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Outline

• Background and overview 

• Preliminaries: Theory of resource destroying maps, one-shot 
divergences and resource monotones 

• Framework: Resource currencies, golden states, modification 
coefficients 

• Main results: Collapse of modification coefficients, optimal 
rates of one-shot formation and distillation tasks, some 
general implications 

• Applications to quantum computation via e.g. magic states 

• Outlook
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(communication, teleportation, wormholes…)

(LOCC ⟶ separable states)

(telep.: n ebits + 2n cbits ≥ n qubits)



• Building blocks, abstract formulations [Coecke/Fritz/Spekkens, IC ’16]: 
• Free objects (quantum states/density operators): objects that 

carry no resource 
• Free morphisms (quantum operations/cptp maps): manipulations 

that are considered easy 
• Central problem: quantification of resource 

• Axiomatic: basic criteria, e.g. vanish on free objects, monotonicity 
under free morphisms 

• Operational: physical meanings of the resource measure 
• Performance/usefulness in specific tasks/scenarios 
• Value in direct trading between resource entities (more universal 

and fundamental)

Resource theory
A mathematical framework aiming at rigorously, quantitatively 
characterizing the above resource features.

In this talk, we focus on the state theory.  
Recently: quantum channels, GPTs [ZWL/Winter, 1904.04201…]
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Theory Free states Free operations Applications

Entanglement Separable states LOCC, non-entangling ops… Q. communication,  
information scrambling…

Thermal non-
equilibrium Gibbs state Thermal ops,  

Gibbs-preserving ops… Work extraction…

Coherence Incoherent (diagonal) 
states

IO, DIO, MIO… Q. transport, metrology…

Magic state Stabilizer states 
(stabilizer polytope)

Stabilizer ops,  
stabilizer-preserving ops…

Q. computation,  
classical simulation costs…

Asymmetry Symmetric states  
(wrt some symm. group) Symmetry-preserving ops… Q. reference frames, 

metrology…

Discord-type 
correlation Classical-quantum states π-commuting ops,  

commutativity-preserving ops… DQC1, heat transfer…

Non-
Gaussianity Gaussian states Gaussian ops... Q. (optical) computation…

This scheme has been used to understand and characterize many 
important quantum features and their power in many scenarios...

Resource theory



This talk

A general, unified quantitative theory of one-shot resource trading.

Not specific to any particular resource or any particular task

Only one or finite instances of resource are in play

Conversion from/to some “currency” states

...And also, some explicit applications to the magic state theory, which 
plays key roles in many key developments on quantum computation. 



Corresponding 
 results

Unified machineries/
understandings

Entanglement

Magic states

Coherence

General resource theory

Different resource theories could share lots of common structures...
→ Let’s invent all-purpose resource theory juicers!
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Formation
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Irreversible!

Rates



You only get one shot
Do not miss your chance to blow
This opportunity comes  
Once in a lifetime yo

    — Eminem “Lose Yourself”

*Credit to a talk by 
Nicole Yunger Halpern

One-shot

• Realistic scenario: i) Only finite instances of resource are available; ii) Certain 
extent of error/inaccuracy is allowed.  

• Contrast: “asymptotic”, i.e. infinite i.i.d. instances (a conventional setting of 
information theory—think about e.g. entropies, channel capacities; in 
resource theory: asymptotic reversibility [Brandao/Gour, PRL ’15]).



   : the set of free states.F
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Resource destroying (RD) map

Original theory: [ZWL/Hu/Lloyd, PRL ’17]

 Definition (Resource destroying map)

   (a map from states to states) is an RD map if it has the 
following properties: 
1. Resource destroying:  
2. Non-resource fixing:     

8⇢ 62 F ,�(⇢) 2 F
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Remark: The basic definition is highly flexible. RD maps do not 
even need to be linear. 



Resource destroying (RD) map

The following type of RD map is particularly important:

I.e. “picks out” the closest free state*.

Examples: 
• Coherence: Full dephasing 
• Asymmetry: Uniform twirling 
• Non-Gaussianity: Outputs Gaussian with the 

same mean displacement and covariance matrix

 Definition (Exact RD map)

Exact RD map     satisfies: �̃
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D(⇢k�̃(⇢)) = min
�2F

D(⇢k�), 8⇢.
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Dephasing



Resource destroying (RD) map

RD map theory induces unified definitions of different types of free 
operations.  Here we consider the following two:

• Maximum set of free operations: any other operation would 
create resource and thus trivialize the theory. 

• Invariant under the variation of RD map.

 Definition (Resource non-generating operations)

FNG := {E |� � E � � = E � �}
<latexit sha1_base64="PvLrhrOxgnWtIsbXyKhrNS/Cko8="></latexit>

� (E (�(⇢))) = E (�(⇢)) , 8⇢
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CPTP map



Resource destroying (RD) map

 Definition (Commuting operations)

F�,Comm = {E |� � E = E � �}
<latexit sha1_base64="KxNLsPluGjFNFhUZUI3HLFEcEA8="></latexit>

Examples:  DIO (coherence),  twirling-covariant (asymmetry), π-
commuting (discord)…

F�,Comm
<latexit sha1_base64="UHHQAkC6be+BlhvWRZPQKyby9Vg=">AAACHnicbVDLSsNAFJ3UV62vqEs3g0VwISWpgq6kUBCXFWwtNCFMppN26EwSZiZCCdn6HX6AW/0Ed+JWv8DfcJJmYVsPDBzOvefeO8ePGZXKsr6Nysrq2vpGdbO2tb2zu2fuH/RklAhMujhikej7SBJGQ9JVVDHSjwVB3GfkwZ+08/rDIxGSRuG9msbE5WgU0oBipLTkmdDhSI0lFulN5qUO084hOksdwWE74jzLPLNuNawCcJnYJamDEh3P/HGGEU44CRVmSMqBbcXKTZFQFDOS1ZxEkhjhCRqRgaYh4kS6afGTDJ5oZQiDSOgXKliofx0p4lJOua87i7sXa7n4X22QqODKTWkYJ4qEeLYoSBhUEcxjgUMqCFZsqgnCgupbIR4jgbDS4c1tyWcLGcg8GXsxh2XSazbs80bz7qLeui4zqoIjcAxOgQ0uQQvcgg7oAgyewAt4BW/Gs/FufBifs9aKUXoOwRyMr181A6Pp</latexit>

Non-activating ops

FNG
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Divergences between q. states

Let’s first define some “distance” measures between quantum 
states (density operators) ρ and σ.  

 Definition (Uhlmann fidelity)

f(⇢,�) :=

✓
Tr

qp
�⇢

p
�

◆2

= kp⇢
p
�k21
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“Purified distance”:  P (⇢,�) :=
p

1� f(⇢,�)
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Just overlap^2 for pure states: f(| ih |, |�ih�|) = |h |�i|2
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Measuring “similarity” of the two states.



Divergences between q. states

 Definition (Max-relative entropy)

Dmax(⇢k�) := logmin{� : ⇢  ��}
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Well-defined when supp(⇢) ✓ supp(�)
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 Definition (Min-relative entropy)

Dmin(⇢k�) := � log Tr {⇧⇢�}
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⇧
<latexit sha1_base64="B0x7MCsgzQJFWgV+qsHeT62F0C0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh15D9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAga42x</latexit>

is the projector onto the support

Well-defined when supp(⇢) \ supp(�) 6= ;
<latexit sha1_base64="qo3qD/IDmQb+UteEMTNpBT+plts=">AAACJHicbVDLSgNBEJz1bXxFPXoZDIJewq4KCl6CXjwqmChkQ5iddJLBmdlxplcISz7Gi7/ixYMPPHjxW5w8DhotaCiquunuSowUDsPwM5ianpmdm19YLCwtr6yuFdc3ai7NLIcqT2VqbxLmQAoNVRQo4cZYYCqRcJ3cng3863uwTqT6CnsGGop1tGgLztBLzeJJrBh2rcpdZkx/N7bddC/mzEzITnQU26OxhjsagzLYc4DNYiksh0PQvyQakxIZ46JZfItbKc8UaOSSOVePQoONnFkUXEK/EGcODOO3rAN1TzVT4Br58Mk+3fFKi7ZT60sjHao/J3KmnOupxHcObneT3kD8z6tn2D5u5EKbDEHz0aJ2JimmdJAYbQkLHGXPE8at8LdS3mWWcfS5FnwI0eTLf0ltvxwdlPcvD0uV03EcC2SLbJNdEpEjUiHn5IJUCScP5Im8kNfgMXgO3oOPUetUMJ7ZJL8QfH0DCi+mQg==</latexit>

