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Introduction

Let us consider a RG flow triggered by a relevant operator O of dimension A < d,

lerr + A /ddx Vg O(x)

We are interested in a monotonic decreasing function under the RG flow.

C-function

@ The C-function counts the effective degrees of freedom.

@ The monotonicity provides nonperturbative constraints on the RG dynamics.

C-theorem

We want to generalize a C-theorem
by adding boundary or defect.
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Even dimensions l

C-function = the type A central charge of the conformal anomaly

@ d =2 : Zamolodchikov's c-theorem

o d =4 : a-theorem

Odd dimensions (no conformal anomalies) ’

C-function = the sphere free energy F = (—1)% log Z[S7]

The conjecture has been extended to continuous d dimensions.

Generalized F-theorem ’

F =sin (%2) log Z[S9] is positive and does not increase along any RG flow

This is the most general C-theorems proposed in arbitrary dimensions.
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Entanglement entropy

s(erm) _ Aaa Ad—4+...+{a'og'og(':>, (d = even)

a2t ed—* ao , (d = odd)

€

(R : typical length scale, € : UV cutoff scale)

@ Universal terms ajoq, a9 are conjectured to be C-functions.

@ This entropic version of the C-theorem looks different from the generalized
F-theorem based on the sphere free energy.

@ But the two C-function are the same at the fixed points due to the relation

S(CFT) — |og Z(CFT) for spherical entangling surface

Free energy and EE are C-functions!
without boundary or boundary

3/15



C-theorem in BCFTs & DCFTs

g-theorem (C-theorem in BCFTz)

Sthermal = ?6 + |0gg g- function

(c : central charge, L : size, 8 : inverse temperature)

@ log g monotonically decreases under a boundary RG flow.

@ The g-theorem can also be proved by using the equivalence of the g-function
and the boundary entropy Sy, := S(BFT) — 1 S(CFT),

b-theorem (C-theorem in BCFT3 & DCFT, with 2-dim defect)

1 @) (o
<tuﬂ> = 247‘( {b R-l-dl ICgb)]C( )ab+d2 Wabcdg gbd} 5d 2( J_)

@ When d = 3, the b-theorem implies the g-theorem in BCFTj.
@ For d > 3 it yields a class of C-theorems in DCFTs.
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We want to establish a C-function under a defect RG flow,

I = Ipcrr + A / dPx /B O(8)

@ Defect free energy : log (D)) = log Z(PCFT) _ |og Z(CFT)
= additional contribution to the sphere free energy from the spherical defect
@ Defect entropy : Sgefect = SPCFT) — S(CFT)

= increment of the EE across a sphere due to the planer defect

Which is a C-function?
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@ Introduction
© Proposal for a C-theorem in DCFT
© Wilson loop as a defect operator

@ Conclusion
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Sphere partition function and EE in DCFT

Let us clarify a relation between Iog(D(p)> and Syefect.

A conformal defect D(P) respects SO(2, p) x R1d-1
SO(d — p) of the conformal group SO(2, d). !
D(p):{xp:...:)(d—lzo} .R/J} A/

|

e Using CHM map, R19-1 — St x |91
@ The Rényi entropies are

Z((D)CFT) [8,11 % del]

S(D)CFT) _
n (Z((D)CFT) [Sl % Hd—l])"

I
1—n g

@ Around n =1, the free energy can be expanded,

IOg Z(DCFT)[S:}; % Hd—l] — IOg Z(DCFT)[SI % Hd_l]
1

- 5/ 0gr+ ((Tocrr)™™ )é?i;:ll +e
StxHI-1
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@ The difference of the entanglement entropies becomes
Sasecs =log (D) + [ ((Tocer)" )CED,
StxHI—1

with the stress-energy tensor

((Tocrr) v >§?§;§L dx* ® dx”

d—p-1
_ a7 P (d7? +dx* + cosh? xdsfp-1) —
sinh9 x d

p+1
d

sinh? x dsgzd,,,,l

Main result

2(d — o — 1) qd/2+1

Sactect = log (D)) — sin(mp/2) dT (p/2+1) T ((d —p)/2) o

@ This is a generalization of the result for p = 1 [Lewkowycz-Maldacena '13].
@ For p = d — 1, the defect entropy is given by

Sdefect = |Og <D(d_1) >
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Proposal for a C-theorem in DCFT

Two candidates for a C-function in DCFT
@ defect free energy log (D(P) ) = log Z(PCFT)[S4]/ Z(CFT)[S]

B _1)P/2B loge+--- (p;even)
I D(P) — o Cp—2 e ( ’ ’
og(P¥) =+ ot o+ (—1)PD2p | (p:odd) .
@ defect entropy Sgefect
Sdefect = o2 + Cps 4. (—1)?>B' loge+---, (p:even),
efect = .5 T s (—1)P~1D/2p (p:odd) .

