quark oscillat-
ing in the thermal system, so the high frequency modes
will be suppressed by e��n/T for large n and lower tem-
perature T . This means "n will be suppressed exponen-
tially for large n.

Notice that the renormalized on-shell action (22) reads,

(4⇡↵0)sn = ir2h�n|�n|2 � b�nr
4fb0

n

��
rc

� rc�
2
nbnb�n|rc .

(25)

The conserved current Jn defined in Eq. (19) im-
plies that Im[b�nr

4fb0
n] is a constant so we see that

Im[b�nr
4fb0

n]r=rc = r2h�n|�n|2. Thus, the action (26)
becomes

(4⇡↵0)sn = �"�nB(�n)"n . (26)

Here B(�n) = Re[ (�n)], and B(�n) has the following
expansion in terms of �n,

B(�n) = c0 + c1�n + c2�
2
n + · · · . (27)

The coe�cients c0, c1, c2, · · · are independent of �n. One
can check that for any given charge q, we always have
c0 = 0. As only 1

2B(�n) +
1
2B(��n) appears in the total

action, while the odd orders in Eq. (28) have no contri-
bution to the total action. Thus, putting (27) and (28)
into (17), we can find that the total renormalized on-shell
action of the worldsheet finally reads,

S(2)
ren = � 1

4⇡↵0

1X

n=�1
"�n

1X

k=1

c2k�
2k
n "n . (28)

The exponential decline of "n makes the summation to
be well-defined. Using the inverse transformation of
Fourier’s series, which change from "n in phase space to
"(t) in the real space, Eq. (29) then becomes

S(2)
ren=� 1

2g2s

Z �0

0
dt

"
�M0("̇)

2 + ("̈)2 +
1X

k=3

c̃2k

✓
dk"

dtk

◆2
#
.

(29)

Here we have defined 1/(2⇡↵0c4) = 1/g2s in order to com-
pare with the Schwarzian action in Eq.(2), and M0 =
�c2/c4, c̃2k = c2k/c4. We have shifted the time by
t ! t+�0/2. From the “bulk-boundary” correspondence
in holography [14], "(t) is the boundary operator dual to

the bulk field x(t, r). The renormalized action (30) gov-
erns the dynamic of dual operator. Coe�cients c4 and
�c2 are both assumed to be positive here. Later on, we
will give numerical evidence that they are indeed positive
when q 6= 0.

So far, the period �0 for time t has been assumed
to be arbitrary. Now let us make a rescaling such that
t̃ = t/µ, "̃(t̃) = "(t)µ��. Then the action (30) reads,

S(2)
ren =� 1

2g2s
µ2��3

Z �0/µ

0
dt̃
h
�M0µ

2
�
˙̃"
�2

+
�
¨̃"
�2

+
1X

k=3

c̃2kµ
3�2k

✓
dk"̃

dt̃k

◆2 i
.

(30)

We see that if

M(µ) = M0µ
2, �(µ) = �0/µ, � = 3/2, (31)

then the action (31) will has an asymptotic scaling invari-
ance when µ ! 1, which implies the following renormal-
ization equation,

d

dµ
(M�2) = 0 . (32)

Now take the initial value of �0 to satisfy M0�0
2 = 4⇡2,

then at the IR limit (µ ! 1), we can drop the higher
order terms, and the action (31) reads,

S(2)
ren =� 1

2g2s

Z �

0
dt̃

"
�
¨̃"
�2 �

✓
2⇡

�

◆2 �
˙̃"
�2
#
. (33)

In order to compared with the quadratic Schwarzian ac-
tion (7) in Euclidean signature, let’s change (34) into the
Euclidean signature by the replacement t̃ ! �i⌧̃ ,� !
�iß, then we find that the Euclidean IR action reads,

S

(2)
ren =

1

2g2s

Z ß

0
d⌧̃

"
�
¨̃"
�2 �

✓
2⇡

ß

◆2 �
˙̃"
�2
#
. (34)

This is nothing but the quadratic Schwarzian action in
(7). The asymptotic symmetry (32) is just the rescal-
ing symmetry (9) if we make an identification about the
boundary operator "̃(⌧̃) and reparametrization variable
✏(⌧). The period ß is not the temperature of balck hole
and may be di↵erent from the period in (7). However, be-
cause of the scaling symmetry, the quadratic Schwarzian
actions are equavilent to each other for all the values of
�.