Equivalent to                when    is pure⇢
<latexit sha1_base64="94wfdLRRBjCkyTC3Y5p5yTs2egQ=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOT2eyQeSwzs0II+QUvHhTx6g9582+cTfagiQUNRVU33V1Rypmxvv/tra1vbG5tl3bKu3v7B4eVo+O2UZkmtEUUV7obYUM5k7RlmeW0m2qKRcRpJxrf5X7niWrDlHy0k5SGAo8kixnBNpf6OlGDStWv+XOgVRIUpAoFmoPKV3+oSCaotIRjY3qBn9pwirVlhNNZuZ8ZmmIyxiPac1RiQU04nd86Q+dOGaJYaVfSorn6e2KKhTETEblOgW1ilr1c/M/rZTa+CadMppmlkiwWxRlHVqH8cTRkmhLLJ45gopm7FZEEa0ysi6fsQgiWX14l7XotuKzVH66qjdsijhKcwhlcQADX0IB7aEILCCTwDK/w5gnvxXv3Phata14xcwJ/4H3+ACD6jks=</latexit>

� log f(⇢,�)
<latexit sha1_base64="Qr65otIh14t5NmkU1y9dOpbDsQ0=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBS1JFXRZdOOygn1AE8pkOkmHzmTCzESoofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99wQJo0o7zrdVWFpeWV0rrpc2Nre2d+zdvZYSqcSkiQUTshMgRRiNSVNTzUgnkQTxgJF2MLyZ+O0HIhUV8b0eJcTnKIppSDHSRurZB2ceExEMK54ciFNP0Yijk55ddqrOFHCRuDkpgxyNnv3l9QVOOYk1Zkiprusk2s+Q1BQzMi55qSIJwkMUka6hMeJE+dn0+jE8NkofhkKaijWcqr8nMsSVGvHAdHKkB2rem4j/ed1Uh1d+RuMk1STGs0VhyqAWcBIF7FNJsGYjQxCW1NwK8QBJhLUJrGRCcOdfXiStWtU9r9buLsr16zyOIjgER6ACXHAJ6uAWNEATYPAInsEreLOerBfr3fqYtRasfGYf/IH1+QMUhJRX</latexit>

           is  
positive semidefinite
�� � ⇢

<latexit sha1_base64="CDaJAAWgCu2RBf3K1RmEy5B64Us=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvgxjJTBV0W3bisYB/QGUomk7aheQxJRhiG+ituXCji1g9x59+YtrPQ1gOBwznncm9OlDCqjed9O6W19Y3NrfJ2ZWd3b//APTzqaJkqTNpYMql6EdKEUUHahhpGeokiiEeMdKPJ7czvPhKlqRQPJktIyNFI0CHFyFhp4FYDZsMxgoGmI47OAzWWA7fm1b054CrxC1IDBVoD9yuIJU45EQYzpHXf9xIT5kgZihmZVoJUkwThCRqRvqUCcaLDfH78FJ5aJYZDqewTBs7V3xM54lpnPLJJjsxYL3sz8T+vn5rhdZhTkaSGCLxYNEwZNBLOmoAxVQQbllmCsKL2VojHSCFsbF8VW4K//OVV0mnU/Yt64/6y1rwp6iiDY3ACzoAPrkAT3IEWaAMMMvAMXsGb8+S8OO/OxyJacoqZKvgD5/MHSgqUiQ==</latexit>



Divergences between q. states

Spectrum of quantum Renyi divergences:

0 ∞1

Dmax = eD1
<latexit sha1_base64="SEcMANtPKPKLoP53FemnUzD7VhI=">AAACCHicbVA9SwNBEN3z2/gVtbRwMQhW4S4K2giiFpYKJgq5cOztzSVL9vaO3Tk1HClt/Cs2ForY+hPs/DduPgq/Hgw83pthZl6YSWHQdT+dicmp6ZnZufnSwuLS8kp5da1h0lxzqPNUpvo6ZAakUFBHgRKuMw0sCSVchd2TgX91A9qIVF1iL4NWwtpKxIIztFJQ3jwNCj9hd316SP1bEQEKGUFx2g98oWLsBeWKW3WHoH+JNyYVMsZ5UP7wo5TnCSjkkhnT9NwMWwXTKLiEfsnPDWSMd1kbmpYqloBpFcNH+nTbKhGNU21LIR2q3ycKlhjTS0LbmTDsmN/eQPzPa+YYH7QKobIcQfHRojiXFFM6SIVGQgNH2bOEcS3srZR3mGYcbXYlG4L3++W/pFGrervV2sVe5eh4HMcc2SBbZId4ZJ8ckTNyTuqEk3vySJ7Ji/PgPDmvztuodcIZz6yTH3DevwDKGJnX</latexit>

Q. relative entropy

D = D1 = eD1
<latexit sha1_base64="tdBsmmctb/cYBEh9hgMxEICBMhY=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyWpgm6Eol24rGAf0IYwmdy0QycPZiZKCcWNv+LGhSJu/Qp3/o3TNgttPXAvh3PuZeYeL+FMKsv6NgpLyyura8X10sbm1vaOubvXknEqKDRpzGPR8YgEziJoKqY4dBIBJPQ4tL3h9cRv34OQLI7u1CgBJyT9iAWMEqUl1zyo40tcd23dew/MB8W4D1l97NquWbYq1hR4kdg5KaMcDdf86vkxTUOIFOVEyq5tJcrJiFCMchiXeqmEhNAh6UNX04iEIJ1sesIYH2vFx0EsdEUKT9XfGxkJpRyFnp4MiRrIeW8i/ud1UxVcOBmLklRBRGcPBSnHKsaTPLDPBFDFR5oQKpj+K6YDIghVOrWSDsGeP3mRtKoV+7RSvT0r167yOIroEB2hE2Sjc1RDN6iBmoiiR/SMXtGb8WS8GO/Gx2y0YOQ7++gPjM8fhgqVng==</latexit>

Dmin = D0
<latexit sha1_base64="kExioNU3Td1Flpu66brnpakTFqc=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgl6Eoj14rGA/oF2XbJq2oUl2SbJKWfo/vHhQxKv/xZv/xrTdg7Y+GHi8N8PMvDDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKmjRBHaIBGPVDvEmnImacMww2k7VhSLkNNWOLqZ+q1HqjSL5L0Zx9QXeCBZnxFsrPRQC9KuYHKCrlAtcINiyS27M6Bl4mWkBBnqQfGr24tIIqg0hGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YKrGg2k9nV0/QiVV6qB8pW9Kgmfp7IsVC67EIbafAZqgXvan4n9dJTP/ST5mME0MlmS/qJxyZCE0jQD2mKDF8bAkmitlbERlihYmxQRVsCN7iy8ukWSl7Z+XK3Xmpep3FkYcjOIZT8OACqnALdWgAAQXP8ApvzpPz4rw7H/PWnJPNHMIfOJ8/FbuRlQ==</latexit>

: Non-sandwiched q. Renyi-α div. 
: Sandwiched q. Renyi-α div.

