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Covariant perturbation in gravity

Consider Einstein-Hilbert action in any dimensions

el D
e 67Cn /d r\/|g| R

g =detg,,  R:Ricciscalar, G

v~ K% Newton constant




Covariant perturbation in gravity

Consider Einstein-Hilbert action in any dimensions
o . d°z+\/|g|R
167TGN

U= detg,ul/ R: Ricci scalar, GN ~ k2: Newton constant

Perturbation is the same as a usual gauge theory, say Yang-Mills theory:

Juv = g;u/ I h,uz/
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Covariant perturbation in gravity

Consider Einstein-Hilbert action in any dimensions
o . / d°z+\/|g|R
167TGN

U= detg,uz/ R: Ricci scalar, GN ~ k2: Newton constant

Perturbation is the same as a usual gauge theory, say Yang-Mills theory:

Juv = g;u/ I h,uz/

Renormalizability in QFT depends on the dimension of the coupling constant (CC):

Dimension of the Newton constant:

LD_2 ~ Ml—D/2
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If D > 2, the k has the negative mass dimension. - Non-renormalizable.




Covariant perturbation in gravity

Consider Einstein-Hilbert action in any dimensions

el D
S_167TGN_/d r\/|g| R

Q: Useful for quantum gravity? |

Juv = gw/ I h,uz/

Renormalizability in QFT depends on the dimension of the coupling constant (CC):

Dimension of the Newton constant:
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If D > 2, the k has the negative mass dimension. - Non-renormalizable.




Covariant perturbation in gravity

Consider Einstein-Hilbert action in any dimensions

el D
S_167TGN_/d r\/|g| R

Q: Useful for quantum gravity? |

[ Juv = g/u/ I h,uz/

A: Yes, in holography! |

Dimension of the Newton constant:

[,D-2

~ Ml—D/2
Iz

If D > 2, the k has the negative mass dimension. - Non-renormalizable.
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Boundary - - Bulk

[Denes Gabor '47] ['t Hooft '93, Susskind ‘94]




Boundary

CFT on R ¢

Holography
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“AdS/CF
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[Denes Gabor '47] ['t Hooft '93, Susskind ‘94]
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- Gravity on AdS ..

[Maldacena '97]
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Boundary

Holography
- -  Bulk

[Denes Gabor '47] ['t Hooft '93, Susskind ‘94]

| Flbw equation approach |?

CFT on R ¢

e =

«“AdS/CFT”

- Gravity on AdS ..

[Maldacena '97]
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Eies ~  Gravity on Lifs_

[Kachru-Liu-Mulligan ‘08]

cf. [Aoki-SY-Yoshida ‘“19]







T T T

\

What is a flow equation?
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Flow equation

= A non-local coarse graining of operators (states)




Flow equation

= A non-local coarse graining of operators (states)

Consider a free O(n) vector model and smear a vector field v3(x) by a free flow equation:

09 (x;m)
on

= (07 = m®)¢%(;m).  ¢°(2;0) = v(x)
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Flow equation

= A non-local coarse graining of operators (states)

Consider a free O(n) vector model and smear a vector field v3(x) by a free flow equation:

09*(x;n)

o = (07 =m0 (). ¢ (2:0) = °(2)

The solution is

flowed operator  ¢“(;71) = /ddy K(x — y;n)v*(y). ¢ (@;n)

e—nm° —(z—y)* /4n
(4mn)@/2

K(z—y;n) =




Flow equation

= A non-local coarse graining of operators (states)

Consider a free O(n) vector model and smear a vector field v3(x) by a free flow equation:

09 (x;m)
on

= (0 = m*)¢*(z;m). ¢%(x;0) = v*(z)

The solution is

flowed operator  ¢“(;71) = /ddy K(x — y;n)v*(y). ¢ (@;n)

e—nm° —(z—y)* /4n
(4mn)@/2

K(z—y;n) =

Claim: UV singularity in the coincidence limit is resolved.

[Albanese et al. (APE) '87] [Narayanan-Neuberger '06]
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Flow equation

= A non-local coarse graining of operators (states)

Consider a free O(n) vector model and smear a vector field v3(x) by a free flow equation:
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on

= (0 = m*)¢*(z;m). ¢%(x;0) = v*(z)

The solution is

flowed operator  ¢“(;71) = /ddy K(x — y;n)v*(y). ¢ (@;n)

e—nm° —(z—y)* /4n
(4mn)@/2

K(z—y;n) =

Claim: UV singularity in the coincidence limit is resolved.

[Albanese et al. (APE) '87] [Narayanan-Neuberger '06]
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Construction of holographic space

[Aoki-Kikuchi-Onogi '15]
[Aoki-Balog-Onogi-Weisz '16,'17
[Aoki-SY 17
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Construction of holographic space

[Aoki-Kikuchi-Onogi '15]

Def. (Dimensionless normalized operator) [Aoki-Balog-Onogi-Weisz *16,'17]
0% (x;n) = ¢ (;7) Ot izati
M) = - perator renormalization”
vV Qo @ (25 m)?)

