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Motivation |: holographic complexity proposals

1402.5674 by Susskind, 1509.07876 by Brown et al,, ...
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What do holography complexity proposals stand for in hQFT?
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Motivation 2: complexity in free QFTs

To my taste, Cv and Ca looked a lot like calculating HRT surfaces before first
works on entanglement entropy in QFT (pioneers: | 980s, explosion > 2004)

Geometric approach to complexity (of operators):
quant-ph/0502070 by Nielsen, ...

|T> _ Pe_f:f dr ) ; OIYI(KJ)|R> - CLl ~ min / d/{ZTII‘YI(K/)’
K1 I

First applications to free QFTs on a lattice / cMERA regularization:
1707.08582, 1707.08570 by Jefferson & Myers, 1807.07075, 1810.05151, ...

® unitary gates (for bosons): Or ~i¢@;¢;, imjm and ¢,
® for very fine-tuned cost function, Ceertain L, , ONE Can get exact results

® circuits then also use very non-local gates, e.g. Or = & Phere Pother galaxy
® the good: similar divergence structures to holography (universality?)
® the bad (but expected): very different time dependence than holography
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Motivation 3: path integral optimization in CFT>

1703.00456 by the Kyoto group, ...
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The Liouville action (covariant)
€ : lattice spacing minimization
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optimal path integral defined on Hy (relation to Cy unclear, but tempting)
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path integral optimization

!

circuit depth minimization

see the original papers and 1706.00965 by Czech for a qualitative TN interpretation
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Setup

From now on we focus entirely on CFT, on a line (with no assumptions on ¢)

The object of interest will be pg = e PH

and we will ignore normalization

Matrix elements of pg are computed by Euclidean path integral on [0, 8] x R

We preserve the operator when deforming the metric 2w (m2) (d7?

L o(r,a)lr=p =0

B T B .
............................ _n_;.
T=20
D Jo 47 JZ% da Tee(x) . m
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From Euclidean path integrals to circuits in CFT>

1807.02501 by Milsted & Vidal

There Is a very simple prescription from path integrals on

(a® + b%) dt* + 2bdt dy + dy?

to circuits involving components Tt,,¢,, and Tty on —dt4, + dy*:

P exp {_ / o [ Z dy {a(t, y) Tragtns (8) + i 0(t, ) Torry ()}

The basic idea Is that we want to generate repeatedly a trafo from a slice at ¢
to aslice t +dt ina y- by - y fashion using flat space generators:




The basic idea

If we then take as gates Hermitian exps of 1%,,¢,, and unitary exps of ¢ 1t,,,
then the thing to do Is to consider a coordinate trafo

e*Y (dr* + dz?) > (a* + b)) dt* +2bdtdy + dy?

This simultaneously does two things

Ly o0
® |t expresses P exp [—/ dt/ dy{a(t,y) Tiprtn (Y) +ib(tay)TtMy(y)}]
t; — OO

N terms of w

® |t guarantees that the operatorial expression still reproduces pg

One suchtrafoist =7 and y = / ew(T’g)dﬁ . but there are more
0
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Time slicing freedom

From this point of view, It Is more convenient to look the other way around

t=t(r,x
5 5 5 5 {y:y(T,ZE)
(a® +b%) dt* +2bdt dy + dy > e (dr* 4 dz?)

This gives us an addrtional function on top of w;we can™ take It to be o':




Cost function — an example

tf o0
We want to view P exp [—/ dt/ dy{a(t,y) Ty, ., (y) +ib(t, y)TtMy(y)}:|
ti — 0

— ["2 dk Ik . . .
as Pe Jiii AR 22 OrY (k) and count gates. Perhaps the simplest thing to do Is:

1
costr, ~ /dt dy = (la| + €naa|0yal + € nav|0yb| + . . .)

Y sino + (W' + &) cosa‘

o
W' 4 6) sino — (w — o) cosa|

7o
o-dependence makes it non-covariant. For w(7) — = / dr = {e** + enople” &[}
0
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How to get Liouville as a cost function!?

We tried very hard and kept failing for various reasons. However, it turns out
that at least the following DBI-ish cost function does the job:

1
/dt dy 6—2 Cl2 + 6277((")(1)2 (8ya)2 + 62 ﬂ(ab)2(ayb)2 + ..

and only If the penalty factors are the same and If we expand In €;

2

62w 1 .
~ /dT dx {6_2 + =Noay2 (W + W) [« Liouville action!!!

1 : : :
+ 57902 (6% + ") Hngay2 (W'e —wa’) |+ ... }

o decouples to NLO in €, which we interpret as restoration of covariance
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path integral optimization

circuit depth minimization
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Summary 1904.02713 writh Camargo, Jefferson and Knaute

To my taste, Cy and C4 looked a lot like calculating HRT surfaces before first
works on entanglement entropy In QFT (pioneers: |980s, booming > 2004)

This led to first works on defining complexity in QFT's with two approaches
developed: geometric gate counting and path-integral optimization

path-integral
optimization
C

geometric
gate counting

What | presented today Is that
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OUtIOOk 1904.02713 with Camargo, Jefferson and Knaute

In our derivation, Liouville appears only as a NLO approximation in UV cut-off

However, optimization has been done by putting both terms in the expansion
to be of the same order; therefore, the expansion is likely to break down

This provides a strong incentive for considering higher order terms; we believe
Imposing covariance very much constrains choices of cost functions

Does cost function has sth to do in the end with the path-integration measure!?

Setting aside Liouville, it seems to be the time to start thinking about cost

functions as functionals of sources. Is it the path to prove Cy 41
a bit in vain of 1806.10144 by Belin et al,, ...
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