D↵
<latexit sha1_base64="iB4/BvsDvLVSxMt/a47dGSR+hLY=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswl0UtLAIaGEZwXxAcoS5zV6yZG/v3N0TwpE/YWOhiK1/x85/4ya5QhMfDDzem2FmXpAIro3rfjsrq2vrG5uFreL2zu7efungsKnjVFHWoLGIVTtAzQSXrGG4EaydKIZRIFgrGN1M/dYTU5rH8sGME+ZHOJA85BSNldq3vS6KZIi9UtmtuDOQZeLlpAw56r3SV7cf0zRi0lCBWnc8NzF+hspwKtik2E01S5COcMA6lkqMmPaz2b0TcmqVPgljZUsaMlN/T2QYaT2OAtsZoRnqRW8q/ud1UhNe+RmXSWqYpPNFYSqIicn0edLnilEjxpYgVdzeSugQFVJjIyraELzFl5dJs1rxzivV+4ty7TqPowDHcAJn4MEl1OAO6tAACgKe4RXenEfnxXl3PuatK04+cwR/4Hz+ANAQj80=</latexit>

eD↵
<latexit sha1_base64="OwkLeyH6G58zxj2RYz1fXGtrNic=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRbBVUmqoAsXBV24rGAf0IQwmdy0QyeTMDNRaij+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1ByqhUtv1tlJaWV1bXyuuVjc2t7R1zd68tk0wQaJGEJaIbYAmMcmgpqhh0UwE4Dhh0guHVxO/cg5A04XdqlIIX4z6nESVYack3D9wHGoKiLIT8euy7mKUD7JtVu2ZPYS0SpyBVVKDpm19umJAsBq4Iw1L2HDtVXo6FooTBuOJmElJMhrgPPU05jkF6+fT6sXWsldCKEqGLK2uq/p7IcSzlKA50Z4zVQM57E/E/r5ep6MLLKU8zBZzMFkUZs1RiTaKwQiqAKDbSBBNB9a0WGWCBidKBVXQIzvzLi6RdrzmntfrtWbVxWcRRRofoCJ0gB52jBrpBTdRCBD2iZ/SK3own48V4Nz5mrSWjmNlHf2B8/gDy4ZWF</latexit>



Smoothing

Invoke “smoothing” technique to “stabilize” the measures 
(smoothed variants will account for error tolerance). 
Idea: optimize over the “ε-vicinity”.

Define the ε-ball in the state space as B✏(⇢) := {⇢0 : f(⇢0, ⇢) � 1� ✏}
<latexit sha1_base64="GRfJVr6UQ4vx/ntcM7FCCTWFgqA="></latexit>

 Definition (Smooth max/min-relative entropy)

D✏
max(min)(⇢k�) := min(max)

⇢02B✏(⇢)

Dmax(min)(⇢
0k�)

<latexit sha1_base64="h7+7th8a4iedCNYd/I3eBJutcXk="></latexit>

Also consider the “operator-smoothing” of min-relative entropy:

 Definition (Hypothesis testing relative entropy)

D✏

H
(⇢k�) := max

0PI,Tr{P⇢}�1�✏

(� log Tr{P�})
<latexit sha1_base64="5AxvKrHYmlhIMTgBLv/TpWNC8Z4="></latexit>



Resource monotones

Resource measures based on the above divergences  
(Idea: minimize distance to free states)

 Definition (Divergence-based resource measures)

Dmax(min)(⇢) := min
�2F

Dmax(min)(⇢k�)
<latexit sha1_base64="Puv2NxZc490JuZFmk2zuG0OOdBw="></latexit>

f(⇢) := max
�2F

f(⇢,�)
<latexit sha1_base64="LnjF+4kh0OI/FxOSi00vJIa0fJs="></latexit>

Monotone under any free operation, due to the “data processing” 
inequalities of the above distance measures.

�(E(⇢), E(�))  �(⇢,�)
<latexit sha1_base64="TlQw4qDrOTpK0/w4JCWR6PwpluI="></latexit>

Useful smooth versions, by plugging in smooth divergences:

 Definition (Smooth ~)

D✏

max(⇢) := min
�2F

D✏

max(⇢k�), D✏

H
(⇢) := min

�2F
D✏

H
(⇢k�)

<latexit sha1_base64="ufTbBQXJ+buWB8jHb8l25rf/HvM="></latexit>



Resource monotones

Another important type of monotone (~noise needed to turn the 
resource state into a free one) 

 Definition (Free robustness/log-robustness)

R(⇢) := min{s � 0 : 9� 2 F ,
1

1 + s
⇢+

s

1 + s
� 2 F},

LR(⇢) := log(1 +R(⇢)).
<latexit sha1_base64="w1BPayVxNnfiMlvDGI9hjL6sJ0o="></latexit>

Here if any σ is allowed (so-called “generalized robustness”), then the 
corresponding LR is equivalent to the D_max monotone. Equality on pure 
states implies existence of root states (bipartite vs. multipartite entanglement)

 Definition (Smooth ~)

LR✏(⇢) := min
⇢02B✏(⇢)

LR(⇢0)
<latexit sha1_base64="KaunekT0/NUANkdI5gAOx1+1b7E="></latexit>

Finite free robustness implies: F is non-affine, no linear RD map



Resource monotones

• Some other general operational meanings are known for the 
D_max monotone: catalytic erasure [Anshu/Hsieh/Jain, PRL ’18] 
(smooth), subchannel discrimination [Takagi/Regula/Bu/ZWL/
Adesso, PRL ’19] (exact).  

• Little general knowledge about the other measures so far.   

• *The D_min monotone exhibits peculiar features: (even the 
state-smoothed version) could be zero for non-free states (i.e. 
does not satisfy the “faithfulness” condition)… (Implications for 
distillation)



Resource monotones

RD-map-induced measures:

Note: No optimization over free states; Easy to compute for nice λ.

Monotone under all commuting operations [ZWL/Hu/Lloyd, PRL ’17].

 Definition (λ-induced measures)

Dmax(min),�(⇢) := Dmax(min)(⇢k�(⇢)).
<latexit sha1_base64="+U3nZWGNzK4oHQIqcV7QozS+31E="></latexit>

Smooth versions similarly defined:

 Definition (Smooth λ-induced measures)

D✏

max,�(⇢) := D✏

max(⇢k�(⇢)), D✏

H,�
(⇢) := D✏

H
(⇢k�(⇢)),

<latexit sha1_base64="TD6VfZLAtBzwNAC56Z52dTbB5vk="></latexit>



Resource currencies

A family of reference states that serve as a “standard currency”

{�d 2 D(Hd)}, d 2 D ✓ Z+
<latexit sha1_base64="BI27pdsw4LkiI+rT69XNuffZOMo="></latexit>

Valid dimensions
E.g. for multi-qubit theories

D = {2n}, n = 1, 2, 3...
<latexit sha1_base64="8Qvh5Ew5iGTANRTmGOiIPQA+BMI=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwUULSCrqpFHThsoJ9QBPLZDpph04mYWYilNCtG3/FjQtF3PoH7vwbJ20W2nrgwuGce7n3Hj9mVCrb/jYKK6tr6xvFzdLW9s7unrl/0JZRIjBp4YhFousjSRjlpKWoYqQbC4JCn5GOP77K/M4DEZJG/E5NYuKFaMhpQDFSWuqb0A2RGvl+ej2Fdeim1XvuTiuQ151KtVKzLKtvlm3LngEuEycnZZCj2Te/3EGEk5BwhRmSsufYsfJSJBTFjExLbiJJjPAYDUlPU45CIr109skUnmhlAINI6OIKztTfEykKpZyEvu7M7paLXib+5/USFVx4KeVxogjH80VBwqCKYBYLHFBBsGITTRAWVN8K8QgJhJUOr6RDcBZfXibtquXUrOrtWblxmcdRBEfgGJwCB5yDBrgBTdACGDyCZ/AK3own48V4Nz7mrQUjnzkEf2B8/gBnQ5eL</latexit>

One for each dimension

Usually want to consider pure states,  
“uniform” and “standard” in some sense

E.g. Bell pairs (ebits) as units 
     Uniform superposition/most coherent states 

⇢
<latexit sha1_base64="dFq3MaiXfsbZRR3by8IBBeRlBOg=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EkCXjxGMA9IljA7mc0OmccyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpZwZ6/vf3tr6xubWdmmnvLu3f3BYOTpuG5VpQltEcaW7ETaUM0lblllOu6mmWEScdqLxXe53nqg2TMlHO0lpKPBIspgRbHOprxM1qFT9mj8HWiVBQapQoDmofPWHimSCSks4NqYX+KkNp1hbRjidlfuZoSkmYzyiPUclFtSE0/mtM3TulCGKlXYlLZqrvyemWBgzEZHrFNgmZtnLxf+8Xmbjm3DKZJpZKsliUZxxZBXKH0dDpimxfOIIJpq5WxFJsMbEunjKLoRg+eVV0q7Xgsta/eGq2rgt4ijBKZzBBQRwDQ24hya0gEACz/AKb57wXrx372PRuuYVMyfwB97nDx/Gjkc=</latexit>