Finally, we will show the numerical evidence that the
coe�cients �c2 and c4 in (29) are positive. We first
rewrite Eq. (20) by the replacement bn(r) / ei�nr⇤Rn(r).
Then the equation of motion for Rn(r) is,

R00
n(r)+


(r4f)0

r4f
+

2i�n
r2f

�
R0

n(r)+
2i�n
r3f

Rn(r) = 0 . (35)
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We study the Bell inequality in holographic model of the Einstein-Podolsky-Rosen (EPR) pair. It
is related to the correlation function of di↵erent modes on the worldsheet of an accelerating string
in the higher dimensional Anti-de Sitter(AdS) space. We use the CHSH forms of Bell inequality,
and identify the normalized holographic Schwinger-Keldysh(SK) correlator as the two measurement
correlation in the EPR pair. We conclude that the Bell inequality can be reproduced from the bulk
theory, and further support the ER=EPR conjecture.

PACS numbers: 11.25.Tq, 03.65.Ud

I. INTRODUCTION

Bell inequalities play an important role in quantum
physics. Correlation in local classical theories is bounded
by the Bell inequality, which can be violated only by the
presence of the entanglement in quantum theories. The
violation of Bell inequality in the entangled Einstein-
Podolsky-Rosen (EPR) pair, indicates that two parti-
cles have an “instant interaction”, without the local
hidden variables [1–4]. Recently, there are also some
discussions about Bell inequality in cosmology, to test
whether the origins of fluctuations are classical or quan-
tum mechanical.[5, 12]

Recently, Maldacena and Susskind [6] proposed the
ER=EPR conjecture, which stated that the quantum
entanglement of the EPR pair is related to the non-
traversable Einstein-Rosen (ER) bridge. It is very inter-
esting to see the role of Bell inequality in this paradigm,
such as whether the classical bulk geometry can produce
the quantum behavior in Bell inequality of the EPR pair.

In this paper, we study the Bell inequality in a par-
ticular holographic model of the EPR pair proposed
by Jensen and Karch [7], based on the Anti-de Sit-
ter/Conformal Field Theory(AdS/CFT) correspondence
[8]. Two particles of the boundary EPR pair are con-
nected by a string in the AdS background of the bulk,
where an ER bridge lives on the string worldsheet. Var-
ious studies of related models can also be found in [9–
11, 20]. Two particles in the EPR pair on the boundary
are treated as probe particles in N=4 supersymmetric
Young-Mills theory (SYM), thus do not change the AdS
geometry. We will use the CHSH formulations of the Bell
inequality [2], and identify the holographic Schwinger-
Keldysh(SK) correlator as the correlated measurements

⇤
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†
sichunssun@gmail.com

‡
yunlong.zhang@apctp.org

between two causally disconnected EPR particles. We
discuss the physical interpretation of the Bell Inequality
in both bulk and dual boundary theories.

II. BELL INEQUALITY

As reviewed in [12], we start with the CHSH corre-
lation parametrizations of Bell inequality [2]. The en-
tangled states made of a pair of spins are detected by
Alice and Bob, respectively. The operators correspond
to measuring the spin along various axes with outcomes
of eigenvalues ±1. Performing the operations A and A0

on the first particle at Alice’s location, and operations B
and B0 on the second particle at Bob’s location. With
the Pauli matrices ~� = (�x,�y,�z), and normalized 3-
vector ~n = (nx, ny, nz) to indicate the spatial direction
of the measurement, we have the following operators

A = ~nA·~�, A0 = ~nA0 ·~�, (1)

B = ~nB ·~�, B0 = ~nB0 ·~�. (2)

Then the CHSH correlation formulation is introduced as

hCi = hABi+ hAB0i+ hA0Bi � hA0B0i, (3)

which is a linear combination of crossed expectation val-
ues of the measurements.
In a local classical theory with hidden variables the for-

mula is bounded by the Bell inequality |hCi|  2. While
in quantum mechanics, this inequality can be violated,
with a higher bound |hCi|  2

p
2 [3]. For example, if we

choose the entanglement state of a spin singlet

| si =
1p
2

�
|"i ⌦ |#i � |#i ⌦ |"i

�
, (4)

and take the measurements along the (x, y) plane, i.e.
nA = (cos ✓A, sin ✓A, 0) etc., it is straightforward to show

Gs
AB ⌘ h s|AB| si = � cos ✓AB . (5)
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