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The Dream
SWS =

1
4πα′� ∫ d2σ ggμν∂μXa∂νXbGab(X) + . . .

HBFSS =
1

2p11
trN×N (PiPi + [Xi, Xj]2 + fermions)

Spacetime <-> Values of X -fields

Space <-> Moduli Space of D0’s

Spatial Subregion = Partition of Target Space



Today
Basic Idea:  

Subregion of target space 
⇕ 

Subalgebra of Observables

Focus here: 1st Quantized QM Particles 
+compare to 2nd Quantized QFT 

  -> Target Space EE =  S(ρ𝒜)
Tr (ρ𝒪) = Tr (ρ𝒜𝒪) ∀𝒪 ∈ 𝒜



Simplest Ex.: Particle on a Line

ZQM = ∫ Dx(t)e i
ℏ ∫ dt 1

2
·x2−V(x)

x(t) <-> QFT on a point (+ time)
Physical Space <-> Values of x

A = {x : x < x0} Ā = {x : x ≥ x0}

ℋ = L2(A ∪ Ā) = ℋA ⊕ ℋĀ



Subregion <-> Subalgebra

𝒜 = ⟨{ |x⟩⟨x′�| : x, x′� ∈ A} ∪ 𝕀ℋ⟩

𝒜′� = ⟨{ |x⟩⟨x′�| : x, x′� ∈ Ā} ∪ 𝕀ℋ⟩

c𝕀Ā

𝒪A

c′�𝕀A

𝒪Ā

𝒵 = 𝒜 ∩ 𝒜′�

= ⟨ΠA,1 = ∫A
dx |x⟩⟨x | ∪ ΠA,0 = ∫Ā

dx |x⟩⟨x |⟩
c1𝕀A

c2𝕀Ā

Non-Trivial Center <-> ℋ ≠ ℋA ⊗ ℋĀ



What Algebras Can Do For You

Here: ℋQM ≅ (ℋA ⊗ ℂ) ⊕ (ℂ ⊗ ℋĀ)ΠA,1, ΠA,0

𝒵 = ⟨Πα⟩ ℋ = ⊕α Παℋ = ⊕α ℋFα
⊗ ℋF̄α

Here: 

For ρ = |ψ⟩⟨ψ |

ρ𝒜 = (Tr(ΠA,1ρΠA,1)
ΠA,1ρΠA,1

Tr(ΠA,1ρΠA,1)
⊗

1
1 ) ⊕ (Tr(ΠA,0ρΠA,0)1 ⊗

𝕀Ā

Tr(𝕀Ā) )

ρ𝒜 = ⊕α pα ̂ρα ⊗
1F̄α

| F̄α |
S(ρ𝒜) = − ∑

α

pαlogpα + ∑
α

pαS( ̂ρα)

S(ρ𝒜) = − pAlog(pA) − (1 − pA)log(1 − pA)

pA = ∫A
dx |ψ(x) |2



N Particles, General Target Space

𝒜 = ⟨{PSN ( | ⃗x ⟩⟨ ⃗x ′�| ⊗ 1... ⊗ 1) PSN
: ⃗x , ⃗x ′� ∈ A} ∪ 𝕀ℋ⟩

𝒵 = ⟨{PSN (∫A
d ⃗x | ⃗x ⟩⟨ ⃗x | ⊗ 1... ⊗ 1) PSN

} ∪ 𝕀ℋ⟩

L2(A ∪ Ā)⊗N

SN
= ⊕N

k=0
L2(A)⊗k

Sk
⊗

L2(Ā)⊗N−k

SN−k



Same as QFT?
Embed  
State of  

Rel. Particle 
in QFT 

|ψ⟩QM → ∫ dxψ(x)a†
x |vac⟩

HQM = ̂p2 + m2

2 notions of “spatial” locality in QFT

HQFT = ∫
dp
2π

p2 + m2a†
pap→

ax = ∫
dp
2π

eipxap ϕx = ∫
dp
2π

1

2ωp
(ap + a†

−p) eipx

HQFT = ∫ dxdyK(x, y)a†
x ay HQFT = ∫ dxπ2

x + (∇ϕx)2 + m2ϕ2
x

K(x, y) = ∫ dp p2 + m2eip(x−y)

ωp = p2 + m2



Notion of spatial locality in 1st 
quantized theory not the usual one we 

consider in 2nd quantized QFT! 

[ ̂ϕx, ax′�] = ∫
dp
2π

1

2ωp

eip(x−x′�) ≠ δ(x − x′�)

⟨x |x′�⟩QM = δ(x − x′�) = ⟨vac |axa†
x′�|vac⟩

|vac⟩ = ⊗x(a)
|0⟩x(a)

ℋQFT = ⊗x(a)
ℋx(a)

ℋQFT = ⊗x(ϕ)
ℋx(ϕ)

|vac⟩ ≠ ⊗x(ϕ)
|0⟩x(ϕ)

Act locally in  
different tensor  
factorizations



Not just about QM!
ϕ

x

ℋQFT = L2(T)⊗|Λ|

HQFT = ∑
x∈Λ

π2
x + m2ϕ2

x + (ϕx+1 − ϕx)2

A = {ϕ : ϕ < ϕ0}

Ā = {ϕ : ϕ ≥ ϕ0}

Equivalent to system of 
 distinguishable particles  

labeled by “x”

𝒜 = ⟨{ |ϕx⟩⟨ϕ′�x | ⊗ 1rest : ϕx, ϕ′�x ∈ A}∀x⟩
Will match EE computed in “3rd” 

Quantized theory on (Target x Base)



Short-Term Goals

Worldline Formalism & Reparametrization Invariance 

|yν⟩

⟨xμ |

⟨ϕ(xμ)ϕ(yν)⟩ = ∫
∞

ϵ
ds⟨xμ |e−s(p2+m2) |yν⟩

QFT Replica Trick as Periodic 
Wordline Computation  
(cf. Susskind Uglum)  

-> Reproduces area law 
ground state EE relative to  

tensor factorization

Algebraic Def on Wordline? 

log(ZQFT
n ) = ∫

∞

ϵ

ds
s ∫ ddx⟨xμ |e−s(p2+m2) |xμ⟩

SEE = (1 − n∂n)log(ZQFT
n )

n=1

ϕx