Formation cost

Distillation yield

d 



Let’s look at some important resource currencies: 

• Bipartite entanglement: Bell pairs (ebit units)  

   Or more generally 

• Coherence:  

• *Magic:  T-states

✓
|00i+ |11ip

2

◆⌦n

<latexit sha1_base64="R7ciHMr+o3FAS8H3liHf48bSZqI="></latexit>

1

d1/4

p
dX

j=1

|ji|ji
<latexit sha1_base64="RbMusiid3XmpoTOBhLvuvpKjWHw="></latexit>

1p
d

dX

j=1

|di
<latexit sha1_base64="A13saXdLIMuA3/4Lq+CQFTMOnZo=">AAACEnicbVC7TsMwFHV4lvIKMLJEVEiwVElBggVUiYWxSPQhNSFyHKc1dZxgO0iVyTew8CssDCDEysTG3+C2GaDlSFc6Pude+d4TpJQIadvfxtz8wuLScmmlvLq2vrFpbm23RJJxhJsooQnvBFBgShhuSiIp7qQcwziguB0MLkZ++x5zQRJ2LYcp9mLYYyQiCEot+eahG3GIlJMrV9xxqcI8d0UW++r2zMlv9PMhdDlkPYp9s2JX7TGsWeIUpAIKNHzzyw0TlMWYSUShEF3HTqWnIJcEUZyX3UzgFKIB7OGupgzGWHhqfFJu7WsltKKE62LSGqu/JxSMhRjGge6MoeyLaW8k/ud1MxmdeoqwNJOYoclHUUYtmVijfKyQcIwkHWoCESd6Vwv1oc5I6hTLOgRn+uRZ0qpVnaNq7eq4Uj8v4iiBXbAHDoADTkAdXIIGaAIEHsEzeAVvxpPxYrwbH5PWOaOY2QF/YHz+AGwxny8=</latexit>

T⌦t
<latexit sha1_base64="xO6m5aV4+jcRf5pX58ma5Jy2NTA=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EkCXjxGyAuSNcxOJsmQ2dl1pjcQlnyHFw+KePVjvPk3TpI9aGJBQ1HVTXdXEEth0HW/nbX1jc2t7dxOfndv/+CwcHTcMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmM7mZ+c8y1EZGq4STmfkgHSvQFo2glv/aYdiIUITcEp91C0S25c5BV4mWkCBmq3cJXpxexJOQKmaTGtD03Rj+lGgWTfJrvJIbHlI3ogLctVdTu8dP50VNybpUe6UfalkIyV39PpDQ0ZhIGtjOkODTL3kz8z2sn2L/xU6HiBLlii0X9RBKMyCwB0hOaM5QTSyjTwt5K2JBqytDmlLcheMsvr5JGueRdlsoPV8XKbRZHDk7hDC7Ag2uowD1UoQ4MnuAZXuHNGTsvzrvzsWhdc7KZE/gD5/MH4DqSJw==</latexit>

Modification coefficients

 Definition (Modification coefficients)

mf (�d) := � log f(�d)/log d,

mmax(min)(�d) := Dmax(min)(�d)/log d,

mLR(�d) := LR(�d)/log d.
<latexit sha1_base64="nuIHf48JyrR4FVPxFU7ZYWnJ9so="></latexit>

Similarly for the λ-induced measures.

“Normalized” parameters that encode “distance” to F

mf = mmin = mmax = 1, 8d
<latexit sha1_base64="Q7vJvYSXCiV+QjhfPRq0yWybEk8=">AAACDHicbVDLSgMxFM34rPVVdekmWAQXUmaqoJtKwY3LCvYBnWHIZDJtaJIZkoxYhvkAN/6KGxeKuPUD3Pk3pu0stPVA4HDOudzcEySMKm3b39bS8srq2nppo7y5tb2zW9nb76g4lZi0ccxi2QuQIowK0tZUM9JLJEE8YKQbjK4nfveeSEVjcafHCfE4GggaUYy0kfxKlftRg/uZy6nIZwQ95LDhnEI3iiViDIYmZdfsKeAicQpSBQVafuXLDWOcciI0ZkipvmMn2suQ1BQzkpfdVJEE4REakL6hAnGivGx6TA6PjRJCs9s8oeFU/T2RIa7UmAcmyZEeqnlvIv7n9VMdXXoZFUmqicCzRVHKoI7hpBkYUkmwZmNDEJbU/BXiIZIIa9Nf2ZTgzJ+8SDr1mnNWq9+eV5tXRR0lcAiOwAlwwAVoghvQAm2AwSN4Bq/gzXqyXqx362MWXbKKmQPwB9bnD7Hsmrk=</latexit>

mf = mmin = mmax = mLR = 1/2, 8d
<latexit sha1_base64="it9vABMRgJgQ8GvGgQQvvp1LGec=">AAACFnicbZBNSwMxEIaz9avWr1WPXoJF8KB1twp6UQpePHioYj+gW5Zsmm1Dk+ySZMWy9Fd48a948aCIV/HmvzFt96CtAyEP78wwM28QM6q043xbubn5hcWl/HJhZXVtfcPe3KqrKJGY1HDEItkMkCKMClLTVDPSjCVBPGCkEfQvR/nGPZGKRuJOD2LS5qgraEgx0kby7UPuh+fcTz1OxXAC6GEIR3R9a373qHwAvTCSiDHY8e2iU3LGAWfBzaAIsqj69pfXiXDCidCYIaVarhPrdoqkppiRYcFLFIkR7qMuaRkUiBPVTsdnDeGeUTrQzDZPaDhWf3ekiCs14IGp5Ej31HRuJP6XayU6PGunVMSJJgJPBoUJgzqCI49gh0qCNRsYQFhSsyvEPSQR1sbJgjHBnT55FurlkntcKt+cFCsXmR15sAN2wT5wwSmogCtQBTWAwSN4Bq/gzXqyXqx362NSmrOynm3wJ6zPH3I9nj0=</latexit>

Golden state 
collapse theorem 
(in a minute)

“Clifford magic” states

Additivity

mf = mmin = mmax ⇡ 0.23, 8d
<latexit sha1_base64="RleCf+Z/EsriNM0wfzbMGwdmgx0=">AAACG3icbZDNSgMxFIUz/tb6V3XpJlgEF1JmqqAbpeDGZQWrQmcY7mQyNZhkhiQjlqHv4cZXceNCEVeCC9/GtB1BqwcCH+fey809UcaZNq776UxNz8zOzVcWqotLyyurtbX1C53mitAOSXmqriLQlDNJO4YZTq8yRUFEnF5GNyfD+uUtVZql8tz0MxoI6EmWMALGWmGtKcIEH2ERFr5gcvCNcDfAPmSZSu+w22ju7WI/SRVwjmMc1upuwx0J/wWvhDoq1Q5r736cklxQaQgHrbuem5mgAGUY4XRQ9XNNMyA30KNdixIE1UExum2At60TY7vcPmnwyP05UYDQui8i2ynAXOvJ2tD8r9bNTXIYFExmuaGSjBclOccmxcOgcMwUJYb3LQBRzP4Vk2tQQIyNs2pD8CZP/gsXzYa312ie7ddbx2UcFbSJttAO8tABaqFT1EYdRNA9ekTP6MV5cJ6cV+dt3DrllDMb6Jecjy/HjZ9a</latexit>

m_LR is dependent on t



A few useful properties

Now we formulate a few simple properties of theories that will serve 
as sufficient (in many cases not necessary) conditions for different 
results:  

• Condition (CH): F is formed by a convex hull of pure (free) states.    

• Condition (CT) (for a chosen pure currency): Constant overlap with 
all free states. 

• Condition (FFR): All states have finite free robustness. 

*Very generic.  Holds for basically all known convex theories except q. 
thermodynamics, where F is only the thermal/Gibbs state. 

*This one is rather strong. Holds for coherence, thermodynamics (trivially), 
some superposition theories (see paper); not for entanglement, magic states 
etc.