NOTE: (c*(z;m)o(z;n)) =1




Construction of holographic space

[Aoki-Kikuchi-Onogi '15]
Def. (Dimensionless normalized operator) [Aoki-Balog-Onogi-Weisz *16,'17]
¢ (3 1)
\/<Zb qbb(x; 77)2> “Operator renormalization”

NOTE: (c*(z;m)o(z;n)) =1

o (z;n) =

Def. (Metric operator and induced metric)

) do(xz;m) do®(x; 2
gun (x;m) = 0854 ) Uag\, ) gun (2) == (gun(z;n))crr

M = (2, 7) with 7 o< /7




R N I I TR NI RT T LT 1 S FEY Ry R R e gl b paBadandajlglalafiaa ol lebdladdieon malonibie bliaffinai i gaglloaijaiiaiTidigbalais R O T O e T T o L N O O o R I s e O N e e N T L I TS LI L L T | PR AR oy PEESY FEee e S s i g b AT Bl badn g i gl g B § Hnd fa B wng i D Rl pf i fiadadi bl innsanbiBoafload bR u il cdpliailiNfllidamiconnennacmanian Banngd bl bfagipdalish

O e s Mot A0 LR AT s SE G c AA A
ki

Construction of holographic space

[Aoki-Kikuchi-Onogi '15]

Def. (Dimensionless normalized operator) [Aoki-Balog-Onogi-Weisz '16,'17]
o(z;n) == Pz ) “Operat lization”
) T - perator renormaliZation
V(22 80 (i n)?)
NOTE: (0(z;n)o®(z;m)) =1
Def. (Metric operator and induced metric)

) do(x;m) Do (x; 2
gun (x;m) == O@iﬁ ) Oag\, ) gun (2) == (gun(z;n))crr

M = (2, 7) with 7 o< /7

Comment: An induced metric defined in this way matches the information metric.
[Aoki-SY '17]
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NOTE: (0(z;n)o®(z;m)) =1
Def. (Metric operator and induced metric)

) do(x;m) Do (x; 2
gun (x;m) == Oag; ) Oag\, ) gun (2) == (gun(z;n))crr

M = (2, 7) with 7 o< /7

Comment: An induced metric defined in this way matches the information metric.
[Aoki-SY '17]

In the current case,

(0" (erim)o ez} = o0 (2L )A G (”3—)  Glu) = F(u:1)/F(0; 1)

T+ T+
A A
gu(2) =0 — 5 9r2(2) = 5 T:=+/—An/G'(0)
2 >
= oy Adaﬁ 4—2d7' |

T




Smearing and extra direction

HO HTl HTQ

2= (2,7) = (,/2d0) |
¢ (5 m2) -~ |

.

p= = nlo(x;n)){c*(z;n)|, |
o (1)) == o®(257)|0),
(o (z;m)] = (0lo® (x;m)"

Hermitian conjugate!!




Smearing and extra direction
HO HTl HTQ

p- = nlo(x;n))(c"(z;n)],
[0 (x;m)) == o®(x;1)]0),
(0% (z;m)| == (0]o*(z;n)"

Hermitian conjugate!!

Y dszl,z1+dz = Dint (021, poy +d=) = grun (2)dz" dz™
[AOKi-SY '17]

Cf. Gelfand-Shirov thm




Holographic computation of
quantum correction

[S.Aoki-J.Balog-SY '18]




Pregeometric operators

A

s Olgl = Olg] =: O
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Pregeometric operators

o Olg] — Olg] =: O

X == = 2
Py (@sm) =5 (@) (Gpv,cy (xin) — dve.p(z;m))
Rpp™ v (x; Za[Lf%N($3 n) + f%@ (5 n)f%N(«r; )

=g"N (x;n)Rpn (257),

1

Gun(z;n :f?MN(iU;ﬂ) = §AMN(37;77)}?($377)-

)
)
1) :RMPMN(CC;U),
)
)




Bulk interpretation

(GaB)y = TRUK|. | (Gasds = WICaslv)

CLAIM: This induced Einstein tensor is expected to describe that of dual quantum gravity.
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Bulk interpretation

<GAAB>¢ — TJX%H{ : (GaB)y = (V|G ap )

CLAIM: This induced Einstein tensor is expected to describe that of dual quantum gravity.

In particular, let us compute LHS in the 1/n expansion: ads

(Gaglgl) = Gasl(9)] + (Gaslg]),

| =

Leading Order (LO) Next to Leading Order (NLO)

I )

Classical geometry Quantum correction
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Bulk interpretation

<éAB>¢ — TbUIk : (GaB)y == (Y|Gasle) |

CLAIM: This induced Einstein tensor is expected to describe that of dual quantum gravity.

In particular, let us compute LHS in the 1/n expansion: ads i

(Gaglg]) = Gagl(9)] + {Gagld]). ;

Leading Order (LO) Next to Leading Order (NLO)

Classical geometry Quantum correction i

NOTE: This framework itself should be applicable to other formulation!