Our proposal

In DCFT4 with a defect of dimension p, the universal part of the defect free energy

D =sin (%) log |(DP))]

does not increase along any defect RG flow Dyv > Dig.
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Summary of the conjectured and proved C-theorems

d=2 d=3 d=4 d=5

g-theorem
Proof [Friedan-
Konechny '91, Casini-
Landea-Torroba '16]

b-theorem (bdy c-theorem)

=2
P Proof [Jensen-O'Bannon '15]

bdy F-theorem

Proposal [Nozaki-
Takayanagi-Ugajin
'12, Gaiotto '14]

p=4

Our proposal reduces to the known ones in the shaded regions & provides new
ones in the region colored in blue.
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Wilson loop as a defect operator

@ We test our proposal for p = 1 using a circular Wilson loop operators
W [A] = Trez exp [i /dx“A#]

@ The Wilson loop can be regarded as an action localized on the defect.
[Gomis-Passerini '06, Tong-Wong '14]

Zq[A]
Z4[0]

1 , . _
Z,[A = H/DXTDxxal(JrOO)~~-xaq(+00)x“ H(—00) - x(—00) e X

Wir[A] = with

= /dtxf (i0: — A(t)) x
@ The defect theory can flow to the trivial theory without fermions,
Wn[A] — 1
under the mass deformation

IM:—/dt/\/lex, M — >
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U(1) gauge theory in 4d

W = exp [ie%dx“Au} : ecR

[Lewkowycz-Maldacena '13]
@ The defect free energy log (W) = e?/4

@ The defect entropy Sdefect = 0

@ The Wilson loop becomes trivial under a defect RG flow, log { W) — 0.

— This is consistent with our conjecture.

@ On the other hand, the defect entropy vanishes at both the UV and IR fixed
points.

= The defect entropy doesn't capture degrees of freedom on the defect.
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Free scalar field in 4d

W = exp [)\%dtqﬁ(x”(t))} . AecC

@ The defect free energy
log(W)=0

This result does not contradict with our assertion.

@ The defect entropy

)\2
12
It can be negative for real A at the UV fixed point.

Sdefect =

But it is supposed to be zero at the IR fixed point.

= This is a counterexample for the defect entropy being a C-function.
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Conclusion

@ We examine the defect free energy log (D(P) ) and the defect entropy Sgefect
as a candidate C-function.

@ We find the relation with them

2(d —p— 1) 71_d/2+1

Sactect = log (D(P)) — sin(mp/2) dT (p/2+1) T ((d — p)/2) 7

@ We propose a C-theorem in DCFTs.

The defect free energy does not increase under any defect RG flow. J

@ We find in Wilson loop examples that
o the sphere free energy decreases

e but the EE increases along a certain RG flow triggered by a defect localized
perturbation which is assumed to have a trivial IR fixed point without defects.
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@ We also checked more field theoretic examples,
e Conformal perturbation theory on defect

e Wilson loop
@ Chern-Simons theory

@ 1/2-BPS Wilson loop in 4d N' = 4 SYM
© 1/6-BPS Wilson loop in ABJM
Q@ U(N) N =4 SYM with Nf hypermultiplets in 3d

@ We also provide a proof of our proposal in several holographic models of
defect RG flows.

@ Domain wall defect RG flow

© Probe brane model

© Holographic model of defect RG flow [Yamaguchi '02]
Q@ AdS/BCFT model [Takayanagi '11]
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Thank you for your attention!



Stress tensor

2 § log Z(DCFT) 5
@ Defenition : T e = —— g [g0] = THY 4t

NG 08uw

g . .
@ T,cet is traceless and partially conserved

OuThéer =0, O TSéFT = —0p(x1) D, (TDCFT)M;L =0

@ The one-point function of Tcpr

ab d—p—-1 ar . ai i ar p+1 _; xj_xi
(Teer(x)) = 4 \xﬂdé v (Teer(x)) =0, <TCJFT(X)>:_|XL|d T(s}_m\z

Note that ( Tfg) =0 for p=d — 1.
e (t"(x)) = 0 since t" is localized on the defect,
Ox* Ox¥ ,p

1 (x) = b (x1) S o E0(R)

t2°(%) is a defect local operator of dimension p and invariant under the
translation, rotation and scale transformation on the defect.
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