*Free robustness measures have drawn considerable interest recently. We 
show that this implies: i) F is a non-affine set; ii) RD map cannot be linear.



Zoo of Resource theories

A user guide for our all-purpose juicer (v1.0)



 Theorem (Collapse theorems)

mf (�̂d) = mmin(�̂d) = mmax(�̂d) := gd
<latexit sha1_base64="vJIGIzyu0O2ne1ojsg6hJW8HxNk=">AAACLXicbZDLSgMxFIYz9VbrrerSTbAIdVNmqqAIlYIuXFawF+iUIZPJtKFJZkgyYhn6Qm58FRFcVMStr2F6WdjLD4Gf75zDyfn9mFGlbXtkZdbWNza3stu5nd29/YP84VFDRYnEpI4jFsmWjxRhVJC6ppqRViwJ4j4jTb9/N643n4lUNBJPehCTDkddQUOKkTbIy99zLyy6PaTdWo96wTmsQO6lLqdiuAqjl3l8U4FdL/DyBbtkTwSXjTMzBTBTzct/uEGEE06Exgwp1XbsWHdSJDXFjAxzbqJIjHAfdUnbWIE4UZ10cu0QnhkSwDCS5gkNJ/T/RIq4UgPum06OdE8t1sZwVa2d6PC6k1IRJ5oIPF0UJgzqCI6jgwGVBGs2MAZhSc1fIe4hibA2AedMCM7iycumUS45F6Xy42WhejuLIwtOwCkoAgdcgSp4ADVQBxi8gncwAl/Wm/VpfVs/09aMNZs5BnOyfv8A4oumqA==</latexit>

Further consider exact RD map   :

and achieve the maximum of each simultaneously.

mf,�̃(�̂d) = mmin,�̃(�̂d) = mmax,�̃(�̂d) = gd
<latexit sha1_base64="BeM2QB2ct1waVlmaUveYrrrTrEw=">AAACWHicjVHLSgMxFM2M7/qqunQTLIKClJkq6EYR3LisYFXolOFOJtMGk8yQ3BHL0J8UXOivuDGtXfhCvBA4nAc3OUkKKSwGwYvnz8zOzS8sLtWWV1bX1usbmzc2Lw3jHZbL3NwlYLkUmndQoOR3heGgEslvk/uLsX77wI0Vub7GYcF7CvpaZIIBOiqu5yqusoMIhUx5JF0uhdFeNACM2gMRp/v0lDpHpIT+hwke/zb14zSuN4JmMBn6E4RT0CDTacf1pyjNWam4RibB2m4YFNirwKBgko9qUWl5Aewe+rzroAbFba+aFDOiu45JaZYbdzTSCfs5UYGydqgS51SAA/tdG5O/ad0Ss5NeJXRRItfsY1FWSoo5HbdMU2E4Qzl0AJgR7q6UDcAAQ/cXNVdC+P3JP8FNqxkeNltXR43zs2kdi2Sb7JA9EpJjck4uSZt0CCPP5M2b9ea8V5/4C/7Sh9X3ppkt8mX8zXeMUbMf</latexit>

Assume (CH).  For any d, there exists a pure state      s.t.�̂d
<latexit sha1_base64="rerGQ4u0vUnoxIPR6WwA0K7iB0c=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0JMUvHisYD+wCWWz2bRLN5uwOxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzglRwjY7zbZXW1jc2t8rblZ3dvf2D6uFRRyeZoqxNE5GoXkA0E1yyNnIUrJcqRuJAsG4wvp353SemNE/kA05S5sdkKHnEKUEjPXojgl5rxAfhoFpz6s4c9ipxC1KDAq1B9csLE5rFTCIVROu+66To50Qhp4JNK16mWUromAxZ31BJYqb9fH7x1D4zSmhHiTIl0Z6rvydyEms9iQPTGRMc6WVvJv7n9TOMrv2cyzRDJuliUZQJGxN79r4dcsUoiokhhCpubrXpiChC0YRUMSG4yy+vkk6j7l7UG/eXteZNEUcZTuAUzsGFK2jCHbSgDRQkPMMrvFnaerHerY9Fa8kqZo7hD6zPH2NckLc=</latexit>

�̃
<latexit sha1_base64="ROHZzFg2vYDtGhUOBcHR2DMLtfY=">AAAB9HicbVDLSsNAFL3xWeur6tLNYBFclaQKupKCG5cV7AOaUCaTSTt08nDmplBCv8ONC0Xc+jHu/BunbRbaemDgcM493DvHT6XQaNvf1tr6xubWdmmnvLu3f3BYOTpu6yRTjLdYIhPV9anmUsS8hQIl76aK08iXvOOP7mZ+Z8yVFkn8iJOUexEdxCIUjKKRPBeFDLgrTSCg/UrVrtlzkFXiFKQKBZr9ypcbJCyLeIxMUq17jp2il1OFgkk+LbuZ5illIzrgPUNjGnHt5fOjp+TcKAEJE2VejGSu/k7kNNJ6EvlmMqI41MveTPzP62UY3ni5iNMMecwWi8JMEkzIrAESCMUZyokhlClhbiVsSBVlaHoqmxKc5S+vkna95lzW6g9X1cZtUUcJTuEMLsCBa2jAPTShBQye4Ble4c0aWy/Wu/WxGF2ziswJ/IH1+QPgppIn</latexit>

Collapse of modification coefficients

We prove an important and highly generic result about “max-
resource” states:   

Equivalently, all the corresponding monotones (including Renyi) 
attain the same maximum value at this pure state.   

“Golden coefficient”

“Golden state”



Collapse of modification coefficients

Remarks: 

• The above results are highly nontrivial, considering that  

• The divergences and corresponding monotones generally behave 
very differently, so the collapse phenomenon is very special; 

• The divergences do not induce the same ordering (counterexample 
provided), so i) the max values are simultaneously attained; ii) 
exact RD map induces the closest free state for all measures, are 
both very special.  

   →Bad things just don’t happen for golden states and exact RD maps!  

• For (CH) theories, the result guarantees a complete family of pure 
max-resource states! As currency: most sensible conceptually; 
collapse theorems lead to tight bounds. 

• Even (CH) is not necessary! Results also hold for q. thermodynamics.



Formation cost

“Minimum size” of reference state needed 
to approximate the state, by an operation 
from a certain set of free operations (with 
a certain type of constraint).

 Definition (One-shot ε-formation cost under    )

⌦✏
C,F (⇢ {�d}) := logmin{d 2 D : 9E 2 F , E(�d) 2 B✏(⇢)}

<latexit sha1_base64="W3gROvYvkApW7w3XjS3Ix3shOK8="></latexit>

F
<latexit sha1_base64="h5V2MFfUWh51d0qY7IuBw44NLSU=">AAACB3icbVDLSsNAFL2pr1pfVZdugkVwVZIq6EoKgrisYB+QhjKZTtqhk5kwMxFK6Af4AW71E9yJWz/DL/A3nKRZ2NYDA4dzX2dOEDOqtON8W6W19Y3NrfJ2ZWd3b/+genjUUSKRmLSxYEL2AqQIo5y0NdWM9GJJUBQw0g0mt1m9+0SkooI/6mlM/AiNOA0pRtpIXj9CeqywTO9mg2rNqTs57FXiFqQGBVqD6k9/KHASEa4xQ0p5rhNrP0VSU8zIrNJPFIkRnqAR8QzlKCLKT3PLM/vMKEM7FNI8ru1c/TuRokipaRSYztzici0T/6t5iQ6v/ZTyONGE4/mhMGG2Fnb2f3tIJcGaTQ1BWFLj1cZjJBHWJqWFK9luqUKVJeMu57BKOo26e1FvPFzWmjdFRmU4gVM4BxeuoAn30II2YBDwAq/wZj1b79aH9TlvLVnFzDEswPr6BQJ7msc=</latexit>