Dual covariant perturbation

dag = {GaB) + hag,




Dual covariant perturbation

dag = {GaB) + hag,

Perturbation of pregeometric operators:

fgczrgchféchféch"w

R'scp =R'op + Rsop + B%op +++
Rap =Rap + Rap + Rap + -+,
R=R+R+R+--,
Gap =Gap+Gap+Gap+-+,
Oy oY) O(hr?
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Dual covariant perturbation

dap = {(GaB) + haB, :

Perturbation of pregeometric operators: .
|

P5c =Tho + 150 + g0 + - :

L

R’s0p =R%0p + R%op + R%op + - iﬁ
RAB ZRAB-I-RAB-I-RAB—I—”- ; ih:
R=R+R+R+---, %
GAAB :GAB+GAB+éAB+---, !:ﬂl:
O(h%) O(h') O ‘

E - A 3 1 - i
Giip—LAD §hABR = §QABR> |

(hagR) =(hap{9®® 9T (hra.mc — haa.rc) — hR°PRep}), ||:.

<R> :gAB <RAB> e §gAEgBFgCD :h

X {<BEF (ED{A;B}C — hpapc — iLDC;AB)> — 2RAB<2LEDECF>} - 1
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Quantum correction to bulk CC

Ex. Consider free O(n) vector model.

@ Consider the vacuum state. =» The stress tensor is only cosmological constant.

(Gap)y = THE". TR = —Agag
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Quantum correction to bulk CC

Ex. Consider free O(n) vector model.

@ Consider the vacuum state. =» The stress tensor is only cosmological constant.
= bulk bulk|
(Gap)y =T4g | TAp| = —Agas

@ Expand the pregeometric operators around the vacuum. (Dual covariant perturbation)
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e

Quantum correction to bulk CC

Ex. Consider free O(n) vector model. '|

@ Consider the vacuum state. =» The stress tensor is only cosmological constant. i

(Gap)y = THE". TR = —Agag

@ Expand the pregeometric operators around the vacuum. (Dual covariant perturbation)

® Taking the VEV. il

(Gap) =Gap+(Gap)+--.
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Quantum correction to bulk CC

Ex. Consider free O(n) vector model.

@ Consider the vacuum state. =» The stress tensor is only cosmological constant.
: bulk bulk
(Gap)y =TA5"|. | = —AgasB

@ Expand the pregeometric operators around the vacuum. (Dual covariant perturbation)

® Taking the VEV.

<GAB> =GB+ <GAB> + -

(GaB) = e Z):(AdjL Y gAB- (Gap) = d;dL;Al)gAB (1 - 4) + O (i) .

e d+4 1 - d+4 |

.....................................................................................................
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Quantum correction to bulk CC

Ex. Consider free O(n) vector model.

@ Consider the vacuum state. =» The stress tensor is only cosmological constant.
1k bulk
(Gag)y = TRE". | = —Agas

@ Expand the pregeometric operators around the vacuum. (Dual covariant perturbation)

® Taking the VEV.

<GAB> =GB+ <GAB> + -

(Gap) = e Jold ) JgAB- (Gap) = i (1 f L 4) + O (i) .

2n/\ 2L2A g n n2
e —dldi=ly) d+ 4 1 - d—+ 4 i
NS JON S RN AR T\ SN

Remark 1: The induced metric does not receive the quantum correction.

Remark 2: The dual gravity theory is renormalizable in this framework.
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| Summary

- Demonstrated how to compute quantum corrections in the bulk via flow
equation approach by dual covariant perturbation.

- Explicitly computed 1-loop corrections to the cosmological constant
of the dual gravity theory to a free vector model.
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Summary

- Demonstrated how to compute quantum corrections in the bulk via flow
equation approach by dual covariant perturbation.

- Explicitly computed 1-loop corrections to the cosmological constant
of the dual gravity theory to a free vector model.

Future directions

- Dynamics in the bulk? For excited states? working in progress [Aoki-Balog-SY]
- Locality in the bulk? Bulk local operator? cf. [Hamilton-Kabat-Lifshitz-Lowe ‘06]
- 1-loop calculation of dual gravity (higher-spin)? cf. [Giombi-Klebanov ‘02]...

- Finite temperature? BH?
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Summary

- Demonstrated how to compute quantum corrections in the bulk via flow
equation approach by dual covariant perturbation.

- Explicitly computed 1-loop corrections to the cosmological constant
of the dual gravity theory to a free vector model.

Future directions

- Dynamics in the bulk? For excited states? working in progress [Aoki-Balog-SY]
- Locality in the bulk? Bulk local operator? cf. [Hamilton-Kabat-Lifshitz-Lowe ‘06]
- 1-loop calculation of dual gravity (higher-spin)? cf. [Giombi-Klebanov ‘02]...

- Finite temperature? BH?

, Thank you!
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