⇢
<latexit sha1_base64="dFq3MaiXfsbZRR3by8IBBeRlBOg=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EkCXjxGMA9IljA7mc0OmccyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpZwZ6/vf3tr6xubWdmmnvLu3f3BYOTpuG5VpQltEcaW7ETaUM0lblllOu6mmWEScdqLxXe53nqg2TMlHO0lpKPBIspgRbHOprxM1qFT9mj8HWiVBQapQoDmofPWHimSCSks4NqYX+KkNp1hbRjidlfuZoSkmYzyiPUclFtSE0/mtM3TulCGKlXYlLZqrvyemWBgzEZHrFNgmZtnLxf+8Xmbjm3DKZJpZKsliUZxxZBXKH0dDpimxfOIIJpq5WxFJsMbEunjKLoRg+eVV0q7Xgsta/eGq2rgt4ijBKZzBBQRwDQ24hya0gEACz/AKb57wXrx372PRuuYVMyfwB97nDx/Gjkc=</latexit>

Formation cost

Distillation yield

d 



Formation cost

Lower bound (fundamental limit/optimality).  Unified form:

 Theorem (Optimality)

Let d0 = min{d 2 D : R(�d) � R✏(⇢)}
<latexit sha1_base64="lAHrk8SCL9s914YWkxNSU/wsE00="></latexit>

⌦✏
C,F (⇢ {�d}) �

R✏(⇢)

m(�d0)
<latexit sha1_base64="5VUxQMVDLvcslSVprR5AsAI7tRE="></latexit>

•         

•                                        (FFR) 

•                      

F = FNG, R = Dmax, m = mmax
<latexit sha1_base64="qsk63OsFeeVg2FBHYF1PcdebU9Q="></latexit>

F = FNG, R = LR, m = mLR
<latexit sha1_base64="tIs9skhjUBpm3hjZHDIjcpInzwU="></latexit>

F = F�,Comm, R = Dmax,�, m = mmax,�
<latexit sha1_base64="Xj+VxqLJFAr3ILfnlh0RNmBhvxc="></latexit>

Consequences of monotonicity (for divergences, due to data 
processing inequalities) under free operations



Formation cost
Upper bound (achievability) 

Proofs by constructing a free cptp map achieving the desired 
approximation. 

 Theorem (Achievability)

Consider pure currency        
Let 

•                                 (CT)      

•                                 Convex F,  (FFR) 

•                                     (CT)

{�d}
<latexit sha1_base64="TNdu3XzvjQNncUCarHMOXfif5v4=">AAACBnicbVDLSsNAFL2pr1pfVZduBovgqiRV0JUU3LisYB/YhDKZTNqhk0mYmQgldO8HuNVPcCdu/Q2/wN9w0mZhWw8MHM65rzl+wpnStv1tldbWNza3ytuVnd29/YPq4VFHxakktE1iHsuejxXlTNC2ZprTXiIpjnxOu/74Nve7T1QqFosHPUmoF+GhYCEjWBvp0c3c1ogNAnc6qNbsuj0DWiVOQWpQoDWo/rhBTNKICk04Vqrv2In2Miw1I5xOK26qaILJGA9p31CBI6q8bHbxFJ0ZJUBhLM0TGs3Uvx0ZjpSaRL6pjLAeqWUvF//z+qkOr72MiSTVVJD5ojDlSMco/z4KmKRE84khmEhmbkVkhCUm2oS0sCWfLVWo8mSc5RxWSadRdy7qjfvLWvOmyKgMJ3AK5+DAFTThDlrQBgICXuAV3qxn6936sD7npSWr6DmGBVhfv98NmiE=</latexit>

d00 = min{d 2 D : � log f(�d) � R✏(⇢)}
<latexit sha1_base64="pg6uexl05HvvgX7D+TRcaz9W4x4="></latexit>

⌦✏
C,F (⇢ {�d}) <

R✏(⇢)

mf (�d0
0
#)

+ log
d00
d00

#
<latexit sha1_base64="1jr17Lp7ZnhzzW1DPWH8whSm3r8="></latexit>

Any smaller d. 
Say, d0-1 if all d 
are valid

F = FNG, R = Dmax
<latexit sha1_base64="/YOYpOQ2LeY+Ii8T/1np2jH9u98="></latexit>

F = FNG, R = LR
<latexit sha1_base64="KNiQe0xEmaI0xoNqE9FB10rtLU4="></latexit>

F = F�,Comm, R = Dmax,�
<latexit sha1_base64="Pfuz9XcvfChT/vLVLFjAKIBrm8c="></latexit>

‣ Bounds on formation cost in terms of modified smooth max-
relative entropy monotone and free log-robustness monotone



Formation cost

By using the collapse theorems, we can get the following almost 
matching/tight bounds (in such case the general-form free maps 
can almost achieve the lower bounds):

 Corollary (Collapsed bounds)

Consider golden states       , assume (CH), (CT)  
Let 

•         

•                                     For exact RD map                                                           

{�̂d}
<latexit sha1_base64="qGUYT/moekvhW+tQ8qI6zf9gAc4=">AAACCnicbVDLSsNAFJ3UV62vqks3g0VwVZIq6EoKblxWsA9oYplMJu3QySTM3Agl9A/8ALf6Ce7ErT/hF/gbTtosbOuBC4dz7ovjJ4JrsO1vq7S2vrG5Vd6u7Ozu7R9UD486Ok4VZW0ai1j1fKKZ4JK1gYNgvUQxEvmCdf3xbe53n5jSPJYPMEmYF5Gh5CGnBIz06GbuiIDbGvFB4E4H1Zpdt2fAq8QpSA0VaA2qP24Q0zRiEqggWvcdOwEvIwo4FWxacVPNEkLHZMj6hkoSMe1ls6+n+MwoAQ5jZUoCnql/JzISaT2JfNMZERjpZS8X//P6KYTXXsZlkgKTdH4oTAWGGOcR4IArRkFMDCFUcfMrpiOiCAUT1MKVfLfSoc6TcZZzWCWdRt25qDfuL2vNmyKjMjpBp+gcOegKNdEdaqE2okihF/SK3qxn6936sD7nrSWrmDlGC7C+fgETW5vi</latexit>

d0 = min{d 2 D : gd log d � R✏(⇢)}
<latexit sha1_base64="VA3BrtJqwa0p3jvgl2h+bm5djL4="></latexit>

R✏(⇢)

gd0

 ⌦✏
C,F (⇢ {�̂d}) <

R✏(⇢)

gd#
0

+ log
d0

d#0
<latexit sha1_base64="rdS2/vU46FEk4ErPujx5cqlJOtc="></latexit>

F = F�̃,Comm, R = Dmax,�̃
<latexit sha1_base64="KfCO7w0gLAuxxoSUNdgHqtK2JAw="></latexit>

F = FNG, R = Dmax
<latexit sha1_base64="CNf8Guwvr3WGS3+1aAZo3phHIqg="></latexit>

�̃
<latexit sha1_base64="30sHn4L1yCQyDmTlzvzSaT3qi1U=">AAACDXicbVDLSsNAFJ3UV62PRl26GSyCq5JUQVdScOOygn1AU8pkctMOnUzCzEQood/gB7jVT3Anbv0Gv8DfcNJmYVsPDBzOuWfu5fgJZ0o7zrdV2tjc2t4p71b29g8Oq/bRcUfFqaTQpjGPZc8nCjgT0NZMc+glEkjkc+j6k7vc7z6BVCwWj3qawCAiI8FCRok20tCueprxADKPm0xAZkO75tSdOfA6cQtSQwVaQ/vHC2KaRiA05USpvuskepARqRnlMKt4qYKE0AkZQd9QQSJQg2x++AyfGyXAYSzNExrP1b+JjERKTSPfTEZEj9Wql4v/ef1UhzeDjIkk1SDoYlGYcqxjnLeAAyaBaj41hFDJzK2YjokkVJuulrbkf0sVqrwZd7WHddJp1N3LeuPhqta8LToqo1N0hi6Qi65RE92jFmojilL0gl7Rm/VsvVsf1uditGQVmRO0BOvrF6+2nLc=</latexit>

E.g. coherence:  MIO/DIO,  g=1,  1p
d

dX

j=1

|di
<latexit sha1_base64="A13saXdLIMuA3/4Lq+CQFTMOnZo=">AAACEnicbVC7TsMwFHV4lvIKMLJEVEiwVElBggVUiYWxSPQhNSFyHKc1dZxgO0iVyTew8CssDCDEysTG3+C2GaDlSFc6Pude+d4TpJQIadvfxtz8wuLScmmlvLq2vrFpbm23RJJxhJsooQnvBFBgShhuSiIp7qQcwziguB0MLkZ++x5zQRJ2LYcp9mLYYyQiCEot+eahG3GIlJMrV9xxqcI8d0UW++r2zMlv9PMhdDlkPYp9s2JX7TGsWeIUpAIKNHzzyw0TlMWYSUShEF3HTqWnIJcEUZyX3UzgFKIB7OGupgzGWHhqfFJu7WsltKKE62LSGqu/JxSMhRjGge6MoeyLaW8k/ud1MxmdeoqwNJOYoclHUUYtmVijfKyQcIwkHWoCESd6Vwv1oc5I6hTLOgRn+uRZ0qpVnaNq7eq4Uj8v4iiBXbAHDoADTkAdXIIGaAIEHsEzeAVvxpPxYrwbH5PWOaOY2QF/YHz+AGwxny8=</latexit>



More on max-resource

 Definition (Root state)

Can be mapped to any state of the same dimension by a free map.

The strongest notion of max-resource: max value for any monotone
In general, sufficient but not necessary condition for golden state. 
Unclear when the root state can exist.

Our formation map implies the following partial result:

 Corollary

Golden state = root state if either is true:  
i) (CT)    ii) (FFR) and                  for all pure states mmax = mLR

<latexit sha1_base64="FzMiclSj8fMSXdcMTLfIXsbIt6U=">AAACDXicbZDLSgMxFIYz9VbrpaMu3QSL4KrMVEE3SsGNCxdV7AXaoWTSTBuaZIYkI5ZhnsEHcKuP4E7c+gw+ga9hpp2Fbf0h8PGfc3IOvx8xqrTjfFuFldW19Y3iZmlre2e3bO/tt1QYS0yaOGSh7PhIEUYFaWqqGelEkiDuM9L2x9dZvf1IpKKheNCTiHgcDQUNKEbaWH27zPtJj6On9NLA7X3atytO1ZkKLoObQwXkavTtn94gxDEnQmOGlOq6TqS9BElNMSNpqRcrEiE8RkPSNSgQJ8pLpoen8Ng4AxiE0jyh4dT9O5EgrtSE+6aTIz1Si7XM/K/WjXVw4SVURLEmAs8WBTGDOoRZCnBAJcGaTQwgLKm5FeIRkghrk9XcluxvqQKVJeMu5rAMrVrVPa3W7s4q9as8oyI4BEfgBLjgHNTBDWiAJsAgBi/gFbxZz9a79WF9zloLVj5zAOZkff0Cf8icmQ==</latexit>

Free robustness  
= 

 Generalized robustness

E.g. bipartite entanglement.   In contrast, multipartite: no root 
state, so the free and generalized robustnesses are inequivalent



Distillation yield

A reverse direction: “Maximum size” of 
target reference state that can be 
approximately obtained, by an operation 
from a certain set of free operations (with 
a certain type of constraint).

⇢
<latexit sha1_base64="dFq3MaiXfsbZRR3by8IBBeRlBOg=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EkCXjxGMA9IljA7mc0OmccyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpZwZ6/vf3tr6xubWdmmnvLu3f3BYOTpuG5VpQltEcaW7ETaUM0lblllOu6mmWEScdqLxXe53nqg2TMlHO0lpKPBIspgRbHOprxM1qFT9mj8HWiVBQapQoDmofPWHimSCSks4NqYX+KkNp1hbRjidlfuZoSkmYzyiPUclFtSE0/mtM3TulCGKlXYlLZqrvyemWBgzEZHrFNgmZtnLxf+8Xmbjm3DKZJpZKsliUZxxZBXKH0dDpimxfOIIJpq5WxFJsMbEunjKLoRg+eVV0q7Xgsta/eGq2rgt4ijBKZzBBQRwDQ24hya0gEACz/AKb57wXrx372PRuuYVMyfwB97nDx/Gjkc=</latexit>

Formation cost

Distillation yield

d 

 Definition (One-shot ε-distillation yield under    )F
<latexit sha1_base64="h5V2MFfUWh51d0qY7IuBw44NLSU=">AAACB3icbVDLSsNAFL2pr1pfVZdugkVwVZIq6EoKgrisYB+QhjKZTtqhk5kwMxFK6Af4AW71E9yJWz/DL/A3nKRZ2NYDA4dzX2dOEDOqtON8W6W19Y3NrfJ2ZWd3b/+genjUUSKRmLSxYEL2AqQIo5y0NdWM9GJJUBQw0g0mt1m9+0SkooI/6mlM/AiNOA0pRtpIXj9CeqywTO9mg2rNqTs57FXiFqQGBVqD6k9/KHASEa4xQ0p5rhNrP0VSU8zIrNJPFIkRnqAR8QzlKCLKT3PLM/vMKEM7FNI8ru1c/TuRokipaRSYztzici0T/6t5iQ6v/ZTyONGE4/mhMGG2Fnb2f3tIJcGaTQ1BWFLj1cZjJBHWJqWFK9luqUKVJeMu57BKOo26e1FvPFzWmjdFRmU4gVM4BxeuoAn30II2YBDwAq/wZj1b79aH9TlvLVnFzDEswPr6BQJ7msc=</latexit>

⌦✏
D,F (⇢ ! {�d}) := logmax{d 2 D : 9E 2 F , E(⇢) 2 B✏(�d)}.

<latexit sha1_base64="ad5ic2WFDktrGiKAjgFQzjBzBq8="></latexit>

Also considered a stronger variant where error-tolerance is on the 
input state



Distillation yield
Consider resource non-generating operations first

 Theorem (Optimality)

Consider pure currency        
Let  

{�d}
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d0 = max{d 2 D : � log f(�d)  D✏

H
(⇢)}
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 Theorem (Achievability)

Assume (FFR). Let  d0 = max{d 2 D : LR(�d)  D✏

H
(⇢)}
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0
)
� log

d"0
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<latexit sha1_base64="JOcFWZp/gITbgtuZTQHV3Thzn8c="></latexit>

Any larger d. 
Say, d0+1 if all d 
are valid

For general convex theories we have another more complicated lower 
bound given by a distillation map based on the “isotropic state” technique



Distillation yield

Commuting operations.  

‣ Bounds on distillation yield (error on the target) in terms of 
modified hypothesis testing relative entropy

 Theorem (Optimality)

Consider pure currency        and RD channel (linear cptp map) 

Let  

{�d}
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⇤
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d0 = max{d 2 D : f⇤(�d) � 2�D✏

H,⇤(⇢) � 2
p
✏}
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For now we only find general achievability bounds for a special 
notion of commuting operations based on the “isotropic” method 
in this formalism.  



Distillation yield

A few more remarks: 

• Input-error-tolerance model: A larger collection of bounds based 
on similar techniques can be obtained; The state-smoothing of 
min-relative entropy monotones (more stringent) emerge. 

• More results using the maximal overlap formalism [Bu/ZWL/
Regula/Takagi, in preparation], e.g. characterizations of 
distillation for non-(FFR) theories. 

• By using the collapse theorems and a few asymptotic 
equipartition properties (e.g. Stein’s lemma for hypothesis 
testing), we can obtain new asymptotic (infinite i.i.d. limit) 
reversibility results for non-maximal free operations.



No-go theorems for distillation

[Fang/ZWL, in preparation]

Distilling “good”/pure resource states from “bad”/noisy ones is a 
very useful type of protocol in QI:   Entanglement/Bell pair 
distillation for q. communication;   Magic state distillation for fault-
tolerant q. computation…

Here we provide a set of very general no-go theorems, which 
indicate that the possibility of improving distillation is subject to 
strong limitations.  The results are obtained through properties of 
min and hypothesis testing relative entropies, which were 
connected to distillation just now. 



No-go theorems for distillation

We say a resource state has free component if it takes the form 
                       for some free state σ, p > 0. ⇢ = p� + (1� p)!
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Very generic.  Every mixed state has free component as long as there 
exists some full-rank free state (e.g. the maximally mixed state).   

 Theorem (Deterministic distillation)

It is impossible to transform any resource state with free 
component to any pure target state with any deterministic map 
with arbitrarily small error.

We find a threshold error related to the minimum eigenvalue of 
the resource state and its overlap with the target state, s.t. any 
error below this threshold is not achievable.



No-go theorems for distillation

We further establish no-go for the more general probabilistic 
distillation setting, which is also important in practice.  

 Theorem (Probabilistic distillation)

It is impossible to distill any full-rank resource state to any target 
state such that mmin>0 with zero-error, even probabilistically. 

E.g. Conventional magic state distillation protocols (to turn noisy magic 
states into useful ones such as T-states, fundamental to fault-tolerant 
schemes, Clifford-magic models etc.): encode noisy states in error 
correcting code, syndrome measurement, decode upon certain outcomes. 
Then our results says it’s impossible to devise any procedure that 
produces perfect T-gates; also to achieve high accuracy one needs to use 
large codes or iterate for many times (which exponentially reduces 
success probability)

E.g. depolarizing 
noise

Pretty much always hold

There is a trade-off between accuracy and success probability.



Main take-home messages

• The optimal rates of approximate resource formation tasks 
can generally be characterized by smooth max-relative 
entropy monotones and the smooth free log-robustness, 
while those for distillation can generally be characterized 
by hypothesis testing relative entropy monotones. (Unified 
operational interpretations of these resource measures) 

• Give up on your dream for ideal resource distillation/
purification: (in pretty much any case you might care 
about,) highly accurate distillation is impossible, and 
perfect distillation is impossible even probabilistically. 

• Golden states (a notion of max-resource) are super nice 
resource currencies.



Magic state quantum computation

Stabilizer states: Generated by Clifford group 
on trivial states 

Stabilizer states and circuits are “useless” for q. computation: can be 
efficiently simulated classically [Gottesman-Knill Theorem] (Parity-L)   
Magic states promote it to quantum universality (BQP)! 

Clifford group:  Preserves Pauli group  
�
U : UPU † 2 Pn, 8P 2 Pn
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Generated by {H, CNOT, S}
✓

1 0
0 i

◆
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Phase shift  

Magic states: Outside the convex hull 
(stabilizer polytope)



Magic state quantum computation

Commonly considered magic state: T-state and tensor products

|T i = T |+i = 1p
2
(|0i+ ei⇡/4|1i)
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|T ihT | = 1

2

✓
I +

X + Yp
2

◆
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Important resource for fault-tolerant q. computation scheme [Bravyi/
Kitaev, PRA ’05…]:  
Magic state distillation to prepare T-states ⟶ State injection gadget 
to implement T-gates 
⇒ Clifford circuits (fault-tolerant) + T-states



Magic state quantum computation

Therefore, T is a precious resource for quantum computation.   
The number of T-gates/states (T-count) is an important figure of 
merit

Example: Of great interest recently—Complexity/cost of classical 
simulation in terms of T-count t 

• Upper bound: Can do better than brute-force… Classical 
simulation algorithms s.t. the performance is determined by 
certain magic measures: Stabilizer rank (~20.48t, pure states) 
[Bravyi/Gosset, PRL ’16];  Free robustness  (~20.74t, all states) 
[Howard/Campbell, PRL ’17, Heinrich/Gross, Quantum ’18] 

• Lower bound: Cannot be 2o(t), conditioned on some reasonable 
conjectures [Morimae/Tamaki, 1901.01637]



T-state is not golden (most powerful) state even for single qubit

A slightly different goal:  Reduce the size of resource magic state 
for your quantum computation, by using more powerful magic 
states

[ZWL/Takagi, in preparation]

Golden qubit state:  

|Gi = cos�|0i+ ei⇡/4 sin�|1i, cos(2�) =
1p
3
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Magic state quantum computation



For illustration, some toy results by the one-shot theory:

[ZWL/Takagi, in preparation]

◻︎ Reduce qubit-count by using less G-states to get more T-states 
(say, then use the T-gadget).  How well can we do it?

Calculate magic monotones/modification coefficients: 

Magic state quantum computation

mmax,min(G
⌦n) = log(3�

p
3) ⇡ 0.34, Dmax,min(G

⌦n) ⇡ 0.34n
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mmax,min(T
⌦n) = log(4� 2

p
2) ⇡ 0.23, Dmax,min(T

⌦n) ⇡ 0.23n
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Additivity of “Clifford-magic” 
states; Collapse due to 
convex duality [Bravyi et al]

LR(T⌦n) = 0.272, 0.458, 0.687, 0.950...
<latexit sha1_base64="57qu1bW7GESuQcExpe6SkmnY19A="></latexit>

  
• Perfect 2G ⟶ 3T is impossible (max/max optimality bound) 
• 3G ⟶ 4T can be achieved by a stabilizer-preserving map with 

small error (D_H/LR distillation bound)

Not additive



◻︎ Gate synthesis

[ZWL/Takagi, in preparation]

Similarly we can use the one-shot results to get bounds on more 
general magic state manipulation (analyze T-count for gates/
computation, noisy computation…).  A more complete SDP 
formulation and probabilistic theory [in preparation]

E.g. Suppose you want to synthesize a Toffoli or CCZ gate.  How 
many resource qubits are necessary? 

Magic state quantum computation

mmax(CCZ) = log2
2

9
⇡ 0.277
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⟹
Formation bounds

mmax(G
⌦m) = log2(3�

p
3) ⇡ 0.34
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⌦0
C,FNG

(CCZ  {G⌦m}) > 2.44
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• Another classical/quantum dichotomy: Toffoli (CCNOT) gates 
handle classical (diagonal) logic, but need quantum coherent 
superposition (created by e.g. Hadamard gate) to achieve 
quantum computation.   H-count! 

• Also a conditional exponential-time classical simulation theorem 
shown in [Morimae/Tamaki, 1901.01637] 

• Here a “gadget” that turns resource states into H-gates is 
unknown; Existence seems to be in tension with certain 
complexity theory beliefs (Tomoyuki), so the state resource 
theory is not directly useful;  Need the channel theory (a unified 
framework see [ZWL/Winter, 1904.04201]) 

  A toy result:  m T-gates require at least m/√2 H-gates 

Toffoli + Hadamard model

H|0i = 1p
2
(|0i+ |1i)
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Outlook

• Bounds for other sets of free operations, such as non-
generating/commuting operations with selective measurements  

• More achievability bounds for distillation (some new results under 
the overlap formalism [Bu/ZWL/Regula/Takagi, in preparation]) 

• Necessary and sufficient conditions for arbitrary one-to-one 
conversion; Complete monotone 

• Complete the one-shot channel theory ([ZWL/Winter, 
1904.04201] mostly concerns the optimality side)

• Develop new juicers! (New general theories) 

• Try your favorite fruit! (Apply the general framework to specific 
theories you care about)



Holographic “quantum” complexity?

• The conventional notion of complexity and the widely studied 
Nielsen's geometric approach is not fully rigorous (which is an 
intrinsic difficulty of the holographic complexity conjectures)… 

• But we have rigorous tools to analyze “a certain type of” 
complexity, such as the number of “non-classical”/entangling 
gates, from resource theory.  

• Helpful for more precise understandings of certain aspects of 
holographic complexity?  



Thanks for your attention!

General framework paper: 1904.05840

An upcoming paper on separation of OTOC and entanglement 
in scrambling [Harrow/Kong/ZWL/Mehraban/Shor]



Most magical quantum states

[ZWL/Takagi/Kong, in preparation]

 Theorem (Typical stabilizer rank)

Set of n-qubit states with stabilizer rank <2n is of measure zero.

I.e. A typical/random pure state has maximum stabilizer rank 2n 

Idea:  The non-maximal rank states form lower-dimensional 
manifolds in the parameter space, and there’s only a finite number 
of such manifolds, which cannot cover the full manifold.

A corollary (Tomoyuki):  Cannot improve brute-force simulation by 
the stabilizer rank method for almost any noisy/random input

If the conjecture is true, another intriguing no-go consequence:  
The most magical state cannot be transformed to almost any 
other state by Clifford circuits…

Interesting case 
is not “stable”


